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Abstract

High dimensional statistics deals with the challenge of extracting structured informa-
tion from complex model settings. Compared with the growing number of frequentist
methodologies, there are rather few theoretically optimal Bayes methods that can deal
with very general high dimensional models. In contrast, Bayes methods have been exten-
sively studied in various nonparametric settings and rate optimal posterior contraction
results have been established. This paper provides a unified approach to both Bayes high
dimensional statistics and Bayes nonparametrics in a general framework of structured
linear models. With the proposed two-step model selection prior, we prove a general
theorem of posterior contraction under an abstract setting. The main theorem can be
used to derive new results on optimal posterior contraction under many complex model
settings including stochastic block model, graphon estimation and dictionary learning. It
can also be used to re-derive optimal posterior contraction for problems such as sparse
linear regression and nonparametric aggregation, which improve upon previous Bayes
results for these problems. The key of the success lies in the proposed two-step prior
distribution. The prior on the parameters is an elliptical Laplace distribution that is
capable to model signals with large magnitude, and the prior on the models involves an
important correction factor that compensates the effect of the normalizing constant of
the elliptical Laplace distribution.
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1 Introduction

Theory for posterior distribution has been extensively investigated in Bayes nonparametrics
recently. Important works such as [6, 5, 24, 25, 48, 53, 27, 13] established that the posterior
distribution contracts to a small neighborhood of the truth under proper conditions on like-
lihood functions and priors. These works bridge the gap between frequentist and Bayesian
views of statistics from a fundamental perspective.
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Despite the success of theoretical advancements of Bayes nonparametrics, there are not
many theories developed for Bayes high dimensional statistics. A few exceptions are [14] on
sparse Gaussian sequence model, [4] on bandable precision matrix estimation and [22] on
sparse PCA. Recently, [15] established posterior contraction rates for sparse linear regression
with a spike and slab prior under comparable assumptions of the Lasso estimator [49, 7].
The results of [15] include posterior contraction rates for prediction error and estimation
error, oracle inequalities and model selection consistency. However, sparse linear regression
is only one example of high dimensional statistics. There is an indispensable demand of
a Bayes theory on more complicated model settings such as dictionary learning, stochastic
block model and multi-task learning, etc. It is not clear whether the method and the analysis
used in [15] can be extended to these more complex settings.

This paper provides a unified approach for both Bayes high dimensional and Bayes non-
parametric statistics in a general framework of structured linear models. We first establish
a unified view of various high-dimensional and nonparametric models, and then propose a
single prior distribution for all models considered in our framework. We establish optimal
rates of convergence of the posterior distributions under appropriate conditions. The results
directly lead to minimax posterior contraction rates in stochastic block model, biclustering,
sparse linear regression, regression with group sparsity, multi-task learning and dictionary
learning. Moreover, we also derive a general posterior oracle inequality that allows arbitrary
model misspecification. Applications of the posterior oracle inequality let us obtain posterior
contraction rates even for models that are not included in our framework. Examples consid-
ered in this paper are nonparametric graphon estimation, linear regression with approximate
sparsity, wavelet estimation under Besov space and various forms of nonparametric aggrega-
tion.

In the heart of our general theory is a proposed two-step prior distribution, which nat-
urally accommodates the structured linear model by first modeling the structure and then
modeling the parameters. This two-step modeling strategy was first investigated by [14]
for Gaussian sequence models. A key ingredient of the prior distribution is that the tail of
the distribution on the model parameter @) cannot be too light [14, 15], which motivates
[14, 15] to use the independent Laplace prior with density proportional to exp(—A||Q|l1) on
the parameter. Though the prior distribution leads to optimal posterior contraction rates in
Gaussian sequence model [14], it requires some excessive assumptions on the design matrix
when it is applied to sparse linear regression [15]. The proposal in this paper is the elliptical
Laplace distribution with density proportional to exp(—A||Z"(Q)||) for some linear operator
2 (-). Note that we use the o norm instead of the /1 norm. With this choice, not only
are we able to weaken the assumptions in [15], but we can also solve a more general class
of problems in a unified way. To compensate the influence of the normalizing constant of
an elliptical Laplace distribution, a correction factor on the prior mass is considered in the
model selection step.

The paper is organized as follows. Section 2 introduces the general framework of struc-
tured linear models. A general prior distribution is proposed in Section 3. Section 4 presents



the main results of the paper including rate optimal posterior oracle inequality and posterior
contraction. The main results are applied to ten examples ranging from nonparametric and
high dimensional statistics in Section 5. In Section 6, we present further results on sparse
linear regression. All technical proofs are gathered in Section 7-10.

We close this section by introducing some notation. Given an integer d, we use [d]
to denote the set {1,2,...,d}. For a set S, |S| denotes its cardinality and Ig denotes the

indicator function. For a vector u = (u;), ||ul]| = />, u? denotes the ¢2 norm. For a matrix

A = (A;j) € R™P, and a subset T C [n| x [p], Ar denotes the array {A;};er. For any
I C[n] and J C [p], we let Ap. = Apypp) and Asj = Apjx. The Frobenius norm, £1 norm

and {, norm are defined by || Allr = Zij A?j, AL = sz |A;j] and ||Allec = maxj [Ayj],
respectively. When A = AT € RPXP is symmetric, the operator norm ||Al|op is defined by its
largest singular value and the matrix ¢; norm ||A|¢, is defined by the maximum row sum.
The inner product is defined by (u,v) = >, u;v; when applied to vectors and is defined
by (A,B) = Zij A;;B;; when applied to matrices. Given two numbers a,b € R, we use
aVb = max(a,b) and a A b = min(a,b). The floor function |a] is the largest integer no
greater than a, and the ceiling function [a] is the smallest integer no less than a. For two
positive sequences {ay}, {bn}, an < b, means a,, < Cb,, for some constant C' > 0 independent

of n, and a, =< b, means a, < b, and b, < a,. The symbols P and E denote generic

~

probability and expectation operators whose distribution is determined from the context.

2 Structured linear models
Let us consider the following structured linear model
Y = 27(Q) + W € RY,

where W € R¥ is a noise vector and 27(:) is a linear operator. The signal 27(Q) has
two elements, the parameter @ and the structure/model Z that indexes the linear operator
Z7(+). The structure Z is in some discrete space Z,, which is further indexed by 7 € T
for some finite set 7. We introduce a function ¢(Z;) that determines the dimension of the
parameter Q. In other words, Q € RZ7), and 0(Z;) is referred to as the effective dimension
of the structured linear model. The complexity of the model is defined by the quantity

((Zr) +log |2, (1)

the sum of the effective dimension and the logarithmic cardinality of the structure space.
As we are going to show later, (1) will be the posterior contraction rate that we target at.
Moreover, in all the examples considered in the paper, (1) will be the minimax rate under the
prediction loss. The only requirement we impose on the model is the linearity of the operator
Z7(-). That is, given any Z € Z,, we have

27(Q1 + Q) = 22(Q1) + 22(Q3), for all Q1, Qo € RYUZ). (2)



Therefore, we can also view 27 as a matrix in RV*42-) From now on, whenever we apply a
matrix operation with 27, the operator 27 is understood to be a matrix with slight abuse
of notation.

The above framework of structured linear models includes many examples. In this paper,
we consider the following six representative instances.

1. Stochastic block model. Consider Z7(Q) € [0,1]"*™ to be the mean matrix of a random
graph with specification [27(Q)]ij = Q.(i)-(j)- The object z € [k]" is the labels of
nodes. Moreover, it is easy to see that the parameter @ is of dimension k2. Therefore,
stochastic block model is a special case of our general framework in view of the relation

Z=z1=k T=][n], 2 = [k]" and £(2};) = k>.

2. Biclustering. For a matrix 27%(Q) € R™™, a biclustering model means that both
rows and columns have clustering structures. That is, [27(Q)]ij = Q, (i)=(;) for some
z1 € [k]"™ and z2 € [l]™. The parameter () has dimension kl. Thus, biclustering model
is a special case of our general framework by the relation Z = (z1,22), 7 = (k,1),
T = [n] X [m}, Zk;J = [k]n X [l]m and f(ZkJ) = kl.

3. Sparse linear regression. A p-dimensional sparse linear regression model refers to Xz,
where 8 € RP has a subset of nonzero entries and it can be represented by 7 = (Bg, OEC)
for some S C [p]. In other words, X8 = X,g08g. It can be represented in a general way
by letting Z =S, 7 =5, T = [p], Zs = {S C [p] : |S| = s}, 4(Z;5) = s and Q = Ss.
Moreover, Z7(Q) = X.sfs.

4. Linear regression with group sparsity. It refers to the model X B with B € RP*™ being
a matrix with nonzero rows in some subset S C [p]. It can be represented in a general
form similarly as the sparse linear regression except that ¢(Z,) = ms.

5. Multi-task learning. Similar to the last example, multi-task learning is the collection of
m regression problems. That is, we consider X B for some B € RP*™. The jth column
of B is represented as Bij = Q,.(;) for some z € [k]™ and Q € RP*F. Thus, it is a

m

special case of our general framework by letting Z = z, 7 =k, T = [m], 2 = [k]™ and

U(Zy) = pk.

6. Dictionary learning. Consider the model 27(Q) = QZ € R™*? for some Z € {—1,0, 1}P*4
and @@ € R"™P. Each column of Z is assumed to be sparse. Therefore, dictionary
learning can be viewed as sparse regression without knowing the design. It can be
written in a general form by letting 7 = (p,s), T = {(p,s) € [n Ad] x [n] : s < p},
Z,s ={Z € {-1,0,1}p*d: maXe(q [Supp(Z«j)| < s} and €(2),5) = np.

3 The prior distribution

In this section, we introduce a prior distribution on the structured linear model. The prior
distribution has a two-step sampling procedure. First, we are going to sample a structure



Z. Second, given Z, we sample the parameter ). Let us first present the prior distribution
on the parameter Q € RYZ7). We propose the elliptical Laplace distribution with density
function proportion to exp (—A|| 2% (Q)||). By direct calculation of the normalizing constant,
the density function is

VT

RN xU(Z7)

det(2F 27) (2-)
E ( A) Wexp<—w%z<c2>u>. (3)

fuzn),2,0M(Q) = 5 T(((Z,))

Recall that 27 is understood as a matrix in whenever a matrix operation is applied.
The elliptical Laplace distribution belongs to the elliptical family [20] with scatter matrix
proportional to (2} 27)~!. Compared with an i.i.d. distribution on Q, the density function
(3) involves an extra factor % in the normalizing constant. This factor needs to be
corrected in the model selection step.

Let €(Z;) be a function satisfying
e(Zr) 2 U(Z;) + log | Z;], (4)
and then the sampling procedure of the prior distribution IT on 27%(Q) is given by:
1. Sample 7 ~ 7 from 7, where m(7) % exp (—De(Z;));
2. Conditioning on 7, sample Z uniformly from the set Z, = {Z € Z, : det(2} 27) > 0};
3. Conditioning on (7, Z), sample Q ~ fyz.) 27, -

Step 1 weighs the structure index 7 by the function €(Z;) that satisfies (4). For all the
examples considered in the paper, €(Z;) is chosen to be at the same order of the model

complexity (1). The quantity % is called the correction factor that is imposed to
compensate the influence of LEZ0)/2) i the elliptical Laplace distribution. Without the
INUEA))

correction factor, exp (—De(Z;)) is the complexity prior used by [14, 15] in Gaussian sequence
model and sparse linear regression. Since the support 7 is a finite set, 7 is always a valid
probability mass function. Step 2 samples a structure Z uniformly in Z,. It is sufficient to
consider such Z that det(Z, ZT Zz) > 0 for all the examples considered in this paper. Such
restriction leads to a proper density function (3) and thus Step 3 is well defined.

