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RATE EXACT BAYESIAN ADAPTATION WITH
MODIFIED BLOCK PRIORS*

By CHAO GAO AND HARRISON H. ZHOU
Yale University

A novel block prior is proposed for adaptive Bayesian estima-
tion. The prior does not depend on the smoothness of the function
or the sample size. It puts sufficient prior mass near the true signal
and automatically concentrates on its effective dimension. A rate-
optimal posterior contraction is obtained in a general framework,
which includes density estimation, white noise model, Gaussian se-
quence model, Gaussian regression and spectral density estimation.

1. Introduction. Bayesian nonparametric estimation is attracting more
and more attention in a wide range of applications. We consider a fundamen-
tal question in Bayesian nonparametric estimation: Is it possible to construct
a prior such that the posterior contracts to the truth with the exact optimal
rate and at the same time is adaptive regardless of the unknown smooth-
ness? We provide a positive answer to this question by designing a block
prior on coefficients of orthogonal series expansion of the function.

Specifically, we obtain adaptive Bayesian estimation under a Sobolev ball
assumption. Assume that f is a function on the unit interval [0, 1]. Let {¢;}
be the trigonometric orthogonal basis of L?[0,1], and define 6; = [ f¢; for
each j. The Sobolev ball is specified as

E,(Q) =< f e L?0,1]: 2]2“0]2- < Q?, with 0, = /fqﬁj for each j

j=1

Under a general framework, we construct a prior II, which satisfies the
Kullback-Leibler (KL) property and it automatically concentrates on the
effective dimension of the signal fjy, then as a consequence, the minimax
posterior contraction rate is obtained, i.e.,

(1) PYIL||f — foll > Mn~ %51 X" | — 0,
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where the loss function || - || is the /2-norm.

Adaptive Bayesian estimators over Sobolev balls or Holder balls are con-
sidered in the literature. There are two main approaches in these works.
The first one is to put a hyper-prior on the smoothness index «. As is
shown in Scricciolo (2006) and Ghosal, Lember and van der Vaart (2008),
minimax rate can be achieved, but the set of « is restricted to be count-
able or even finite. The second approach is to put a prior on k, where k is
the number of basis functions for approximation, or the model dimension.
This is called sieve prior in Shen and Wasserman (2001). Examples of using
sieve prior includes Kruijer and van der Vaart (2008) and Rivoirard and
Rousseau (2012). Their procedures are adaptive over all a, but the rates
have extra logarithmic terms. Other recent works in Bayesian adaptive es-
timation include van der Vaart and van Zanten (2007), van der Vaart and
van Zanten (2009), de Jonge and van Zanten (2010), Kruijer, Rousseau and
van der Vaart (2010), Rousseau (2010), Shen, Tokdar and Ghosal (2013)
and Castillo, Kerkyacharian and Picard (2014), but the posterior contrac-
tion rates in these works all miss a logarithmic factor.

The investigation of whether a logarithmic term is necessary in the pos-
terior contraction rate has fundamental implications. The results can lead
to answers to two important questions. First, is the presence of a loga-
rithmic term an intrinsic problem to Bayesian adaptive nonparametric es-
timation? Second, is the presence of a logarithmic term an artifact due to
the current proof technique? The answer to the first question should have
an impact on statisticians’ views of the frequentist/Bayesian debate. The
answer to the second question will provide a better understanding on the
famous “prior mass and testing” framework (Barron, Schervish and Wasser-
man,1999; Ghosal, Ghosh and van der Vaart, 2000) that is widely used to
establish posterior contraction results.

Compared to the previous results in the literature, the proposed block
prior is adaptive over a continuum of smoothness, and its posterior contrac-
tion is exactly rate-optimal. The framework for the applications of the block
prior is very general. It includes density estimation, white noise, Gaussian
sequence, regression and spectral density estimation.

At the point when the first draft of the paper was finished, we received
a manuscript by Hoffmann, Rousseau and Schmidt-Hieber (2015) on Bayes
adaptive estimation. They considered the similar problem as ours and ob-
tain the exact minimax rate by using a spike and slab prior. However, their
adaptation result for the Iy loss only holds for the white noise model. Since
their proof technique takes advantage of the Gaussian sequence structure,
it cannot be immediately extended to other model settings. In contrast, by
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designing a block prior that especially work under the “prior mass and test-
ing” framework, we are able to establish results for models including density
estimation, nonparametric regression and spectral density estimation.

The major difficulty of adaptation with the exact rate in various model
settings is the design of a prior distribution that satisfies the conditions of
the general prior mass and testing framework, which can be applied to a
wide range of models. This framework was pioneered by Le Cam (1973)
and Schwartz (1965), and was later extended to the nonparametric setting
by Barron (1988), Barron, Schervish and Wasserman (1999) and Ghosal,
Ghosh and van der Vaart (2000). They proved as long as the prior sat-
isfies a Kullback-Leibler property and there exists a testing procedure on
the essential support of the prior, the posterior distribution contracts to
the truth with certain rate of convergence. Though it is possible to ana-
lyze the posterior distribution according to the Bayes formula directly as in
Hoffmann, Rousseau and Schmidt-Hieber (2015), the prior mass and test-
ing framework imposes the weakest assumption on the likelihood function,
which makes it flexible to various model settings. The price of such flexi-
bility to model settings is the rather strong requirements on the prior. In
our opinion, the design of a prior that satisfies the prior mass and testing
framework is the major difficulty of achieving rate-optimal adaptation over
various model settings. The block prior we propose in this paper gives a
solution to this problem. We show that it possesses the strong properties
required by the prior mass and testing framework. Therefore, not only does
it give rate-optimal adaptation, the good posterior behavior also extends to
the settings beyond the white noise model.

The paper is organized as follows. In Section 2, we first introduce a pre-
liminary block prior II, which satisfies the Kullback-Leibler property and
concentrates on the effective dimension of the truth, and then we present
the key result of this paper, adaptive rate-optimal posterior contraction for
a slightly modified prior II under a general framework. As applications of
the main results, we study adaptive Bayesian estimation of various nonpara-
metric models in Section 3. Section 4 discussed the posterior tail probability
bound and an extension of the theory to Besov balls. It also includes discus-
sion on why a logarithmic factor is usually present in the Bayes nonpara-
metric literature. The main body of the proofs are presented in Section 5.
Simulation and some auxiliary results of the proofs are given in the supple-
ment (Gao and Zhou, 2015b).

1.1. Notations. Throughout the paper, P and [E are generic probability
and expectation operators, which are used whenever the distribution is clear
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in the context. Small and big case letters denote constants which may vary
from line to line. We won’t pay attention to the values of constants which
do not affect the result, unless otherwise specified. Notice these constants
may or may not be universal, which we shall make clear in the context. The
function f and its Fourier coefficients § = {6;} are used interchangeably. We
say f is distributed by II if the corresponding 6 ~ II. In the same way, the
function space and the parameter space of f and 6 will not be distinguished.
The norm || - || denotes both the [2norm of f and the [>norm of . For
two probabilities P, and P» with densities p; and ps, we use the following
divergences throughout the paper,

D(P,P,) = Plog %,

2
V(P Py) = Pl(log%—D(Pl,Pg)) :

1/2
H(P, P) = (/(\/171—\/272)2> :

We use 6; and 6y; to indicate the j-th entries of vectors § = {6;} and
o = {6o; } respectively. The bold notation 8}, represents the vector {6;};cn,
2

for the k-th block. The rate ¢, is always the minimax rate €2 = n~ 2a+T,

2. Main Results. In this section, we first give some necessary back-
grounds of Bayes nonparametric estimation, then introduce a block prior
and the result of adaptive posterior contraction.

2.1. Background. Suppose we have data X ~ P}:), and the distribution

P]g:) has density p%) with respect to a dominating measure. The posterior
distribution for a prior II is defined to be

(n)
A Gy (X™)II(f)
(A X") = — 0 . where X" ~ P{™.
(n) fo

J S (Xm)dIi(f)
fo

We need to bound the expectation of H(d(f, fo) > Men|X"> in this paper.

To bound this quantity, it is sufficient to upper bound the numerator and
lower bound the denominator. Following Barron, Schervish and Wasserman
(1999) and Ghosal, Ghosh and van der Vaart (2000), this involves three
steps:
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1. Show the prior II puts sufficient mass near the truth, i.e., we need

II(K,) > exp (—Clne%) ,

where K, = {D(PJE:), Py < ne, V(PP PM) < neg}.
2. Choose an appropriate set J,,, and show the prior is essentially sup-

ported on F,, in the sense that
II(F:) < exp (—Cane?) .

This controls the complexity of the prior.
3. Construct a testing function ¢, for the following testing problem

Hy:f=fo wvs. Hi:fesupp(ll)NF, and d(f, fo) > Me,.
The testing error needs to be well controlled in the sense that

P}:)gén V sup P](pn)(l — ¢n) < exp (—C’gn62) .
feH
Note that the constants Ci,Cs,and C3 are different in these three steps
above. Step 1 lower bounds the prior concentration near the truth, which

(n)

leads to a lower bound for the denominator [ Z;T(X ™)dII( f). It is originated
0
from Schwartz (1965). Step 2 and Step 3 are mainly for upper bounding

(n)
the numerator [, %(X ™)dII(f). The testing idea in Step 3 is initialized by
P

fo
Le Cam (1973) and Schwartz (1965). Step 2 goes back to Barron (1988), who
proposes the idea to choose an appropriate F;, to regularize the alternative

hypothesis in the test, otherwise the testing function for Step 3 may never
exist (see Le Cam (1973) and Barron (1989)).

2.2. The Block Prior II. Given a sequence 6 = (61,02, ...) in the Hilbert
space (2. Define the blocks to be By = {ly, ...,lp41 — 1}, and {1,2,3,...} =
U2 o Bk Define the block size of the k-th block to be ny = ly11 — I, = | Bi|.
Remember the notation 8y, represents the vector {6;};ep,. The block prior
IT on the function f is induced by a distribution on its Fourier sequence
{6,}. For each k, let gi be a one-dimensional density function on R*.

We describe II as follows.

Ay ~ g independently for each k,

0;|Ap ~ N(0, AxI,, ) independently for each k,
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where I,,, is the nj X n; identity matrix. In this work, we specify [; to be
I, = [€¥]. The sequence of densities {g} is used to mix the scale parameter
Ay, for each block, and we call them mixing densities. Our theory covers
a class of mixing densities. The mixing density class G contains all {gx}
satisfying the following properties:

1. There exists ¢; > 0 such that, for any k and ¢ € [e*kz, e ],

(2) gr(t) > exp (— cre¥).

2. There exists co > 0, such that for any k,
oo
(3) / tgr(t)dt < dexp (— cok?).
0

3. There exists c3 > 0, such that for any k,

—k

(4) /002 gi(t)dt < exp (— cze®).

For a function fy € E,(Q), define the set

(5) Fn="TFnlB)=10: > (-0 < el

j> (1) 77
We have the following theorem characterizing the property of II.

THEOREM 2.1.  For the block prior I1 with mizing densities {gp} € G, let
fo € Eo(Q) for some a,Q > 0, then there exists a constant C > 0 such that

o0

(6) T3S0 — 00;)* < €2 b > exp ((— Cned),
j=1

and

(7) ﬁ(f;) < 2exp ( —(C+ 4)nez),

20+1
for sufficiently large n whenever B < (min { 2(5&_4)7 (4@2)—2a} ) . with

cg defined in (/).
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REMARK 2.1. The theorem presents two properties of the block prior II.
Property (6) says the prior gives sufficient mass near the true signal fo. This
is also recognized as the K-L condition once the Kullback-Leibler divergence
is upper bounded by the [?>-norm in the support of the prior. Property (7)
says the prior concentrates on the effective dimension of the true signal
fo automatically. In Bayesian nonparametric theory, a testing argument is
needed to prove posterior contraction rate. Such test can be established on
a sieve receiving most of the prior mass. In (7), the set F,, can be used as
such a sieve.

