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Abstract

Driven by a wide range of applications in high-dimensional data analysis, there has
been significant recent interest in the estimation of large covariance matrices. In this
paper, we consider optimal estimation of a covariance matrix as well as its inverse over
several commonly used parameter spaces under the matrix ¢; norm. Both minimax
lower and upper bounds are derived.

The lower bounds are established by using hypothesis testing arguments, where at
the core are a novel construction of collections of least favorable multivariate normal
distributions and the bounding of the affinities between mixture distributions. The
lower bound analysis also provides insight into where the difficulties of the covariance
matrix estimation problem arise. A specific thresholding estimator and tapering esti-
mator are constructed and shown to be minimax rate optimal. The optimal rates of
convergence established in the paper can serve as a benchmark for the performance
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1 Introduction

Estimating covariance matrices is essential for a wide range of statistical applications.
With high-dimensional data becoming readily available, one is frequently faced with the
problem of estimating large covariance matrices. It is now well understood that in such a
setting the standard sample covariance matrix does not provide satisfactory performance
and regularization is needed. Many regularization methods, including banding, tapering,
thresholding and penalization, have been proposed. See, for example, Wu and Pourahmadi
(2003), Zou, Hastie, and Tibshirani (2006), Bickel and Levina (2008a, b), El Karoui (2008),
Lam and Fan (2009), Johnstone and Lu (2009), Cai, Zhang, and Zhou (2010), and Cai
and Liu (2011). However, the fundamental properties of the covariance matrix estimation
problems are still largely unknown.

The minimax risk, which quantifies the difficulty of an estimation problem, is one
of the most commonly used benchmark. It is often used as the basis for the evaluation
of performance of an estimation method. Cai, Zhang, and Zhou (2010) were the first to
derive the minimax rates of convergence for estimating a class of large covariance matrices
under the spectral norm and the Frobenius norm. Rate-sharp minimax lower bounds
were derived and specific tapering estimators were constructed and shown to achieve the
optimal rates of convergence. It was noted that the minimax behavior of the estimation
problem critically depends on the norm under which the estimation error is measured.

It is of significant interest to understand how well covariance matrices can be estimated
under different settings. Suppose we observe independent and identically distributed
p-variate random variables Xy,...,X,, and wish to estimate their unknown covariance
matrix ¥,, based on the sample {X;}. For a given collection B of distributions of X;
with a certain class of covariance matrices, the minimax risk of estimating > over B under

a given matrix norm || - || is defined as
R(B) = inf sup E||Z — ||,
X B

In the present paper, we establish the optimal rates of convergence for estimating the
covariance matrix ¥ = (aij)1§i7 j<p as well as its inverse over several commonly used
parameter spaces under the matrix ¢; norm. For a matrix A = (a;;), its £; norm is the
maximum absolute column sum, [[Al[; = max; >, |a; |-

In the high-dimensional setting, structural assumptions are needed in order to estimate
the covariance matrix consistently. One widely used assumption is that the covariance

matrix is sparse, i.e., most of the entries in each row/column are zero or negligible. An-



other common assumption used in the literature is that the variables exhibit a certain
ordering structure, which is often the case for time series data. Under this assumption,
the magnitude of the elements in the covariance matrix decays as they move away from
the diagonal. We consider both cases in the present paper and study three different types
of parameter spaces.

The first class of parameter spaces models sparse covariance matrices in which each
column (or row) (04;);;<, is assumed to be in a sparse weak {4 ball, as used in many
applications including gene expression array analysis. More specifically, denote by |0’[,ﬂ j‘

the k-th largest element in magnitude of the jth column (o;;) For 0 < g < 1, define

1<i<p’

Gy(pscnp) = {E = (Oij)lgi,jgp : 1H£1?%(p{|a[k}j|q} < cnp/k , Vk, and max (0i) < p}. (1)

In the special case ¢ = 0, a matrix in Gy(p, c,p) has at most ¢, , nonzero elements in
each column. The weak ¢/, ball has been used in Abramovich, Benjamini, Donoho, and
Johnstone (2006) for the sparse normal means problem. The parameter space G, contains
the uniformity class of covariance matrices in Bickel and Levina (2008b, page 5) as a

special case. The second class of parameter spaces under study is
Fo (p, M) = {2 tmax Y o[ {i: i — j| >k} < ME™®, Vk, and max (03;) < p} (2)
J - i

where a > 0, M > 0, and p > 0. The parameter « in (2), which essentially specifies the
rate of decay for the covariances o;; as they move away from the diagonal, can be viewed
as an analog of the smoothness parameter in nonparametric spectral density estimation.
This class of covariance matrices is motivated by time series analysis for applications such
as on-line modeling and forecasting. Note that the smallest eigenvalue of a covariance
matrix in the parameter space F, is allowed to be 0, which is more general than the
assumption at (5) of Bickel and Levina (2008a). The third parameter space is a subclass
of Fu:

Haolp, M) = {E Hoi| < M i —j|_(°‘+1) for i # 7 and max (o) < p}. (3)

This parameter space has been considered in Bickel and Levina (2008a) and Cai, Zhang,
and Zhou (2010).

We assume that the distribution of the X;’s is subgaussian in the sense that, for all
t >0 and all v e RP with |v|2 =1,

2

P{v'(X; — EX;)| >t} < e 2. (4)



Let P (Gq(p, cn,p)) denote the set of distributions of X; satisfying (1) and (4). The distribu-
tion classes P (Fq(p, M)) and P (Hqa(p, M)) are defined similarly. Our analysis establishes
the minimax rates of convergence for estimating the covariance matrices over the three
distribution classes P (Gq(p, cnp)), P (Falp, M)), and P (Ha(p, M)). By combining the
minimax lower and upper bounds developed in later sections, the main results on the
optimal rates of convergence for estimating the covariance matrix under the #; norm can

be summarized as follows.

Theorem 1 The minimazx risk of estimating the covariance matriz 3 over the distribution
class P (Gq(p, cnp)) satisfies

inf  sup E

~ 2 logp 1—q
_ 2
: 2—2H1Acn,p< > (5)
2 P(Gq(pscn,p))

n

under assumptions (7) and (8), and the minimaz risks of estimating the covariance matriz
Y. over the distribution classes P (Fo(p, M)) and P (Ha(p, M)) satisfy

2c
R 2 o 1 Za+1  p2
ir}fsupEHE—ZH = min {n_aﬂ + <—ng> , p—}, (6)
A 1 n n

where A =P (Fo(p, M)) or P (Ha(p, M)).