After defining the prior, we also need to specify the likelihood function. The six exam-
ples in Section 2 have different distributions. For example, stochastic block model usually
assumes a Bernoulli random graph, while sparse linear regression often works with general
sub-Gaussian noise distributions. To pursue a unified approach, we propose to use the Gaus-
sian likelihood Y|(Z,Q) ~ N(Z2(Q), In). Then, the posterior distribution is

II(22(Q) € UY)

_De det(ZF 27) &Z7) _1lly—24 2_ |14
S, oy eDe(E) Zz@%(ﬁ) Ly, yew € Y- 72 QP72 @llgQ

—De N det(ZF 2 7) A
ey € DB $peg, YT (2

)3(37) f e_%||y_g{Z(Q)HQ—)\H%Z(Q)”dQ

ot



L((Z:)/2)
L(4(Z7))
L(4(Z7))

normalizing constant has been cancelled out by the correction factor T2 in the model

Note that in the above formula of posterior distribution, the factor in the Laplace

selection prior.

4 Main results

In this section, we analyze the posterior distribution for the general structured linear model.
Though the prior specifies a model 27%(Q), we do not need to assume that the data is
generated from the same model. Instead, we allow the data to be generated by an arbitrary
signal with sub-Gaussian noise. That is,

Y =0"+W,
where W =Y — 6* is the noise vector with a sub-Gaussian tail satisfying
P((W, K)| > t) < e /2 for all | K|| = 1. (5)

The sub-Gaussianity number p > 0 is assumed to be a constant throughout the paper. We
also assume a mild assumption on the function €(Z;). That is,

HreT :t—1<e(Z;) <t} <tforallteN. (6)

Recall that A and D are parameters of the prior distribution II, and the main result of the
paper is stated in the following theorem.

Theorem 4.1. Assume (4), (5) and (6). Given any 0* € RN, any 7* € T, any Z* € Z,+,
any Q* € RUE)  any constants \, p > 0 and any sufficiently small constant & € (0,1), there
exists some constant D)y s, > 0 only depending on A, 9, p, such that

EI (e(27) > (1+81)e(Zr) + 1)1 27+(Q") — 0° 2|
< oxp (<O () + 22 (@) — 0°%)) (7)
and

EI(|22(Q) = 01 > (14 8:)| 27+ (Q") = 0°|]* + Me(Z,-)| )
< oxp (<O (e(Z,) + 1 22:(Q") — 0"]1) (8)

for any constant D > Dy, with 0y = 0, 02 = 81/9/p and some constants M,C’,C" only
depending on X\, 0, p, D.

Remark 4.1. The results of Theorem 4.1 hold for all e(Z;) satisfying (4). By choosing e(Z;)
at the same order of (1), we obtain the rate {(Z;+)+1og | Z«
From now on, we refer to both (1) and €(2;) as the complezity function.

under the posterior distribution.



Remark 4.2. By scrutinizing the proof of Theorem 4.1, the assumption (6) can be weakened.
In fact, we only require |{T € T :t —1 < €(Z;) < t}| < at® for arbitrary constants a,b > 0
for the result of Theorem 4.1 to hold. However, the current form (6) is much simpler and is
sufficient for all the examples considered in the paper.

Theorem 4.1 contains two results of an oracle type, where 27+(Q*) is understood to be
the oracle model that best approximates the true signal 6*. The first result (7) shows that
the model complexity selected by the posterior distribution is not greater than the sum of the
complexity of the oracle and a model misspecification term quantified by || 27 (Q*) — 6*|2.
The second result (8) is a posterior oracle inequality for the squared error loss || 27 (Q) — 6*%|2.
Compared with that of the oracle Z7+(Q*), the squared error loss of Z7(Q) has an extra
term proportional to €(Z;+). It is worth noting that the constant (1 4 d2) in (8) can be
arbitrarily close to 1, as long as D is chosen sufficiently large. Since our procedure involves
a model selection step, an oracle inequality with constant exactly 1 is impossible, which is
implied by a counter-example in [45] for sparse linear regression. Besides, we do not impose
any assumption on the operator 27z(-) except its linearity (2). In the regression model, this
means the results are assumption-free for the design matrix.

When the model is well specified in the sense that 8* = 2Z7«(Q*), Theorem 4.1 reduces
to the following results on posterior contraction.

Corollary 4.1. Assume (4), (5) and (6). For any 0* = Z7:(Q*) with any Z* € Z,«,
any 7 € T, any Q* € RUZ ) any constants \,p > 0 and any sufficiently small constant
d € (0,1), there exists some constant Dy s, > 0 only depending on A, 6, p, such that

EII (e(ZT) > (14 6)e(Z)

Y) <exp (—=C'e(Z;+))

and
EII (WZ(Q) — 0|2 > Me(2.-)

Y) <exp (—=C"e(Z:+))
for any constant D > D, 5, with some constants M,C’,C" only depending on X, 9, p, D.

Therefore, the posterior contraction rate under the squared error loss is €(Z.+), which can
be taken at the order of ¢(Z;+) + log |Z;+|. As we are going to show in the next section, the
rate is minimax optimal for all the examples considered in the paper.

5 Applications

5.1 Stochastic block model

Stochastic block model was proposed by [28] to model random graphs with a community
structure. Given a symmetric adjacency matrix A = AT € {0,1}"*" that codes an undirected
network with no self loops in the sense that A;; = 0 for all ¢ € [n], stochastic block model
assumes {A;;};>; are independent Bernoulli random variables with mean 6;; = Q.(;).(j) €
[0,1] with some matrix @ € [0,1]*** and some label vector z € [k]”. In other words, the



probability that there is an edge between the ith and the jth nodes only depends on their
community labels z(7) and z(j). Recently, the problem of estimating the success matrix 6
receives much attention. The minimax rate of estimating 6 under the Frobenius norm was
established by [23]. However, the upper bound in [23] was achieved by a procedure assuming
the knowledge of the true number of community £*, and is not adaptive. The Bayes framework
proposed in this paper provides a natural solution to adaptive estimation for stochastic block
model.

Let us write the stochastic block model in a general from as 0;; = [27(Q)]ij = Q.()=(j)
for all i # j. We do not need to model the diagonal entries because A;; = 0 for all i € [n]
as convention. Then, Z = z, 7 =k, T = [n] and Z = [k]”. Though the true parameter Q*
is symmetric, we do not impose symmetry for the prior distribution. Hence, £(Z}) = k? and
(4) is satisfied with €(Z2;) = k? +nlog k. The general prior distribution II can be specialized
to this case as

1. Sample k ~ 7 from [n], where (k) o 1{,27152)2) exp (—D(k* + nlogk));

2. Conditioning on k, sample z uniformly from [k]";

N SNSY
3. Conditioning on (k, z), sample Q ~ fi , x, where fj . \(Q) xxe A2z Qz(i)zm;
4. Set 0;j = Q,(;)=(j) for all i # j and 0;; = 0 for all 7 € [n].

Note that in Step 2, we use 2 = [k]" instead of Zj. This is because (Q1).(;)x(j) = (Q2)2(3)=(j)
for all ¢ # j implies Q1 = Q2, and thus Z; = Z; = [k]". To better understand the density
function fj . , consider the case where n/k is an integer and the community sizes |{i € [n] :
2(i) = u}| = n/k are equal for all u € [k]. Then f; . \(Q) e_nTA”Q”F, if we also include the
diagonal entries. The exponent of the general form of fj . ) involves a weighted norm of @
depending on the community sizes.

To study the posterior distribution, let us assume that the adjacency matrix is generated
by the true mean 0;*]- = Q;(i)z*(j) = Qz*(j)z*(i) € [0,1] for i # j and 6}; = 0 for all ¢ € [n].
Assume z* € [k*]" for some k* € [n]. It is easy to see that the noise W = A — 6 satisfies
(5) for some constant p > 0 by Hoeffding’s inequality. Moreover, the complexity function
e(Z;) = k? + nlogk satisfies (6). Hence, Corollary 4.1 can be specialized for the stochastic
block model.

Corollary 5.1. For any 0* and k* specified above, any constant A > 0 and any sufficiently
small constant § € (0,1), there exists some constant Dy s > 0 only depending on \,0 such
that

EIl (k:2 +nloghk > (1+0) (k)2 +nlogk*)

A) < exp (—C'((k*)* + nlog k*))

and
EII (He — %2 > M((k*)? + nlog k¥)

A) <exp (=C"((k*)* + nlogk*))

for any constant D > D) 5 with some constants M,C’,C" only depending on X, 9, D.



To the best of our knowledge, this is the first Bayes estimator for stochastic block model
with theoretical justification. The posterior contraction rate is (k*)? + nlogk*. According
to [23], this is the minimax rate of the problem. When k* < v/nlogn, the rate is dominated
by nlog k*, which grows only logarithmically as k* grows. When k < v/nlogn, the rate is
dominated by (k*)2, corresponding to the number of parameters. Since posterior contraction
implies the existence of a point estimator with the same rate [25], the posterior mean is
automatically a rate-optimal adaptive estimator.

5.2 Biclustering

The biclustering model, originated in [26], can be viewed as an asymmetric extension of the
stochastic block model. The data matrix Y € R™*" is assumed to be generated by a signal
matrix 0 = {0;;} with form 0;; = Q, (3),(;) for some label vectors z; € [k]" and 2z € [[]™". In
other words, the rows of # have k clusters and the columns of § have [ clusters. The values
of {6;;} that belong to the same row-cluster and the same column-cluster are constant. The
goal is to recover the true signal matrix #* from the observation Y.

To put it in our general form, observe that Z = (z1, 22), 7 = (k,1), T = [n] X [m], Zj; =
[k]"x[l]™ and ¢(Z,,;) = kl. Moreover, the complexity function is €(2;) = ki+k log n+llogm,
which satisfies (4) and (6). The general prior II can be specialized to this case as

1. Sample (k,1) ~ 7 from [n]x [m], where 7(k,1) % exp (—D(kl + nlogk + mlogl));

m.
)

2. Conditioning on (k,1), sample (z1, z2) uniformly from [k]™ x [I]
o , N ST LIN
3. Conditioning on (k,, z1, 22), sample Q ~ f 1 21 2 A With fr; ., -0 A (Q) x e 7 D20)

4. Set, 9,']‘ = Qzl(i)zz(j) for all (17])

In Step 2, we use Z; because Zj; = Z_’kJ for the same reason as we have argued for the
stochastic block model. To analyze the posterior distribution, consider data ¥ = 6* + W,
where the signal 6* admits a biclustering structure such that 6;; = QZ{ (0)2505) for Q* € RF <"
and (27, z5) € [k*]™ x [[*]™, and the noise W is assume to satisfy (5).

Corollary 5.2. For any 6* and (k*,1*) specified above, any constants \,p > 0 and any
sufficiently small constant § € (0,1), there exists some constant Dy 5, > 0 only depending on
A, 6, p such that
EIT (kzl +nlogk +mlogl > (14 6) (K*I* +nlogk™ +mlogl®) Y)
< exp (—C'(K*I* + nlogk* + mlogl*))

and

EIl (He —0*||2 > M(K*I* + nlogk* +mlogl*)

Y) < exp (=C"(k*I* + nlogk* +mlogl¥))

for any constant D > D) 5, with some constants M,C’,C" only depending on X, 0, p, D.



The posterior contraction rate for recovering a signal matrix with a biclustering structure
is k*I* + nlog k* + mlogl*, which is minimax optimal according to [23]. To the best of our
knowledge, this is the first adaptive estimation result for biclustering with optimal rate.

5.3 Sparse linear regression

Consider a regression problem with fixed design X3, where X € R"*P and § € RP. The
regression coefficient is assumed to be sparse so that 87 = (3%, 0L.) for some S C [p]. Recov-
ering the mean vector X 8 and the regression vector 5 with a sparse prior has been considered
n [15]. However, the results of [15] imposed strong assumptions that are commonly used for
the Lasso estimator [7]. In this section, we show that the general prior distribution that we
propose in Section 3 leads to optimal posterior contraction rates with minimal assumptions.

