Submitted to the Annals of Statistics

DISCUSSION: LATENT VARIABLE GRAPHICAL MODEL
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1. Introduction. We would like to congratulate the authors for their
refreshing contribution to this high-dimensional latent variables graphical
model selection problem. The problem of covariance and concentration ma-
trices is fundamentally important in several classical statistical methodolo-
gies and many applications. Recently, sparse concentration matrices esti-
mation had received considerable attention, partly due to its connection to
sparse structure learning for Gaussian graphical models. See, for example,
Meinshausen and Bithlmann (2006) and Ravikumar et al. (2008). Cai, Liu
& Zhou (2012) considered rate-optimal estimation.

The authors extended the current scope to include latent variables. They
assume that the fully observed Gaussian graphical model has a naturally
sparse dependence graph. However, there are only partial observations avail-
able for which the graph is usually no longer sparse. Let X be (p 4 r) —variate
Gaussian with a sparse concentration matrix S (*O’ H): We only observe Xp, p
out of the whole p + r variables, and denote its covariance matrix by X7,. In
this case, usually the p X p concentration matrix (E*O)_1 are not sparse. Let
S* be the concentration matrix of observed variables conditioned on latent
variables, which is a submatrix of SEEO’ o) and hence has a sparse structure,
and let L* be the summary of the marginalization over the latent variables
and its rank corresponds to the number of latent variables r for which we
usually assume it is small. The authors observed (Z"‘O)_1 can be decom-
posed as the difference of the sparse matrix S* and the rank r matrix L*,
ie., (26)_1 = S* — L*. Then following traditional wisdoms the authors nat-
urally proposed a regularized mazximum likelihood approach to estimate both
the sparse structure S* and the low rank part L*,

syl o (S = L)) —logdet (S = L) +xa (Y /1S, +tr (L))

where 3, is the sample covariance matrix, [|S||; = >, ;[sij|, and 7 and
Xn are regularization tuning parameters. Here tr (L) is the trace of L. The
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notation A > 0 means A is positive definite, and A > 0 denotes that A is
non-negative.

There is an obvious identifiability problem if we want to estimate both
the sparse and low rank components. A matrix can be both sparse and low
rank. By exploring the geometric properties of the tangent spaces for sparse
and low rank components, the authors gave a beautiful sufficient condition
for identifiability, and then provided very much involved theoretical justi-
fications based on the sufficient condition, which is beyond our ability to
digest them in a short period of time in the sense that we don’t fully under-
stand why those technical assumptions were needed in the analysis of their
approach. Thus we decided to look at a relatively simple but potentially
practical model, with the hope to still capture the essence of the problem,
and see how well their regularized procedure works. Let ||-||,_,; denotes the
matrix [; norm, i.e., ||S];_,; = maxi<i<p Z§:1 |sij|. We assume that S* is
in the following uniformity class,

(1)

p
o0 (p) My) = 4.8 = (5 8 = 018 Th sy < My unx D3 4oy # 0} <30 0)
j:

where we allow sq (p) and M), to grow as p and n increase. This uniformity
class was considered in Ravikumar et al. (2008) and Cai, Liu and Luo (2011).
For the low rank matrix L*, we assume that the effect of marginalization over
the latent variables spreads out, i.e. the low rank matrix L* has row/column
spaces that are not closely aligned with the coordinate axes to resolve the
identifiability problem. Let the eigen-decomposition of L* be as follows

To(p)

(2) L* = Z Nugul
i=1

where ro(p) is the rank of L*. We assume that there exists a universal con-
stant co such that [lu;l|,, < /< for all 4, and [[L*[|;_,; is bounded by M,

which can be shown to be bounded by ¢org. A similar incoherence assump-
tion on w; was used in Candes and Recht (2008). We further assume that

(3) /\max(Z*O) < M7 and Anlin(E?)) > 1/M

for some universal constant M.

As discussed in the paper, the goals in latent variable model selection
are to obtain the sign consistency for the sparse matrix S* as well as
the rank consistency for the low rank semi-positive definite matrix L*.
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Denote the minimum magnitude of nonzero entries of S* by @, ie., 6 =
min; j |si;| 1{si; # 0}, and the minimum nonzero eigenvalue of L* by o, i.e.,
0 = minj<j<y, A;. To obtain theoretical guarantees of consistency results
for the model described in (1), (2) and (3), in addition to the strong irrep-
resentability condition which seems to be difficult to check in practice, the
authors require the following assumptions (by a translation of the conditions
in the paper to this model) for 6,0 and n:

(1) 6 2 +/p/n, which is needed even when sy(p) is constant;

(2) o = s3(p)\/p/n under the additional strong assumptions on the Fisher
information matrix 37, ® Xf, (see the footnote for Corollary 4.2);

(3) n 2 s4(p)v/p/n.