REMARK 2.2. When the smoothness « is known, a well-known prior
I, = @j2, N(0, j72971) is used in the literature. It can be shown that this
prior satisfies (6). The block prior II satisfies (6) and (7), and it does not
depend on the smoothness a. Thus it is fully adaptive.

We claim that the mixing density class G is not empty by presenting an
example (Figure 1).

e (exp (=) ~Th)t+ T, 0<t<e™,
(8) gk(t) = exp ( — ek), ek < ¢ < e_k;
0, t>e k.

The value of T}, is specified as

9) Tk:QekQ—2exp(—ek+k2—k)—i—exp(—ek).

The following proposition is proved in the supplementary material (Gao
and Zhou, 2015b).

PROPOSITION 2.1. The densities {gi} defined in (8) satisfies (2), (3)
and (4). Thus, G is not empty.

2.3. Adaptive Posterior Contraction of the Modified Block Prior II. In
order to prove posterior contraction rate, it is essential to construct a suitable
test. A preliminary test is first constructed in a local neighborhood. Then
a global test is established by combining all the local tests when the metric
entropy is well controlled. We say the distance d satisfies the testing property
with respect to the prior II and the truth fy if and only if there exists some
constants L > 0 and & € (0,1/2), such that for any f; € supp(Il) satisfying
d(fo, f1) > €n, we have

(10) P 6n < exp (= Lud(fo, 1)),
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Fic 1. The plot of the mizing density function Ay ~ gy, defined in (8).
(11) sup PP (1= 6) < exp (= Lnd*(fo, 1)),

{fesupp(ID):d(f,f1)<&d(fo,f1)}

for some testing function ¢,. Then, a global test can be constructed for
Hy : f = fo against Hy = {f € F,, Nsupp(II) : d(f, fo) > Me,} as long as
d(f1, f2) < ||f1— f2l| for any f; and fo. The equivalence of d and ||-|| may not
be true for d being Hellinger distance or total variation. We thus consider
a modification of the block prior II, denoted as II, so that d and || - || are
equivalent in the support of the modified block prior II. Define

1(4) = S

where the constraint set D needs to be designed case by case such that

D(PY, P <tnllfy — I’ V(PEY,PY) < bnllfi — fol %

f
b_ld(flan) < Hfl - f2|| < bd(flaf2)a

for some constant b > 1. We give a specific choice of D for each model
considered in this paper. Another crucial property of D we need is that II
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inherits properties (6) and (7) from II. It is obvious that (7) is still true for
I as long as II(D) > 0. Therefore, one only needs to check (6), which is
usually not hard as we will see in all the examples in Section 3. A general
theorem covers all examples in Section 3 is stated as follows.

THEOREM 2.2. For the block prior I1 with miving densities {gi} € G,

define TI(A) = HI%I()B?) with the constraint set D satisfying the properties
above. Let the distance d satisfy the the testing property (10) and (11). As-
sume that, for any fo € Eq(Q) N D with a € (a*,00) and Q € (0,Q), the
prior I1 inherits properties (6) and (7) from I for some C > 0. Then, for

any such fo, there exists M > 0, such that

P;:)H<d(f, fO) > Mn_ﬁ Xn) —0.

REMARK 2.3. We note that the range a € (a*,00) and Q € (0,Q%) is
the adaptive region for the prior II. It is determined by the constraint set
D and by whether properties (6) and (7) can be inherited from II to II. In
some examples such as the white noise model, the modification by D is not
needed, so that we have IT = II. This will result in o = 0 and Q* = oo,
and thus the prior may adapt to all Sobolev balls. In the regression and the
density estimation models, a* needs to be larger than 1/2, and Q* can be
chosen arbitrarily large by properly picking the corresponding D. For the
spectral density estimation, we need o* > 3/2. See Section 3 for details.

REMARK 2.4. Theorem 2.2 requires the assumption fo € E,(Q) N D.
In all the nonparametric estimation examples we consider in Section 3, we
consider very specific forms of D, and we are going to show that such D
can be removed from the assumption because of the relation E,(Q) C D for
a > o, This implies F,(Q) N D = E,(Q) and we only need fy € E,(Q) in
the assumption.

3. Applications. Given the experiment ((X(”),.A("),P;n)) :f € Ea(Q)),

and observation X" ~ P}:), we estimate the function fy by an adaptive

Bayesian procedure. The goal is to achieve the minimax posterior contrac-
tion rate without knowing the smoothness a. In this section, we consider
the following examples:

1. Density Estimation. The observations X7y, ...., X, are i.i.d. distributed
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according to the density

pf(t) = fef(t)dtv

for some function f in a Sobolev ball.
2. White Noise. The observation Yt(n) is from the following process

1
dv,™ = f(t)dt + —=dW,
t f( ) + \/ﬁ ts
where W} is the standard Wiener process.
3. Gaussian Sequence. We have independent observations

X, :0i+n_1/22¢, 1 €N,

where {0;} are Fourier coefficients of f, and {Z;} are i.i.d. standard
Gaussian variables.
4. Gaussian Regression. The design is uniform X ~ UJ0,1]. Given X,
Y|X ~ N(f(X),1). The observations are i.i.d. pairs (X1, Y1), ..., (X, Y,).
5. Spectral Density. The observations are stationary Gaussian time series
X1, ..., X, with mean 0 and auto-covariance n,(g) = ["_ e g(N)dA.
The spectral density g is modeled by g = exp ( f ) for some symmetric
f in a Sobolev ball.

The above models have similar frequentist estimation procedures, which
is due to the deep fact that they are asymptotically equivalent to each other
under minor regularity assumptions. References for asymptotic equivalence
theory include Brown and Low (1996), Nussbaum (1996), Brown et al. (2002)
and Golubev, Nussbaum and Zhou (2010).

3.1. Density Estimation. Let P]En) be the product measure P}n) =, Ps.
The data is i.i.d. X" = (X1,..., Xp) ~ Qi Pf,. Let Py be dominated by

ef(®)
T - on-
Jo e/ u(dt) ¢

sider the Fourier expansion f =) y 0;¢;, and the density p; can be written
in the form of infinite dimensional exponential family

Lebesgue measure p, and it has density function p¢(t) =

ps(t) = exp <Zej¢j(t) - 10(9)),

where

1
w(@):/o eZ]-@mj(t)M(dt)‘
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Notice the first Fourier base function is ¢1(t) = 1. It is easy to see that
different 01’s correspond to the same p;. For identifiability, we set 61 = 0,
so that we have [ f(t)u(dt) = > i>20; [ ¢j(t)dt = 0. We use the modified

block prior II(A) = ﬁl(—TD(B)A) with the constraint set

(12) D=306:> |6/<By},
j=1

for some constant B > 0. The next lemma §hows that the modified block
prior II inherits properties (6) and (7) from II.

LEMMA 3.1.  For a* > 1/2, define the constant

1/2

13 = () <.

j=1

For any fo € Eo(Q), with a > o* and 3vQ < B, there is a constant C' > 0,
such that

o0

T30y~ 6:)2 < & ¢ > exp (— Cned),

J=1

and

H(fg) < 2exp ( —(C+ 4)ne,21>.

For density estimation, it is natural to use Hellinger distance as the testing
distance d. According to the testing theory in Le Cam (1973) and Ghosal,
Ghosh and van der Vaart (2000), it satisfies testing property (10) and (11).
The next lemma establishes equivalence among various distances and diver-
gences under D defined in (12).

LEMMA 3.2. On the set D, there exists a constant b > 1, such that
D(PfquQ) < bH@l - 92"27 V(vaPfQ) < bH01 - 92H27
bTLH(Pyy, Pry) < |61 — 6o]| < bH(Pyy, Pp,).

We will prove the above two lemmas in the supplementary material (Gao
and Zhou, 2015b). The main result of posterior contraction for density esti-
mation is stated as follows.
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THEOREM 3.1. Let o* > 1/2 be fized, and ~y is the associated constant
defined in (13). For any «,Q satisfying o > o* and B > 3vQ), there is a
constant M > 0, such that

sup P;)H(H(Pf,Pfo) > Men| X1, Xn) 0.
fOEEa(Q)

REMARK 3.1. The prior II depends on the value of B, which determines
the range of adaptation. For any o* > 1/2 and Q* > 0, we can choose B
satisfying B > 3vQ* (v depends on «*), such that the prior II is adaptive
for all E,(Q) with a > o* and Q < Q*.

3.2. White Noise. We let PJE”) be the distribution of the following process

L
NG

where W; is the standard Wiener process and the signal has Fourier ex-
pansion f = Zj 0;j¢;. This model is the simplest and most studied non-
parametric model. It is equivalent to the Gaussian sequence model, and we
have

ay,\"™ = f(t)dt + —dW;, te0,1].

n n 1 n n
D(PE), P) = Snllf = foll2, V(PR Pf) =nllf - fol

In the white noise model, it is natural to use the [> norm as the testing
distance d. The following lemma is from Lemma 5 in Ghosal and van der
Vaart (2007).

LEMMA 3.3. Let ¢ = {2 T = fo0)dy,® > || f1]? — HfoH?}. Then
we have
PV¢, < 1@ (vallfi — foll/2)
sup PM(1—¢,) < 1—@(v/allf — foll/4),
{1 f =l fr=Foll /43

where ® is the standard Gaussian cumulative distribution function.

By the property of Gaussian tail, we have 1 — ®(y/nL||fi — fol|) <

e‘%LQ”Hfl_fO”Q, provided /nL||f1 — fol| > 1, which is true because we only
need to test those f1 with ||f1 — fo|| > Me,, and we have \/ne, — co. There-
fore, in the white noise model, the distance satisfying (10) and (11) is the 2

norm. Considering that the divergence D(P;n), P}n)) and V(P)En), P}n)) are

0 0
also [2 norm, we reach the following conclusion.
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THEOREM 3.2. In the white noise model, for any o > 0 and Q > 0,
there exists a constant M > 0, such that

sup  PRUTI(|1f = foll > Meo V") — 0.
Jo€Ea(Q)

Hence, this is a case that we have adaptation for all Sobolev balls.

3.3. Gaussian Sequence. The Gaussian sequence model is equivalent to
the while noise model. We present this case just for illustration of the theory.
Given f = Zj 0;¢;, the model P}n) is in a product form

(14) P =P =Q N0,
=1 =1

Thus, the observations are independent Gaussian variables in the form
X, =0;+n" Y%7, ieN,

where {Z;} are i.i.d. standard Gaussian variables. The divergence in this case
is easy to calculate. That is, D(PJE"), P}n)) = 2]|6p—6||* and V(P;n)7 P}n)) =

0 0
n||6o — 0])?, and they are exactly the /2 norm. Define

on(X) = {IIX — 011> < [|X — Gol[*} = {XT (61 — o) > ||6n]* — [160]|*} .

We observe this is exactly the same test in the white noise model, and thus
Lemma 3.3 applies here. Therefore,

PV, < emsnllfo=0il,
sup P (1~ ) < emmnlifo=tnll,
{0:]10—011|<[101—00l]/4}
The d satisfying the testing property (10) and (11) can be chosen as the 2
norm. We thus reach the following conclusion.

THEOREM 3.3. In the Gaussian sequence model, for any o > 0 and
Q > 0, there exists a constant M > 0, such that

sup P}:)ﬁ(ne — Go|| > Men| X1, Xo, ) 0.
fOeEa(Q)

We have adaptation for all Sobolev balls.
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3.4. Gaussian Regression. We consider uniform random design instead
of fixed design, because the random design allows simple connection be-
tween various divergences and the [? distance. The model PJE")

observations (X1, Y1), ..., (Xn, Yn) with distribution

gives i.i.d.

X ~U0,1], Y|X ~N(f(X),1).

The theory is easily extended to general random design with X ~ ¢ for some
density ¢ on [0, 1] bounded from above and below. We choose the uniform
design for simplicity of presentation. The function has Fourier expansion f =
> y j¢; so that we can apply the modified block prior on f. Let P; be the
distribution of a single observation, and we need to calculate D(Py,, Pf) and
V (Py,, Pr). Let ¢ be the standard normal density, and it can be shown that

D(Pyy, Pr) < $1f=fol P and V(Ppq, Pr) < (15 (A2 +11ol12) ) ILF = ol 2
As what we have done in the density estimation case, we use the modified
block prior II(A) = MAAD) with the constraint set D = {zjo’;l 16| < B}.