First, we note that the sparse linear regression model is a special case of the general
structured linear model by letting Z = S, 7 = s, T = [p|, Zs = {S C [p] : |S| = s},
U(Z5) = s and @ = Bs. Then, we have the representation 27%(Q) = X.s8s = X3. Since
log |Zs| = log (?) < slog 2, the complexity function €(Z,) = 2slog % satisfies the condition
(4). Tt is also easy to check that e(Z;) satisfies (6). We specialize the general prior II in
Section 3 as follows.

1. Sample s ~ 7 from [p|, where 7(s) x 1{9(7‘;)2) exp (—2Dslog %);
2. Conditioning on s, sample S uniformly from {S C [p] : |S| = s, det(X ¢ X.s) > 0};
3. Conditioning on (s, S), sample 8s ~ fs g\ with fs g 1(8s) o e MXssBsll and set Bge = 0.

Note that in Step 1, we use €(Zs) = 2slog 2 instead of the exact form of £(Z;) + log|Z-|
in the exponent for simplicity. In Step 2, we sample S from the set Z; = {S C [p] : |S| =
s,det(X*TSX*S) > 0}. In this way, the density fsg ) in Step 3 is not degenerate. Since
X5 € R" when s > n, we must have Z;, = @. Hence, we may also replace 7w in Step 1
by its renormalized version supported on [n]. Furthermore, note that the exponent on the
density of fg is —A[|X.s8s]|, compared to —\|Bs|l1 in [15]. We let the prior depend on
the design matrix X to obtain assumption-free optimal posterior prediction rate. The idea
of design-dependent prior was also employed by [40] in an empirical pseudo-Bayes frame-

=X

work. Moreover, e «sBsll implies an exponential tail, which is capable of modeling a large

regression coefficient.

The prior distribution involves a correction factor 1{9(%) in the model selection step to

compensate the normalizing constant of the elliptical Laplace distribution. Without this
factor, exp (—2Dslog %) is the common prior distribution on the model dimension used in
[45, 14, 22, 15, 40]. Since exp (—2Ds log %) is a decreasing function of s, it gives less weights
for more complex models. However, with the correction factor, this is not true because

m(s) 1{22) exp (—2Dslog %) is not necessarily a decreasing function of s. For a large

D > 0, we have 7(,/p) < m(p), which leads to a counter-intuitive prior modeling strategy.
Let us proceed to specify the truth. That is, Y = Xp* + W for some * with support
S* and sparsity [S*| = s*. The noise vector is assumed to be sub-Gaussian in the sense of

10



(5). Without loss of generality, we may assume S* € Z. This is because if X,g« is collinear
in the sense that det(XZg. X,g+) = 0, there always exists a 3; with support S; and sparsity
s1 = |S1] such that X3* = X/ and det(X*TSlX*gl) > 0. We may simply redefine (s*, S*) by
(81, Sl)

Corollary 5.3. For any $*, S* € Z, and s* specified above, any constants X\, p > 0 and any
sufficiently small constant § € (0,1), there exists some constant D) 5, > 0 only depending on
A, 6, p such that

EIl (5 > (14 6)s"

Y) < exp <—C”s* log Z—f) (9)
" EII (HXB — XB*]* > Ms*log i—f‘Y) < exp <—C"s* log i—f) (10)

or any constant D > D) s, with some constants M,C’,C" only depending on X, 06, p, D.
b 7p

The result (9) is implied by (7) that slog® < (1 + 01)s*log 2 under the posterior
distribution. It improves the corresponding bounds in [14, 15] at a constant level. The result
(10) achieves the minimax optimal prediction rate with no assumption on the design matrix
X, which is comparable to the frequentist result in [8]. Slight improvement of (10) will be
discussed in Section 5.10.

Besides optimal prediction rate, we are ready to obtain optimal estimation rates given
(10) and (9). Define

Ko = min | X0 and k1 = min M
{b£0:[bllo<(24+3)s*} /7| ]| bA0:[blo<(2+6)s* /1|b]]1

(11)
Note that k9 is the restricted eigenvalue constant [12, 7] and k1 is the compatibility constant
[10].
Corollary 5.4. Under the setting of Corollary 5.5, we have

s*log &

E@B—WW>NTQ
nK

2

Y) < 2exp <—(C” +C")s* log %)
s

and ) o
*)2og L
E (Il - 5113 > g

nk?
for the same constants M,C’,C" in Corollary 5.5.

Y> < 2exp (—(C" + C")s* log %)
s

Compared with the minimax rates [18, 54|, Corollary 5.4 obtains optimal estimation rates
for both ¢5 and ¢; loss functions. Moreover, the dependence on the quantities ko and k1 are
optimal [44], compared with the Lasso estimator and the spike and slab prior [15]. When
K X K1 X Ka, the rates of Lasso depend on x through x* for both the loss ||-||? [7] and the loss
-1 [52], and the rates of the spike and slab prior depend on & through x° for the loss ||-||?
and x8 for the loss ||-||2 [15], while we obtain the optimal dependence x? in Corollary 5.4.

The results on £, convergence and model selection for sparse linear regression are not

implied by the general theory. We are going to treat it separately in Section 6.
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5.4 Linear regression with group sparsity

Let us consider a multiple regression set up X B for X € R™*P and B € RP*™. The matrix
B collects regression coefficients from m regression problems. We assume the m regression
coefficients share the same support. That is, there is some S C [p] such that Bge, = 0. In
other words, S is the nonzero rows of B. The concept of group sparsity was proposed by
[3, 58], and frequentist statistical properties were analyzed by [34].

To apply a Bayes procedure, let us write the problem in a general form by Z = S, 7 = s,
T=1[pl, Z2={S C[p]:|S|=s},€(25) = msand Q = Bg,. Then, we have the representation
27(Q) = X,sBs. = XB. The choice €(Z,) = s (m + log 2) satisfies the conditions (4) and
(6). The prior distribution II is similar to that used in Section 5.3.

1. Sample s ~ 7 from [p|, where m(s) x Flggs;) exp (—Ds (m + log %));

2. Conditioning on s, sample S uniformly from {S C [p] : |S| = s, det(X ¢ X.s) > 0};

3. Conditioning on (s, S5), sample Bg, ~ fs g with fs gx(Bgs) e~ MXusBsllr and set
BSC* == O

Note that we also use Z in Step 3 as what we have done for sparse linear regression. Assume
the data is generated by Y = X B* + W for some matrix B* with support S* and sparsity
s*. Again, without loss of generality, we assume S* € Zy. The noise matrix W is assumed
to be the sub-Gaussian in the sense of (5).

Corollary 5.5. For any B*, S* € Z, and s* specified above, any constants X\, p > 0 and any
sufficiently small constant 6 € (0,1), there exists some constant Dy 5, > 0 only depending on
A, 6, p such that

EIl (s > (1+0)s*

Y) < exp (—C’s* (m + log %))
s
and
* (12 * €ep I €p
EIT (||XB — XB*||g > Ms (m—l—log —*> ‘Y) < exp (—C’ s (m—l—log —*))
s s
for any constant D > D) 5, with some constants M,C’,C" only depending on X, 0, p, D.

The posterior contraction rate for the prediction loss is s* (m + log z—f), which is minimax
optimal according to [34, 39]. Posterior contraction for various estimation loss functions can
also be derived in a similar way as in Section 5.3, and we omit the details.

5.5 Multi-task learning

Multi-task learning is another name for multiple linear regression in the form of X B with
X € R™P and B € RP*™. As opposed to m independent linear regression problems, a
typical multi-task learning setting assumes some dependent structure among the columns
of the coefficient matrix B. The group sparsity assumption considered in Section 5.4 is an
example where the columns of B share the same support. In this section, we assume a

12



clustering structure among the columns of B. That is, By = Q..(;) for some z € [k]™ and
Q € RP*k_ In other words, the m regression coefficient vectors are allowed to choose from k
possibilities. When the design X is an identity matrix, it reduces to an ordinary clustering
problem.

Let us write the multi-task learning problem in the general form. This can be done
by letting Z = z, 7 = k, T = [m], Z; = [k]" and ¢(Z}) = pk. Moreover, we have the
representation [27(Q)]«j = X Q.. (j)- The complexity function €(Z:) = pk + mlog k satisfies
the conditions (4) and (6). The general prior distribution II can be specialized to this case.
Consider a full rank design matrix that det(X7 X) > 0.

1. Sample k ~ 7 from [p], where 7(k) o< FE;EZ%) exp (—D(pk + mlogk));

2. Conditioning on k, sample z uniformly from [k]™;
3. Conditioning on (k, z), sample @ ~ fj  » with f , \(Q) x e MV 1XQ=) 7,
4. Set Bij = Q.. (j) for all j € [m].

Note that in Step 2, we use Z; = [k]™ because Zj, = Z, which is due to det(X7X) > 0.
The full rankness of the design matrix implicitly implies p < n. In fact, the assumption
det(XTX) > 0 is without loss of generality, because whenever det(X? X) = 0, one can simply
use a subset of the variables that are linearly independent without affecting the prediction
error.

To state the result of posterior contraction, let us assume that the data is generated as
Y = XB* + W for some matrix B* satisfying B}, = QIZ*(].) with some Q* and z* € [k*]™.
The noise matrix is assumed to satisfy (5).

Corollary 5.6. For any B* and k* specified above, any constants \, p > 0 and any sufficiently
small constant § € (0,1), there exists some constant Dy s, > 0 only depending on A, 6, p such
that

EII (pk+ mloghk > (1 + 8)(pk* + mlog k*)

Y) < exp (—C'(pk* + mlogk*))

and
EII (HXB — XB*|2 > M(pk* + mlog k*)

Y) < exp (—C"(pk* + mlog k*))
for any constant D > D) 5, with some constants M,C’,C" only depending on X, 0, p, D.

The posterior contraction rate for multi-task learning is pk*™ + m log k*, which is smaller
than the rate pm for m independent linear regressions. When mlogk* < pk*, the rate
becomes pk* + mlogk* =< pk*. In this case, the procedure performs as well as when the
clustering structure z* is known. According to [38], the rate pk™ + mlogk* is minimax
optimal.

13



5.6 Dictionary learning

Dictionary learning can be viewed as a linear regression problem without knowing the design
matrix. Mathematically, the signal matrix § € R"*? can be represented as § = QZ for some
Q € R™P and Z € RP*?. Both the dictionary @ and the coefficient matrix Z are unknown.
A common assumption is that each column of Z is sparse, and the goal is to learn the latent
sparse representation of the signal. Thus, the problem is also referred to as sparse coding [43].
Recently, the minimax rate of dictionary learning has been established by [38] for estimating
the true signal matrix 6*. In this section, we provide a Bayes solution to the adaptive
estimation problem of dictionary learning. Following [1], we consider a discrete version of
the problem. Namely, Z € {—1,0,1}?*?. Then, the problem can be represented in a general
form by letting 7 = (p,s), T = {(p,s) € [nAd] x [n] : s < p}, Zps = {Z € {~1,0,1}P*7 .
maxje(q) [supp(Zs;)| < s} and £(2, 5) = np. Moreover, we have the representation 27(Q) =
QZ. The complexity function is £( 2, 5)+log |2, 5| = np+d (log (?) + 3logs). With €(Z,, ) =
3 (np + dslog ), (4) and (6) are satisfied. The general prior distribution IT can be specialized
into the following sampling procedures.

1. Sample (p, s) ~ 7 from T with 7(p, s) x F%Z%) exp (73D (np + dslog %));

2. Given (p, s), sample Z uniformly from Z, s = {Z € Zys:det(Z227) > 0};
3. Given (p,s, Z), sample Q ~ f, s 7z with f, s z1(Q) e~ M@zl
4. Set 6§ = QZ.

Note that we have used e(Z,s) = 3 (np + dslog ) instead of the exact {(Z;) + log|Z-| in
Step 1 for simplicity.

