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Abstract

We provide a rigorous proof that Jeffreys’ prior asymptotically maximizes Shannon’s mutual information
between a sample of size n and the parameter. This was conjectured by Bernardo (1979) and, despite the
absence of a proof, forms the basis of the reference prior method in Bayesian statistical analysis. Our proof
rests on an examination of large sample decision theoretic properties associated with the relative entropy or
the Kullback—Leibler distance between probability density functions for independent and identically
distributed random variables. For smooth finite-dimensional parametric families we derive an asymptotic
expression for the minimax risk and for the related maximin risk. As a result, we show that, among
continuous positive priors, Jeffreys’ prior uniquely achieves the asymptotic maximin value. In the discrete
parameter case we show that, asymptotically, the Bayes risk reduces to the entropy of the prior so that the
reference prior is seen to be the maximum entropy prior. We identify the physical significance of the risks by
giving two information-theoretic interpretations in terms of probabilistic coding.
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1. Imtroduction

In Bayesian statistics much attention has been focussed on how to choose a prior.
Various criteria have been proposed. For instance, Jeffreys (1961), George and
McCulloch (1989), and Chang and Eaves (1990), amongst others, have advocated
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invariance conditions; matching frequentist coverage probabilities has been proposed
by various authors including Welch and Peers (1966), Tibshirani (1989), and Bickel
and Ghosh (1990)..Others such as Bernardo (1979), Berger and Bernardo (1989, 1991,
1992a,b), Berger et al. (1989), and Polson and Wassermann (1989) have advocated
optimizing functionals based on information-theoretic quantities. Also, Hartigan
(1975) has examined asymptotic bias as a functional to be optimized. The earliest
information-theoretic approach (Bernardo, 1979) advocated a criterion based on
Shannon’s mutual information, a special case of the relative entropy, so as to obtain
what he called a ‘reference prior’, i.e. a prior against which alternative priors should be
judged. This paper is intended to be a contribution to the development of the reference
prior method.

Information-theoretic methods are attractive because, in the context of prob-
abilistic coding, relative entropies have a well-defined role. They can be used
to characterize the supremal rate of transmission for information-theoretic
channels and to identify the redundancy of a noiseless source code. As a result,
Bernardo’s relative entropy criterion that we examine here can be given a physical
interpretation.

Bernardo (1979) distinguished between the case where all parameters are of
interest and the case where nuisance parameters are present. In the first of these
he used a heuristic argument to support his conjecture that for smooth parametric
families Jeffreys’ prior maximizes an asymptotic expression for the Shannon
mutual information, I(®; X"). We give a rigorous justification for his conjecture:
We prove that Jeffreys’ prior is the unique continuous prior for which the Bayes
strategy achieves the asymptotically maximum Bayes risk with relative entropy
loss (Theorem 1). This maximin risk coincides with the minimax risk. Thus, we
prove that Jeffreys’ prior is asymptotically least favorable in smooth finite-
dimensional parametric families in a formal decision-theoretic sense. Consequently,
we can identify an asymptotically minimax estimator and its risk, an asymptotically
minimax code and its redundancy, and the distribution achieving the capacity of
certain channels. Also, obtaining the least favorable prior is useful because its density
indicates which values of the parameter are the hardest to estimate.

This approach is in contrast to Jeffreys’ original motivation which was based on
invariance considerations; see Jeffreys (1961, Section 3.10). There, he observed that
(det I(6))'/2, where I(0) is the Fisher information matrix, is the Jacobian of the
transformation of the parameter space that makes Hellinger and relative entropy
distances locally Euclidean. This led him to propose w*(8)=(det (I(8))*/*/c as a choice
of prior on the basis of its invariance under reparametrization.