A key step in obtaining the optimal rates of convergence is the derivation of sharp
minimax lower bounds. As noted in Cai, Zhang, and Zhou (2010), the lower bound anal-
ysis for covariance matrix estimation has quite distinct features from those used in the
more conventional function/sequence estimation problems. We establish the lower bounds
by using several different hypothesis testing arguments including Le Cam’s method, As-
souad’s Lemma, and a version of Fano’s Lemma, where at the core are a novel construction
of collections of least favorable multivariate normal distributions and the bounding of the
affinities between mixture distributions. An important technical step is to bound the
affinity between pairs of probability measures in the collection; this is quite involved in
matrix estimation problems. We shall see that, although the general principles remain the
same, the specific technical analysis used to obtain the lower bounds under the /1 norm
loss is rather different from those used in the cases of the spectral norm and Frobenius
norm losses.

We then show that the minimax lower bounds are rate optimal by constructing explicit
estimators that attain the same rates of convergence as those of the minimax lower bounds.

In the sparse case, it is shown that a thresholding estimator attains the optimal rate of



convergence over the distribution class P (Gy(p, ¢n,p)) under the £; norm. The thresholding
estimator was originally introduced in Bickel and Levina (2008b) for estimating sparse
covariance matrices under the spectral norm; here we show that the estimator is rate-
optimal over the distribution class P (G4(p,cnp)) under the matrix ¢; norm. For the
other two distribution classes P (Fn(p, M)) and P (Ha(p, M)), we construct a tapering
estimator that is closely related to the recent work in Cai, Zhang, and Zhou (2010),
though the choice of the optimal tapering parameter is quite different. This phenomenon is
important in practical tuning parameter selection. For covariance matrix estimation under
the spectral norm, Bickel and Levina (2008a) suggested selecting the tuning parameter
by cross-validation and minimizing ¢ norm loss for convenience. However, even if the
cross-validation method selects the ideal tuning parameter for optimal estimation under
the ¢ norm, the resulting banding estimator can be far from optimal for estimation under
the spectral norm.

The rest of the paper is organized as follows. Section 2 focuses on minimax lower
bounds for covariance matrix estimation under the /1 norm. We then establish the mini-
max rates of convergence by showing that the lower bounds are in fact rate sharp. This
is accomplished in Section 3 by constructing thresholding and tapering estimators and
proving that they attain the same convergence rates as those given in the lower bounds.
Section 4 considers optimal estimation of the inverse covariance matrices under the /¢
norm. Section 5 discusses connections and differences of the results with other related
work. The proofs of the technical lemmas that are used to prove the main results are

given in Section 6.

2 Minimax lower bounds under the /; norm

A key step in establishing the optimal rate of convergence is the derivation of the mini-
max lower bounds. In this section, we consider the minimax lower bounds for the three
distribution classes given earlier. The upper bounds derived in Section 3 show that these
lower bounds are minimax rate optimal.

We work with various matrix operator norms. For 1 < r < oo, the matrix ¢, norm of
a matrix A is defined as

A
T
220 |zl fel-=1

The spectral norm is the matrix 5 norm; the ¢; norm is the “maximum absolute column

sum”, i.e., for a matrix A = (a;j), [|A][1 = max; ), |a;;[; the matrix ¢, norm is the



“maximum absolute row sum”, [|Aoc = max; >, [a;;|. Note that for covariance matrices
the ¢1 norm coincides with the ¢, norm and the spectral norm is the maximum eigenvalue.

Since every Gaussian random variable is subgaussian, it is sufficient to derive minimax
lower bounds under the Gaussian assumption. In this section, we consider independent
and identically distributed p-variate Gaussian random variables Xy, ..., X, and wish to
estimate their unknown covariance matrix ¥, under the ¢; norm based on the sample
{Xi}

Throughout the paper we denote by C, ¢, C1, ¢1, Cs, ca, ... etc. generic constants, not

depending on n or p, which may vary from place to place.

2.1 Minimax lower bound over P (G,(p,cnp))

We begin by considering the parameter space G, = G4(p, ¢np) at (1). The goal is to derive a
good lower bound for the minimax risk over G,(p, ¢, ). We focus on the high-dimensional
case where

p>nY withv > 1 (7)

cn,ng< " ) E (s)

log p
for 0 < ¢ < 1 and some M > 0. Theorem 2 below implies that the assumption

and assume that

D=

n,p n

details.

1—q
c? (logp > — 0 is necessary to obtain a consistent estimator. See Remark 1 for more

Our strategy for deriving the minimax lower bound is to carefully construct a finite
collection of multivariate normal distributions and to calculate the total variation affinity
between pairs of probability measures in the collection. The construction is as follows.
Let |z] denote the largest integer less than or equal z. Set k = LC""” (n/ logp)q/zJ. We
construct matrices whose off-diagonal elements are equal to 0 except the first row/column.
Denote by H the collection of all p X p symmetric matrices with exactly k off-diagonal
elements equal to 1 on the first row and the rest all zeros. (The first column of a matrix

in H is obtained by reflecting the first row.) Define
Go={X:X=1I,0or ¥ =1I,+aH, for some H € H}, (9)

where a = %

for some constant 7. Without loss of generality we assume that p > 1
in (1). It is easy to see that Gy C G4(p,cnp) when 71 is small. We pick the constant 7
such that 0 < 7 < min {1, ﬁ (v—1), ﬁg }. It is straightforward to check that with such
a choice of 11, Go C Gy(p, cnp).



We use Le Cam’s method to establish the lower bound by showing that there exists

some constant Cy > 0 such that for any estimator 3,

1 1—q
supEH2 zH el np<°gp> , (10)
n
which leads immediately to the following result.

Theorem 2 Suppose we observe independent and identically distributed p-variate Gaus-
sian random variables X, ..., X, with covariance matric Xy, € Gy(p,cnp). Under as-

sumptions (7) and (8), the minimax risk of estimating the covariance matriz X, satisfies

1 1—q
inf sup EHZ Z‘,H > Cyc? Cop < ng) (11)
X Gq(pscn.p) n

where Cy is a positive constant.

1 q
Remark 1 In Theorem 2, ¢,, is assumed to satisfy c¢,, < M <log p>2 ? for some
constant M > 0. This assumption is necessary to obtain a consistent estimator. If
1 a
Cnp > M (logp)2 2, we have
. 2 )
inf sup EHZ ZH > mf sup EHZ — ZHl >Ci1M

pINNe) (pscn,p) 1_4q
e * g, (M (125)7 %)

where the last inequality follows from (11). Furthermore by a similar argument as above,

—q
we need the condition C%m <l°§p ) — 0 to estimate X consistently under the ¢; norm.

Results in Section 3 show that the lower bound given in (11) is minimax rate optimal.
A threshold estimator is shown to attain the convergence rate given in (11).

Before we prove the theorem, we need to introduce some notation. Denote by m, the
number of non-identity covariance matrices in Gy. Then m, = Card (Gy) — 1 = (p ;1)
Let ¥,,,1 < m < m,, denote a non-identity covariance matrix in Gg, and let Xy be the
identity matrix I,. We denote the joint distribution and density of X;,Xo,...,X,, with
X; ~ N(0,%,,) by Pg,, and f,,, respectively, and take P = mi* S Py,

For two probability measures P and Q with density p and g with respect to any common
dominating measure u, write the total variation affinity |[P A Q| = [p A gdu. A major
tool for the proof of Theorem 2 is the following lemma which is a direct consequence of
Le Cam’s lemma (cf. Le Cam (1973), Yu (1997)).