(D
According to Lemma 3(.1,) the prior II inherits properties (6) and (7) from
I1. Therefore, for f and fo € D, V(Py,, Pf) < (1—1—2BQ)||f—f0H2. Next, we
deal with the testing procedure. We use likelihood ratio test as in the white
noise and Gaussian sequence model cases, and the error is bounded in the
following lemma.

LEMMA 3.4. There exists a constant L > 0, such that for any fo, f1 € D
satisfying /n||f1 — fol| > 1, there exits a testing function ¢, with error
probability bounded as

P g, < = Inllio=nil?
0 f— )

{fesupp(I):[| f—fol I2< 35 11 f1— fol |2}

The lemma will be proved in later sections. It says [? norm satisfies the
testing property (10) and (11). Using Theorem 2.2, we reach the following
conclusion.

THEOREM 3.4. Let o* > 1/2 and ~y be the constant defined in (13). In
the Gaussian regression model with uniform random design, for any a, @
satisfying a > o and 3vQ < B, there exists a constant M > 0, such that

sup P}:)H(Hf — foll > Men]Xl,...,Xn,Yl,...,Yn> 0.
fo€Ea(Q)
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REMARK 3.2. The prior II depends on the value of B, which determines
the range of adaptation. For any o* > 1/2 and Q* > 0, we can choose B
satisfying B > 3yQ* (v depends on «*), such that the prior II is adaptive
for all £, (Q) with a > o* and Q < Q*.

3.5. Spectral Density FEstimation. Suppose the probability Pjg") gener-
ates stationary Gaussian time series data X1, ..., X,, with mean 0 and spec-
tral density g = e/, with f(t) = f(—t). We assume the spectral density to be
a function on [—m, 7]. The auto-covariance is n, = [7_ e g(t)dt. Thus, the

observation (X1, ..., X},) follows P}n) =N (0,1“”(9)), where the covariance
matrix is

o mooc Tn-t
m Mo -+ Tin—2
In(g) = . . . .
m—1 Tn—2 - o
We model the exponent of the spectral density by f(t) = > 72 0; cos(jt).
According to Parseval’s identity, we have 27|[g||> = ||n||* and 2x||f||* =
10]|2. We use the modified block prior I1(A4) = Hl(—qlzgf) with the constraint
set
oo
(1) D=14> jltil<By,
j=0

The constraint set (15) is stronger than (12). Thus, in order that the modified
prior II inherits properties (6) and (7) from the block prior II, we need

a > 3/2. The following lemma will be proved in the supplementary material
(Gao and Zhou, 2015b).

LEMMA 3.5.  For an arbitrary o > 3/2, and the constant v defined as
o0
(16) =) i
j=1

For any fo € E,(Q), with a > o* and 3yvQ < B, there is a constant C' > 0,
such that

o

TS (60— 07> <& b > exp (— Cne2),
=1

and
H(]-"ﬁ) < 2exp ( - (C+ 4)ne721).
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The following lemma, comparing the [? norm with D(P}:),P(n)) and

f
V(P}:), P}n)), will be proved in the supplementary material (Gao and Zhou,
2015b).

LEMMA 3.6.  For any fo, f1 € D, we have
D(PYY, PI) < bnl|fo — fill%,
V(P Py <ol fo — fill?
(P, P) < bl fo — ful 2

where b > 1 is a constant only depending on II.

The testing distance satisfying the testing properties (10) and (11) is the
I2-norm.

LEMMA 3.7.  There exists constants L > 0 and 0 < £ < 1/2, such that
for any fo, fi € D with ||fo — fi||? > €2, there exists a testing function ¢y,
such that

P 6n < exp (= Lullfo— fill?)

sup P (1= ¢) < exp (= Inllfo = AI?):
{f€supp(I):|| f = frl| <€l fr—foll}

The lemma will be proved in later sections. We state the main result of
posterior contraction of spectral density estimation as follows.

THEOREM 3.5.  In the spectral density estimation problem, let (X1, ..., Xy) ~

P}:). For any o and Q satisfying Lemma 3.5, there is a constant M > 0,
such that

sup P}?H(Hf — foll > Men|X1,...,Xn> 0.
fo€Ea(Q)

REMARK 3.3. The prior II depends on the value of B, which determines
the range of adaptation. For any o* > 3/2 and Q* > 0, we can choose B
satisfying B > 3yQ* (v depends on «*), such that the prior II is adaptive
for all E,(Q) with o > o* and @ < Q*. Notice the definition of v in (16) is
different from that in (13).

4. Discussion.
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4.1. Ezxponential Tail of the Posterior. The conclusion of the main pos-
terior contraction result in Theorem 2.2 does not specify a decaying rate of
the posterior tail. In fact, by scrutinizing the its proof, it has the following
polynomial tail

!

P}?H(HG — || > Men|X”) < nCE%
However, to obtain a point estimator such as posterior mean with the same
rate of convergence as €, faster posterior tail probability is needed (see, for
example, Ghosal, Ghosh and van der Vaart (2000) and Shen and Wasserman
(2001)). In this section, we show that this polynomial tail can be improved
to exponential tail in all the examples we consider in Section 3. The critical
step is the following lemma, which improves Lemma 5.6 in the proof of the
general result of Theorem 2.2.

LEMMA 4.1. For all statistical models we consider in Section 3 and the

corresponding modified block prior 11, let C' be the comstant with which I1
satisfies (6) and (7). Define

A7) Hy, = /i{m(xn)dn(f) > exp (— (C+ b+ 1)ne)
fo

Then we have Pjg:) (HS) < exp ( - C_'n62> for fo € Eo(Q) N D and some
C > 0.

From Lemma 4.1, we have the following improved result for posterior
contraction.

THEOREM 4.1. The conclusions of Theorem 3.1, Theorem 3.2, Theorem
3.8, Theorem 3.4 and Theorem 3.5 can be strengthened as

PITI(116 — 00l > My X™) < exp (= C'neé2),
under their corresponding settings.

As a consequence, the posterior mean serves as a rate-optimal point esti-
mator.

COROLLARY 4.1. Under the setting of Theorem 3.1, Theorem 3.2, The-
orem 3.8, Theorem 3.4 and Theorem 3.5, we have

P |[Eq (61X — b0|]> < M'e2,

for some constant M’ > 0.
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The proofs of Lemma 4.1, Theorem 4.1 and Corollary 4.1 are presented
in the supplementary material (Gao and Zhou, 2015b).

4.2. Extension to Besov Balls. Besov balls provides a more flexible col-
lection of functions than Sobolev balls. They are related to wavelet bases.
The block prior we propose in this paper naturally takes advantage of the
multi-resolution structure of Besov balls. Given a sequence {6;}, define
0, = {92k+l}12ial for k = 0,1,2,.... We can view the signals on each res-
olution level 6}, as a natural block with size n; = 2*. The Besov ball is
defined as

Byqe(@) = {9 Y2167 < Qq} ,
k

where s = o + 3 — 113 and || - ||, is the vector [P-norm. We consider the

non-sparse case where the parameters are restricted by
(18) (0,p,0,Q) € (0,09) x [2,00] x [1,00] (0, 00).

Under such restriction, the block prior is suitable for estimating the signal
in By, (Q). We describe the prior II as follows.

Ay ~ gr independently for each k,

0;|Ap ~ N(0,Axl,, ) independently for each k,

where I, is the 2¥ x 2 identity matrix. The mixing densities {gy} are
defined through (8) and (9) with the constant e replaced by 2. It is clear
that the new mixing densities {gx} satisfies (2), (3) and (4) with every e
replaced by 2. Define the new sieve

Fn = > 161, — Oo|” < €
k>(2a+1) L logy(nf~1)

We state the property of the block prior II targeting at Besov balls below.

THEOREM 4.2. For the block prior I1 defined above, let 6y € ng(Q)
with (a, p, q, Q) satisfying (18), then there exists a constant C > 0 such that

o0

(19) Q>0 — 0g))? < & 3 > 27,

n
j=1
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and

(20) ﬁ(fﬁ) < 21—(0+4)n637

20+1
for sufficiently large n whenever < | min { Q(éi4), (4Q2)*20‘} ) , with
cs defined in (4) where e is replaced by 2.

We apply the prior to the Gaussian sequence model. For other models,
some slightly extra works are needed.

THEOREM 4.3. For the Gaussian sequence model (14) with any 0y €
By (Q), where (o, p,q, Q) satisfies (18), then there exists M > 0, such that

sup  PVTL( 10 — 6ol >Men‘X1,X2,... 0.
6o€Bg ,(Q)

Thus, the prior is adaptive for all Besov balls satisfying (18).

We prove the results of the extension in the supplementary material (Gao
and Zhou, 2015b).

4.3. Difficulty of Achieving the Eract Rate. The literature of Bayes non-
parametric adaptive estimation usually reports an extra logarithmic term
along with the minimax rate 2. In this section, we provide examples of
two priors and illustrate the reasons for them to have the extra logarithmic
term. In the first example, the difficulty lies in the prior itself. In the second
example, the difficulty lies in the method of proof. The analysis also sheds
light on why the block prior is able to achieve the exact minimax rate.

4.3.1. Difficulty due to the Prior. One of the most elegant prior on f
is the rescaled Gaussian process studied by van der Vaart and van Zan-
ten (2007) and van der Vaart and van Zanten (2009). Consider the cen-
tered Gaussian process (W; : ¢t € [0, 1]) with the double exponential kernel
EW:W, = exp (— (s— t)2). The rescaled Gaussian process is defined as W/,
for some c either fixed or sampled from a hyper-prior. The reason for the
rescaling is that the original W; has an infinitely differentiable sample path
almost surely. The rescaling step makes it rougher so that it is appropriate
for estimating a signal in Sobolev or Holder balls. In van der Vaart and

van Zanten (2007), the number c is fixed as (n/(log n)Q)_l/(2a+1), and in
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van der Vaart and van Zanten (2009) c is sampled from a Gamma distribu-

tion. The posterior convergence rates are e%(log n) 2t and ei(log n) %,
respectively.

Recently, this prior was extended by Castillo, Kerkyacharian and Picard
(2014) for estimation of a function living on a general manifold M. They
constructed a rescaled Gaussian process on M and obtained an improved

posterior convergence rate e,%(log n) % Moreover, they also showed that
such a rate cannot further be improved by a rescaled Gaussian process with
a reasonable distribution on the rescaling parameter c. To be specific, they
proved that under mild conditions, there exists a function fy € BS (@) and
a constant C' > 0, such that

P < Ce(logn) it
L (11f = foll < Ce(logn) 7

X") — 0,

for a rescaled Gaussian process II. Hence, the posterior convergence rate

cannot be faster than €2 (log n)%

To summarize, in this example, the difficulty lies in the prior. It is shown
that a certain class of prior distribution is unable to achieve the exact min-
imax rate.

4.3.2. Difficulty due to the Proof. The sieve prior is another popular
prior used in Bayes nonparametric estimation. It first samples an integer
J, which is the model dimension. Conditioning on J, 0; is sampled from
some distribution p independently for all j < J and is set to zero for j > J.

Rivoirard and Rousseau (2012) considered both fixed J = [nﬁ] and J
sampled from a distribution with exponential tail. In the first case, the
posterior convergence rate is €2 (logn)? and a slightly slower rate is obtained
for the second case.