Bernardo’s framework for identifying reference priors is extended to problems
with nuisance parameters in Berger and Bernardo (1989, 1992a,b). In that
context, the results here have already been used to provide a formal justification
for the prior they use in the presence of nuisance parameters; see Ghosh and
Mukerjee (1991).
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The same criterion can be applied when the parameter is assumed to take values in
a discrete space. In this case we show that the relative entropy criterion reduces to
maximum entropy.

Jeffreys’ prior has been demonstrated to have other desired properties. Using
a decision-theoretic formulation of unbiasedness, Hartigan (1965) demonstrated
that, for loss functions with constant second derivatives, Jeffreys’ prior is mean
unbiased (Hartigan, 1965, p. 1139, also see Theorem 3) when the parameter space is
a subset of the real line. Also, in the unidimensional case, Welch and Peers (1966)
demonstrated that Jeffreys’ density gives one-sided credible regions which match
confidence intervals more closely than do the intervals from any other prior; see
Hartigan (1983).

Turning to formalities, we assume we are given a parametric family of probability
density functions {py: 0eQ}, Q=R%, 0=(0, ..., 0,), with respect to a fixed dominating
measure A(dx) on a separable metric space X, with probability measures assumed to
be defined on the Borel subsets of X. We denote the density of n independent
outcomes x"=(xy,...,X,) by pa(x")=T1}-,Pe(x;). Let D(plq) denote the relative en-
tropy or the Kullback-Leibler distance, which for densities p and ¢ is defined to be

_ p(X)
D(pllg)=E,log X))’

The main quantity of interest here is the relative entropy D(pj| ¢,), between the
density functions p§(x") and an arbitrary joint probability density function g,(x"), with
respect to the same dominating measure A"(x").

A game-theoretic interpretation is that one player, Nature, picks e and assigns
the joint density pj for each n, while a second player, the Statistician, chooses g, for
each n. Then, the relative entropy D(p§llg,) can be regarded as the risk to the
Statistician or, in game-theoretic terminology, the ‘payoff’ to Nature. For prior
probability density functions w(@), 0e€ with respect to the Lebesgue measure on R,
the Bayes strategy, which is to minimize [,w(6)D(p}|g,)d0 over densities g,, is
achieved by choosing gq,(x")=m; (x"); see Aitchison (1975), where m}(x")=
o PB(x")w(0)d0. For general prior distributions w(d0) on @, the definitions are the
same, with integration with respect to w(df) in place of w(6) d6.

We obtain the asymptotics associated with the Bayes strategy. The quantities that
we examine in this paper include the risk of the Bayes strategy, which, for priors
w supported on a compact subset K in the interior of Q is

R, (0, w)=D(p5|my), (1.1)

its corresponding Bayes risk,

Rn(W)Zj R,(0, wyw(0)dO, (1.2)
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and the minimax value, for 8 in K
R, =infsup D(p5|lqx)- (1.3)

9y 0cK
where the infimum is over all probability densities of n on X"

The quantity D(pglimy) can be given a statistical interpretation also. It is
the cumulative risk of a sequence of Bayes estimators. Indeed, let p,(x) be the
predictive density given by

) =my (X, =x| X ") =my(X*)/mp_ (X*71)
for k=2,... n. For n=1, p;(x)=mY¥(x). Then, as in Aitchison (1975) or Clarke and

Barron (1990), it is seen that p, is the Bayes estimator of the density of X, based on
X*1 under relative entropy loss. Since the expression in (1.1) may be written as

D(pyllmy)= 3, ED(pollpx-1),

k=1
the sum of the risks for each outcome, the quantities R, (8, w), R,(w), and R,, may be
interpreted as the cumulative risk of the Bayes estimator sequence, the cumulative
Bayes risk of the Bayes estimator sequence, and the cumulative minimax risk, in an
on-line estimation context.

In this paper we have three main goals. The first is to give asymptotic formulae for
(1.2) and (1.3) for the continuous and discrete parameter cases. The second is to find
the asymptotically least favorable prior corresponding to the maximin risk. The third
is to give an information-theoretic interpretation for the quantities (1.1), (1.2) and (1.3).