In order to state posterior rate of contraction, we assume that the data is generated by
Y = 0" + W for some noise matrix W satisfying (5). The signal 0* is assumed to admits a
sparse representation 6% = Q*Z*. Without loss of generality, we can always let the matrix
Z* belong to the set Zp« ¢+. This is because when det(Z*(Z*)T) = 0, there must exist some
Q1 € R"™ Pt and Z; € thsl such that 6* = Q*Z* = Q141.

Corollary 5.7. For any 6" = Q*Z* with Z* € Zp*,s* specified above, any constants A, p > 0
and any sufficiently small constant § € (0,1), there exists some constant Dys, > 0 only

611 > ‘Y) < exp (—C/ (np* + ds*log 6]1 ))
s s

EIT (H9 —0*|F > M <np* + ds* log 621 ) ’y) < exp <_C// (np* + ds* log 6]1 >>
5 s

depending on A, 6, p such that

EII (np + dslog L (1+49) (np* + ds*log
s

and

for any constant D > Dy 5, with some constants M,C’,C" only depending on X, 90, p, D.
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ep*
s*
according to [38]. The result can be extended to the case where the entries of Z* are allowed

The rate we have obtained from (5.7) is np* + ds*log which is minimax optimal
to take values in an arbitrary discrete set with finite cardinality. To the best of our knowledge,
this is the first adaptive estimation result for dictionary learning with optimal prediction rate.

5.7 Nonparametric graphon estimation

Consider a random graph with adjacency matrix {4;;} € {0,1}"*", whose sampling proce-
dure is determined by

(51, ,fn) ~ ]P)g, AZ]‘(&’fJ) ~ Bernoulli(@fj), where (9;} = f*(fl,éj) (12)

For i € [n], A;; = 0}, = 0. Conditioning on (¢1,...,&,), Aij = Aj; is independent across
i > j. The function f* on [0, 1]?, which is assumed to be symmetric, is called graphon. The
concept of graphon is originated from graph limit theory [29, 37, 17, 36] and the studies of
exchangeable arrays [2, 31]. It is the underlying nonparametric object that generates the
random graph.

Let us proceed to specify the function class of graphons. Define the derivative operator
by

Hitk
7(8x)j(ay)kf(fc, Y),

and we adopt the convention Voo f(z,y) = f(z,y). The Holder norm is defined as

Vjrf (@, y) = Vi f (@', y)]
fllx, = max sup |Vef(z,y)|+ max sup
Ml = ;32 2oy Vand (0001 0% b nen (e — sy — )l 1e]

ijf(l', y) =

)

where D = {(x,y) € [0,1]2 : > y}. Then, the graphon class with Holder smoothness « is
defined by

FalL) = {0< F <1 fla < L, f(2,) = f(y,) for all € D},

where L > 0 is the radius of the class, which is assumed to be a constant. Recently, a minimax
optimal estimator of f* was proposed by [23] given the knowledge of «. In this section, we
propose to solve the adaptive graphon estimation via a Bayes procedure.

As argued in [23], it is sufficient to approximate a graphon with Holder smoothness
by a piecewise constant function, which turns out to be the stochastic block model in the
random graph setting. Therefore, we apply the prior distribution in Section 5.1 by equating
f(&,&;) = 0;5. The oracle inequality in Theorem 4.1 gives the desired bias-variance tradeoff
of the problem.

Corollary 5.8. Consider the prior distribution specified in Section 5.1. For the class Fo(L)
with a, L > 0 define above and any constant A > 0, there exists some constant Dy > 0 only
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depending on A\ such that

20 ]
sup supEIl | 5 3 <f<§i,fj>—f*<§i,fj>>2>M<nm+ogn> "

JreFa(L) Pe i jeln] "

< exp (—C’ (na%rl +nlog n))
for any constant D > Dy with some constants M,C’ only depending on \, D, L.

Remark 5.1. The expectation in Corollary 5.8 is associated with the joint distribution (12)
over both {A;;} and {&}. Moreover, we do not assume any assumption on the distribution
on the design, and the result of Corollary 5.8 holds uniformly over all Pe.

logn

_ 2a
The posterior contraction rate we have obtained for graphon estimation is n= o+ + =>=

2
which is minimax optimal according to [23]. When « € (0, 1), the rate is dominated by n™ a+1,

which is the typical two-dimensional nonparametric regression rate. When o > 1, the rate

logn

becomes —>=, which does not depend on a anymore. The key difference between graphon

estimation and nonparametric regression lies in the knowledge of the design sequence {&;}. A
nonparametric regression problem observes the pair {(&;,&;), A;j}, while graphon estimation

lo% in the rate. To

only observes the adjacency matrix {4;;}, resulting in an extra term
the best of our knowledge, Corollary 5.8 is the first adaptive estimation result on graphon
estimation with optimal convergence rate.

5.8 Linear regression under weak /, ball

Section 5.3 studied high dimensional linear regression under exact sparsity. In this section,
we assume the regression coefficients are approximately sparse. Theorem 4.1 allows us to
derive optimal posterior rates of contraction even when the prior only charges signals with
exact sparsity via a bias variance tradeoff argument. Let us assume the data is generated by
Y = XpB* + W € RP with some design X € R™"*P and some noise vector satisfying (5). We
assume (3* is approximately sparse by letting

* _ . : q
B* € By(k) = {5 €R?: ijé?zjfj\ﬁl(j) < k}

with some ¢ € [0, 1], where we order the absolute values of the entries of 3 by |3|1) > [8|2) >
- 2 |Blg)- Namely, 8* is assumed to have weak /; radius at most k. To facilitate the
presentation, let us define the effective sparsity by s* = [2*], where

n q/2
¥ = max 0§x§p:x§k<> .
log(ep/)

The effective sparsity s* is a function of ¢, k,p,n. Note that in the exact sparse case where
q = 0, we have s* = k. Let us use the prior distribution specified in Section 5.3, and we have
the following result.
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Corollary 5.9. Assume maxje[ n~12||X,;|| < L for some constant L > 0. For any q €
[0,1], k and s* specified above and any constants X, p > 0, there exists some constant Dy , > 0
only depending on on A, p such that

sup [EII (HXB — XB*||> > Ms*log %‘Y) < exp (—C”s* log %)
B*eBy (k) S S

for any constant D > D) , with some constants M,C" only depending on A, p, D, L.

With s* being the effective sparsity, the posterior rate of contraction has the same form
as that of Corollary 5.5. The rate is known to be minimax optimal [18, 44]. In the special

q/2
case when k < p'=" (%) for some constant n € (0,1), the rate has an explicit formula

* * 17(1/2
in terms of k, which is % =k 10%) . When X is an identity matrix, Corollary
5.9 reduces to the results for sparse Gaussian sequence model in [14]. Besides the prediction
error, estimation error under approximate sparsity can be derived in the same as Corollary

5.4, and we omit this part due to the similarity.

5.9 Wavelet estimation under Besov space

In this section, we apply the general prior distribution in Section 3 to establish optimal Bayes
wavelet estimation under Besov space. Assume the data is generated as

1
NG

where {W;,} areii.d. N(0,1) variables. It is well known that the sequence model is equivalent

Vi =05+ —F—=Wjr, k=1,..2; j=0,1,2,., (13)

to Gaussian white noise model [30], and it is closely related to nonparametric regression and
density estimation [9, 42]. Under a wavelet basis, {61} are understood as wavelet coefficients.
We assume the true signal 6% = {67, } belongs to the Besov ball defined by

00 (L) =< 0:) 29990, < L (14)
J

1

for some p,q,a, L > 0 and a = a + % -5 The Besov ball (14) naturally induces a multi-

resolution structure of the signal. This inspires to use a sparse prior distribution indepen-
dently at each resolution level. That is, we consider a prior distribution II on 6§ satisfying

I1(df) = H I1;(d6).).

The prior distribution II; on the jth level for j < log, n is specified as follows:

1. Sample s; ~ 7 from [27], where 7(s;) o FIES(JS;;) exp (—Dsj log %),
2. Conditioning on sj, sample S; uniformly from {S; C [27] : |S;| = s;};
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VlBs, |

3. Conditioning on (sj,S;), sample 0;5, ~ fs. 5, x With fs. s \(0s;) o and

set (93‘576_ = 0.
For j > logyn, let 11;(6;. = 0) = 1. Using Theorem 4.1 at each resolution level, we are able
to establish the posterior contraction rate in the following corollary.

Corollary 5.10. For any costants p, q, « satisfying 0 < p,q < oo, L >0 and a > % and any
constant A > 0, there exists some constant Dy only depending on \ such that

sup EII (H0 — 0 > Mn~m$1
009 (L)

Y) < exp (—C”nﬁ/log n) .

for any D > 0 with some constants M,C" only depending on \, D, «,p, L.

The result of Corollary 5.10 can be regarded as a Bayes version of Theorem 12.1 of

2a
[30] under the same condition. The rate n~ 2e+1 is minimax optimal over the class O  (L).
Posterior contraction for (13) over the class ©; (L) has been investigated by [53, 47, 21, 27]

only for a restricted configuration of (p, ¢, «). In comparison, Corollary 5.10 obtains adaptive

optimal posterior contraction rates to all possible combinations of (p, g, «) considered in the
frequentist literature [30].

When p = ¢ = 2, the class O} (L) is equivalent to a Sobolev ball. It is worth noting
that in this case the prior distribution can be greatly simplified. Let us recast (13) into the
sequence model with single index. That is, consider data generated by

.. ,
Yv]:e]‘i‘ﬁwj j:1,2,3,...,
with {W;} being i.i.d. N(0,1) variables. Assume the true signal §* = {07} belongs to the
Sobolev ball defined by

Sa(L)=140:> >0 < L?
J
We use the following version of the general prior II in Section 3.

1. Sample k ~ 7 from [n], where 7(k) % exp (—Dk);

2. Conditioning on k, sample O = (01, ..., 0) ~ fr.x with f x(0x)) o< e MWlOwll and set
¢; =0 for all j > k.

Note that the prior distribution has a missing step compared with the general prior in Section
3. This is because Zj, = {[k]} is a set of singleton so that the model is determined by &k and
we do not need to perform a further selection. Specializing Theorem 4.1 to this case, we
obtain the following result.

Corollary 5.11. For any constants a, L > 0 and any constant X > 0, there exists some
constant Dy only depending on A such that

sup [EII <H9 — 0| > Mn~m$1
0*€Sa(L)

Y) < exp (—C'nﬁ> .
for any D > 0 with some constants M,C’ only depending on X\, D, o, L.
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Thus, we have obtained rate-optimal adaptive posterior contraction over the Sobolev ball
through a very simple prior distribution.

5.10 Aggregation

Aggregation in nonparametric regression has been considered by [41, 50, 16, 56, 33] among
others. Let us start with the nonparametric regression setting with fixed design. That is, the
data is generated by

Yi=f"(zi)+ Wi, i=1,...n, (15)

where the noise vector W = {W;} is assumed to satisfy (5). The goal of nonparametric
regression is to estimate the true regression function f* by some estimator f under the loss

. 1o~/ 2

1F = 11B = =3 (f) = @)
i=1

where |||, stands for the empirical /3 norm. Assume we are given a collection of functions

{f1,..., fp}, called the dictionary, and we are also given a subset © C RP. For € O,

define fg = 25:1 Bjf;- The goal of aggregation is to find an estimator f such that its error

|f — f*||? is comparable to that given by the best among the class {fs : 3 € ©}. To be

specific, one seeks an f that satisfies the following oracle inequality
If = £1I% < (1 +9) Inf |l /5 — Il + Anp(©) (16)

with high probability with some arbitrarily small constant § € (0,1) and some optimal
rate function A, ,(©) determined by the class ©. Various types of aggregation problems
include linear, convex and model selection aggregation, etc., which is determined by the
choice of the class ©. In this section, we provide a single Bayes solution to various types
of aggregation problems simultaneously and establish the oracle inequality (16) under the
posterior distribution.