We argue that the difficulty for obtaining the exact minimax rate is not
due to the sieve prior itself, but due to the technique of the proof. Using
the prior mass and testing (see Section 2.1) proof technique developed by
Barron, Schervish and Wasserman (1999) and Ghosal, Ghosh and van der
Vaart (2000), it is impossible to get the exact minimax rate. Let us consider
the Gaussian sequence model. In this case, the prior mass condition for the
truth 6y € E,(Q) and the rate €2 is

(21) H(||9 G| < ei) > exp ( - cnei),

for some constant C' > 0. Even in the simplest sieve prior where J is chosen
to be fixed, (21) cannot hold. This is established in the following lemma.
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LeEMMA 4.2.  Consider a sieve prior with fized J and density p. Assume
lp|lec < G for some constant G > 0. Then, for any 6, — 0 satisfying
log 0! < logn and any 0y, we have

H(HH — fo|]? < 53) < exp ( - CJlogTL),
for some constant C > 0.

In the ideal case where J = [nﬁ], the best possible 62 for (21) to hold

is 02 = n_% logn. The extra logn term cannot be avoided to establish
the desired prior mass condition.

On the other hand, we show that the sieve prior in Lemma 4.2 does achieve
the exact minimax rate when p is taken as N(0,1).

LEMMA 4.3.  For Gaussian sequence model, consider the prior distribu-
tion I1 = ®;-]:1 N(0,1), with J = [nﬁ] Then, we have for any 6y €
Eo(Q),

p}?n(ua — 00| > M

X") <exp ( — Cne,%),
for some constants C;, M > 0.

The proof of this results takes advantage of the conjugacy and calculates
the posterior probability directly from the posterior distribution formula.
Both the proofs of Lemma 4.2 and Lemma 4.3 are stated in the supplemen-
tary material (Gao and Zhou, 2015b).

Moreover, we also establish an adaptive version of Lemma 4.3. Namely,
consider the prior distribution k ~ 7 and conditioning on k, \/n#; ~ g i.i.d.
for1<j<kand0; =0for j > k.

THEOREM 4.4. Assume max; Wzrj(i)l) < ¢, flogﬂ'(nﬁ) < Cnﬁlﬂ,
|log g(x) — logg(y)] < C(1 + |z — y|) and |logg(0)| < C for some con-
stants ¢ € (0,1) and C > 0. Then, for Gaussian sequence model with any

0o € Eo(Q), we have

(22) P}:)H(k: > Mnzast Xn) < exp ( _ C”nei),
P}?H(He —60])? > M2 X") < exp ( - C’nei),

for some constants M,C" > 0.
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The assumption on the prior distribution in Theorem 4.4 is mild. For
example, we may choose 7(j) oc e=P7 for some constant D > 0 and choose
g to be the double exponential density. The resulting posterior distribution
contracts to the true signal at the minimax rate adaptively for all o > 0.
The success of this prior crucially depends on the result (22), which allows

us to establish an optimal testing procedure on the set J < M nTlﬂ How-
ever, the proof of (22) takes advantage of the independence structure of the
Gaussian sequence model and we are not able to establish (22) for other
models. For the same reason, the block spike and slab prior proposed in
Hoffmann, Rousseau and Schmidt-Hieber (2015) works only for the Gaus-
sian sequence model as well. Their argument in establishing (22) also uses
the independence structure of Gaussian sequence model and thus does not
work in other settings.

To summarize, the sieve prior is an example showing that the current proof
technique may result in the sub-optimal posterior convergence rate, while
for Gaussian sequence model, special techniques can be used to overcome
the difficulty.

4.3.3. The Block Prior Overcomes Both Difficulties. The above discus-
sion leads to two fundamental questions. 1. Is there a prior which can achieve
the exact minimax posterior convergence rate without knowing a7 2. Can
the prior mass and testing proof technique handle a minimax optimal adap-
tive prior? While the importance of the first question is evident, the second
question seems not that relevant at first thought. However, the prior mass
and testing method has a great advantage that it is not specific to the choice
of the prior or the form of the model. Though we use direct calculation to
show the optimal posterior convergence in Lemma 4.3 and Theorem 4.4,
the same proof cannot be extended to a setting beyond Gaussian sequence
model. The independence structure of Gaussian sequence model plays an
important role in the proof. In contrast, the prior mass and testing method
is very general so that it can be applied in various settings.

The block prior provides affirmative answers to both questions. Not only
can it achieve the exact minimax rate, its proof also relies on the prior mass
and testing method, which makes it easy to apply in many complex settings
beyond Gaussian sequence model. We provide various examples in Section 3
including regression, density estimation and spectral density estimation to
illustrate the benefit of using the prior mass and testing method. Without the
prior mass and testing method, an adaptive prior cannot be easily extended
to the case beyond Gaussian sequence model.



BAYESIAN ADAPTIVE BLOCK PRIOR 23
In fact, the inequality (22) can be written as
(23) PITI(FE|X™) < exp(—C'ne?),

where F,, can be of a more general form than that in (22) as long as an
optimal testing procedure can be established in F,,. Then, both the sieve
prior and the block spike and slab prior in Hoffmann, Rousseau and Schmidt-
Hieber (2015) satisfy (23). In contrast, the block prior proposed in this paper
satisfies

(24) II(FS) < exp(—C'ne?),

n

which is one of the three conditions required by the prior mass and testing
technique. It can be shown that generally (24) is a stronger condition than
(23) in the sense that (24) combining the prior mass lower bound imply (23).
In this sense, the block prior in this paper is a stronger prior than the sieve
prior and the block spike and slab prior in Hoffmann, Rousseau and Schmidt-
Hieber (2015). To put it in another way, (23) is not only a condition on the
prior distribution, it is also a condition on the likelihood, which imposes
certain model structure. On the other hand, (24) is a condition only on the
prior. This is why it works in various models besides Gaussian sequence
model.

5. Proofs of Main Results.

5.1. Proof of Theorem 2.1. We first outline the proof and list some
preparatory lemmas, and then state the proof in details. We introduce the
notation II4 to be defined as

(25) I = Q) N (0, ApI,).
k=1

Given a scale sequence A = {A}, the random function f = Zj 0;¢p; is
distributed by IT# if for each block By, 0, = {0;}jeB, ~ N(0, Aplp, ). Then,
14 is a Gaussian process for a given A, and the block prior is a mixture of
Gaussian process with A distributed by the mixing densities {gx} € G.

Since II itself is not a Gaussian process, the result for the {? small ball
probability asymptotics for Gaussian process cannot be applied directly. Our
strategy is to pick a collection V,, and by conditioning, we have

(26) ﬁ() ZIP(VQ)E<1‘IA(.>’AGVQ>.
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Then as long as for each A € V,,, there is constants C7,Cy > 0 independent
of A, such that

o0

(27) 4 Z(Gj —0p;)? < €2 5 > exp ( — C’mei),
j=1

and

(28) P(V,) > exp ( — 02716721),

then the property (6) is a direct consequence with C' = C; + Co. Thus,
picking such V, is important. Generally speaking, for each A € V,,, we need
T4 to behave just like a Gaussian prior designed for estimating fo € Fo(Q)
when « is known.

The distribution II* may be hard to deal with. Our strategy is to use the
following simple comparison result so that we can study a simpler distribu-
tion instead. The lemma will be proved in the supplementary material (Gao
and Zhou, 2015b).

LEMMA 5.1.  For standard i.i.d. Gaussian sequence {Z;} and sequences
{a;}, {bj} and {c;}, suppose there is a constant R > 0 such that

Rflaj <bj < Raj, for allj,

then we have
(Zb —¢;)*<R! 2) <]P’<Za] C])2_62> <]P’<Zb
J

Define J,, to be the smallest integer such that J, > (8Q2)inﬁl+l. Let K
to be the smallest integer such that e’ > J,, and define J = [¢X]. Inspired
by the comparison lemma, we define

Ak Ak
(29) Vo =Var {A R 1gllg1<nK Aok lgsa%XK Aok — R} ’

with )

[

I S o fork=1,2,..., K.
2a(lk+1 lk)

Define the truncated Gaussian process,

Aa,k =

K

(30) e = QN (0, Aapln,)-
k=1

<Re>
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A random function f = Zj 0;¢; is distributed by ﬁﬁo‘ if 6, ~ N(0, A 110, )
for each K =1,..., K and 6, = 0 for k£ > K. The comparison lemma implies
that we can control I for each A € V,, by the truncated Gaussian process
1:[’;}0‘. Additionally, the small ball probability of 1:[%“ can be established. The
argument is separated in the following lemmas, which will be proved in later
sections.

LEMMA 5.2.  For any o > 0, and fo € Eo(Q), there exists C3 > 0, such
that

j=1
LEMMA 5.3.  For each k, let A ~ gi, with {gr} € G. we have
P(V,) > exp ( — CQTLE?%).

LEMMA 5.4. For J defined above, and fy € Ey(Q), we have

2
— 6’[’],
T (6 — 605)° < o

j>J

IV
o

for sufficiently large n.

Proof of (6) in Theorem 2.1. We first introduce the truncated version
of I to be

=

M = Q) N (0, ApI,,).
k=1

By Lemma 5.4, we have

[e.e]

].:[ Z(Gj - 90j)2 < 6% > 1:1

f
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where we have used independence between different blocks in the above
equality. In the spirit of (26), we have
(31)

J
I (6 —60;)° <

J=1

& €2
> P(V,)E (Hf} > (05 — 60;)* < > ‘A e va).

J=1

[\} ‘3”\[\3

By Lemma 5.1, for each A € V,,

o0 2 o0 2
_ € _
M7 ¢ > (65— 6o;)* < e > g 4 Y (6 — 60;)° < %
Jj=1 Jj=1
By Lemma 5.2, we have
00 2
l:I’;l(“ Z(G —0p;)? < —E > exp ( - C’nei).
j=1

Combining what we have derived and Lemma 5.3, (6) is proved. i

Proof of (7) in Theorem 2.1. We fix the constant C' in (6), and we
are going to prove (7) with the same C. Remember the sieve F,, is defined
by (5). Define the set

_ < ok =
A, {Ak <e for all k£ > a1 1 log(np )}

Then,

[I(F;) < sup IA(Fy) + P(AY).
AcA,

Condition (4) implies

P(AS) < 3 P(Ak > e_k2>

k>(2a+1)"1log(nB—1)

< Z exp ( — 636k>
k>(2a+1)"1log(nB—1)
1 S SN
S exp ( _ §C3n2o¢+16 2a+1>
< exp ( —(C+ 4)ne,21>.
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2a+1
The last inequality is because 8 < (2((/231@) . We bound f[A(]-'ﬁ) for

each A € A,,
n4(r;) = o4 > (05-00)7 > e
j>(ng—1)ZaFT
< o2 ) e+2 Y i>e
j>(np=1) e T j>(np=1) e
_ 1
(32) < 4 Z 9]2» > Zei
j>(nﬁ*1)?ﬁI
_ 1
< N T
k>(2a+1)~!log(nB—1)
< > 4 {)10k|* > a2},

k>(2a+1)~1log(nB-1)

where Y, ar < 1/4 and we choose a; = ak—2. The inequality (32) is because
_ 2041

o € Eo(Q) and 8 < (4Q*) “2a . Define X3 to be the chi-square random
variable with degree of freedom d.

> 04 {]10k° > arer}

k>(2a+1)~1log(nB—1)

— > P{a; Apx2, > e}
k>(2a+1)"1log(nB—1)

Z P {egQC’ekaglAkxik > C"ek}
k>(2a+1)~1log(nB—1)

Z exp ( — C’ek) (1 — ZGHQC’ekalzlAk)_n;,

k>(2a+1)~!log(nB—1)

IN

where we can choose C’ sufficiently large. On the set Ay, for n sufficiently
large,

1
A <e ™ < —aqpe*E, forall k> log(nB™1).

1
4Cc’ " 20+ 1
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Therefore,

Dk

exp (— C"ek) (1 - 26;20/61%112114}@)7 ’

(]

k>(2a+1)~!log(nB—1)

exp (- C'eb) (V2)™

(]

k>(2a+1)~1log(nB—1)

1
< Z exp ( — (C” —3 log 2)6k)
k>(2a+1)"!log(nB—1)
< exp <— %(C’ — ;10g2>ﬁ_20}+1n62>
< exp ( —(C+ 4)nei),

with sufficiently large C’ and n. Hence,

sup A(FE) < exp ( —(C+ 4)nei),
AeA,

and we have

H(]-"fl) < 2exp ( —(C+ 4)ne,21>.
Thus the proof is complete. I

5.2. Proof of Theorem 2.2. Before stating the proof of Theorem 2.2, we
need to establish a testing result. It will be proved in later sections.