Lemma 1 Let 3 be any estimator of 3, based on an observation from a distribution in

the collection {Px, ,m =0,1,...,my}, then

. 1 _ ‘
T T [EET ST S

0<m<m

Proof of Theorem 2: It is easy to see that

1 1-¢
inf S — Yol = k242 > Cac? <ng>
1<m<m. n

for some C5 > 0. To prove the theorem, it thus suffices to show that there is a constant
C'3 > 0 such that
|Ps, AP|| > Cs. (12)

That immediately implies

N 2 1 1 1—q
wp ez e (els-m])2 0, (22) o

0<m<m. 0<m<m. =4 n

which matches the lower bound in (11) up to a constant factor.
Now we establish the lower bound (12) for the total variation affinity. Since the affinity
f goAqrdp =1—1 f lgo — q1| dp for any two densities gg and ¢, Jensen’s Inequality implies

[/!%-fhldu] =</ qod,u>2§/(qo;70ql)du:/<g—§—l>du.

1 ai 1/2 . .
Hence [qo A qudp > 1 — 3 [f (q—(l) — > d,u} . To establish (12), it thus suffices to show
that

s[RI ()

The following lemma is used to calculate the term [ (fy,fi/fo — 1) in A.

q0 — q1
q0

Lemma 2 Let gs be the density function of N (0,%), s =0,m,l. Then

Il = [det (I — (S — L) (%1 — L)) 2.
90
Lemma 2 implies
Fmfi ( / M) = [det (T = (Sm — T) (51— L)) ™2,
fo 90
Let J(m,1) be the number of overlapping nonzero off-diagonal elements between ¥,, and

¥ in the first row. Elementary calculations yield that ||X,, — ||, = 2(k — J)a and

[det (I — (S — L) (S — L)Y =1 — Ja?,



which is 1 when J = 0. It is easy to see that the total number of pairs (¥,,,%;) such that

J(m,l) =jis (*.1) (’;) (P;:’f). Hence,

A= Ly oy /(M_1> =3 Y (0]

M 0<j<k J(m,l)= M 0<j<k J(m,l)=j

BT OO e

Note that

(1 —ja2)_n < (1 + 2ja2)n < exp (n2ja2) = p?md

where the first inequality follows from the fact that ja? < ka? < 71 M? < 1/2. Hence,

A~ Z (1;)((: 11)]k) i < 5 Z <I<:2 2n>

1<j<k k 1<j<k

g

/2
Recall that k = {Cnm (%)q J and ¢, p, <M (n/logp)%_2. So we have

271 q 271
12 p < sz n b
p—k P\logp) p—k

o2 n 1—q n q pzn
log p logp) p—k

2
12 <1 n ) " < o202,
ogp p

IN

IN

where the last step follows from the fact that 7, < (v — 1) / (4v). Thus A < Cn(1=1)/2 —
0, which immediately implies (12). 1

2.2 Minimax lower bounds over P (F,(p, M)) and P (Ha(p, M))

We now consider minimax lower bounds for the parameter spaces F, (p, M) and Hq(p, M).
We show that the minimax rates of convergence over these two parameter spaces are the
same under the ¢; norm. Since Hq(p, M) C Fo(p,2M/a), it thus suffices to establish the
minimax lower bound for H,(p, M).

As in Section 2.1, the basic strategy remains to carefully construct a finite collection of
multivariate normal distributions such that the covariance matrices are “far apart” in #;
norm and yet it is still “sufficiently difficult” to test between them based on the observed
sample. However, the specific construction and the technical tools used in the analysis are
quite different from those in Section 2.1. Here we mainly rely on Assouad’s Lemma and

a version of Fano’s Lemma given in Tsybakov (2009) to obtain the desired lower bound.



We define the parameter spaces that are appropriate for the minimax lower bound
argument. In this section we assume p > nTlﬁ The case p < nﬁ is similar and
slightly easier. Both lower bound and upper bound for this case will be discussed in
Section 3.2.1.

1

We construct parameter spaces separately for the cases p < exp <n2a+2> and p >

exp <nT1+2) For p < exp <nﬁ>, set k = LnﬁJ . Without loss of generality let p > 1.
Let 75 be a small constant to be specified later. Take the parameter space Fj; of 281
covariance matrices to consist of all p X p symmetric matrices with diagonal elements 1
and the first (k — 1) off-diagonal elements in the first row (and first column by symmetry)

equal to either 0 or 7on /2, with all other elements 0. Formally,

(I {Z =1,7= 3})p><p

k
Fun = {W) 1D (0) = L+ T2y 6, +(I{i=sj=1})

s=2

] 0= (0) € {0,1}“},
(14)

where I, is the p x p identity matrix.

We pick 75 such that 0 < 75 < min {M, M?, 1/16}. It is then easy to see that for any
¥ = (0iy) € Fu,

lon;] < Tan”F < k(@D < ppjm(etD)
for all 2 < j < k, and consequently |o; ;| < M]i — 7@t forall 1 < i # j < p. In
addition, we have max; (0;;) = 1 < p. Hence, the collection F11 C Ha(p, M).
1

For p > exp <nﬁ+2>, we set k = {(102;;) 2a+1J . Define the p x p matrix By, = (bij)pxp

by

bij=I{i=mandm+1<j<m+k—-1l,orj=mandm+1<i<m+k—1}.
In addition to Fq; we take
flgz{Em:Em:Ip+b 79 log pByy, 1§m§m*}, (15)
where b = (nk‘)_l/2 and m, = |p/k] — 1. It is easy to see that
2 k —2«
(bk)“logp = —logp < k
n

which implies
by/mologp < ME~1

as long as 79 < M2, and sup; (04;) = 1 < p. Then the collection Fia C Ha(p, M).

10



Let Fo = Fi11 UFpa. Tt is clear that Fy C Ha(p, M). It will be shown below separately

that for some constant Cy > 0,

~ 2 o
infsupE HZ — ZH > Cyn” o+, (16)
X Fn 1
2 1 ToT
A a+
ir}fsupEHZ—ZH zc4<°gp> . (17)
X Fio 1 n
Equations (16) and (17) together imply
2a
. 2 o 1 Za+1
infsupEHE — ZH > % [n_a_ﬂ + <ﬂ> ] ) (18)
S Fo 1 2 n

which yields the follow result.