Since the vector fg = (fs(z1), ..., f3(zn)) can be represented as X with the matrix X
having entries X;; = f;(z;) for all (4, j) € [n] x [p], the aggregation problem can be recast as a
linear regression problem. Define r = rank(X ). Without loss of generality, we assume the first
7 columns of X span the column space of X. That is, span({Xu;};cr) = span({Xu;}jepp)-
We are going to use a modified version of the prior distribution defined in Section 5.3.

1. Sample s ~ 7 from [r], where 7(s) = erggj)Q) exp (—Dslog ) for s < r and w(r) =

N % exp(—Dr) with some normalizing constant N

2. Conditioning on s, sample S uniformly from Z; = {S C [p] : |S| = s, det(X ¢ X.s) > 0}
if s <randset S=][r]ifs=r;

3. Conditioning on (s, S), sample 8g ~ fs g\ with fs g 1(8s) o e MXssBsll and set Bge = 0.
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The prior II is similar to the exponential weights used for sparsity pattern aggregation by
[45, 46]. Compared with the prior in Section 5.3, it has a modified weight on the model S = [r],
which captures the intrinsic dimension of the matrix X. Assuming the data generating process
(15), we have the following result implied by Theorem 4.1.

Corollary 5.12. For any * with support S* € Zg« and sparsity s* = |S*| < r, any f*, any
constants X\, p > 0 and any sufficiently small constant 6 € (0, 1), there exists some constant
D) s, only depending on X, 0, p such that

* ¥ r  s*log(ep/s*
o (Hfﬁ PR S At fe — FIE 4 M <n . ;/)) ’Y>
/ *|2 * ep
< exp (= (nllfs — 1712+ A 57 10g L))
for any constant D > D) 5, with some constants M, C' only depending on \, 8, p, D.

Since rank(X) = r, it is sufficient to establish the posterior oracle inequality for all g*
with sparsity s* < r. Due to the modified prior weight on the model S = [r], Corollary
5.12 has a better convergence rate than Corollary 5.5. The corresponding frequentist results
[45, 46] have leading constant 1 instead of the (1 + J) in Corollary 5.12. Since our prior
induces a subset selection procedure, the presence of an extra small constant  cannot be
avoided [45].

Let us specialize Corollary 5.12 to various types of aggregation problems. Following
the notation in [51], define the simplex AP = {8 € RP : Zj Bj = 1,8; > 0} and the £
ball By(s*) = {8 € RP : |supp(f)| < s*}. Then, we consider model selection aggregation
Oms)y = Bo(1) N AP, convex aggregation Oy = AP, linear aggregation ©( ) = RP, sparse
aggregation O ) = By(s*) and sparse convex aggregation ©(c,) = Bo(s*) N AP. For these
aggregation problems, define the rate function

(lozp, © = O(us);
\/ilog (1+2) 0 = O(c);
Anp(©) =41, 0 = O;
sxlog £
—— 0 =0,
Llog (14 ) A ZEE  g_ 9.
\\/n Og< \/ﬁ) n (Cs)

Corollary 5.13. Assumemaxjcpy || filln < 1. Forany f*, any © € {@(MS), O(c), Ow): O, @(Cs)},
any constants A\, p > 0 and any sufficiently small constant 6 € (0,1), there exists some con-
stant Dy, only depending on A, 6, p such that

ETI (Hfﬁ = 7l > (U0 inf [1f = £+ M (2np(©) A1) ‘Y>

. % r
< e (~n (Mg 1o - FIE+ Ans@) 2 L))

for any constant D > D) 5, with some constants M,C" only depending on X, 6, p, D.
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Corollary 5.13 provides a universal aggregation result with a single posterior distribution.
The rate is minimax optimal according to [45, 55]. Bayes aggregation was recently studied
by [57] under the model misspecification framework [32]. Corollary 5.13 is a stronger result
of posterior oracle inequality under weaker assumptions compared with that of [57]. Other
types of aggregation results such as ¢, aggregation can also be derived directly from Corollary
5.12. The details are omitted in this paper.

6 More results on sparse linear regression

In this section, we provide some further results on posterior contraction rates for linear
regression under the /o, norm ||-||. First, let us consider the sparse linear regression setting
Y = X8+ W in Section 5.3. Convergence under the £, norm requires stronger assumptions
than convergence under the ¢ norm. Following [19, 35], we assume the mutual coherence
condition:

n_ng.X*j =1forall j € [p] and rjrlilz(n_ngX*l <T. (17)

Assuming the data is generated by Y = Xp* + W for some regression coefficient 5* with
sparsity s* and some noise vector W satisfying (5), the posterior contraction under the ¢
norm by using the prior distribution specified in Section 5.3 is given in the following theorem.

Theorem 6.1. For any 7 > 0 and any (* with sparsity s* satisfying 7s* < 1/9 and any
constants A, p > 0, there exists some constant Dy , > 0 only depending on A, p such that

% 10 v
EIT (IIB—ﬂ oo > My EP\Y) <p©

for any constant D > D) , with some constants M,C" only depending on A, p, D.

The result of convergence under the ¢, norm is obtained under the assumption 7s* < 1/9.
Such assumption was also made in [19, 11, 35, 15], and it implies the restricted eigenvalue kg
logp
n
the £o, norm. Moreover, with a standard minimal signal strength assumption, Theorem 6.1

defined in (11) to be bounded away from 0 [59]. The convergence rate is optimal under
immediately implies consistent model selection under the posterior distribution.

While the optimal convergence result for o, norm is well known in the frequentist liter-
ature for sparse linear regression, an analogous result for regression with group sparsity is
perhaps still open. We provide a Bayes solution to this problem. For simplicity of presenta-
tion, we consider the case of identity design Y = B + W € RP*™_ and the result for the case
of a more general design can be derived in a similar way. For any subset 7' C [p] x [m], let
r(T) ={i € [p]: {i} x [m])NT # @} denote the the rows selected by the set T'. The prior
II we use is defined through the following sampling procedure.

1. Sample T~ 7 in {T : T C [p] x [m]} with

7(T) I%exp <—D <m|r(T)| +|r(T)] log% + 1T log em:;(‘T))) . (18)
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2SS 2
2. Conditioning on T', sample By ~ fr  with fr \(Br) o e MW2iner B and set Bre = 0.

Compared to the prior distribution specified in Section 5.4, the model selection step for

the above prior has a two-level structure. Apart from the correction factor %, the

7D|S|<m+log %)

probability mass (18) can be viewed as the product of e and e DITlle e@f‘
with S = r(T") denote the row support. Therefore, (18) can be understood as first picking a
row support S, and then further select a finer support from S x [m]. In comparison, the prior
specified in Section 5.4 does not have the second step. While it only produces B with support
with the form S x [m] for some S, (18) can give an arbitrary support 7', which is critical
to obtain optimal convergence rate under the /¢, loss. Let us assume the data is generated
from Y = B* + W for some B* with row support S* and noise matrix W satisfying (5), the

posterior contraction rate is given in the following theorem.

Theorem 6.2. For any B* with row support S* and sparsity s* = |S*|, any arbitrarily
small constant 5 > 0 and any constants A, p > 0, there exists some constant Dy 5, > 0 only
depending on A, 6, p such that

EIl (\T(T)| > (1+0)s*

Y) < exp (—C's* (m + log i—f)) , (19)

EIT <||B — B*||3 > Ms* (m + log %) ‘Y) < exp (—C’"s* (m + log %)) (20)
s s
and
BT (/1B = Bl > M\/log(p+ m)[Y) < (pm) =" (21)
for any constant D > Dy 5, with some constants M,C",C",C" only depending on X, 0, p, D.

To the best our knowledge, this is the first procedure that achieves the optimal rates

- ep.
D|S|(m+bg |5\> part in (18) preserves the

em|S|

group sparse structure and results in the optimal £5 result (20). The ¢~ DITl1og =y part in

simultaneously for both fo and /., losses. The e

(18) does a further model selection in a finer resolution, thus giving optimal rate for each
coordinate in (21). The subtlety of the simultaneous adaptation under both global and local
loss functions is not reflected in an ordinary sparsity setting. When m = 1, group sparsity
reduces to ordinary sparsity and the two-level model selection prior II is equivalent to the
prior in Section 5.3, so that a one-level model selection is sufficient for the task.

7 Proof of Theorem 4.1

Let us first introduce some notation and give the outline of the proof. Using the fact that
ez IY=22(Q)1

e SIY =27+ (@2

— o 31 22(Q) =22+ (Q7)IPH(Y = 22+ (Q*), 22(Q)~ 22+ @

we can rewrite the posterior distribution as
S e exp(—De(Z:)) 2 Y ez, RIZ.U)
ZTGT eXp(—De(ZT)) |517| ZZGZT R(Z) ,

I(22(Q) e UlY) =
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where R(Z,U) is defined by

0(Zr)
faet(2 7 27) <A> / o I Z2Q)- 25 @FHY =25+ (Q),22(Q)~ 22 @) -N 22l g,
e 2(Q)eU

and R(Z) = R(Z,RY). Moreover, for a class of structure indexes A C T, its posterior
distribution can be written as

> reaexp(—De(Z7)) |Z*17| ZZEZT R(Z)

TeAlY) = '
II ( € |Y) ZTET exp(—DG(ZT)) |Z’17| ZZGET R<Z>

(23)

We are going to work with the formulas (23) and (22) to prove (7) and (8), respectively.
The main strategy is to lower bound R(Z*) in the denominator and upper bound R(Z) or
R(Z,U) in the numerator given some events holding with high probability. For each Z € Z,,
consider the following events

By = LW, 22(Q) - 22:(Q) < VE(EZ)122(Q) = 27-(Q)]| for all Q € R |,
Fr o= {IW,22(Q) = 22-(@N < VE(Z) 1 22(Q) — 22(Q")] for all Q € R,

where €*(Z;) = C1e(Z,)+Cs|| Z2+(Q*) — 0*||? and €*(Z,+) = Cre(Z,+)+Cs|| Z 2+ (Q*) — 0*?
for some constants C1, Cy to be specified later. The next lemma shows that both events hold
with high probability.

Lemma 7.1. For any constants C1 > 1 and Cy > 0, the conditions (4) and (5) imply

2exp (—(pC1/16 — 5)e(2;) — pCal| 22-(Q") — 07]/16) ,
2exp

<
< (56(27) — pCre(Z:+)/16 — pCal| 22+(Q*) — 67||*/16) .

We also need a lemma to characterize the growing rate of €(Z2;).

Lemma 7.2. For any 8 > 2 and a > 1, the condition (6) implies

S ew(ez) < 4lalen(flal)

{reT:e(Z2:)<a}

Y. ep(fe(Z) < daexp(—flal);
{reT:e(Z;)>a}

S ep(-8e(Z) < 6
{reT:e(T+)<a}

The proofs of Lemma 7.1 and Lemma 7.2 are given in Section 9.
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Lower bounding R(Z*). For Z* € Z.« with any 7* € T, we lower bound R(Z*) by

UZ.)
<ﬁ> R(Z%)

A
= \/det(2/. 22) / e 51122 (@)= 2+ (@)Y =22+ (Q"), 22+ Q)= 22+ (@) =M 22- @l g
— det(%zjlc%z*)/e_é||%Z*(Q)||2+<Y—%Z*(Q*)’%Z*(Q))_)\«%IZ*(Q)‘F%Z*(Q*)”dQ (24)
> ef)\Hfbyz*(Q*)” det(%g; %Z*)/e;%Z*(Q)2+<Y'%Z*(Q*)’%Z*(Q»)\”‘%Z*(Q)”dQ (25)
A2 (@) / 47 = 22 (@0 -Mbll g (26)

N2+ @) | o= 216l g Y - 2 g2 N
> - z* ) - — * *
=z e /6 2 exp /< 4 (Q )7 >fe_%HbH2_)\Hb”db ( )
_ oM 2@ / o S lbl1Z= o]l gp, (28)

The equalities (24) and (26) are due to changes of variables. We also use triangle inequality
and Jensen’s inequality to derive (25) and (27), respectively. The last equality (28) uses the

. —Sl6lZ =6
fact that the distribution fe

TR is spherically symmetric so that its mean is zero.
—L b2l g

Finally, let us lower bound the integral [ e = 311BI=Allell g, by

UZ.%)/2 00
/e—éllbIIZ—Allbldb _ 2”()// UBp)~1g=3r2=Ar g,
I'(6(Z:+)/2)
U(Z.%)/2 ZZ
ik all VEIR W/ ey / VIES) a1y,
( (272"
_ wtE)2 [0(Z,0)] (ZT*)/ze—éazT*)—,\ WZ")
( 2. T((Z)]2)
S 20 IR sz
= T Uz

Combining the above lower bound with (28), we reach the conclusion

R(Z") > e~ M2z @)1+ ADUE, ). (29)

Note that (29) is a deterministic lower bound for the denominator R(Z*). The arguments
we have used to derive (29) are greatly inspired by the corresponding ones in [14, 15].

