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Lemma 3: Let p;(w¢|w;—1) be the transition density asso-
ciated with the stochastic move defined in (25) with change
function G¢(w) and let

]5%,5(111:&) = /p»y,,_l(wt—l)pt(wt|wt—1)dwt—1 (31)

be the marginal density function of w; that would arise if
w1 were distributed according to p,, ,. Then except for
w in a set of negligible probability

s (W) = Py, (w)e? [64(@) V10Pr, ()47 -Gi(w)]

4 34 12 (32)
0184 B%)
Alternatively, we may write
ﬁ7t76(w) = p'Yt—l(w) + 5V - (Gt(’w)p%71 (w)) (33)

+ O[*d*B?).

Remark 3: According to (32) one sees that even in the
ideal case that the density of w;_; matched the desired
P~,_, (w), the density after a transition (25) does not match
the desired p.,, (w) to suitable order of accuracy, unless G, is
such that G4 (w) - Vlogp,, , (w)+V -Gy (w) is proportional
to L(w), that is, unless the differential equation (23) is
(approximately) satisfied. As remarked in the introduction,
this is the basis of our concerns leading to the advocacy of
adaptive annealing.

Full proof of the Lemma and proposition are outside the
scope of this conference paper. Nevertheless the following is
suggestive of how it is approached.

Proof: [sketch] The density function at the next step is
Dr (W) = /Pvm(wtfl)p(wt|wt71)dwt71a (34)
and the transition kernel p(w;|w;—1) is normal with mean
wy_1 + (%Vlogpwfl(w) + %G (w;—1)) and variance 6°1.
Denote { = w;—1 — w;. We factor out p,, , (w;) and rewrite
the whole integral in terms of £, to approximate p., (w;) as

p%_l(wt)/elogpvt,l(wt+§)—10gpwt,1(wt)qg(ﬂwt)dg (35)

where, using the form of the normal transition density,
¢(&|wt) to be a normal density that approximates p(w;|w; +
£). The above integral can now be viewed as an expecta-
tion of e'°8Pre—1(Wet&)=logpr 4 (W) regpect to the density
function p(&|w;). We approximate the logarithm of this ex-
pectation by cumulants and collect dominating terms respect
to J, then we identify that the leading exponent of the factor
multiplying p, , (w;) is G¢(w)TVlogp,, , (w)+V-Gy(w).
Likewise, the exponent needed to boost p, , (w) to p,, (w)
is 02(L(w) — L., ,(w)). Hence we advocate G;(w) for
which these two match as in (26). [ |

Brief consideration of a naive approximate diffusion is
warranted. By analogy with simulated annealing we could
think to use for the drift function in equation (25) the choice
%V log p+, (w¢—1) which would be invariant at the next gain
~¢. This corresponds to a modifier G; which is a small
multiple of —V L(w). Such a choice leads to the differential
expression —{v||VL(w)||?+V-VL(w)} in the exponent of
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the factor by which the density is modified. It appears that
with this naive choice the differential expression reduces to
the desired form of a multiple of L(w) minus a constant only
for certain quadratic objective functions. This reinforces our
sense that, except for a trivial setting, use of a modifier other
than the gradient of the log density is essential to track the
sequence of densities p,, when < is increasing adequately
fast.

Next we provide some initial discussion on how to solve
for the required G¢(w) from (26). For a given p(w) =
Dry,_, (w) we seek G(w) such that

V- (G(w)p(w)) = (L(w) —

where Lyean = [ L(w)p(w)dw. Consider first the scalar
(d = 1) case for which we may set

Glw) =~ [ (L)

Note that the integral, if extended to the whole line from —oo
to +o0 becomes 0 by the definition of L4y, SO equivalently
we have

Lnean)p(w) (36)

- Lmean)p(ﬁ))dﬁj- 37

I
G(w) () /w (L(®) = Lmean)p(w)dw.  (38)
Note that with L bounded and p(w) proportional to
e7L(w)=w?/2 which has Gaussian tails, the integral is seen to
be controlled for large w by the tail integral of the Gaussian,
which is bounded by a constant times ie_wz/ 2 in this one-
dimensional case. Consequently, despite the division by p(w)
this G(w) is seen to taper to 0 at a polynomial rate as w
heads to 400 or —oo.

For d > 1, defining the coordinates of G(w)p(w) by
integration of %(L(w) — Lmean)p(w) with respect to the
corresponding coordinates of w would satisfy (36) but has the
problem that the integral from —oo to +oco with respect to a
coordinate does not give 0 (since L,,cqy, is the overall mean,
not arising from an integration of L(w)p(w) with respect to
just one coordinate) and consequently such solution leads to
divergent G(w) as w — oo.