When 0 is a continuous parameter we show, formally, that the risk of the Bayes
estimator, R, (6,w)=D(p§{my), satisfies the asymptotic expression

R,(, w)=%log 2im+1ogdeu(0)+1og @4—0(1), (1.4)
in which the error, o(1), tends to zero as n—o0, uniformly on compact sets in the
interior of the support of the prior. The pointwise validity of (1.4) was verified in
Clarke and Barron (1990). Here we use the uniformity of (1.4) over compact sets as the
main tool for deriving the decision-theoretic asymptotics of (1.2) and (1.3).

The Bayes risk, R, (w), is obtained by averaging the risk R, (6, w) with respect to the
prior w. It is seen that this Bayes risk is the relative entropy distance between the joint
density w(8)p,(X") and the product of marginals w(8)m,’(X"). This latter quantity is
Shannon’s mutual information I(@; X") between the parameter @ and the sample
X4, ..., X, which may be interpreted as an average relative entropy distance between
the densities pj and m,’. Equivalently, application of Bayes rule shows that it is also
the average relative entropy distance between w(f|X") and w(8), the posterior and
prior densities for @. Provided (1.4) is valid it is seen that the asymptotic expression we
obtain for Bayes risk is

R,(w) =§log ﬁ#—% L w(f)logdet I(8)d6+ H(w)+o0(1), (1.5)
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where H(w)= | w(6)log (1/w(0))d0 is the entropy of the prior density w, and o(1)—0
as n—o0. This actually holds more generally; see Ibragimov and Hasminsky (1973)
and Efroimovich (1980)..,

The maximum of this mutual information over choices of prior distribution is
denoted as

R}¥=supR,(w). (1.6)

where the supremum is over all distributions (discrete and continuous) supported on
the given K< Q. Since R,(w) is the Bayes risk of the Bayes estimator, R} is the
maximin risk. The reference prior method of Bernardo is to choose that prior w*
which achieves the maximum mutual information in (1.6), or achieves the maximum in
an asymptotic expression for R,(w). Typically, the choice of w* that (asymptotically)
maximizes the information is in fact the (asymptotically) least favorable prior with
respect to the relative entropy loss, i.e. the reference prior and the least favorable prior
are the same. Indeed, for the models p, treated here, the minimax and the maximin
values agree for finite n, R¥=R,. This equality follows from Davisson and Leon-
Garcia (1980, Theorem 3). Moreover, when # is finite, Berger et al. (1989) and Zhang
(1994) have demonstrated that the least favorable prior typically is discrete, i.e. for
finite n, the supremum is achieved by a discrete prior, w,, for which R,(w,)=R}.

By contrast, as n increases, we show that the asymptotically minimax risk is
achieved by Jeffreys’ prior, w*(0)=(detI(0))!/*/c, which is continuous, where
c= [, /detI(0) d0. The asymptotic form for the minimax risk is, by using (1.4),

. d
infsup D(p} | 4,) == log L+logj Jdet1(8)d8+o(1). (1.7)
4, 9K 2 2me K

In addition, Jeffreys’ prior is the unique asymptotically least favorable continuous
positive prior. Moreover, although sequences of discrete priors can achieve the same
asymptotic maximin value, no prior w or sequence of priors {w, |, can achieve an
asymptotically higher value for the information R,(w) than is achieved by Jeffreys’
prior. This means that Jeffreys’ prior is globally least favorable, but not necessarily
uniquely so. Our results only give uniqueness among positive continuous priors.
When the parameter takes discrete values we can obtain asymptotic formulae for
(1.1) and (1.2) which are analogous to (1.4) and (1.5). We show that for discrete 0

1
= n =log —— 1.
R,(6,w)=D(p§||m,)=log w(9)+0(1)’ (1.8)
and then that

Ry(w)=Y w(B)R,(0, w)=H(w)+0(1). (1.9)