Upper bounding R(Z)Ig,. To facilitate the analysis, we introduce the object

Qz = argmin || 27(Q) — 22+ (Q")|*. (30)
QeRE(ZT)

The property of least squares implies the following Pythagorean identity,
1272(Q) = 27-(Q)” = 1|1 22(Q) — 22(Q2)|* + | 22(Q2) = 2z-(QO)P.  (31)
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We first analyze the exponent in the definition of R(Z) on the event Ez by

*%H%Z(Q) — 27 @)+ (Y = 22(Q%), 22(Q) — 272-(Q")) — M| 22(Q)]|

= —5127(Q) - 27-(@) + (W, 22(Q) - 27-(@")
(0" = 22:(Q7), Z2(Q) — Zz-(Q7)) — Al|Z22(Q )H

< —3122Q) - 27-Q)IF + (VEE) + N 22(Q) - 22-@) (32)
Ho = 22 @)1 22Q) - 2@
N 2@ - N22(Q) — 2@

< 2 (Ve@I+A) - (3 - 3) 192@ - 22 @) (53
420" = 2@ + 5122(Q) - 2@ ~ N 2(@)]

S (@202 + 80 - 1127(Q) - 2@ ~ N 27-(@)] (34)

S (442/C0)e(20) 48N — 11 22(Q) — 22(Q2) P~ N2 (@) (35)

We have used Cauchy-Schwarz inequality and the event Ez to get (32). The inequality (33)
is due to the fact ab < 2a? + b?/8 for all a,b > 0 and triangle inequality. By rearrangement
and the fact Ca||6* — 27+(Q*)||* < €*(Z,), we obatin (34). Finally, the inequality (35) is by
the identity (31). The above upper bound implies

A UZ7) ) .
R(Z)g, < () (4+2/C2)e (Z0)+8X2=N| 22+ (@)l

\/(W/e 4“‘%/2 Q) —22(Qz) HZdQ

_ ( ) T 2/ (Z) N N2 (@) / Lol g
(27
<e

V)BT 12/ )€ ()N 25 @)

Using the fact that ¢(Z;) < €*(Z;) by (4), we reach the conclusion

R(Z)lg, < e(H2/CatlogAVm)e (Z) 48X =M 22+ (Q7)] (36)

Upper bounding R(Z,U)lg,. Let us fix U to be

U={272(Q) —"|I” > (1 +62)| 22-(Q") — 6"|* + Me(Z:+) } .
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Let £ € (0,1/4) be a constant to be specified later. When both Fz and U hold, the exponent
in the definition of R(Z,U) is bounded by

—%II%Z(Q) = 27 @)+ (Y = 22(Q%), 22(Q) — 272-(Q)) = M| 22(Q)]|

- _%§||5LVZ(Q) — 27 (QIP + (W, 22(Q) — Z2+(Q")) + (0" — Z2-(Q"), 22(Q) — Z2-(Q%))

5= 122(Q) ~ 22-@)I° - A 22(Q)]

< —5E122(Q) — 22 @) + (VEE) + NI 22(Q) — 22-(@)]
(0~ 27-(Q), 22(Q) — 27-(@) — 5 (1~ O122(Q) — 27 (@)
“AMZ2(Q) — Zz«(QF) | = A 22(Q) ||
< e (VEEa ) - 15H%Z< Q) - 22 (@)
5= O22(Q) — 71+ S (1 + O 27-(Q7) — 1P + E{2(Q) — 0°,6" — 27-(Q"))
N2z (@)
< e (VEET 1) - el 22(Q) - 2@ ~ N 2 (@)
5 (=201 2(Q) — 1P + 5 (1426)| 27 (@) — 0"
< 85,1\ — éMe(ZT*) — %62”3&}*(@*) — 0|2

02 22(Q) - 22Q2) P = N 22-(@).

We have used Cauchy-Schwarz inequality and the event Fz to get (37). The inequality (38)
is due to the fact ab < a® + b?/4 for all a,b > 0 and triangle inequality. Then, (39) is by
rearranging (38). Finally, we have set

1 1
§=70 and Cp= 3353 (41)

and used (31) to obtain (40) on the event U for all M > 648, *Cy. Using the above bound,
we have

)\ K(Z) 1y2_ 1 1 2
R(Z,U)lg, < () e~ M2z (Q)I14+835 N — g Me(Z+)— 502 27 (Q*) 6"

X\/(m/e 1662H‘Q/Z(Q —-27(Qz) ”2dQ

4)\ Z(Z ) g * —14y2 1 1 a9 * *12
_ <\F> M2z (@) 4885 N L Me(Z,2)— 16 2+ (Q°) 0% 2.
02

by the same argument in deriving (36). By ¢(Z;) < €*(Z;) from (4), we reach the conclusion

R(Z,U)lp, < o~ M2z (Q7) | =15 Me(Zx) =582[ 27+ (Q)— o (42)
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for all M > max {646, *C1, 161og(4)\/v/32) + 1285, 'A2}.
After obtaining the bounds (29), (36) and (42), we are really to prove the main results.

Proof of (7). First, we use (29) and (36) to bound the ratio R(Z)lg, /R(Z*).

R(Z)Ig o 6[401+201/02+01 log(2Ay/T)]€(Z7)+[4C2+2+C2 log(2Av/T) ||| 27+ (Q*)—0* ||
Z
— =% < e |2 e—(TFAA"D)(Z )

< eMexp (L+ A+ A De(Z0) + Cle(2,) + O3l 22+(Q) — 07])

where C] = 4C1 +2C, /Cy + C1log(2A\y/7) and C) = 4C5 + 2 + Cylog(2A/7). Let us use the
formula (23) with

A={e(2:) > (1+81)e(Z7+) + 61| 22+ (Q") — 07|} .

By Z* € Z,+, we have

Ell(r € AY) < Zee)f;(( Dz ’éf*“ Z (43)
TEA ZeZ,
+3 > P(EY). (44)
TEAZeZ,

We use Lemma 7.2 to bound (43) by

exp (A2 + (D + A+ A+ De(Z7) + Oy 22-(Q%) — 07]*) D exp (—(D — C)e(2-))
T€A
< 46PN exp (= (D = € —1)81 — Cb) | 22+ (Q*) — 0%]1%)
xexp (— (D —Cf = 1)(L+6) = (D+ A+ A" +1)) e(24))
< 42V oxp (<0212 (@) - 077 - Bz,

for D > max{/w)‘ 12722(0/“) 2(C1+ 1)+ %} Using Lemma 7.1, Lemma 7.2 and (4),

the second term (44) is bounded by

2exp (—Cal| 272+ (Q") — 67[?/16) > exp (—(pC1/16 — 6)e(Z,))
TEA

< 8etexp ( 512“%2 (Q*) — 6| - 75(27*)) ,

for C7 = max{1,224/p} and the value of Cy is set in (41). Letting do = 81/01/p = 8y/9/p,
we obtain the desired result by combining the bounds of (43) and (44).

Proof of (8). Let us first use (29) and (42) to bound the ratio R(Z,U)lg,/R(Z*). That is,
R(Z,U)lp,
R(Z*) -

M 1 * *
< exp <—326(Z ) — 552H%Z*(Q )—0 ||2)7

exp (— (M/16 —(14+ X+ )\_1)) €(Z7+) — %52”%2* (@) — ‘9*HQ>
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for M > max {645, 'C1, 161og(4)/v/52) + 1285, 'A%, 32(1 + A + A~1)}. By the formula (22),

we have

ENUY) < 3 xp (~De(Z7)) |Zr- Z Z U]IFZ (45)

TETNAC eXp( D€ ‘Z ‘

+ Y D> PRy (46)

TETNAC ZeZ,
+EI(r € A[Y) (47)

The bound of (47) has been derived in the proof of (7). Using Lemma 7.2, we bound (45) by

oo (= (35 - D) 2) - 30l @) - 0] Y exp(-De(2,)

TETNAS

M 1
< 6exp (—646(2 +) — 552”%2*(@*) - ‘9*||2) )

for M > max {6455101, 161og(4)\/v/d2) + 12855, 02,32(1 + A + A1), 64D}. Using Lemma
7.1, Lemma 7.2 and (4), the term (46) is bounded by

2exp (—pCre(Z:+)/16 — pCs|| 27+ (Q*) = 0°|*) > exp (5e(Zr))
TETNAC

8¢S exp (— (”f(; - 2) (Z7) — (pCa — 1) | 2-(@") — 9*||2)
= 8l exp (—12e(Z+) — 01| 22-(Q*) — 67|?)

by the relation Cy = 62/32, C; = max{1,224/p} and d; = 8./81/p = 8/6/p. The proof is
complete by combining the bounds of (45), (46) and (47). O

IN

8 Proofs of corollaries

Proofs of Corollary 4.1 and Corollaries 5.1-5.7. Corollary 4.1 is a direct consequence of The-
orem 4.1 by letting 6* = 27-(Q*). Except Corollary 5.4, Corollaries 5.1-5.7 are special
cases of Corollary 4.1 in different model settings. By the definitions of k1 and ko, we have
18— A1 < r32|XB— XG|/n and || — 53 < ki2s7|| XA — XB*|/n, which implies
Corollary 5.4 from Corollary 5.5. O

Proof of Corollary 5.8. For any &, recall that f(&;,&;) = 0ij = Q.()z(;)- Then, (8) of Theorem
4.1 implies that

* 2 * * 2 *\2 *
S (fE ) — (& E) <1 +62)) (Qz*(i)z*(j) —f (&,ﬁj)) + M ((k)* +nlogk”)
i3 2%
under the posterior distribution for any k* € [n], any z* € [k*]" and any Q* € R*")’. Lemma
2.1 of [23] implies there exist some z* € [k*]" and some Q* € R*)* such that

anl
> (Q;(i)z*@ - J”(&'éj)) < C3L°n? <k1*> ;

2'7j
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for any f* € F,(L) and some absolute constant C'3 > 0. Therefore,
1 * 1\“M E\?%  logk*
o) > (F&G) — (& &) < M ((k*) + <n> =
0,

The proof is complete by choosing k* = [nﬁm} ]

Proof of Corollary 5.9. The case ¢ = 0 is Corollary 5.5. We consider ¢ € (0,1]. For the
effective sparsity defined in Section 5.8, (8) of Theorem 4.1 implies that

e
|X8 = XBIP < (1+62)[| X o — XB|* + Ms" log =

under the posterior distribution for all 8y € By(s*). By the “Maurey argument” (see Lemma
7.2 in [51]),