Consideration of second order PDE theory suggests an-
other avenue. One seeks H(w) = G(w)p(w) as the gradient
of a function h(w) which solves the Poisson equation

V- Vh(w) = (L(w) - Lmean)p(w)7

and for which h(w) tapers to 0 as w — oo. A solution
for h(w) is known to be the convolution of the right side
(L(w) — Lpmean)p(w) by the Green’s function Green(w)
associated with the Laplacian on R? (it is proportional to
1/||w||=2 for d > 2) and then

1

Glu) =~ /R d(VGreen(w—ui))(L(@)—L,,,Lmn)p(ﬁgcgb.

Once again one can show that this G(w) tapers to 0 as
|w]| — oco. However, it has the problem now that it is unclear
how to bound its behavior for moderate values of w due to
the exponential swings in the height of p(w) = e7(*) with
~ at least d.
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Currently our preferred tactic is to seek formulation of
the problem that makes repeated use of one dimensional
. 1 n
formulations. In the case that L(w) = = > ", fi(z; - w)
this means working with the variable z; - w. This motivates
our considerations in the next section.

V. RIDGE SUPERPOSITION SAMPLING

When the objective function is a ridge superposition
Lw) = L3 fi(z; - w), the target density p,(w) is
proportional to

l n
en 2»5:1 ft(ﬂzw)po (U})

Direct evaluation of the modifiers G.(w) appears to be
somewhat of a mess. Nevertheless, for a smoothed version of
the problem, variable augmentation appears to considerably
clean things up. The idea is this: for the functions f;(z;)
instead of constraining z; to equal z; - w we relax this
using a narrow Gaussian to keep them close to each other.
Then we have the Markov chain move in the n-dimensional
space of the z rather than the d dimensional space of the w.
Thus we propose the following joint density function for the
augmented variables

1 3
o~ 2827 Lim (zi—wiw)?

(2762)1/2

1m0
p’Y(wy Z) = ie'yn i f'z(zz)po(w)

(40)
Integrating out w we see that the density for z is

Isn g
Po(2) = et i F G (2),

where the py is now a Gaussian with a covariance that
captures that z is near the linear space spanned by the
variables that comprise the .

We recognize this density to be of the form we have
been studying. It is the exponential of an objective function
with a Gaussian reference initial density. But now there is
the considerable simplification that the objective function
simply takes an additive form. This encourages determination
of whether we can at least approximately solve for the
associated modifiers G(z). The idea being that the product
structure of much of this density may help decouple the
Poisson equation. This question of solving for G(z) as well
as other related questions for Gibbs samplers that we discuss
below remain under continuing consideration.

Before preceding to a discussion of adaptive annealing
of Gibbs samplers we point out some additional proper-
ties of the joint density we have here specified. Note that
the conditional density for z given w is of product form
py(2|w) =TT, py,i(zilw), with

Pyi(zilw) = exFE0—flaiw)

lps(zi — i w)
where ¢5(v) = \/21766*”2/252 is the Normal(0,52) den-

sity and ﬁ(u) is defined via the conditional normalization
i o Xg o
enfil®) = fj enfi®) gs(z—u)dz. This f; depends on v/n

and & and it is close for small y/nto [ fi(2)ds(z — u)dz,
the convolution smoothing of f; with the normal of standard

deviation 6. Consequently, in the joint density, when we

(41)
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integrate out the z; we obtain the following marginal density
for w

Py (w) = Few Zim L@ Wp, (), (42)

This density for w is of the form we desire, especially if § is
small. If we aim to have smooth components ﬂ expressible
as a convolution with a normal then one may choose f; as
a precursor that leads to such f} Furthermore we note that
the conditional density for w given z is a fixed Gaussian.
Thus Markov Chain sampling of the z followed by drawing
w given z, produces an outcome w whose density is of the
form we desire.

VI. ADAPTIVE GIBBS ANNEALING

Desiring to sample from a target distribution p.(w) one
may follow the variable augmentation idea of [9]. One
specifies a vector of hidden variables z which leads to a
augmented state (w,z) and one specifies a joint density
P~ (w, z) for which the desired p.,(w) is the marginal. More-
over for Gibbs sampling one arranges that the conditional
densities p~ (w|z) and p,(z|w) are convenient for alternating
sampling. Starting from some initial 2z, wp, and then drawing
Z1,Ws, 22, . . . , 27, wr in succession from the indicated con-
ditionals is a version of Gibbs sampling [8], [9]. Once again it
defines a Markov chain with time-homogeneous transitions,
for which p,(w,z) is invariant, but the exact sequence of
distributions for w; that results (starting from wy ~ pg) and
its rate of approach to the target p,(w) is not clear.