If the parameter space is finite, then the asymptotically least favorable distribution is
uniform over the values of ©. If the parameter space is noncompact and no constraint
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is imposed on the class of priors then, as is typical in the continuous case, the
maximum entropy is infinite. Maximizing the entropy in (1.9) is independent of the
parametric family.and depends only on the support of the prior. This is different from
the result of the optimization in (1.7) which gives a prior proportional to (det I(9))/?
and so depends on the parametric family. (Attempts to deal with an appropriate
choice of reference prior in the discrete nonfinite case are in Berger et al. (1989) and
Berger and Bernardo (1991).)

It can readily be verified that our hypotheses are satisfied in many examples. In the
continuous case there are three main hypotheses. They are expected supremum
conditions, that the Fisher information is a positive real number on the parameter
space, and that the parametrization of the family of densities is one-to-one. As
a consequence, it can be seen that our results apply to many commonly occurring
parametric families including the Normal (g, ¢2), the Gamma (p, 4), the Binomial
(n, p), and the Poisson (4). For these families our results demonstrate that when the
parameter space is restricted to a compact set, Jeffreys’ prior is asymptotically least
favorable under relative entropy loss and that Jeffreys’ is the reference prior.

In the information theory context of universal data compression, the quantities
R, (0, w), R,(w), and R, can be interpreted as the redundancy, average redundancy, and
minimax redundancy of universal source codes; see Davisson (1973) and Csiszar
(1993). Krichevsky and Trofimov (1981) studied minimax redundancy in the multi-
nomial case, obtaining R,=1dlogn+o(l) as its asymptotic expression. Rissanen
(1986, 1987) showed that the redundancy R, (6, w) equals £ d log n+ o(log n) for smooth
parametric families. Here, we extend the more exact asymptotics for R, (8, w) derived
in Clarke and Barron (1990) to give the asymptotics for the average and minimax
redundancies R,(w) and R,,.

Also in the information theory context, the characterization of R,(w) as a special
case of Shannon’s mutual information I(®;X") leads to implications for channel
coding with one sender and many receivers. In this case R} is the capacity of the
channel and w* is the source distribution which achieves the capacity of the channel.

The outline for the remainder of this paper is as follows. In Section 2 we formally
state our main results which are subsequently proved in Sections 3 and 4. In
Section 5 we give the information-theoretic and statistical interpretations of the
quantities we have examined.

2. Formal statements of conditions and main results

So as to facilitate the statement of our main results we give a list of conditions to
which it will be convenient to refer to.

Expectations, E or Eg, are taken with respect to p, unless denoted otherwise. We
denote the density of the mixture distribution by m=m,=m,,, where W is the
probability with density w. A similar notation is used for the mixture distribution. We
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regard the relative entropy as a function of probabilities rather than densities and
write p(X|6) for pe(X) when convenient. Also, we assume the parameter space €2 has
nonvoid interior and that its boundary has d-dimensional Lebesgue measure zero.

Condition 1. The density p(x|8) is twice continuously differentiable in 6 for almost
every x, and there is a §=45(0) so that for each j, k from 1 to d

2

0
[ Xig
7207 0EP(X19)

2

E sup
{&16°—81 <6}

is finite and continuous as a function of 6 and for each j from 1 to d

2+¢

0
=7~ logp(X16)

E
20,

is finite and continuous as a function of 6.

There are two information matrices, which typibally coincide, which we use here.
One is the Fisher information which we take to be defined by

0 0
1(9)—E[afj‘°gP(X'9>59;‘°gP(X'9>l-,k=1,...,d’

and the other is the second derivative of the relative entropy

Jh=l e d

az
0 = ——— ’ r__
J(0) liag}aH;CD(Poupo )|9_9:'

When Condition 1 is satisfied the relative entropy is twice continuously differentiable
and J(0) is seen to equal the matrix with entries — Eo(0*/30,00,)log p(X |6).