1

- ”XBO o X,B* ”2 < L2k2/q(8*)1_2/q,

n

for all 5* € By(k). Therefore,

1 g
L8 - X3P < b (Rgaey e g T

By the definition of the effective sparsity s*, we obtain the desired result. O

Proof of Corollary 5.10. First, we note that by slightly modifying the proof of Theorem 4.1,
we can have a more general version of (8), which is

B (127(Q) — 01 > (1+8)| 27+ (Q) = 0" + Me(Z,+) + 1|y )
< exp (—C’” (E(ZT*) + || 22 (Q%) — 6%||* + t)) , (48)

for all ¢ > 0. For every j < logyn, the model induced by the prior can be represented in

the general framework by letting Z; = S, 7; = 5, T; = [27], Z5, = {S; C [2] : |S;] = s;},

U(Zs;) = sj and Q; = \/nbjs;. Then, we have the representation 277, (Q;) = \/ﬁ(GjTSﬁOfSC_)T.
J

The complexity function is €;(2s,) = 2s;log %_j, which satisfies (4) and (6). By (48) and
* (12 ) * (|2 * e2j
EIT { 0. — 07,]17 > (1 + d2)n|0j — 07,]|° + 2M s} log — +
%

)
1
< exp |-
- logon |’

for any 0, € R? with sparsity sj. Since 0" € Oy (L) implies ||07,, < L27%  we have

1
letting ¢ = n2+1 /logy n, we have

_1
n2a+1

logy n

10 — 07,017 < C*ryy (L2792
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for some absolute constant C* > 0 by the proof of Theorem 11.7 in [30], where ry; ,(L27%, n=1/2)
is the control function defined in Section 11.5 of [30]. Therefore,

1
”n2a+1
EII(G|Yj«) < exp <—C log2n>
for all j < logyn, where
_ 2«
12 —aj p-1/2y 1 2
@ {He‘j* =057 < M'ry; (L2707 1%) + logy 1 }

Moreover, II(6;, = 0]Yj«) = 1 for all j > logyn by the definition of the prior. Using the
independence structure of the posterior distribution, we have

EI ((Njctog, nGy) 1Y) < Y EI(G§Y) = ) EI(G5Y;)

j<logyn j<logyn

1 1
2a+1 _ 2a+1
< (logyn)exp (C’”n> < exp (Cn ) :
logy logn

Finally, the event Nj<og,,G; and 6, = 0 for all j > logy n implies

-2 < S e —onlP+ S Jen?

j<logyn j>logyn
_ 2«
. n 2o+l
! — _
< M roi (L2799 n~V2) 4 T —— | 4 167117
P log, 1 J
j<logyn 2 j>logo

y — 2o
< M'n 2T

where the last inequality follows the proof of Theorem 12.1 in [30] under the assumption
o> %. Hence, the proof is complete. O

Proof of Corollary 5.11. Let us write the model induced by the prior distribution in the
general framework by letting Z = [k], 7 = k, T = [n], 2}, = {[k]}, £(Z}) = k and Q = /nby.
Then, we have the representation 27%(Q) = \/5(9[71;},0%;]0)? The complexity function e(Zy)
is 2k, which satisfies (4) and (6). Then, (8) of Theorem 4.1 implies that

EIl (n||9 —0*))2 > (14 Go)n||0 — 0% + 2MK*

Y) < exp (—C’” (k'* + 16 — 0*||2))

for any @ satisfying éj =0 for j > k*. Since 0* € S,(L), there exists some 6 satisfying éj =0
for j > k* such that [|§ — 6*||? < L?(k*)~2®. Therefore, |6 — 6*||> < M’ ((k*)~2% + £ ) under
the posterior distribution. Letting k* = [nﬁ], the proof is complete. O

Proof of Corollary 5.12. Note that the model induced by the prior distribution can be written
in a general way by letting Z = S, 7 =5, T =[r], Z, = {S C [p] : |S| = s} if s < r and
Z,. =A{[r]}, ¢(Z5) = s and Q = Bs. Then, we have the representation 27 (Q) = X.s8s = XS.
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The complexity function we choose is €(Z,) = 2slog £ for s < r and €(Z,) = 2r. It is easy
to check that €(Z5) satisfies (4) and (6). Using (8) of Theorem 4.1, we have

for any B* with sparsity s*. For this §*, there exists some (; such that supp(5;) C [r] and
fs+ = fz,. Therefore, (8) of Theorem 4.1 implies

s*log(ep/s”)
n

N (Hfﬁ SRS ) — SR+ 2M

< o (< (nllf 1112 + 57108 D))

BIL (155 - 12 > (L4 )l — 112+ 2007 |v)
< exp (=C" (nllfs, — FI2 +7)) -

Combining the two results by union bound, the proof is complete. O

Proof of Corollary 5.13. Using the corresponding arguments in [46, 51], Corollary 5.13 is
implied by Corollary 5.12. O

9 Proofs of technical results

Proof of Lemma 7.1. Consider Qz defined in (30). Then, we have the bound

(W, Z2(Q) — Zz+(Q"))]

< 122(Q) - 22(Q2) ”‘< \éZEQ; gjgggll»
+127(Qz) - 22-(@Q ”K H?Eg g_iﬁg:;r»
< maX{KWv ,ZEQi_ZEgiW ’ <W ||§2£3:§§583H>‘}

V2 124Q) - 220z >u2+\|%z Q2) -~ 27 (@*)H?
) - (229D~ 2@
Q) - TP O

- \[m"{'< H%ZE QZ H>
<W, 22(Qz) =2z Q* ) (2. with

where the last equality is due to (31). By (5), 177 (Gn) =7 (0
probabilty at least 1 — exp(—pe*(2;)/4). Now it is sufficient to bound

2@ - 2700 \|_
<W’ 122(Q) — 27(Q2)] >‘ . L O

sup
QERZ(ZT)

A standard discretization argument as Lemma A.1 in [23] gives

sup (W, 22(Q))] <2 max (W, Z7(Q))|,
QER!(ZT) || 24(Q)[I<1 1<I<L
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where {Q;}1<i<1 is a subset of {Q € RYZ7) . || 22(Q)|| < 1} such that for any Q € RUZr)
with || 27(Q)|| < 1, there exists an [ € [L] that satisfies || 27(Q — @;)|| < 1/2 and a covering
number argument gives the bound L < exp (5¢(Z;)). Using union bound together with (5),

we have maxi<j<r, (W, Z7(Q1))| < ﬁ\/e*(zf) with probability at least
1= exp (5U(Z,) — pe(2,)/16) > 1 — exp (—(pC1 /16 — 5)e(Zy) — pCal| 27+ (Q7) — 6°]12/16)

where we have used the condition (4). Using union bound again, we have

Vs {| (W 520 %Eggnﬂ (w H%Egggigg;nﬂgq (2,
(-

with probability at least 1 — 2exp (—(pC1/16 — 5)e(Z;) — pCa|| Z7+(Q*) — 6*||>/16) . This

leads to the bound P(E%) < 2exp (—(pC1/16 — 5)e(Z;) — pCal|| Z 2+ (Q*) — 6*]|?/16). A simi-

lar argument also leads to the bound P(F§) < 2exp (50(Z;) — pCre(Z:+)/16 — pCa| Z7-(Q*) — 6*[|/16).
O

Proof of Lemma 7.2. The first inequality holds because
[a]

Yo exp(Be(Zr) < > ) 4
{reT:e(T7)<a} t=1 {reTt—1<e(Z;)<t}
[a]
Z tePt 4 P
t=1

2a] -

< 4falexp(Blal),
by 8 > 2. The second inequality holds because

IN

Blal

IN

Y oep( Bz < Y Y e
{reTe(Z;)>a} t=|o] {reT t<e(Z,)<t+1}

o0

< ) (t+1)e

t=|a]

S (-5)) @
daexp(Blal),

for > 2 and a > 1. The inequality (49) is because logt < lof LJO‘J t for all t > |«]. Finally,

> exp(-Pe(Z:) < 1+ Z te~ P
{reT:e(T7)<a} t=1
1+ Z e (-1
t=1

6,

IN

IN

IN

IN
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for B> 2. O

10 Proofs in Section 6

Proof of Theorem 6.1. The assumption 7s* < 1/9 and the argument in the proof of Theorem
1 of [35] implies

-1y T -1 —1+vT -1
XX < XX <4 50
5 0855 I (17 XusXos) lop < e (07 X5 Xos) ey < (50)

for § < 1/4. Define Bs = miny ||Y — X,gb||2. Then it is easy to see that ||Y — X,s85|> =
Y —X*SBSHQ + || Xss(Bs — 35)”2 Define the distribution E(BS,X*S,)\) of Bs that has
density function

exp (—%I!X*Sﬁs — X.sBs? - )\llX*sﬁsH)
J exp (=31 XusBs — XusBs|? = A XusBsl|) dBs

Then, according to the formula of the posterior distribution, to sample 8 from the posterior

(51)

distribution is equivalent to first sample S from II(S|Y’) and then sample Sg ~ E(BS, X5, A)
to form BT = (B S,OTC) Hence, the posterior distribution can be represented as

ZH (SIY)Is(-[Y) = Zw L(Bs; Xus, A) ® Sse,

where TI(S]Y) = w(S) and Hg(-]Y) = £(Bs, Xus, \) ® dse with

w(s) o TUSD (AP st s 0 (52)
2 \ym) st e
The number N, » for any vector y and any scalar X is defined as
1
Ny = [[exo (=3l = ol = Alel ) . (53)

Define the event

T
X; W

E = {me[xp}}( < C’lx/logp} (54)
j€

for some constant C7 > 0 to be determined later. We have

1
Ell (IIB = B'lloe > My °§ﬂy>

= E > w®s (HBs—ﬂEIIOOVHBEc\oo>M\/10§p‘Y> +EII(S| > (1+9)s7]Y)

|S|<(148)s*
A 1 lo
<E ) w(®s <Hﬁs ~ Bslleo > 30, jﬂy) Ir+E Y w(®)lk
ISI<(144)s* |S|<(144)s*
[B5clloo<C2y/ 1282 1B%c lloo>Ca2 1/ &2
+P(E®) + EI(|S| > (1 + 6)s*|Y) (55)
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for some constant Cy > 0 to be determined later. The inequality (55) is due to the inequality
18s = Bslloo < [1Bs = Bslloo + [|1Bs — Bl and

A . 1 lo
Ec {Hﬁs — Bl < 5M jp}, (56)

for all S that satisfies |S| < (14 0)s* and ||Béc|lo0 < Co 10%. Let us give a proof for (56).
By the definition of g, we have XX X.s8s = XLV = XL X.s8% + X g Xuse B + XLW,
which implies

1Bs = B§lloe < 4N XI5 Xus(Bs — B loo/n < — HX sXusefgelloo + HX §Wlloo-

Note that 2 [ X7 X.se Bl = 4IXTXuserseByunselloo < 85°7|85clloo < Coy/ ™22 due to

B8]0 < C’gw/logp. We also have 2|| XTI W o < nmaxje[p] |X W < 4Cy 10%‘ There-
fore, (56) is proved for some M /2 > 401 + Cy.