Theorem 3 Suppose we observe independent and identically distributed p-variate Gaus-
sian random variables Xy, ..., X, with covariance matriz Xy, € Fo(p, M) or Ho(p, M).
The minimax risks of estimating the covariance matriz 3 satisfy, for some C > 0,

2a
o 1 2a+1
st 1 (222 ] 19)

. 2
infsupEHE—EH >
S 1 n

Y YeA

where A = Fo(p, M) or Ha(p, M).

It is shown in Section 3 that the rate of convergence given in the lower bound (19) is
optimal. A specific tapering estimat(;r is constructed and shown to attain the minimax
rate of convergence n”atl 4 (%) ﬁ.

We establish the lower bound (16) by using Assouad’s Lemma and the lower bound

(17) by using a version of Fano’s Lemma given in Tsybakov (2009).

2.2.1 Proof of the lower bound (16)

The key technical tool to establish (16) is the lemma in Assouad (1983). It gives a
lower bound for the maximum risk over the parameter set © = {0,1}"" for the problem
of estimating an arbitrary quantity v (f) belonging to a metric space space with metric
d. Let H(0,0") = >, |0; — 0!] be the Hamming distance on {0,1}", which counts the
number of positions at which § and ¢’ differ. Assouad’s Lemma provides a minimax lower
bound.

Lemma 3 (Assouad) Let © = {0,1}" and let T be an estimator based on an observa-

tion from a distribution in the collection {Py,0 € ©}. Then for all s > 0

(), (@)m
max 2°Eed® (T > m m Py A Pyl .
6o od (T, (6)) 2 H(Q,GI’I)lzl H (0,0 2 H(G,Gl’r)lzl IPo A Po|

11



Assouad’s Lemma is connected to multiple comparisons. In total there are m compar-
isons. The lower bound has three terms. The first term is basically the loss one would
incur for each incorrect comparison, the last term is the lower bound for the total prob-
ability of type one and type two errors for each comparison, and m/2 is the expected
number of mistakes one would make when Py and Py are not distinguishable from each
other when H (6,6') = 1.

We now prove (16). Let Xq,...,X, w N (0,%(0)) with 3 (0) € Fi1. Denote the
joint distribution by Py. Applying Assouad’s Lemma to the parameter space Fi; with

m =k — 1, we have

[Z0) == @), k-1

inf max 22E9H2—2(0)H >  min min ||Py A Py ||

$ 6e{0,1}k 1 H(0,0)>1 H (0,0 2 H(,0)=1
(20)
We state the bounds for the two factors on the right hand of (20) in two lemmas.
Lemma 4 Let X (0) be defined as in (14). Then
Y (0)—X (0
min H ( ) ( )”1 > Cn_1/2 (21)

H(6,0/)>1 H (0,0

for some ¢ > 0.

The proof of Lemma 4 is straightforward and is thus omitted here.

Lemma 5 Let Xy,...,X, YN (0,3(0)) with X (0) € F11. Denote the joint distribution

by Py. Then for some constant ¢; > 0

min ||P9 A PQIH > Cl.
H(0,0")=1

The proof of Lemma 5 is deferred to Section 6. It follows from Lemma 5, using
k= nﬁ, that

A 2 2 o
lI}f sup 22E9 HE ) (9)” > 62]{72 <n_1/2> = Cgk‘zn_l =con o1, 1
¥ X(0)eFn 1

2.2.2 Proof of the lower bound (17)

Consider the parameter space Fio defined in (15). Denote by Xy the p x p identity
matrix. Let f,, 1 < m < m, = [p/k] — 1, be the joint density of X;,Xa,...,X,, with
X; ~ N (0,%,,) where %,, € Fia. For two probability measures P and Q with density
p and ¢ with respect to a common dominating measure u, write the Kullback-Leibler
divergence as K(P,Q) = [plog gd,u.

12



The following lemma, which can be viewed as a version of Fano’s Lemma, gives a lower

bound for the minimax risk over the parameter set © = {6y, 601,...,60p, }.

Lemma 6 Let © = {0, : m =0,...,my} be a parameter set satisfying d (6;,0;) > 2s for
all 0 < i # j < my, where d is a distance over ©. Let {Pg : 0 € O} be a collection of

probability measures defined on a common probability space satisfying

Z K (Py,,,Pp,) < clogms

¥ 1<m<m,
with 0 < ¢ < 1/8. Let 6 be any estimator based on an observation from a distribution in
the collection {Pg,0 € ©}. Then

. N 2
sup Ed? (9,9) > 327m <1 —2c — ¢ ) .
0cO 14 /ms lOg M

We refer to Tsybakov (2009, Section 2.6) for more detailed discussions. Now let
O = Fi9, 0, = X, for 0 < m < m,, and let the distance d be the £1 norm. It is easy to
see that

1 klo

for all 0 <i#j<m,. (22)

The next lemma, proved in Section 6, gives a bound for the Kullback-Leibler diver-

gence.
Lemma 7 For all 1 < m < m,, distributions in the collection {Py,0 € O} satisfy
K (Py,,,Pp,) < 212 logp.

By taking the constant 7» sufficiently small, Lemma 7 yields that
1

Z K (Py,,,Pg,) < clog m

* 1<m<ms
for some positive constant 0 < ¢ < 1/8. Then the lower bound (17) follows immediately
from Lemma 6 and (22),

2a

. 2 1 TatT
inf sup E HE — EmH >C ( ng)
Y S,eFis 1 n

for some constant C' > 0. 1

13



3 Optimal estimation under the /; norm

In this section we consider the upper bounds for the minimax risk and construct specific
rate optimal estimators for estimation over the three distribution classes. These upper
bounds show that the rates of convergence given in the lower bounds established in Section
2 are sharp. More specifically, we show that a thresholding estimator attains the optimal
rate of convergence over the distribution class P (G4(p, ¢np)) and a tapering estimator is
minimax rate optimal over the distribution classes P (Fy(p, M)) and P (Hq(p, M)). The
two estimators are introduced and analyzed separately in Sections 3.1 and 3.2.

Given a random sample {X1,...,X,,} from a population with covariance matrix ¥ =

Y pxp, the sample covariance matrix is

n

SN (x-X) (X -X)",

=1

1
n—1

which is an unbiased estimate of 3, and the maximum likelihood estimator of 3. is
1< S o\ T
S = (o hi<ijp = — Y, (X1 = X) (X, - X) (23)
n =1
when the X;’s are normally distributed. The two estimators are close to each other for
large n. We construct thresholding and tapering estimators of the covariance matrix X

based on the maximum likelihood estimator >*.

3.1 Optimal estimation over P (G,(p, cn,))

Theorem 2 shows that the minimax risk of estimating the covariance matrix X, over

1—
the distribution class P (G,(p, ¢np)) has a lower bound of order ¢2 (logp > . We now

n,p n

prove that this rate is optimal by constructing a thresholding estimator and by showing

that this estimator attains the rate given in the lower bound.