Condition 2. 1(0) is positive definite and coincides with J(8).

Under Condition 1, Condition 2 will be satisfied provided that {(6%/86;00;) x
p(X160) A(dx)=0. See, for instance, Lehmann (1983, Lemma 2.6.1).
We next give a condition on the parametrization of the parametric family.

Condition 3. The parametrization of the family {py} is one-to-one, i.c. for 6#6" we
have that the corresponding probabilities Py and P,. are distinct.

The next condition is used for the results (2.1), (2.2) and (2.3) that require a probabil-
ity density w(f). It is not required for the results (2.4) and (2.5) that involve optimiza-
tion over choices of prior W or distributions ¢,. Fix a compact set K in the interior
of Q.

Condition 4. The prior w is positive, continuous and supported on K.
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For the sake of completeness we state a result from Clarke and Barron (1990) which
summarizes the asymptotics for the risk of the Bayes estimator, (Theorem 0 is stated
there more generally, for possibly noncompactly supported priors under a soundness
condition.)

Theorem 0. Assume that Conditions 1—4 are satisfied. Then, for each 0 in the interior of
the support of w,

pe(X7) 1, e 4 1
5 S,—=1 —log —— l d 2.1

in P§ probability and in L,(Pgy) as n— o0, where S, =( l/ﬁ)V log p(x"|6). Consequently,

R,(8, w)= —1og —+ 10gdetI(9)+10g

1
5=t RS (2.1b)

Equation (2.1b) guarantees that (1.4) is true pointwise in 8. The first theorem
extends that result by giving the minimax and maximin asymptotics for continuous
parameters taking values in a compact parameter space.

Theorem 1. Assume that Conditions 1-4 are satisfied. Then the risk -of the Bayes
strategy satisfies the following asymptotics uniformly on compact subsets in the interior
of the support of w, i.e., for each K in the interior of K

detI(6)
w()
Again, assume Conditions 1, 2, 3, and 4. The Bayes risk of the Bayes estimator satisfies
d det I(0)
R, (w)— ~——--d6 )|=0. 2.3
b= 10w g+ [ wioyog 951 Dao) eE)

Now, assume only, that Conditions 1, 2, and 3 are satisfied. The asymptotic minimax risk
R,=infy supgx D(PG|Q,) satisfies

lim sup |R =0. (2.2

n—> o 8K

d
A8, w)— < log2 +log

lim

n—w

lim [ ;ilog —:l—logj det 1(6)d6, (2.4)

n— oo 2

and, the maximin risk R} =sup,, R,(w) (where the supremum is over all distributions
supported on K) has the same asymptotics:

d
lim [R,’," —5log %é}=logj det1(6) do (2.5)
K

n—

Jeffreys prior, w¥(0)= \/ det I(0)/c with c={x \/ det 1(0)d9, is the unique continuous and
positive prior on K for which the Bayes strategy achieves the asymptotic maximin value, i.e.

d
lim [Rn(w*)—ilogﬁ}log J det 1(0)d0. (2.6)
K

n—
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No other prior w, or sequence of priors {w, s, discrete or continuous, achieves an
asymptotically larger value of R,(w) than does Jeffreys’ prior.

Remark. To show that w* has the indicated optimally properties it would suffice by
standard decision-theoretic arguments to upper bound the maximum risk
supgex Ra(0, w) by 3dlog[n/2ne] —log[w(O)/\/det I(6)]+o01, at least for w=w*, and
tolower bound the Bayes risk R,(w) by the average of the same asymptotic expression.
The conditions required may be less than those used here to get the uniformity of the
asymptotics of the risk R,(8, w); cf. Ibragimov and Hasminski (1973) and Efroimovich
(1980) for the asymptotics of R,(w) under weaker conditions.