LEMMA 5.5.  Let d be a distance satisfying the testing property (10) and
(11). Suppose that there is b > 0 such that for all f1, fo € D,

b Yd(f1, f2) < |Ifs — fol| < bd(f1, fo).

Then for any sufficiently large M > 0, there exists a testing function ¢y,
such that

1
P}:)(;Sn < 2exp < — 5LM2”63L>7

sup P(n)(l — ¢n) < exp < - LQnei).
{feFnnsupp(I):d(f,fo)>Men}

The following result is Lemma 10 in Ghosal and van der Vaart (2007). It
lower bounds the denominator of the posterior distribution in probability.
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LEMMA 5.6. Consider H,, defined in (17), as long as

I {D(P}:), P]S”)) < bne2, V(P}:), P}n)) < bnei} > exp ( - C’nei),

7 for some C > 0.

we have P}O )(’HC) < 02

Proof of Theorem 2.2. Notice the prior II inherits the properties
(6) and (7) from II. Since both D( }0),P]£n)) and V( ;:),P( )) are upper
bounded by bn||fy — 0||?, we have

n{ DL, P) < bne2, V(P ") < bne2 }

{29903 < }>exp(0ne%),

for the constant C' with which II satisfies (6) and (7) By Lemma 5.6, the
K-L property of prior implies P}:) (Hy) < &
n (5) and we have H(]—}i) < 2exp ( (C’+4)ne ) Letting ¢,, be the testing
function in Lemma 5.5, we have P( )H( d(f, fo) > Mep|X™) < P(”)(HC)

gzﬁn + P(n IL(d(f, fo) > Men]X”)(l — ¢n) 1y, , where the first two terms
go to 0. The last term has bound

PPUTI(A(f, fo) > Men| X™) (1 — )1y,

(n)
n p n n
exp ((C + 2)ne2) LY / L (X (1= ) (X™)dII(f)
{feFnd(f,fo)>Men} p

W

. (n)
n P,

IN

+ exp ((C’ + 2)n6%) P}:) /]—' (X™)dIL(f)

(n)
p
exp ((C+2net) | PP (0 (1 - 9,) (xX7)ami(f)
{feFud(f.fo)>Men} " pi

IN

(n)

p
+exp ((C+2)ned) [ PR=Lo(xman(y)
IR Py,

exp ((C + 2)ne%) sup p}n)(l — ¢n)
{feFnnsupp(I):d(f,fo)>Men}

+exp ((C’ + 2)ne%>H(}_§)
exp ( — (LM? — C — 2)né? ) + 2exp ( - 2nei).

IN

IN
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We pick M satisfying M > /L=1(C + 2), and then every term goes to 0.
The proof is complete. I
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SUPPLEMENT TO “RATE EXACT BAYESIAN ADAPTATION
WITH MODIFIED BLOCK PRIORS”

Chao Gao and Harrison H. Zhou
Yale University

APPENDIX A: NUMERICAL STUDIES

In this section, we conduct a numerical study of the block prior under the
Gaussian sequence model. We first introduce a Gibbs sampling method in
Section A.1 and then compare our method to some other Bayes nonparamet-
ric methods by simulation in Section A.2. To facilitate the presentation, we
introduce some new notation. We use f,p s(¢) to indicate density function of
a truncated inverse-Gamma distribution with parameters (a,b) supported
in (0, s). In particular,

- _ fa,b,oo(t){t < S}
He) o fapoo(t)dt

Sampling from the inverse-Gamma distribution and computing the value of
its distribution function can be done in a standard way in R.

fa,b,oo (t> =

b
tfafl exp <_t> and fa,b,s (t)

A.1. A Gibbs Sampling Algorithm. An interesting feature of the
block prior is that it is a mixture of Gaussian distribution. Combined with
Gaussian sequence model, efficient sampling algorithm can be developed.
The joint distribution of (X, 6, A) has factorization p(X|0)p(0|A)p(A). This
motivates a Gibbs sampling algorithm where we sample 6|(X, A) and A|#
alternatively. According to the block structure, the algorithm is separable
among blocks, and it is sufficient to derive the distribution of @|(X, Ax)
and the distribution of Aj|0y, respectively. By conjugacy of prior with
respect to Gaussian distribution, the conditional distribution of 6 given

(Xk, Ak) is

n 1
33 N X, I, |.
(33) (A,;1+n YA "k>

With the prior density Ax ~ g, the conditional density of Ax given @y is
110,112
proportional to t~™/2¢~ 5 gk (t). For simplicity of implementation, let us

consider

gr(t) = Tip{t < e} + Tyt < e,
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where Ty = exp(k?) — exp(—e¥ — k + k2) and Ty, = exp(—e¥). It is easy to
check that the choice of gy satisfies (2)-(4). Now let us derive the explicit
sampling procedure of A|@. Define ay = 5§ — 1 and by = w. With the
notation f,; s(t) indicating the truncated inverse-Gamma density function,
the conditional density of Ag|@) can be written as

fak7bk700 (t)gk (t)
fooo fak,bk,oo (t)gk’ (t)dt

= Akl ak,bg,e~*? (t) + Ak2f@kabk7€7k (t>’

_ k2
Ti [2 b oo (t)dt
Akl = t fo Jor 00 (t) and Mg =1— M.

_ k2 —k
le fo fak,bk,oo(t)dt + T2k foe fak,bk,oo(t)dt

Hence, to sample Ay given 8y, we first sample a uniform distribution Uy ~
Unif0, 1]. If U < Ag1, we sample Ay from fak,bk,e_kQ’ otherwise, we sample
from f,, , e+ Note that for the inverse-Gamma distribution to be well-
defined, we need a;, = % — 1 > 0. This requires nj > 2. In practice, for the
first few blocks (usually the first and the second block), we directly estimate
0. by X and apply the above Gibbs sampler to the blocks after that. The
Gibbs sampling algorithm also works for the modified block prior. The only
change is that the sampling of 0y|(X, Ax) is replaced by the renormalized
version of (33) on the set D.

A.2. Simulation. To investigate the numerical performance of the block
prior, We compare it with the rescaled Gaussian process on simulated data
sets. To introduce the rescaled Gaussian process, we first introduce the
centered Gaussian process on (W : ¢t € [0,1]) with double exponential
kernel EW, W, = exp( — (s — t)2). Then, a rescaled Gaussian process is
W, for some number ¢ > 0. van der Vaart and van Zanten (2007) choose

¢ =< (n/(log n)z)_l/(za—H) and van der Vaart and van Zanten (2009) put
a Gamma distribution on c¢. In what follows, we use RGPF to represent the
rescaled Gaussian process with a fixed ¢ and use RGPG to represent that with
a Gamma distributed c. The block prior is denoted as BLOCK. The modified
block prior is denoted as mBLOCK. Moreover, to study the effect of block size,
we also experiment the block prior with constant block sizes. cBLOCK16 and
cBLOCK32 denote block prior with constant block sizes 16 and 32, respec-
tively.

We apply the six priors on a polynomially decaying signal. Namely, fo =
Zj toj¢; with p; = 5 x £jj_5 with §; randomly chosen as —1 or 1 with
equal probabilities. It is easy to see that there exists a ¢ > 0, such that
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a | Method | ][0 —6]> [ Method [ |6 — 6]
0.5 RGPF 3.858 (0.066) | mBLOCK | 2.539 (0.128)
RGPG 3.659 (0.550) | cBLOCK16 | 3.004 (0.053)
BLOCK | 2.523 (0.114) | cBLOCK32 | 3.314 (0.040)
1 RGPF 1.226 (0.053) | mBLOCK | 0.449 (0.031)
RGPG 1.229 (0.218) | cBLOCK16 | 2.874 (0.050)
BLOCK | 0.444 (0.031) | cBLOCK32 | 3.252 (0.041)
(0.051) (0.013)
(0.067) (0.050)
( (0.041)

1.5 RGPF 0.251 (0.051 mBLOCK 0.129 (0.013

RGPG 0.273 (0.067 cBLOCK16 | 2.864

BLOCK 0.129 (0.014) | cBLOCK32 | 3.243
TABLE 1

Estimation errors for n = 256: Median and MAD (in parentheses).

0.050
0.041

a | Method | ][0 —0]> [ Method [ |0 -6
0.5 RGPF 2.623 (0.037) | mBLOCK | 2.161 (0.089)
RGPG 2.590 (0.193) | cBLOCK16 | 2.981 (0.053)
BLOCK | 2.089 (0.108) | cBLOCK32 | 3.120 (0.037)
1 RGPF | 0.649 (0.026) | mBLOCK | 0.306 (0.023)
RGPG 0.652 (0.120) | cBLOCK16 | 2.857 (0.059)
BLOCK | 0.368 (0.030) | cBLOCK32 | 3.175 (0.040)
1.5 RGPF 0.142 (0.023) | mBLOCK | 0.082 (0.009)
RGPG 0.151 (0.031) | cBLOCK16 | 2.862 (0.061)
BLOCK | 0.065 (0.011) | cBLOCK32 | 3.178 (0.047)

TABLE 2
Estimation errors for n = 512: Median and MAD (in parentheses).

fo € Eo(Q) as long as 8 > o+ % In particular, we choose 8 = a+ 0.6 for a
given o > 0.

The simulated result is presented in Table 1 and Table 1 for n = 256
and n = 512 respectively. We consider « = 0.5, « = 1 and o = 1.5. For
RGPF, we set ¢ = %(n/(log n)2)71/(2a+1) as suggested from a theoretical
aspect. We have tried different constants other than 1/2. It seems that 1/2
gives a reasonable results. The modified block prior mBLOCK considers the
set D = {0 : > ,|0;| < 30}. Gibbs samplers are implemented for RGPG,
BLOCK, mBLOCK, cBLOCK16 and cBLOCK32. In all six cases, the final estimator
is a random sample from the posterior, because the theoretical analysis
guarantees concentration of the posterior distributions. The experiments are
repeated by a sufficiently large number until the estimated risk in {?> norm
has small enough median absolute deviation (MAD).

In all cases, BLOCK and mBLOCK are the best two among the six meth-
ods. From a theoretical point of view, BLOCK and mBLOCK have slightly
faster posterior rate of convergence than RGPF and RGPG. Though the dif-
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ference is just a logarithmic factor, the slight advantage should benefit the
performance for large n. The simulation study reported in this section for a
relatively small n complement the theoretical results, and shows that BLOCK
and mBLOCK also enjoy good practical properties. The results of ¢cBLOCK16
and cBLOCK32 show that constant block sizes do not work for the block prior.
APPENDIX B: PROOFS OF AUXILIARY RESULTS

B.1. Proofs of Some Technical Lemmas. We present the proofs of
Lemma 5.2, Lemma 5.3 and Lemma 5.4 below.

Proof of Lemma 5.2. For the Gaussian measure l:[?}a, let H4, be its
reproducing kernel Hilbert space (RKHS) with norm || - |[m,  defined by

K
161F,, = D Azl
k=1

Define the quantity

K
Goy (€)= inf 16]1%, — log g {Z 1165]> < 62} ,

 GeH, |06
€Ha,:||0—00]|<e 1

According to Lemma 5.3 in van der Vaart and van Zanten (2008),
K

@) efrten <ot {0 0w < &} < ot
k=1

Define b; = j~*t) and a; = 3,{j € Br}Aar Let Z; be iid. Gaus-

sian sequence. We first use Lemma 5.1 to compare ]P’( Zj a; ZJ2 < e%) with

IP( > ijJZ < e%) According to the definition of A, x, we have

e~ (o) (k+1) Ay < e—(20‘+1)k, for each k.