*
27-]
satisfies the large deviation

Under the subgaussian assumption (4), the sample covariance o is an average of n

*
Z?]

result that there exist constants C7 > 0 and v > 0 such that

random variables with a finite exponential moment, so o

for |v| < §, where C1, v and § are constants that depend only on p. See, for example, Saulis

and Statulevicius (1991) and Bickel and Levina (2008a). The inequality (24) implies that

logp

o;; behaves like a subgaussian random variable. In particular for v = 4/ =2+ we have

P (|0;~‘j — aij| >v) < Cip~8. (25)
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We define a thresholding estimator as

R . . log p
0ij =055 -1 <’Uz’j’ > ) (26)

n

and set 3 = (Gij) pxp-
The following theorem shows that the thresholding estimator at (26) is rate optimal

over the distribution class P (Gy(p, cn.p))-

Theorem 4 The thresholding estimator by satisfies

logp> 1 (27)

. 2
sup EHE—EH SCC%J)(
P(Gq(psen,p)) 1 n
for some constant C' > 0. Consequently, the minimaz risk of estimating the covariance

matriz 3 the distribution classes P (Gq(p, cnp)) satisfies

inf sup E (28)

logp> 1
S P(Gq(pren.p))

n

2
3 - 2
£-3, Acn,p<

A main technical tool for the proof of Theorem 4 is the next lemma, which is proved

in Section 6.

Lemma 8 Define the event A;j by A;j = {|6’Z~j — 04| < 4min {|0ij| 2V 10%}}. Then
]P’(AZ]) >1-— 2C1p_9/2.

Lemma 8 will be applied to show that the thresholding estimator defined in (26) is

rate optimal over the distribution class P (G4(p, cnp))-

Proof of Theorem 4: Let D = (dij),; ;, With dij = (6i; — 0i;) I(Af;). Then

E Hz _ 2”? < 9E Hx _y - DH? +2E || D2

2
< 92F squ!&ij—Uij![(Aij) +2E||D|f;
Iy
] 2
. /logp 2
< 32 ’ 2K || D]|5 . 29
< [st;pz:mm{|0'z]|a’7 n } + || Hl ( )

1—
We will see that the first term in (29) is dominating and bounded by Ccfl’p (10%) q,
while the second term, E ||D||§ , is negligible.
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/2
Pick a k* such that (Cn,p/k*)l/q 2 10% > [enp/ (K* + 1)]1/[1’ which implies £* <1°%)q =

(14+0(1))cnp. Then we have

. [logp . [log p
me{]azj\,’y " } < Z+Z m1n{|0[i]j|a’}’ o
i i<k*  i>k*
. [logp Cnp\ 14

< Csk +05 ) (%)
" i>k* !
1 ] (1—q)/2

< 06 k* % _1_6711{; . (k‘*)_l/q L E* < C7Cn,p < 0§p> ’

which gives (27) if E ||D||§ = O (1) ; this can be shown as follows. Note that

E|ID|} < pZEd?j = pZE {[d}1(A5; 0 {645 = oi3}) + dI(AS; N {635 = 0}]}

_ pZE{ ~0y) I(Agj)}+pZEa§jI(Agjm{&,-j:o}:R1+R2,
]
where
S (SR LI RS ] YR K
< Cgp-p° % = Cg/n,

since P <Afj) < 2C,p~92 from Lemma 8, and

lo . log p
Ry = pY Eol (A0 {6y = 0}) =p > Eohl(oy| > 47| Z2D) (o] < v )
ij

n
]

/log log p
pZJZjEI |UZJ| >47 ) (|Uij| ‘ Z_] O-ZJ| </7 n )

<
ij
log . 3
< p) oIyl 2 4 B)1(|og; = o] > 7 loisl)
ij
b 2 ) log p
< ;Znaijclexp 552790 | Loul = 40/ =25)
ij
b 2 1 2 4 9 /log p
n%:[nam 1exp< 272710@))} exp( 72ncrw> (|0w|— v n )
< Cg%-pQ'p‘ﬁ‘*SCg/n. 1
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3.2 Optimal estimation over P (F,(p, M)) and P (H.(p, M))

We now turn to optimal estimation over the distribution classes P (F4(p, M)) and P (Ha(p, M)).
We construct estimators of the covariance matrix 3 by tapering the maximum likelihood
estimator X*. For a given even integer k with 1 < k < p, we define a tapering estimator

as

~

2 = 2]€ = (w,-ja;kj) (30)

pXp

where O';kj are the entries in the maximum likelihood estimator >* and the weights are
wig =k {(k =i = j1) 4 — (on — i — 44} (31)

with kj, = k/2. Without loss of generality we assume that k is even. Note that the weights

w;; can be rewritten as

1 when |i — j| < Ky,
wij = 2_“%' when kp, < |i—j| <k
0 otherwise.

See Figure 1 for a plot of the weights w;; as a function of i — j|.

Figure 1: The weights as a function of |i — j|.

This class of tapering estimators was introduced in Cai, Zhang, and Zhou (2010) for
covariance matrix estimation over the distribution class P (F4(p, M)), and was shown to

be minimax rate optimal under the spectral norm and Frobenius norm with appropriately

17



chosen tapering parameter k. The optimal choice of k critically depends on the norm
under which the estimation error is measured. We shall see that the optimal choice of the
tuning parameter under the ¢; norm loss is different from that under either the spectral
norm or the Frobenius norm. The tapering estimator defined in (30 )has an important
property: it can be rewritten as a sum of many small block matrices along the diagonal.

This special property is useful for our technical arguments. Define the block matrices

Uz*(m) = (O’?jf{l <i<l4+m,l<j<l +m})p><:0

and set

I=1—-m

for all integers 1 —m <[ <pand m > 1.
Lemma 9 The tapering estimator Xy, given in (30) can be written as
S = k! (S*(’“) - S*(’W> . (32)

We now consider the performance of the tapering estimator under the #; norm and es-
tablish the minimax upper bounds for the parameter spaces P (Fy(p, M)) and P (Hq(p, M)).
We will show that the minimax rates of convergence over these two parameter spaces are
the same under the ¢; norm. Since P (Hq(p, M)) C P (Fa(p,2M/c)), it thus suffices to
establish the minimax upper bound for P (F,(p, M)).

We focus on the case p > nﬁ The case p < nﬁ, to be discussed in Section 3.2.1,

is similar and slightly easier.
Theorem 5 Suppose p > nZO}T The tapering estimator S at (82) satisfies
. 2 k? + k1
supE 8 - 5 < oIR8 | pp2a (33)
A n

for k = o(n), logp = o(n), and some constant C > 0, where A = P (Fu(p,M)) or
P (Ho(p, M)). In particular, the estimator ¥ = 3, with

1
k‘:min{nﬁ, < n >2a+1} (34)
log p

2a
~ 2 o 1 2a+1
supEHZ _ ZH <C [n‘m + < ng> ’ ] , (35)
A 1 n

satisfies

where A =P (Folp, M)) and P (Ha(p, M)).
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Together with Theorem 3, Theorem 5 shows that the tapering estimator with the
optimal choice of the tapering parameter k given in (34) attains the optimal rate of
convergence over both P (F,(p, M)) and P (Ha(p, M)).