The asymptotic expression for the mutual information for continuous priors takes
the form

hn

2ne:|=logc—D(w||w*), 2.7

lim [R,,(w)—glog
where w* is Jeffreys’ prior. Therefore, it is apparent from (2.7) that the unique
(continuous) prior maximizing the limit of the mutual information is Jeffreys’ prior
(since D(w||w*)=0 with equality if and only if w=w*). Recall that if a Bayes
procedure has (asymptotically) constant risk then it is (asymptotically) minimax.
Indeed, to complete the demonstration of the desired asymptotic properties it
would be enough to show that R, (0, w*)—(d/2) log (n/2ne) is asymptotically constant
for 8e K with value log c. The result of (2.2) gives this desired uniformity for compact
sets in the interior of K. However, on the boundary of K, the behavior of the risk
R, (8, w*) may be different from what (2.1b) suggests. Nevertheless, in the proof we
identify the asymptotic minimax value. The trick is to bound the risk using Jeffreys’
prior on sets K’ slightly larger than K. The asymptotic minimax value is the same as
the Bayes risk achieved by Jeffreys’ prior on K. Consequently, Jeffreys’ prior is
asymptotically least favorable and no sequence of priors has an asymptotically larger
Bayes risk.

In noncompact cases lower bounds on the maximin risk can be obtained by
restricting the application of Theorem 1 to compact subsets of the parameter
space. When [,./detI(6)d0 is infinite, the value of lim,., R¥—3dlogn is seen
to be infinite by applying Theorem 1 to a sequence of compacta with divergent
fx /det I(6)do.

It is possible to extend the present result to include parametrized families of
densities whose parameter does not vary a compact set contained in the interior
of the parameter space. In particular, Clarke and Barron (1991) give conditions
which imply the convergence of the Bayes risk in (2.3) while permitting the
parameter to vary over a set which may contain boundary points of the parameter
space.
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An examination of the proof of the results in the continuous case shows that the
1 d1og n behavior comes out of a Laplace’s method argument; see Clarke and Barron
(1990, Lemma 4.1). This cannot work in the discrete case and the asymptotic form is
a constant indepgﬁdent of n, to order o(1). Our result is the following.

Theorem 2. Suppose that the members of the parametric family to which the prior
distribution W (-) with density w(-) (with respect to counting measure) assigns positive
mass are distinct and there is a Kullback—Leibler neighborhood of Py which excludes all
other members of the parametric family which have positive mass under the prior. Then

D(pyllM,)=log W-'—O(l)

as n— 0.

Corollary 1. Assume that the entropy of the prior is finite and that the parameter values
in the support of the prior are isolated (are not the limits of other parameter points). Then

R,(w)=}D(ps|| M,)w(0)=H(w)+o0(1)
as n— oo, where H(w)=Y ,w(0)log1/w(0).

Remark. In the case that the parameter space is infinite, the corollary is already well
known and follows from Fano’s inequality; see Blahut (1987).

Before giving rigorous details in Section 3, here we give the heuristic argument for
the validity of the asymptotic expansion for R,(0,w). We use Laplace’s method to
approximate the integral m(x")={, p(x"|6")d0’, which defines Bayesian’s marginal
distribution for the data. Laplace’s method is to apply a second-order Taylor expan-
sion to logp(x"|8) so as to reduce to an approximate Gaussian integration. The
appropriate Taylor expansion is

p(le)) ‘s N T (s

8 gy = MO 0 i) =3n(0 —0) [*(6*)(0' -0,
where S,(0)= 1\/ n)Vlogp(x"|0) and I*(0) is the empirical Fisher information with
entries —(1/n)(6*/06;00;)log p(x"|0) and 6* is a point on the line segment joining ¢’
and 0.

If a consistency argument is used to restrict the integration in m to a neighborhood
of 0 and to argue that the score S,(0) is near its mean value of zero and if the
error in the replacement of I*(8*) by the theoretical Fisher information I(8) is
ignored, then

pr:glgrw(e)(zn)dﬂ( detnl(@)) ! WD O @5, 28)