Therefore, for each j € By,

a 20+1)(k+1) ,—(2a+1)k 2a+1
7§e(a+)(+)€(a+)§ea+,

I

and .
%5 < p—(2at1)k (2a+1)(k+1) < 20t
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The bound does not depend on k. Thus, by Lemma 5.1 we have

K
e {Zez < ei} > P(Zajzf < eg> > p(ijZ]z < egalei)
k=1 j ;

By Zolotarev (1986), there exists C' > 0 such that

]P’(X:ij]2 < 6_20‘_16%) > exp < - Cnei).
J

Thus, we have

K
(35) Mg {Z 07 < e%} > exp ( - C’nei).
k=1

Then, we calculate the RKHS approximation of 6.

K J
1611, < 6ol =D ALLIOokl* <D a;'65;
k=1 =1

inf
OcH 4,,:||0—00||<e

J J J
2041 —1p2 _ 2a+1 204102 2041 2002
< eTIY by = et Y g S 2T
7=1 7j=1 j=1
< Q%ML < Cnél.

Combining (35), we have (bgt‘”(en) < Cne2. By (34), we reach the desired
conclusion.
Proof of Lemma 5.3. We need (2) to lower bound P(V,, r),

K RAa,k:

K
P(Var) = [[P(R“Aa < A < RAay) = [] /R L ol
k=1 k=1 o,k

K K

H efc1ek <€7k B RilAa,k) > H exp ( _ clek)

k=1 k=1

K
= exp ( — C’Zek) > exp ( — C”eK> > exp ( — C”ne%).
k=1

v
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Proof of Lemma 5.4. We have

2 2
S0 )< 4 =13 10, 0w <
>J k>K
B 2 GEL 2 €q2fL = 2 E%
> IS0l < 2T 80l < 2 =TI Y (lenl 2 < 2
k>K k>K k>K
> 1 8Zk>KEH0kH2 —1_ 82 ks i MEAL

€ €
The second equality above is because
1
2 2 -2 202 2
S 6wl = Sty < i Y ek < bt
E>K §>J §>J
The last inequality is Markov inequality. By (3),
Z npEAL < Z ektlo—cak? < e~ CK? _ O(n_l),
k>K E>K
for sufficiently large n, and therefore,
6%

II 2(6] — 00j)2 < 9 — 1.

j>J

B.2. Proofs of Some Testing Results.

B.2.1. Proof of Lemma 5.5. We divide the alternative set into rings

{f € Fnysupp(ll) : d(f, fo) > Men}

c U {f € Fansupp(ID) : len, < d(f, fo) < (I + D)en}
I>M

For each ring indexed by [, we cover it with balls of radius &le,. Denote
N(0,H,p) to be the covering number of H with J-balls under distance p.
The following proposition bounds the covering number of each ring. It will
be proved in Appendix D.

ProproSITION B.1.  For each integer | > M with sufficiently large M, we
have

IOgN(fkm {f € Funvsupp(Il) : le, < d(f, fo) < (1+1)en} 7d> < Cigpeynes,

with some constant C(gp ¢y > 0.
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By the conclusion of Proposition B.1, for each [ > M, there exists { fi; } ll C
{f € Fnnsupp(Il) : le, < d(f, fo) < (l + 1)€p }, such that

{f € Fnn SUPP( ) len < d(f fO) (l + 1)5n}
N
c J{f € Fonsupp(ID) : d(f, fu) < Elen},
i=1
with IV} bounded by Cg, bg)ne Since for each fy;, d(fii, fo) > len, we have
{f € Funysupp(l) : d(f, fui) < &len} C{f € Fn Nsupp(Il) = d(f, fii) < &d(fo, fui)} -

The final decomposition of the alternative set is

{f € Funisupp(ll) : d(f, fo) > Men}
N
C U U {f € Fn ysupp(Il) = d(f, fui) < &d(fo, fui) }-
ISM i=1

According to the testing property (10) and (11), there exists ¢;; such that
P < exp (= Linel),

sup P;n)(l — ¢1;) < exp ( — Ll%ei).
{fesupp(I):d(f,f1:)<&d(fo.fi:)}

Define ¢ = max;~ s maxi<ij<n, ¢1i, and its error bound is

N
> Pyl

I>M i=1

Z éVl:exp ( — Ll2nei)

I>M i=1

exp (C(ﬁ b,¢)TE ) Z exp ( — Ll2ne%>

I>M

IN

IA

IN

< 2exp ( — LM?né® + C(ﬁ,b,g)“i)
1
< 2exp ( — §LM27L6721),
for sufficiently large M. We also have

sup P}")(l —¢) < exp < — LMQnei)
{fesupp(I)NFn:d(f,fo)>Men}

Thus, the proof is complete.
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B.2.2. Proof of Lemma 3./. We first state the Bernstein’s inequality in
van der Vaart (1998, Page 285), which will be used in the proof.

LEMMA B.1.  Let Xy, ..., X, be i.i.d. observations. For any bounded, mea-
surable function f,

P(n_l/2

for each x > 0.

n

> (f(Xi) - Ef(Xi>>

i=1

> | <2ex —1 z?
= 2P\ TLEP (X)) + 2 flle/v )

Proof of Lemma 3.4. For design points X1, ..., X,, i.i.d. from UJ0, 1],
we define P, to be the associated empirical distribution. Our analysis first
condition on the design points. Define the testing function to be

%—{ZY fi(X _22f1 ;Zf[?(Xi)},
=1

with the testing statistic to be

T, = S Vi(A(X) — folX0) - 5 DA + 5 D ().
i=1

i=1 i=1

The distribution of 7}, under P ( | X1, ..., Xpn) is N( P, (f1—f0)%, nPu(f1—
fo) ) Therefore,

PR 0nl0, X0 < 1= (VB = 0 12),

which implies the unconditional bound
n 1/2
P}O)gbngIP’(ch)(\f( n(f1 = fo)?) //4)>

We can also find the distribution of 7,, under P}n)(-\Xl, iy Xpn). As long as

f satisfies P, (f — fo)? < %Pn(fl — fo)?, the mean is bounded below by
1P, (fo — f1)?. Therefore,

sup P (=60l X, 0, X) < 1= (Vi (Ba(fi—fo)?) /2 /1))
{FPn(f—f0)2<{5Pn(f1—fo)?}
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This error probability is conditioning on the design points. To derive a bound

without such conditioning, we need f satisfy ||f — fol|*> < %5|f1 — fol|*>- By
Lemma B.1, for any f € {f : ||f — fol* < %|f1 — fol|*}, we have

P(Pulf — 0 > 1Palfi — o))
2
[ (11 = ol = 11f = 5ol?)
AB((F— o2 L50h — f02) 582 (Kl — ol — 11f ~ folP)

IN

exp

n(35101 = foll? =115 = fol )
- 2
4P((f—fo)2—1—16(f1—f0)2)
(&ol—follz-17-sol2)

IA

exp

+ 582

n( A= foll2 = 11f = fol ?)

2082(||f—fo||2+1—16|\f1—fo\|2)

IN

exp{ —

+ 5B2

(1*16||fl*f0H2*||f*fO||2
_ 2
< exp{—anl Joll }

208082
Therefore,
1 allfo— ol
sup P(Pn(f_f0)2 > Epn(fl—f()ﬁ) < exp {_||258()Bg\|} |
{Fllf=fol < g5 1 f1—foll*}

Using this result, we can bound the unconditional error probability by

sup P}n)(l — ¢n)
{£:F=folIP< 55 11— foll?}
1 n
< sup P( {Pn(f — fo)? < 1gTnl1 — f0)2} PiY(1 = X1, --~7Xn)>
{F:\lF—folP< I fr—Ffoll2}
1
+ sup P(M(f — fo)* > Epn(fl — fo)2>
{1 = folIP< 55 11 f1—foll?}
n o 2
B ) T )
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Now, to bound both error probability, it is sufficient to bound

P(l—@(f( W(f1 — ))”2/4)>

Using Bernstein’s inequality again, we have

P(l—@(f( W(fi - ))”2/4)>

< {{Pn(fl fo = 2l - fo|\2} <1—<I>(\F( n(fi = >)”2/4)>}
+P<Pn(f1 — fo)? < %Hfl — f0|2>
1 nl||f1 — foll*
< 1-a(valln - nlls) + e { -} g AL
1 n||fr — fol|*
< —®<ﬁ\|f1—fo|!/8) +eXp{_44Bsz1_f0|2+232||f1_f0”2}
n||f1 — foll? n||f1 — foll?
= eXp<_ 128 )+eXp<_ 2412 )

where the treatment of the Gaussian tail is the same as what we did for the
white noise model. Thus, the proof is complete.

B.2.3. Proof of Lemma 3.7. Remember for the spectral density estima-
tion, we have observation (X7, ..., X;) ~ PJS") = N(O, I‘n(g)>, where g = ef.
Define ||T(9)[|% = tr(Tn(9)T'n(g)”) to be the matrix Frobenius norm. We
first present a testing result under Frobenius norm. The following lemma is

a special version of Lemma 5.9 in Gao and Zhou (2015a).
LEMMA B.2. Let M be the covariance matriz class
M ={T = (vij)axn : T =TT, L7 < Apin(T) < Amax(T) < L}

For any two covariance matrices I'g,I'1 € M, there exists a testing function
¢, such that for n large enough,

Pro¢ < exp (= Lo = T3 )

sup Pr(1=¢) < exp (= ClITo — T3,
{TeM:||P=T1||p<6||To—T1l|F}
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where Pp = N(0,T) is a n-variate Gaussian distribution, and C,§ are con-
stants only depending on L.

The testing result for [2-norm can be established by exploring the equiv-
alence between [2-norm and Frobenius norm. The following two lemmas are
proved in Appendix E.

LEMMA B.3.  Given any fi, fo and g1 = el and go = e/?, we have

n
2mnllg =gl =5 Y (mn—m2n)” < [Tn(g1) ~T(g2)|lF < 2mnllg — ol
|h|=n/2

LEMMA B.4. As long as Z?ioj’ej’ < B, there exists B’ > 0, such that
|nn| < B,\h|_1, for all h.

Proof of Lemma 3.7. For any f € D, it is uniformly bounded. There-
fore, the spectral density g = e/ is uniformly bounded from up and below.
The spectrum of the covariance matrix I'(g) is also uniformly bounded.
There exists sufficiently large L, such that the support of II is a subset of
the matrix class M defined in Lemma B.2. Consider the following testing
problem

Hy : f = fo, Hy @ f € supp(Il) and ||f — f1l| < &l[fo — full-

We use the notations g = e/, I' = T'(g), and ¢; = /i, T; = I'(g;) for i = 0, 1.
There exists b > 0 such that b=!||fo — f1l| < |lgo — g1]| < bl|fo — f1]|. The
alternative set is

{f €supp(Wl) : |If = full < &llfo — full} € {f € supp(ID) : [lg — gul| < b°¢lg0 — gul} -

By Lemma B.3,

n
2mnllgo — grl* = 5 D (mn—mn)” < ||To = Tafff < 2mnligo — gal |
|h|>n/2

By Lemma B.4, there is C' > 0 such that %Z\h\>n/2(n1h —1on)? < C. Thus,
2mn|go — g1]|* — C < [[To — T1|% < 27090 — g1

Therefore, the alternative set is a subset of

{# € supp(r) : ([T = 10} < 2% (1o Tl + €) }.
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Since ||To — I'1||% > C'ne2 — o0, C < ||Tg — I'1]|% for a sufficiently large n.
Thus, the alternative set is contained in

{f €supp(T) : ||T — I'y|[3 < 26%¢||To — T ||F} -

Choose ¢ < §(2b%)7!, and according to Lemma B.2, there exists a testing
function ¢, such that

6 < exp (= C|I0y = Lo},

sup P (1= ¢) < exp (= C|ITy - Tol[).
{fesupp(ID):||f = f1l|<El| fo—f1lI}

The final conclusion follows the relation
_ 1
100 = Dalfy > € il — AP~ € 2 L0 nllfo — Al
as n||fo — f1l|*> > ne2 — oco. B

APPENDIX C: PROOF OF PROPOSITION 2.1

According to the definition, (2) is obviously true for ¢; = 1. We also have

/:; gk (t)dt (e_k — e_k2> exp ( — ek>

< eXp<— (k+ek)>
B

and thus (4) is true for ¢3 = 1. We finally check (3).