2
Proof of Theorem 5: It is easy to see that the minimum of % + k722 is attained

1 . _1
at k < n2+2 with the minimum value of order n o+ when p < exp <n2a+2). For

n
logp

—1 « . . .
p > exp (n 2a+2), the minimum is attained at k£ =< ( > ™1 and the minimum value is

2«
2a+1
of order <1°%> o

Note that ©* is translation invariant and so is 3. We assume EX; = 0 hereafter. Write
D¢ = li (X, -X) (X, -X)" = lf:XlXT—XXT
n =1 " =1 ,

where XX is a higher order term. Denote XX by G = (gij). Since Eg;; < C/n, it is

easy to see that

k1
5 <C ng, for k <n.
1 n n

<C

‘2 k?log p

E H(wijgij)pw

In what follows we ignore this negligible term and focus on the dominating term % Sy XleT.
Set & = L5 X X! and write > = (Gij)1<ij<p Let

Y = (WijGij)1<ij<p v

with w;; given in (31). To prove Theorem 5, it suffices to show

2a
. 2 a 1 Tatl
sup EHZ—ZH < Cn~ah +c<°gp> . (37)
a(P,M) 1
Let X; = (X}, X},... ,X;))T. We then write 7;; = % oy XfX]l-. It is easy to see
E&ij = Uij7 (38)
- Cq
Var(aij) § 7, (39)
for some Cq > 0.
It is easy to bound the bias part,
2
2
< _ < . < 2 —204.
HEE z:Hl < | max Z || < M2k (40)
Jili—j|>k
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We show that the variance

g 212 k* + k1
Mb—EﬂLg@—i—ﬁﬁ. (41)
It then follows immediately that
9 2 . o112 o 2 2 1
M@—zmg2Mb-Eﬂh+ﬂ@2-ﬂhgm§<ﬂifﬁﬁ+k4ﬁ.
n
This proves (37) and (33) then follows. Since p > nTlJr?, we can set
1 1
anJ , for p < exp (nm)
k= - (42)
Mlg )QQHJ , otherwise
ogp

and the estimator 3 with k given in (42) satisfies
1 2a
« 2a+1
w4 (2E2) ] .
n

It remains to show (41). The key idea in the proof is to write the whole matrix as an

~ 2
sfs -} <

Theorem 5 is then proved.

average of a large number of small block matrices, and for each small block matrix the
classical random matrix theory can be applied. The following lemma shows that the ¢
norm of the random matrix ¥ — EX. is controlled by the maximum of p number of the £
norms of k£ x k random matrices.

The next lemmas are proved in Section 6. Define

U™ = Gyl {i<i<l+ml<j<l+m}) (43)
for all integers 1 —m <[ <pand m > 1.
Lemma 10 Let 3 be defined as in (32). Then
[E-ES|| <3 _max | -EUP| .
1 1<i<p—k+1 1
Lemma 11 There exists a constant cg > 0 such that
2 2
]P’{HUl(m) - IEUl(m)H1 > ¢ <m7 + x2%>} < exp (—2x2) (44)

forallz>0and1 <[ <p.
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It follows from Lemmas 10 and 11 that
. 112 k2 + k1
Bl -us| <o (BRI 4 e

by plugging 22 = C4y max {m,log p} into (44), for some Cy > 0. 1
The lower bound given in Theorem 3 and the upper bound given in Theorem 5 together
show that the minimax risks over the distribution classes P (F,(p, M)) and P (Ha(p, M))

1
when p > n2e+2 | satisfy

2a
~ 2 a 1 2a+1
3 — EHl — ot + ( ng> . (45)
n

. 2
inf sup E HE — EH =<inf sup E
2 P(FalpM)) LB POHale M)

3.2.1 Optimal estimation over P (F,(p,M)) and P (H.(p, M)): the case of p <
nzat

For estimation over the distribution classes P (Fo(p, M)) and P (Ha(p, M)), for both the

minimax lower and upper bounds, we have so far focused on the high dimensional case

with p > nﬁ In this section we consider the case p < nﬁ and show that the minimax

risk of estimating the covariance matrix ¥ over the distribution classes P (F,(p, M)) and
P (Haolp, M)) satisfies

. 2 p?
infsupEHZ—ZH = —
A 1 n

where A =P (Fu(p, M)) and P (Ha(p, M)), when p < n¥a¥e,
This case is relatively easy. The upper bound can be attained by the sample covariance
matrix 3. By (41) with k = p we have,

2

2 1
P +plogp _ oo p® (46)
n

R 2
inf  sup EHE—EH <C
)) 1 n

S P(Falp,M

The lower bound can also be obtained by the application of Assouad’s Lemma and by

using the same parameter space Fi; with k = p, i.e.,
(I {Z =17= 3})p><p
T+ {i=57=1}),4

as in Section 2.2, where 7y satisfies 0 < 7o < min{M,1/16} such that the collection
F11 C Ha(p, M). We obtain, as at (20) in Section 2.2.1,

10 - @)lhp-1

P
Fi = {z: (6):2(0) = I, +7an~ 2> 6,

s=2

.0 = (85) € {0, 1}?‘1}

. 2
igfsupEHZ—ZHl > min ||Py A Py ||

S Fin  H(6,0)>1 H (6,0 2 H(0,0)=1
2 2
> ¢ <pn_1/2> > cl%. (47)
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Inequalities (46) and (47) together yield the minimax rate of convergence for the case
p < nEee,
A 2 N 2 p?
inf  sup EHE—EH =inf  sup EHE—EH = —. (48)
2 P(Falp:M)) L 8 P(Ha(pM) ten

Combining (45) with (48), the optimal rate of convergence over two distribution classes
P (Falp,M)) and P (Ha(p, M)) can be summarized as

2a
. 2 . 2 o 1 Za+1 2
inf  sup EHE—EH =inf  sup EHE—EH X minqn ofl + < ng> ) r
S P(FalpM)) L 2 P(Halp,M)) ! " "

4 Estimation of the inverse covariance matrix

In addition to the covariance matrix, the inverse covariance matrix 7! is also of significant
interest in many applications. The technical analysis given in the previous sections can
be applied to obtain the minimax rate for estimating ¥~ under the #; norm.

For estimating the inverse covariance matrix 37! it is necessary to require the ¢; norm

of ¥7! to be bounded. For a positive constant M; > 0, set

Gq(psenp, M1) = Gglpscnp) N {E : Hz_lul < Ml}, (49)
Falp, M,My) = Falp, M)n{S: |7, < M}, (50)
Halp, M, M1) = Halp,M)N{E:|S7H, < M}, (51)

and define P (G, (p, cnp, M1)) to be the set of distributions of X; that satisfy both (4) and
(49). The parameter spaces P (Fo(p, M, M7)) and P (Ha(p, M, My)) are defined similarly.