Thus we initiate investigation of the behavior of a time-
inhomogeneous version of Gibbs sampling. As before merely
using p, (z¢|wi—1) and p,, (we|z;) as the transition rules
at time ¢ will not actually track the desired sequence of
distributions p., with increasing ;. Instead we incorporate
a modifier ¢;(z,w) and examine the transition densities pro-
portional to p., (2¢|w;)e9t(#%). Thus the transition density
we consider takes the form

ﬁ% (Zt|wt—1) =D, (Zt|wt71)e€[gt(Ztﬂl)t—l)*gt(wt—l)] (43)

where e9t(W) = [p (z|w)e9(*¥)dz is the conditional
normalizing factor. When this normalizing factor is finite for
some positive ¢, then when € is small, §;(w) is approximately
the conditional mean [ p., (z|w)g;(z, w)dz of the modifier
gt(zv w)

This modified transition rule arises in multiple ways. Most
directly, if eclge(zw)=g:(w)] {5 as a bounded function of z,
with bound B,,, say, then given w;_; = w, one can draw
z; according to P, (z¢|/w) by repeated acceptance/rejection
sampling from p,,(z|w) (in which we accept z; when
e9t(z-1,w)=g:(w) exceeds an independent uniform [0, B,]
random variable). Note that with € small, B,, is near 1 and
the acceptance probability is high.

Alternatively, from a candidate zz ~ p.,(2¢|we—1),
one may obtain a new point from the desired distribu-
tion (approximately) using the transition 2;pew = 2¢ —
€Gy(zt|wy—1) or as in approximate diffusion, one may take
2z — §Vlogpy, (2e|wi—1) — €Gy(zi|wi—1) + y/eNormal,,
where in either of these cases g:(z,w) = V - Gi(z|w) +
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Gi(z|w) - V1ogp,, (z|w). Availability the solution G¢(z|w)
depends on the form of p,,(z|w). The more direct accep-
tance/rejection method is preferred when solution of that
differential equation for G, is not readily accessible.

The key step of analysis of the modified transition is the
following. We are given a joint distribution p(w,z) with
associated marginals p(w) and p(z) and conditionals p(z|w)
and p(w|z). With w ~ p(w) a transition using p(z|w) would
yield the marginal p(z). We ask what happens if we instead
use a modified transition.

Lemma 4: With w ~ p(w) followed by z given w drawn
by the modified transition 13( |w) = p( |w) clg(zw)=g(w)]
the resulting marginal p(z) = [p(w)p(z|w) satisfies the
following small e approx1mat10n

B(z) = p(z)ednes(TO() (44)
where gmoa(z) = [(9(z,w) — §(w))p(w|z)dw is the con-
ditional mean of the modifier with respect to p(w|z). This
holds when e9(*%) has finite expectation with respect to
p(w, z) for some positive e.

The general task then is to identify a modifier g(z,w) for
po(z|w) such that the expression €g,,,q(z) in the exponent
approximately matches the desired change in the exponent of
p~(z) when we increase the gain. Applying such a modifier
for a suitable increasing 7, to the transitions from w;_; to
zt, the sequence of alternating w; and z;, for t = 0,...,T
is said to be an adaptive Gibbs annealing with distribution
(approximately) tracking p.,.

We now return our attention to the case of ridge super-
position sampling. The variable augmentation we defined in
the preceding section may facilitate simplification of the task
of finding suitable modifiers for adaptive Gibbs annealing.
Now the density of z given w depends on w only through
the variables u; = z; - w, which may be collected together
as u = Xw where X is the design matrix with rows given
by the z;. We may chose in this case for the modifier to
depend on w through v = Xw and write it as g(z, Xw)
where g(z,u) is a function on R™ x R™ that needs to be
specified. A special case that might be rich enough for our
purposes is to have g(z,u) = g(z) depend only on z. In
either case the aim to to choose g so as achieve the desired
9mod(2), which is a multiple of f(z) minus a constant, where
F(z) = L300, filz).