In view of (55), it is sufficient to bound the four terms in (55). The last term is bounded
Cip

as a result of (9). The third term is bounded by p7<771) using (5) and a union bound
argument. Let us give a bound for the first term.

n 1 lo
s (Hﬁs — Bslloo > My ip‘Y>

I
< Zns(wj Bl > M\/@@
JES
< Ve (_;t v @) En, <e\/ﬁt\6j—/3’j| y) , (57)
JjES

where Ep,(+]Y) is the posterior expectation with the distribution IIg(-|Y") = (BS, %S5 A)
and ¢ > 0 is some number to be specified later. Using the formula of the density (51), for
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any unit vector v € RIS!, we have

V)
S exp (VitoT (Bs — Bs) — 311 XusBs — XusBs|> — N XusBs]|) dBs
J exp (=311Xus8s — XusBsll? — Al XusBs|) b

Enig <€\/5th(55*35)

1/2v||2 fexp (_%HX*S(BS - BS — tn_1/2(n_1XzSX*S)_1U)H2 — )\HX*S/BSH) dBS

e%ﬁ”(”*lX*TsX*S)*

S exp (=31 Xus(8 = Bs) 12 = Al Xus sl ) dBs

IN

2|0 X5 X,5) 20 + AtH(anst*s)”sz)

N — N~

< p< N4 2 (0 X T X s) " 1/2v||2>
< < +16t2>

where the inequality (58) is due to a change of variable and triangle inequality and the
inequality (59) is by (50). Specializing v so that v’ (8s — BS) =+(8j — Bj), we have

Eng (e\/ﬁt\ﬂj—ﬁjl Y) < Eng <e\/ﬁt(ﬂj—3j) y) +En, (e—\/ﬁt(ﬁj—ﬁj)

Y) < 262)\2-1-16752

Letting t = v/log p, we have

3 1 10 (M _
Is (”55 s 2M\/?‘Y> < 96V/2,~(4-17),

which bounds the first term of (55).

Now, let us give a bound for the second term of (55). Given j = argmax;cp, | B]ﬂ, for any
S C [p] such that j ¢ S, define S” = SU{j}. We are going to provide a bound for w(S)/w(S’)
on the event E to argue the model S’ is favored over the model S under the posterior
distribution if [37| is large. Because of (50), 1215l = 1215/ = (|g|) for all | S| < (14 6)s*. By
(52), we have

P
w(s)  w(S)) (&) VT Nxgon o= MY —XusBs|P+31Y —X, g Bsr I
A5 " 7D (B) A N g
P Ny N
Since W((I‘S |‘)) < exp (2D log(ep)), (<|i,')) < p, *SZS A< A XesBs =X, 5B/l by the definition
S| XysrPgrA

(53) and a change of variable, and -3y - X.sBs|? + 114 — X585 = %HX*SBSHQ —
311X s Bs[|?, we have

I
@

AN
-5

B ) 1 A2 1 3 112
(ep)2D+1e>\||X*sﬁs Xos1Bsr 14311 XesBsl1* =5 Xusr Bar I (60)
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Let Pg and Pg stand for the projection matrix onto the column spaces of X,g and X,g,
respectively. Then X*SBS = PsY and X, g BS’ = Pg/Y. Let F be the orthogonal complement
of the columns space of X,g in the column space of X,s/, and then define Pr to be the
associated projection matrix. It is easy to see that Py = Pg + Pp and PgPr = 0. Thus,
the exponent of (60) equals A|PpY|| — 3| PpY |2 < —3|PpY|? + A2 < —L|PpXpB*|% +
1|1PeW |2 + A2. We are going to give a lower bound on ||[PpX 3*||* and an upper bound on
| PrW ||?. To facilitate the proof, we bound ||PsX,;|* as

IPsXl? = XTLX.s(XTXus) " XEX
< an X P

< 8 < 61
< 8"t < (61)

by (50) and 7s* < 1/9. The noise part || PrW||? is bounded as

(I - Ps)X.; X1 — Ps)
(I — Ps) X2
- | XL(I = Ps)W ]
B II(I Pg) X
2| XLW? + 2| XL PsW|?
- 9n/10
< 8C%logp, (63)

1PEW? =

(62)

where (62) is because of (61) and (63) is derived from the event E and the following argument
that

XL psw|? XEXos(X g Xos) T X GW)?
J

< 160 XL X.s/n|?| X7 W/fl!2

< 320%(s*1)*nlogp < innlogp

by (50) and the event E. The signal part ||PrX3*||? is lower bounded by

| X351 — Ps) X
(I = Ps) Xl

1P X (| > (I - Ps)Xll1B]1 — >

1eS*N(SU{j})e

1671,

where the first term on the right hand side above is lower bounded by /9n/10|3;| by (61),
and the second term is upper bounded by

y *J *,| | X PsX .|
> e o N e <7 *1/9
les*n{j}e les*nse

due to (61), (50), 7s* < 1/9 and the fact |B;| = maxyp, [B;]. Therefore, |PrXp*[| >
VilB;1/7. When || > 400C1y/ 2, we have —g||PrX5*|* + f|| PEW|* < —2CFlogp.

n ?
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Plugging this bound into (60), we have :j((;)) < §62D+1+/\2p—(2012—21)—1), which implies
S w®e- Y S usu e < Yeprotyecio
|S|<(1+6)s* IS]<(146)s*
jgs jgs
By letting Cy = 400C], a mathematical induction argument in [15] leads to a bound on the
second term of (55) that
> w(S)g < p~,

|S|<(1+8)s*

I185¢ lloo>Ca/ 1252

for some constant C3 depending on C4, D, A\. Moreover, Cjs is increasing with Cj.
Finally, combining the bounds for the four terms in (55), we get

EH(HB B oo > M\/logpjy>

= 26)\2/2 ~(5-17) +p —Cs +p (C%p 1> 4 = C's"log ik
< p &
for some M, C4 depending on p, A, D. .

Proof of Theorem 6.2. For Br, we use ||-[| to denote the {2 norm as || Br|| = /> jer Bf]

Let us first establish (19) and (20). The proof is close to that of Theorem 4.1. By the
definition of the prior, the posterior distribution has formula

o =) = S w

where R(T,U) is defined by

|7
<\)\f> / o= 3 (Br07¢)=B*|*+(W,(Br,07¢)—B*)— MBrlgB,,
™ (B1,07c)eU

R(T) = R(T,RP*™) and

a(T) = exp (—D (]r(T)\ log ’ﬁ)‘ + T log ”””;ﬁT)'» :

Moreover, for a set of subsets A, the posterior distribution can be written as

> rea(T)R(T)

2 o(T)R(T)
We need to give a lower bound for R(T™) with T* = S* x [m] and give upper bounds for
R(T) and R(T,U). For each subset T, define the following events

(T € A]Y) = (65)

!()\

Fr = {|<W, (Br,0pe) — B¥)| < \/01 (ms* + s*log ii’) | (Br, Ope) — B¥|| for all By € RlTl}

By = {|<m<BT,0Tc>—B*>|s\/01 (m|r<T>+|r< Jlog )||<BT,0TC> B foranBTeRT'},
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for some constant C; > 0 to be determined later. A special case of Lemma 7.1 gives

P(E%) —(Pcl/l6 6)(m|T(T)|+|T(T)|1Og \r(T)\) and ]P)(FYC«) < 265m|r( )| — pcl (ms +s5* log & )
(66)
The same arguments used for deriving (29), (36) and (42) imply
R(T*) 2 €—>\||B*||—(1+)\+)\*1)ms*, (67)
R(T)]IE < (2)\)|T|62>\2_)\||B*||+201 (mlr(T)|+|r(T)\log 7‘T(e§)‘) (68)
T — )
R(T, U)HFT < (2\/§A)‘T|62)\2*/\“B*H*(%M’201)(m5*+5*10g %3)7 (69)

with U = {||B — B*|| > M (ms* + s*log 2) }. Let A = {|r(T)| > (1+6)s*}. By the formula
(65) and the inequalities (67) and (68), we have

EII(T € A]Y)
a(T) . R(T)
< ~E e, + P(EY)
2 ) SRy e 2P
< oG24 D)(ms" 45" log ) Z Z —(D—C5)(ms+slog <) Z o~ DIT|log T3¢
s>(14-0)s* S:|S|=s T:r(T)=S

Z Z e—(pC1/16—7 (ms+slog ?)

s>(1440)s* S:|S|=s
< 670’(m5*+s* log :—f)

for some sufficiently large D with Cy only depending on Cy and A and C’ only depending on
D, p, X. By the formula (64) and the inequalities (67) and (42), we have

EII(B € U|Y)
o(T) R(T,U (o kL o o €D
: Tgc a((T*))E R(( ))HFT m;fp Ff) + 0 (met o )
< o (GM-Ga-D)(mst+sTlog E) - §7 N7 oDimstslos ) §7 - ~PITHos iy
s<(146)s* S:|S|=s T (T)=S
19 g (ms*+s7log ) Z Z ebms | (ms*+s* log <2)
<(146)s* S:|S|=s

< 6—0”(m5*+s* log :—5)

for some sufficiently large M with C5 only depending on C; and A\ and C” only depending
on D, p, . Hence, (19) and (20) are proved.

Now let us proceed to prove (21). We are going to use the similar argument as that of
Theorem 6.1. Note that the posterior distribution can be represented as

ST (V) = 3 w(T)L(Yr, \) @ or,
T T
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where II(T|Y) = w(T) and Iy (-|Y) = L(Y7, \) ® dpe with

|T| 1 2
w(T) <\;\7?> a(T) Ny, re2 Y717,

The distribution By ~ L£(Y7, A) is defined through the density function

-1 _—2||Br—Y7|>~)||Br||
J\/YT’)\e 2 ,

where Ny, ) is the normalizing constant defined in (53). Define the event

E = max Wii| < Civ/log(pm
{u,j)e[p]x[m]' il < Crvloglp )}

for some constant C7 > 0. We have

B (|IB = Bl > M/log(pm)|Y)

< E ) wDir <||BT — Y7l > ;M\/log(pm)‘Y> Iz +E > w(T)Ig

st r(T)<4+0)s”
B¢ |l oo >Ca2r/log(pm)

+P(E°) + EIL(Jr(T)] > (1 +9)s"|Y).
It is sufficient to bound the four terms in (70). The last term is bounded by (19). Using (5)

2

(et
and a union bound argument, we bound the third term in (70) as P(E°) < (pm) ( )
Using the same arguments in deriving (57) and (59), we have

1
Ty (||BT V|| > QM\/log(pm)’Y)

1
< Z exp <—2tM log(pm)) En, (e\/ﬁt\Bn—Ym Y)
(i.)eT
S 26)\2/2pme—%tM\/m+t2 S 26)‘2/2(pm)_(%_2)

by choosing t = /log(pm). This bounds the first term of (70). Now let us provide a bound
for the first term of (70). Given some (i,7) € [p] x [m], for any subset T" such that (i,7) ¢ T,
use the notation 77 = T U {(i,7)}. To facilitate the proof, we need an upper bound for
w(T)/w(T") on the event E. Direct calculation gives

W) _ V7 olT) Noga sy

w(T) A aT") Ny,
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for some constant C) only depending on A, we have w(T')/w(T") < C’A@(epm)‘{we)‘m”_%yg’

The inequality (71) will be established in the end of the proof. Since

1 1
Yyl =3Y5 < W= 3Y)
9o 1 0 1”72 2 1
S A _é(Bij) +Z z'jS)‘ _ch log(pm)

when |B};| > 2C14/log(pm) on the event E. Hence,

Let Cy = 2Cy and define {(i1,1), ..., (ig; Jg)} to be the set such that [B} ;
for all I € [¢]. Then, we have

{IBTelloo > C2v/log(pm)} C Upeiq{ (i1, 5i) ¢ T},

| > 2C4+/log(pm)

which implies

w(T) .
> w(T) < - w(TUA{(i, 5i)})
T
(1) <(1+6)s” e reqriagny @ Y b
| Bfclloo>C24/log(pm)
\F 3D+ 102-3D) T o
(pm IS Y w@u{a)))
lelq) Te{T:(i1,51) €T}
< (pm)™©

by (72) for some constant C' with sufficiently large C;. Combining the bounds for the four
terms in (55), we reach the conclusion (21).
Finally, let us establish (71) to close the proof. By change of variable, we have

Ny,a _/ / =35 102l =AY D> HIb21 gy by
RITI-1

and

Nypox = / / 71 / () = 30all P e Y D2 P8 g, i
R

Therefore, triangle inequality implies

_1p2_ _ _ 1 — -
Ny ZNYT,A/S 50N g MV IVl > ot =AY,
R

-1
where C), = (fR e_%bQ_)“b‘db) . Thus, the proof is complete. O
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