Assume that .
1 —q
2, () o 52

which is necessary to obtain a consistent estimator of ¥ under ¢; norm.
The following theorem gives the minimax rates of convergence for estimating 3 ~! over

the three parameter spaces.

Theorem 6 The minimaz risk of estimating the inverse covariance matriz X1 over the

distribution class P (Gq(p, cnp, M1)) satisfies

A 2 log p 1—¢q
Wty 21050 () o
Q P(Gq(pscn,p,M1)) 1 ’ n
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under assumptions (7) and (52), and the minimax risks of estimating the covariance
matriz ¥ over the distribution classes P (Fo(p, M, M1)) and P (Ha(p, M, My)) satisfy

2a
R 2 o 1 2o+l p?
infsup HQ — E_lH = min {n_a+1 + (—ng> ; p_} ) (54)
O A 1 n n

where A is P (Fo(p, M, My)) or P (Ha(p, M, My)).

Remark 2 For estimating the inverse covariance matrix X!, we have assumed the ¢;
norm of ¥~! to be uniformly bounded. This condition is satisfied if the variances o;; on
the diagonal of ¥ are bounded from below by some constant ¢y > 0 and the correlation

matrix is diagonally dominant in the sense that

O
max ol <l-¢ (55)
1§z§pj7#i \/0ii0 5
for some € > 0. This can be seen as follows. Define W), = diag (011, ..., 0pp), and write

Sl W—W-S)t=w 2 -v)ytw2,

where V = W~1/2(W — X) W~1/2. The assumption (55) implies that ||V, <1 —¢, so
(I - V)_l = ZVZ7
i=0
which implies
2 ,
-1 ~1/2 -1 —1 i -1
==, < |2 Ja-vY|, < % >V < (oe)

Proof of Theorem 6: The proof is similar to those for estimating the covariance matrix

>1. We only sketch the main steps below.

(I). Upper bounds. Let

R 5t if ©-1 exists, and Hi_IH <n
Q= 1 .

I otherwise
Define the event Ay = {2_1 exists, and “2_1“1 < n} On the event Ay we write
oz =57 (z-%) 2
so that
D e R G A N e e
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Note that

57, <[ e+ E-=)=) 7 1= < e éwﬂun’% (56)

where H = (2 — Z) ¥ ~!. Define
== <
Aa={[B-=], <<}
for some 0 < € < ﬁ It is easy to show that
P (AS) < CpnP (57)
for every D > 0, using (24), (44), and (52). On A3 we see that
1zl = | (E-=) =7, <ell=), <2
Since HE_lHl < M, which implies Hf]‘lul < 2M; on As by (56), we have
. 2 . 2 . 2
|22, = = -2 < cff2 -2
1 1 1
on As N Az. It is actually easy to see A3 C Ay and
. 2
o <o

Let B be one of the three parameter spaces P (Gy(p,cnp, M1)), P (Falp, M, My)), and
P (Haolp, M, M7)). We have
2

s%pEHQ—E_:lHI = s%pE{HfJ_l—Z_:lH?I(Ag)}—i- s%pE{HQ—Z*H?I(Ag)}

IN

. 2 . 2
CsupEHE—EH —|—C’n2supIP’(A§)SC’supEHE—EH ,
B 1 B B 1

where the last step follows from (57).

(IT). Lower bounds. We use an elementary and unified argument to derive the lower
bounds for estimating the inverse covariance matrices for all three parameter spaces. The
basic strategy is to directly carry over the minimax lower bounds for estimating > to the

ones for estimating 3 ~!'. The following is a simple but very useful observation. Note that
121 = ol = [|Z0 (B0 =221 Saf|, < IZally 120" =25, 112l

which implies
_ — -1 —1
1= =23l 2 =l B2 13— Zell, -
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If [|X]; < C and || X2|; < C for some C > 0, we have
15 =22, 2 7% - Bally - (58)

Equation (58) shows that a lower bound for estimating ¥ yields one for estimating ¥ 1
over the same parameter space.

We first consider the lower bounds for P (H.(p, M, M;)). Set Fo= Fi11 U Fi2, where
F11 and Fig are defined in (14) and (15), respectively. Over the parameter space Fi; the
proof is almost identical to the proof of the lower bound (16) in Section 2.2 except that

here we need to show

min HZ—l (0) —¥ (6/)“1 > ca
H(0,6)>1 H(0,0) -

instead of (21), for some ¢ > 0. Actually the inequality follows from (21) together with
(58), since ||X ()], and [|X (¢)]|, are bounded above by a finite constant. For Fjo the
lower bound argument is almost identical to the proof of the lower bound (17) by using a

version of Fano’s Lemma, except that we need

klogp

-1 -1
1% _Ej [1>1/c "

for some ¢ > 0 and all 0 < ¢ # j < m, instead of (22). The inequality follows from (22)
and (58).

The proof for the lower bound for the parameter space P (G4(p, ¢, p, M1)) is almost
identical to that of Theorem 2. The only different argument in the proof is that

. - 12 logp\' 4
I%f\\zml_zolulzccip( - >

for some C' > 0; this is true since ||3,,[|; is uniformly bounded from above by a fixed

constant. I

5 Discussions

In this paper we have established the optimal rates of convergence for estimating the
covariance matrices over the three commonly used parameter spaces under the matrix £
norm. Deriving the minimax lower bounds requires a careful construction of collections
of least favorable multivariate normal distributions and the application of different lower
bound techniques in various settings. The lower bound arguments also provide insight

into where the difficulties of the covariance matrix estimation problem arise.
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It is shown that the thresholding estimator originally introduced in Bickel and Levina
(2008b) for estimating sparse covariance matrices under the spectral norm attains the
optimal rate of convergence over the parameter space P (G,(p, ¢np)) under the matrix ¢;
norm. For minimax estimation over the other two parameter spaces P (Fq(p, M)) and
P (Ha(p, M)), a tapering estimator is constructed and shown to be rate optimal. For
estimation over these two parameter spaces, compared to the optimal tapering estimators
under the spectral and Frobenius norms given in Cai, Zhang, and Zhou (2010), the best
choice of the tapering parameter is different under the #; norm. Consider the case p > n.

The optimal choice of & under the ¢; norm is

) n \ zart
k1 = min < n2a+2, .
log p

1
In contrast, the best choice of k under the spectral norm is ko = n2e+1, which is always

larger than k;. For estimation under the Frobenius norm, the optimal choice of k& over
P (Haolp,M)) is krp = nﬁ This coincides with k1 when logp < nﬁ, and kr > kg
when logp > nﬁ

For estimation over the parameter spaces P (Fo(p, M)) and P (Hq(p, M)), it is also in-
teresting to compare with the banding estimator introduced in Bickel and Levina (2008a).