Concerning the mechanics of performing adaptive Gibbs
annealing for ridge superposition sampling, we recall that for
joint density given in expression (40), the conditionals for z
given w make the coordinates z; independent with density
as given in expression (41). Sampling from each of these
univariate conditional densities for z; can be performed by
acceptance/rejection sampling using the Gaussian reference
with mean z; - w and variance §2. With ~/n small, we see
that the factor modifying the Gaussian is close to 1, so
that we will have suitably high acceptance probability for
this scheme. In this manner with w = w;_; we may draw
(repeatedly if need be) from p.,(z|w) and hence from the
modified transition p.,, (z|w)ecl9=Xw)=3(X W) 5 obtain the
vector z; = z now using acceptance /rejection of the vector
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as discussed earlier, where now the normalizer g depends
only of Xw. Following this draw of z;, we can easily obtain
the suitable w; by a draw from the Gaussian conditional for
w given z, or if we prefer we may bypass w; and directly
draw u; = Xw; given z.

This Gaussian conditional for v = Xw given z is the
familiar posterior that arises in Bayesian regression if the
hidden z; were regarded as observed responses. This distri-
bution is also of interest because approximate evaluation of
9mod(2) requires taking the expectation of the modifier with
respect to this Gaussian. For small §, the mean of X w given z
is centered near 2 = X (XTX)"1 X7z = Pz the projection
of z into the column space of X, and the covariance is near
2P

An expansion of g,,,q for small § may aid the effort
in designing a suitable modifier g, so as to make ¢,,04(2)
approximately match a multiple of f(z) minus a constant,
so that the distribution of z, approximately tracks p.,(z).
Toward this aim consider the case that g(z,u) = g(2)
depends only on z so that gm.i(z) = g(z) — E[g(u)|z],
where g(u) is near E[g(z)|u]. Taylor expansion of these
conditional means, by the so-called 4 method, yields for
sufficiently smooth g, the following approximation, valid to
order 6% in probability, for the function g,,0q(%)
9(2)—9(2)=0? | trace(I + PYVVTg(2) - VF(2) - Vg(2)
We omit an analogous more elaborate expression that arises
for the case that g(z,u) depends also on u = Xw.

There is potential to use the given expansion in two
ways. One is to approximate the main terms g(z) — g(2) as
(z — 2)TVg(2) valid to accuracy of order 62 in probability,
and seek choice of g such that (z —2)TVg(z) matches f(z),
ignoring the order 82 terms. The second way to use the
expression is to arrange to cancel the g(z) — g(£). Indeed,
suppose g(z) depends on z only through Z = Pz. That
is, it takes the form r(Pz) for some function r. In this
case, since P is a projection, evaluating it at either z or
z = Pz leaves it unchanged and hence the leading term
difference g(z) — g(2) is 0. Then the order §% expression
becomes the dominant part of the expansion for g,,,q and
the task becomes to find r for which it is proportional to our
target. For example we can consider the case that r takes
the additive form r(v) = > i, r;i(v;) for v in R™ which
permits further simplification of our expression for g,,04(2).
It reduces to

gmod

— 7Y (PVf(2)iri(2)

i=1

//
E Pyry ()

This comes close to permitting a term by term solution.
Suppose in particular that the design X is such that the
projection entries P;; are all strictly positive. Then we
may set the univariate function r; to be a twice integrated
_[fi (Zl> — mi]/P“‘, that is,

— my|dtdr
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where a; is a convenient reference point, such as 0 or a point
where f;(a;) = m;. Here m; is the mean of f;(z;) with
respect to p, at the current gain -y;, which can be estimated
by an average across multiple parallel chains at the current
t.

With this choice for the r; the first term above matches
what we desire and the second term remains. We end the
story for now by calling attention to the following circum-
stance. If the objective function f(z) has a gradient with
zero projection PV f(z) = 0 into the span of X, this second
term vanishes and g,,,,4(2) matches what we want in order to
track the distribution. This encourages reformulation of the
problem such that the linear part of the objective function is
removed. Such reformulation may be natural for estimating
ridge functions. We encourage its further consideration.

In conclusion we have examined the behavior of Markov
chains with transitions based on specified drifts plus noise
and by Gibbs samplers. Evolution of the density in a desired
manner is shown to require a modification of transition
rules previously dictated by invariance. In particular we have
given preliminary analysis of modification of the drift in the
approximate diffusion case and a multiplicative modification
of the transition density in the Gibbs sampler case. The
ideal modifying functions are solutions to partial differential
equations which we have exhibited here. The hope is to
encourage further research in this path to better understand
Markov Chain evolution, and to determine which situations
permit practical optimization.
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