—k2 —k

/ tou(t)dt = / tau(t)dt + / tau(t)dt
0 0 e k2

< e*%ZTk + e 2k exp ( — ek)

< e~ 2k <2€k2 + exp ( — ek)> + e 2k exp ( — ek)

< Qexp(—k:2>+exp<—2k‘2—ek>+exp<—2k:—ek)
< 467]62.

Thus, (3) is true for ¢3 = 1.
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APPENDIX D: PROOF OF PROPOSITION A.1

We use || - H to denote the /2 norm in R™s, where N is defined by

Ng = [(nB~ )2a+1] According to the definition of F,, for any 61,02 € F,,
we have

Z 91] — 02] 2 < Z 01j — 9()] Z 90] — 92]) < 2¢p,.

J>Ng J>Ng J>Ng

Combining the equivalence between d and || - ||, a || - ||«-ball is contained in
a d-ball. That is, for any 0* € F,, N supp(Il), we have

{0 € F, Nsupp(Il) : d(6,0%) < I&e,}
> {0eF,nsupp(l): |0 — || < (b€ —2)en} -

We bound each d-ring by

{fE-anSUPp( ) l5n<d(f fO) (l+1)6n}
C {feFu:llf = foll b+ Den}
C {0 € Fn: 10— 00|l < b+ en) .

Therefore, we have

log N (&len, {f € Fo Nsupp(I0) : ley < d(f, fo) < (L4 1)en},d)

log N ( (b€ = 2)en, {6 € Fu 116 — Goll. < b1+ V)en, |- |1,

6b(1 + 1)
Nglog (bllg—2) 7

IN

IN

where the last inequality is a covering number calculation in RY5, due to

Lemma 4.1 of Pollard (1990). Since | > M, for M sufficiently large, the

above quantity can be upper bounded by

126(1+1)
b-1i¢

Thus, the proof is complete.

N log ( ) < Nalog (240%¢71) < Cppeyme

APPENDIX E: PROOFS OF SOME AUXILIARY LEMMAS

The proof of the Lemma 3.1 and Lemma 3.5 are similar. We present the
first proof and sketch the second.
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Proof of Lemma 3.1. We keep using the notations in the proof of
Theorem 2.1. We are going to prove (6) and (7) for the prior II. By the
property of conditioning, we have

14D (6o —0j)* < ep
j=1
o
> M9 (6o —6;)° < Z|0|<B
Jj=1 Jj=1

2 L B e B
(903—9) 5"Z|9j\<572(903 0;)? <2" Z|9j\<§

IV
=

j=1 j=1 i>Ja J>Ja
Ja 2 Jo 2
_ € Bl - € B
= 1II (6’03‘—93‘)2_5"Z|9j\<5 11 Z(Hoj—ej)QSE”,ijK? 7
j=1 j=1 7>Ja J>Ja

where we redefine J, by J, = GnTlJrl, and we choose G large enough such
that G—22Q? < %. We round the number J, to the nearest boundary of
block so that independence of blocks can be used in the last equality. For
the second term in the previous display,

_ €2 B
e (60— 0 <nz|9|<f >T¢ ) 65 §§" Z|ej|<5

j>Ja ]>Ja ]>Ja ]>Ja
> 1-1I 62 n I 0 B
> 1-M9 Y 0F > h T Y 10> 5 0,
J>Ja J>Ja

where the first inequality above is because

OO‘QM

2 Z 02, < JiQ* < G <

J>Ja

Since EAy, < e=2F from (3), it is easy to show by Markov inequality,

-\ g 0,5
Zi>§ - Z‘j|>5 — 0.

i>Ja i>Ja
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Therefore,
ad 1. | & 2 e B
QY B0y =05 <o = STID (00— 0)" < > I < 5
j=1 7j=1 7j=1
J
1o - 2 _
= §H Z(QOJ 9]) < 9
7=1
The last equality is because
Jo 5 € Ja B
(36) Z(eoj —0;)° < 2 (C Z‘gﬂ <3 (
7=1 7=1
which is from calculation
Ja Ja Ja Ja o\ /2 Ja e o \ /2 Ja o\ /2
S1631 < 3 100051+ 1805 < VIa (Do (6-00,)2) (o2 0) (Do)
j=1 j=1 j=1 j=1 j=1 j=1

«1\1/2 B B
< Ve +Qy=(Gn 55 ) 3<%

where we have used the assumption o > o* > 1/2 and 3Q~y < B. Use the
same method in the proof of Theorem 2.1, it can be shown that

11 ;(HOj —0;)* < %" > exp (— Cney).

Therefore, (6) is proved for II. We proceed to bound II(F%), which is rela-
tively easy.

n(Fo{Srel<eh) ()

H(Fy) = —— < - :
o [e.e]

{20l <B} {2,100 < B

Notice the denominator IT {Z;; 10;| < B } is a positive constant indepen-

dent of n. Therefore, we can bound II(F¢) by the same argument in the proof
of Theorem 2.1 and obtain the same bound as that of II(FS) by choosing
sufficiently small § in (5). The proof is complete. i
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Proof of Lemma 3.5. The only difference of the proof from that of
Lemma 3.1 is (36). Here we need

Ja 2 Ja

€
D (B0 =0 < T C D iloil <5 ¢
7=1 7j=1

which is from

Ja Ja Jo

D 051 < Y 105 — o5l + Y 1601
j=1 j=1 j=1

J.,32 < i@' _ 90]')2) 1/2 - ( ijm*egj) 1/2 ( ij_2a*+2) 1/2

7j=1 7j=1 j=1
2a—3
VI3 + Qv = (Grf?aﬂ) +=-<—.

Repeat other parts in the proof of Lemma 3.1, we reach the desired conclu-
sion. i
Proof of Lemma 3.2. For py = fe—gf, we denote (f) = logfef, and

then we have py = exp (f — ¢(f)). Notice that

IN

IN

[flloo = Z9j¢j S\/§Z|0j|S\/§B,
J J

o0

which implies exp(—2v2B) < py(x) < exp(2v2B) for any z. We use an
inequality from Lemma 1 in Barron and Sheu (1991). For any constant c,

2
1 _ Py ()
D(Py,, Py,) < =elllospi/psy) CH°°/P )| log P2 e da.
(Pfs Ppy) < 5 () 1 (@)

Choose ¢ = 9¥(f1) — ¥ (f2), we have
H?(Py,, Pp,) < D(Py,, Pp,)

< @ [ - 17 < P i - ol

Also, by using the reverse version of the inequality in Lemma 1 in Barron
and Sheu (1991), we have

V(Py,, Pp,) < ealllosn /el D(Py | Pr) < e8V2B|| 1y — fof 2.
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On the other hand,

VPP = [on(fi= famvih) +0h)
> 2 [ (f- pm o)+ olh)
= 8 [ P () - ()’
—2 V() = 0(1) [ (= o
> V2P| - folP

because [(fi — f2) = [ fi — [ fo = 0. Using Lemma 8.2 in Ghosal, Ghosh
and van der Vaart (2000), we have

Py

< 2:V2BH2(Py,, Py).
Dfs

oo

D(Pflvpfz) < 2H2(Pf17Pf2)

Therefore,

H2(Py,, Pp,) > e *V2BD(Py,, Pp,) > —e V2BV (Py,, Pp,) > —e 5V2B| fi— fo 2.

1
-2

N | —
N | —

The proof is complete. I
Proof of Lemma 3.6. Consider the multivariate Gaussian distribution
Pr = N(0,I'). Then, we have

1 1
D<Pp1,Pp2) — Py ( — 5 logdet(I\ I, !) - 5tr((rl—l - rgl)XXT>>
1 1 .
= —5logdet(I'\T;") - §tr<I—I’1F2 )
1 _ _ 1 .
= —Jlogdet (1500 %) + S (1 o0y 2 - 1)

iy - 1)

IN

1, .-
ZHrz

IN

1,
22 PPy = a7,
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where we use || - || to denote the matrix spectral norm here. We also have
1
V(Pr,,Pr,) = Varp, <2XT(F1_1 — rgl)X>
1 Tp-1_ p-1
= {Varp, (X7t -r3h)x)
1 1/2p—1p1/2
= Sl =TT T

1 —1/20 —1/2
UL P 2

IN

L
105 IP[T1 = T |7

In the spectral density estimation, we have P}f) = Pr, and PJS;L) = Pr, with
Iy = T(g1) and Ty = T'(g2). Then, we have ||T5| < (27)7]g5 oo < €B.
We also have [Ty —Dal[f = 32 <, (2 = [2]) (mn — m20)? < 27091 — g2 <
CBg||f1 — f2||?. Therefore, we have

D(Pry Pr,) S bnllfu= fol P and  V(Pry, Pry) < bullfy = fal 2

with b = £e25Cp. 1
Proof of Lemma 5.1. Notice

P(Zaj(Zj—cj)2§e2> = (Za]b 2§62>

]P’(R_l Z bj(Zj - Cj)2 < 62> ;
J
where the inequality is because

Z “Jb —e)? = RS (2
J

The other side is similar. Thus, the proof is complete. I
Proof of Lemma B.3. By definition,

ITa(g1) = Talg)l3 = S (n— h]) (mn — men)™

[h|<n

IN

The upper bound is by

2 2
> (=) (ma =) <0 Y (mn—n2n)” < 27nllg1 — gal*.
|h|<n |h|<n
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The lower bound is given by

Z (n — \h|)(771h—?72h)2 > Z (n — \h\)(mh—nzh)Q
|h|<n |h|<n/2
> g Z (771h_772h)2
|hl<n/2
= 7m||91*92||2*%< > (mh*nzh)z).

|h|>n/2

Thus, the proof is complete. I

Proof of Lemma B.4. We use the notation ¢;(t) = cos(jt) and v;(t) =
sin(jt) for each j. According to the setting, f = >, 0;¢; and g = > n;¢;.
Since we assume « > 3/2, the derivatives of both f and g exist. Using the
relation gf’ = ¢/, we have

(37) (Zjejwj) (Zm@) =2 inity

Using the relation v, ¢, = % (z/Jern + ¢m—n), the left side of (37) is

Z MO PmPn = \}5 Z MO M Vmn + \}i Z MOy U —n
T
= 5 Omnn
\/ik:2 (erZn:km ! >¢k
1 &
— Z Zlalnk l + Z l@ml k= Z 10l7n+k>
k: I=k+1

Since {1y} is orthogonal, we must have

ke = mek 1+ —= Z WOrm—1 — 7Zl91771+k

l k+1

= Zwmk 1~ 7= Zmﬂmk
V2 g V2
= Z 101 (1he—1 — 1)
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which establishes the relation between {n;} and {6;}. For each j,

il = ‘/g% <P

Therefore,

1 o0 o
|kn| = '\/§ D 10 (Mt — mesr) | < V262D 116 < V2BeP.
=1 =1

The proof is complete. I
APPENDIX F: PROOFS OF LEMMA 5.1, THEOREM 5.1 AND
COROLLARY 5.1
Proof of Lemma 4.1. Define K,, = {D(P(n) P(n)) < bnei} and the

oo f
renormalized prior II(A4) = (‘?;K)") We have

(n)
n p
PRI(H;) < P}Q( / {)<X">dn<f>Sexp(—<b+1>nei)>
Py,
(n)

= Pf?’( / log (n)(X”)dH<f)2(b+1)nei),

where the last inequality is Jensen’s inequality. From now on, we prove
each statistical model in Section 3 respectively. First, for the density esti-
mation model, define Y; = [ log pfo( X;)dII(f). Then, it is easy to see that

(”)
flog Pro_ (X")dH( ) = >0, Y; and PpY; < bne2. Since f, fo € D, Y; is

bounded as |Y;| < 4v2B for i = 1,2,...,n. Using Hoeffding’s inequality, we
have

N

P(n)(Hc) < p}:) (n Z(Yi —EY;) > e%)

=1
< exp ( - C’ne%).
Next, we consider Gaussian sequence model. By definition,

(n)
p

log {) \fZZ i0 — H@O_QH2
Py
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where Z; = /n(X; — 6;0) ~ N(0,1) under P}:). Letting Ef be the expecta-
tion under ﬁ, we have

P}g)(HZ) < P(Z Zi(0io — Egb;) > ﬁe%)

=1
Z;’il Zl(elo — Eﬁez) \/ﬁen
P >
160 — E70] V2b

< exp ( - C’ne%).