They considered the estimator
Yp = (o5I{li —j| < k})
and proposed the banding parameter

()
log p

Although this estimator was originally introduced for estimation under the spectral norm,

it is still interesting to consider its performance under the matrix ¢; norm. The estimator
[e3
. a+1 . . . . .
achieves the rate of convergence (%) under the matrix ¢; norm, which is inferior to

2a
2a+1  p2
o

the optimal rate min {n_a%l + (10%) } given at (6). Take for example o = 1/2

and p = eV". In this case (%) 2 = n_%, while the optimal rate is n=i. On the other
hand, it can be shown by using (44) that the banding estimator with the same optimal
k for the tapering estimator described at (34) of Section 3.2 is also rate optimal. In this
sense there is no fundamental differences between the tapering and banding estimators
for estimation over these two parameter spaces. We leave the detailed technical argument

to the readers.
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Our technical analysis also shows that covariance matrix estimation has quite different
characteristics from those in the classical Gaussian sequence estimation problems. John-
stone (2011) gives a comprehensive treatment of minimax and adaptive estimation under
the Gaussian sequence models. See also Abramovich, Benjamini, Donoho and Johnstone
(2006) for Gaussian sequence estimation in the context of wavelet thresholding. In the
matrix estimation problems, with the exception of the squared Frobenius norm loss, the
loss functions are typically not separable as in the sequence estimation problems. For
example, in this paper the loss function is not the usual squared vector ¢2 norm or vector

/1 norm, which are sums of elementwise losses, but is the matrix /1 norm,
L <E, E) = max E |Gij — oij] -
J

This loss can be viewed as the maximum of p number of ¢; losses for vectors and it cannot
be decomposed as a sum of elementwise losses. Similarly the spectral norm loss is also not
separable. This makes the theoretical analysis of the matrix estimation problems more
involved. In addition, each element J;kj of the sample covariance matrix is asymptotically
normal with the mean o;; and the standard deviation of order 1/4/n, but the o;;’s are
neither exactly normal nor homoskedastic as in the classical Gaussian sequence estima-
tion problems. In addition, the az’fj’s are dependent. These create additional technical
complications and more care is thus needed.

In Cai and Zhou (2011) and Cai, Liu, and Zhou (2011), we considered the problems of
optimal estimation of sparse covariance and sparse precision matrices under the spectral
norm. The spectral norm is bounded from above by the matrix /1 norm, but is often
much smaller than the matrix ¢; norm. The lower bounds in this paper are not sufficient
for optimal estimation in those settings. New and much more involved lower bounds
arguments are developed in Cai and Zhou (2011) and Cai, Liu, and Zhou (2011) to

overcome the technical difficulties there.

6 Proofs of technical lemmas

We prove the technical lemmas that are used in the proofs of the main results in the

previous sections.

Proof of Lemma 5: When H (0,6') = 1, Pinsker’s Inequality (see, e.g., Csiszar (1967))

implies
[Py — Poll} < 2K (o [Po) = n [tr (3 (¢') £(6) ") — logdet (% (&) £(6) ") — p] .
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For a matrix A = (ai;), let ||A|lp = ,/Z” 7;- It is easy to see that
tr (2 (0)20)7") —logdet (2 (0) =) ") —p < [2(0) - O]}
when ||X(0) —I||, < 1/4 and || X (0') — I||, < 1/4, and
IZ(0) = I, < [2(0) = Il < mabkn™"/? <y < 1/4
for 79 < 1/16. Inequalities (59) and (60) imply
1Py — Pyl < n || (6") =S (0)|[% = n- 273 (n_1/2>2 =212 < 1,

and the lemma follows immediately. 1

Proof of Lemma 7: When 75 < 1/16,

k1 1 “zart
I (9;) —Ill, < 12 (8;) — ||, < /mologp kb_,/TzTC’gI?:\/T—z<ogp> <14

n

Inequality (59) gives

K (Pg,,Pg,) < n S (0;) — £ (00)||5 < n - 2makb*logp < 2m2logp. B

Proof of Lemma 8: Let A4; = {

|Gij — 0ij| = |oij| - 1(A1) + |o7; — 045 - I(A]).

It is easy to see

* lo % lo
A= {|0ij—0ij+0ij|2’y ip}c{\‘%‘j—gij\z'y\/ ip—!%!}a

. lo N lo
andAf = {‘Uij_o'ij+0'ij|<’y ip}c{‘aij_aij‘>‘aij‘_’y gp}

by the triangle inequality. Note that (25) implies

* 3y [logp _
P(A) < P <‘%’ — o] > % 5 ) < Cip~"?,  when |oy| < F/ "L,
. [logp _ /
]P)(Ai) < P <‘O‘ij —O'Z'j| >y T) < Clp 87 when |Uij| > 2y lo%'
Thus
|01 \%! < Fy/ree
Gij —oij| = § |05 — o3| or || B2 < |oy| < 24/ REE
05— 0ij \U”] > 27y logp
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with a probability of at least 1 — Cyp~9/2 for all settings. Since

N lo _
P <‘Uij — oij] <y §p> >1-Cip%,

it then is easy to see that for each of the three settings above we have

) . logp
|aij—aij|§4mln{|0ij|77 . }

n

with a probability of at least 1 — 2C1p~%/2. g
Proof of Lemma 9: It is easy to see
kwij = #{l:0G,7)c{l,....l+2k=1}}—#{l:(4,5) c{l,..., 1+ k—1}}
= @k—li—jDs — (k=] =3+
which takes value in [0, k]. Clearly from the above, kw;; = k for |i — j| < k.1

Proof of Lemma 10: Set S =  m Ul(m). Without loss of generality we assume

that p can be divided by m. Set 5l(m) = l(m) - IEUl(m). By (32)
m m - (m)
|t —Est| <> ST el (61)
=1 ||-1<j < p/m 1

Since the 5j(-;n1)+l are diagonal blocks of their sum over —1 < j < p/m, we have

m) _pgm| < m | H (m)H
st e <moman, | B sl <m, s o],
<j < p/m 1

This and (32) imply the conclusion, since 5l(k) and 51(219) are all sub-blocks of a certain

matrix 51(219) with 1 <I<p—-2k+1. 1

Proof of Lemma 11: A key technical tool for the extension is the following lemma which
was established in Section 7 of Cai, Zhang, and Zhou (2010).

Lemma 12 There is a constant p1 > 0 such that
IP’{HUl(m) — EUl(m)H > a;} < 5™ exp (—nxzpl)

forall0 <z <pyandl —m <[ <p.
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Set co = 2/p1. From the fact || Apxml? < m || Amxm|? for any symmetric matrix

{le -] > (3 5))

< 5™exp (—co (m+27) p1)

(o tonton.

Apxm and Lemma 12, we have

oo - o (53}
1 n n

IN
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