IN

The calculation for the white noise model is the same. We consider Gaussian
regression now. By definition, we have

(n)

log i?” () = 3060 - 70 + 5 > (fxo - 7))’

where Z; =Y; — fo(X;) ~ N(0,1) under P};L). Define

i = zi(fo) - [ fCtaiicn) + 5 [ (0 - £00) aii(r).

(n)
pfO
Y
f:fO € D: we have HfHoo \% HfOHoo
variable. Hence,

XMdII(f) = S, Y; and P Y; < bne2. Since
( =1 fo

n:

Then, we have [ log

V2B, Y; is sub-Gaussian random

IA

P 3;)

IN

OIS )
Py (nZM—Emzen)

i=1
< exp ( — C’nei)

The case for spectral density estimation falls into the general Gaussian
covariance matrix estimation theory. The proof is similar to the proof of
Lemma 5.1 in Gao and Zhou (2015a), and is omitted here. I

Proof of Theorem 4.1. This is just repeating the argument in the
proof of Theorem 2.2 by using an improved bound for P}:) (HS) provided
by Lemma 4.1. 1

Proof of Corollary 4.1. In the cases of density estimation, Gaussian
regression and spectral density estimation, the norm || - || is bounded in the
support of the prior. Therefore, the conclusion follows the same argument in
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Ghosal, Ghosh and van der Vaart (2000). In the cases of Gaussian sequence
model and white noise model, we have

P |[Eq(01X™) — 6y

< PEq (110 - 00l 1x")
< > PR (16— 60l Ly, 1X"),
j>M

where A; = {jE < ||9 Bol> < (5 + 1)e } for each j. Bounding each sum-

mand by (j + 1)e; 2P I1(A;|X™), the proof is complete. The details are
omitted here. g

APPENDIX G: PROOFS OF THEOREM 5.2 AND THEOREM 5.3

The proof of Theorem 4.2 mimics the proof of Theorem 2.1. For each k,

we redefine
9—2ak _ 9—2a(k+1)

202k
Define K to be the smallest integer such that

Aa,k =

K > ! 1 17 8Q? | + ! log,(n)
~ 1o )
= 20 %2\ 4o 1 20 +1 02
LEmMMA G.1. For any 0 € Bﬁq(Q), with a« > 0,p > 2,g>1,Q > 0, we

have
Z HekHz Q22—2aK

k>K

for any K.

LemMMA G.2. For any a > 0, and 0y € B (Q), there exists C3 > 0,
such that

o0
Mg S (05 — 00y)* < € 3 > 27Fmen,
j=1

LEMMA G.3. For each k, let A ~ g, with {gr} satisfying (2)-(4). we
have ,
P(V,) > 27,
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LeEMMA G.4. For K defined above, and 0y € By ,(Q), we have

2

_ €, 1
H{Z 10% — Oor||* < 2} >3

k>K

for sufficiently large n.

Proof of Theorem 4.2. The proof is the same as the proof of Theorem
2.1 by combining the above lemmas. I

Proof of Theorem 4.3. This is a direct implication of Theorem 2.2. §

Among the above four lemmas, we only prove Lemma G.1 and Lemma
G.2. The proof of the other two are the same as the proof of Lemma 5.3 and
Lemma 5.4.

Proof of Lemma G.1. For any ¢ € B (Q), since By (Q) C BS . (Q),
we have 0 € By (Q), where

BS . (Q) = {9 : max (zakuoku) < Q}.

['hus,
j : j : — 4 —

k>K E>K

|

Proof of Lemma G.2. The proof is essentially the same as in the proof
of Lemma 5.2. The only slight difference is the approximation of 6y by the
RKHS of the Gaussian process. For each k, we have

Thus, using the fact that 0y € By ,(Q) C B, (Q), we have

K K
HQOH]%IAQ = ZA;}gHeOkHQ <Q? 222a+k+1 < %220+29K < Ope?,
k=1 k=1

for some C > 0. 1
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APPENDIX H: PROOFS OF LEMMA 5.2, LEMMA 5.3 AND
THEOREM 5.4

Proof of Lemma 4.2. We have

J

m(llo— 6ol <62) < TS0~ 00)* <83
j=1

Hp (2j)d

AZ}I 1(zj—00;)?<62}

Hp L2+ 00;)Gdz

/{z;f 1 2] <G82}

IN

|
Proof of Lemma 4.3. By conjugacy, the posterior distribution is

1
01X ~ N
| ® <n—|—1 n—|—1>

Let us introduce i.i.d. N(0,1) random variables {W;} and {Z;}. Then, 6,
has representation

nX; 1 n Vn 1
o, =20y = . Z; <
i e L s & P L T eprs LA

Use notation
Vn [ 1 2n +1
Ton+1 it n+1 7 "(n+1)2

Then we have

J
P T(10=00]12 < MENX) = B 32 (T = —=g00) + 2005 < Ml

j=1 i>J
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Thus, it suffices to study the distribution of

J 1 9
Z<TJ B n—{—lejo) ’
7=1

By direct calculation, we have

> (1~ o)’

J=1
1 J 5 J
_ 2 . 2
CESIE 29]-0— n+1 ZQJOTJ +ZTJ
i=1 i=1 i=1

Notice that (n%)Q Zj ) 9?0 < O(n~1'). By Hoeffding’s inequality,

J
2
7129]-07} >nl | <exp ( — Cn).
j=1
Thus, the dominating term is z T2 Since >, ; ]0 < €2, we have

">H(|ye — G| < Me,%p() >1-P (;Xg > M’> — exp ( - cn),

where X% is a chi-square distributed random variable with degree of freedom
J. Hence, the behavior of the posterior convergence is fully determined by
P (% X5 > M ) By Bernstein’s inequality,

1
P (JX?I > M’> < exp ( — CJ) = exp ( — Cnei),
To summarize, we have shown
PYTL(116 — 00 )1° < Me2|X) > 1—exp (- Cnel).

|
Proof of Theorem 4.4. Let us consider the set

n—{—nZHZO i — Bi0) > nQ?(J) 2 }

i>J
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When H,, is true, we have

n y2
2Xi

log H ﬁ = —g 2(910)2 — Z 2910

i>J € i>J z>J

2 _CQ2n(‘])_2aa

- 9@0

where we have used the fact that >_,_ (67 )2 < @Q%(J)~%*. The probability

that the event H,, does not hold is bounded as

P = P{—ﬁZ@iOZianQ(J)M}

1>J

VA
= PV [Y (0i)? LD“
i>J 1>J ZO

= PSVn [> (0:0)2Z > nQ*(J) >

i>J
< ]P’{ZZ nQQ(J)*QO‘}
< exp(—CnQ*(J) %),

A

nQ*(J)~?

where Z ~ N(0,1) and the last inequality holds when nQ?(.J)~2* > ¢ for

some ¢ > 0.

With the property of H,, let us bound II(k > AJ|X). Let us define f
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according to the relation g(x) = n~Y2f(n~1/2z). By definition, we have

PyTI(E > AJ|X)

< PNk > AJ|X )y, + exp(~Cn@Q3(J) )
(n) > ksay (k) (H?—l 6_%(Xi_6i)2f(9i)d9i> e~ 3 sk Xi
= B, — — Iy, + exp(—CnQ*(J) )
2k (k)( T, fe 2 G)f(Qi)d@)e 2 Lisk X
(n Zk>AJ7T( )( i= 1f€ 3(Xi=0:)? f(ei)dei) e~ 5 Xisk Xi Y
- w(7) (TIL [ e 80000 f(0y)dty ) e 8 Zows X2 Bt + exp(=On@7 (/)™
i)d0; | e i>7 A
k
w(k n e Q(X 9) B
- Z : >P9() H /Hf(ei)dei T3, + exp(—CnQ?(J)~2%)
k>AJ 7T<J) ’ i=J+1 e 3 Xi
k Xi—6,)? e
2 —2a W(k) (n) (& 2( e 2%
< exp(CnQ*(J) >k§]ﬂ( 7t ,_rJ[H e R L Q — Sy

+exp(=CnQ*(J) %)
= exp(CnQ?(J)~2%) Z @4—@(1@(—0”@2((})_2&)

voas ™)
< exp (Cin(J)72* = CaJ) + exp(—CnQ*(J) %),

1
under the assumption that maxy W?k(ﬁ)l) < ¢ < 1. Letting J = n2+1  we
have

PV (k> Anmri|X) < C'nzatt
% > An?at1|X ) <exp (—C'nZ+1 )|
which is (22).
To prove posterior contraction, we use the general bound (see, for example
Castillo and van der Vaart, 2012),

P (116 = 60]” > Mo X)

< PVo+ Z sup Po(1 — o) i)

S el
0eB; eI (|6 — 6| < n) e + By, T(F | X)),

for

{He — 00| > Mn2} NF.c By, ¢=maxg;.
. J
J
In view of the dimension result, we choose

Fo={k<anmal,
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2a
and the rate n2 = n~ 2a+1. Consider the following decomposition

{He — 0% > M772} nFoc U U Bew
k’SAnTl‘"l ZZ\/M

where
By ={ln <0 —6oll <(+1)n,k=k}.
Furthermore,
Nk’,l
Bw, C | Bras
=1
where

By = {H9 — gLy

In /
< 1 —
)_2,]6' k’},

for some O+ 10) ¢ By and [Ny | < ¢C*¥" . The likelihood ratio test rr 1t
gives the testing error

Pg(:)qﬁk/,z,t + sup p@(n)<1 . ¢k',l,t) < exp(—ClQnQ).
O€B 14

Finally, it is sufficient to bound

(B 1,¢)
TI([|0 — 6ol < n)
Note that
H(Bk/ 1 t) <TII Z(ez — Q(kl’l’t))Q < lﬂ
Yy - . 1 —_ 2 )
i<k’
and

([0 = boll <m) = w(NIL| D (6 = 6i0)2 <7 ],

i<J

1
where J = n2+1. We use the assumption —logn(J) < CJ, and it is suffi-
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cient to bound the small-ball probability ratio. Since

(Y S <)
(T =)

min {HiSJ g(x) : \/Zigk,(xi — )2 < \/ﬁn}

vol {/Tce 2 < 5"

VOl{\/m < \/ﬁn} ’

it is sufficient to bound the density ratio and the volume ratio. The density
ratio is bounded by

X

Higk/ g9(x7) Higk/ g9(x7) Hie[kqm[J] 9(x7) Hie[k/]m[ﬂ g9(zi)
[Li<s9(@i) [Licwinin 9@ iewnnin 9(zi) - Tlics 9(@i)

exp (C (W]\[J] + > e ))
i€k N\[J]

<
X exp (C ([k:/]ﬂ[J]—l- Z .I‘;fl'z))
e[k’ IN[J]
X exp (c (m\[k’] + ) x))
i€[J\W]
<

exp (c ([k’] U+ D :c))
i€k ]ul]
< exp (Cl (J + Z s — 96;\2))

< exp(Conl®n?),
where we have used the assumption that

|log g(x) —logg(y)| < C(1+ |z —yl|), [logg(0)] <C.
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The volume ratio is bounded by

61/6(2€7r)k’/2(k/>fk’/271/2 (\/77177/2)’“/

<

S T @en)2(0) T2 ()
TleT]Q k'/2 J J/2

< -

< e (%) (%)
nl2n2 K /2

< exp(CJ)< T, )

< exp(Cinl*n?).

The proof is completed by summing everything up.
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