However, for sparse graphical model selection without latent variables,
either [;-regularized maximum likelihood approach (see Ravikumar et al.
(2008)) or CLIME (see Cai, Liu and Luo (2011)) can be shown to be sign
consistent if the minimum magnitude nonzero entry of concentration ma-
trix 6 is at the order of /(logp) /n when M, is bounded, which inspires
us to study rate-optimalites for this latent variables graphical model se-
lection problem. In this discussion, we propose a procedure to obtain an
algebraically consistent estimate of the latent variable Gaussian graphical
model under much weaker condition on both 6 and o. For example, for a
wide range of sg (p), we only require 6 is at the order of y/(logp) /n and o is
at the order of y/p/n to consistently estimate the support of S* and the rank
of L*. That means the regularized mazximum likelihood approach could be far
from being optimal, but we don’t know yet whether the sub-optimality is
due to the procedure or their theoretical analysis.

2. Latent Variable Model Selection Consistency. In this section,
we propose a procedure to obtain an algebraically consistent estimate of the
latent variable Gaussian graphical model. The condition on 6 to recover the
support of S* is reduced to that in Cai, Liu and Luo (2011) which studied
sparse graphical model selection without latent variables, and the condition
on o is just at an order of y/p/n, which is smaller than s3 (p) \/p/n assumed
in the paper when sg (p) — oo. When M, is bounded, our results can be
shown to be rate-optimal by lower bounds stated in Remarks 2 and 4 for
which we are not giving proofs due to the limitation of the space.

2.1. Sign Consistency Procedure of S*. We propose a CLIME-like esti-
mator of S* by solving the following linear optimization problem,

min [|S]|; subject to ||E3HS — I < 7o, S € RPXP,
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where ¥y = (0;;) is the sample covariance matrix. The tuning parameter

log p
n

(éb) be the solution. The CLIME-like estimator S = (&;;) is obtained by

Tp is chosen as 7, = C1M, for some large constant Cp. Let 5'1 =

symmetrizing S; as follows,
Sij = 850 = 81 {[855] < 85} 85,1 {[355] > 8

In other words, we take the one with smaller magnitude between §Z-1j and §j1z
We define a thresholding estimator S = (5;;) with

(4) 8ij = i1 {|545] > OMpT}

to estimate the support of S*.
Theorem 1 Suppose that S* € U (so (p) , Mp),

(5) Vlogp)/n = o(1), and |IL*o, < Myr.

With probability greater than 1 — Csp~ for some constant Cy depending on
M only, we have

fs-s

< IM,7,.

o0

Hence if the minimum magnitude of nonzero entries 0 > 18M,7,, we obtain
the sign consistency sign (5’) = sign (S*). In particular, if M, is in the
constant level, then to consistently recover the support of S*, we only need

that 0 < +/(logp)/n.

Proof. The proof is similar to the Theorem 7 in Cai, Liu and Luo (2011).
The subgaussian condition with spectral norm upper bound M implies that
each empirical covariance 0;; satisfies the following large deviation result

P (|gi; — 0ij] > t) < Csexp <—C§2nt2> , for |t| < ¢,
2

where Cs, Cy and ¢ only depends on M. See, for example, Bickel and Levina
(2008). In particular for ¢ = Ca4/(logp) /n which is less than ¢ by our

assumption we have
(6) P([S5 = EBll > 1) <Y P(1555 — 03l > 1) <p*- Cop™™.
i’j
Let

A={I%5 - T3l < C2v/ogp)/n} .

imsart-aos ver. 2011/12/06 file: Discussion02182012.tex date: February 17, 2012



Equation (6) implies P (A4) > 1 — Csp~5. On event A, we will show
(7) |57 =19 =8| <8y,

which immediately yield

Now we establish Equation (7). On event A, for some large constant C; >
2C, the choice of 7, yields

5 SH = H(S* -1 - SIH + 1L oo < 8MpTn + MyTn = IMT.

(8) 2Mp X6 = Xo oo < 7

By the matrix [; norm assumption, we could obtain that
-1
9) |=67

From (8) and (9) we have

) S NSy Lo < 2M,.
—1

15 (5" = 2% ~ Tl = |[(Z5 = £5) (£5) ™" _ <11Z6 — Zollo ||E6) 71|, < 7

1-1
which implies
(10)
|26 (57 1) - £881|| < ImB (5" = L) ~ Il + ||EBS — 1| <2m.
From the definition of 5’1 we obtain that

(11) |5, <87 = Lol < 20,

which, together with Equations (8) and (10), implies

A

[ (5= 2 =51,

A

27 + 136 — Yol

-1
1—=1
< 27, +4AM, ||E0 — 20 o < 47

Thus we have

-] < (2 -:) | <

1—1 00
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Remark 1 By the choice of our 1, and the eigen-decomposition of L*, the
condition |L*|| ; < My7, holds when ro(p)Co/p < C1MZ+/(logp) /n, i.e.,
p*logp = nr} (p)Mp_4. If M, is slowly increasing (for instance P47 for any
small T > 0), the minimum requirement 6 < ng/(logp) /n is weaker than

0 = \/p/n required in Corollary 4.2. Furthermore, it can be shown that the
optimal rate of minimum magnitude of nonzero entries for sign consistency

is 0 < M,+/(logp)/nas in the Cai, Liv and Zhou (2012).

Remark 2 Cai, Liu and Zhou (2012) showed the minimum requirement for
6, 0 < My,\/(logp)/n is necessary for sign consistency for sparse concentra-
tion matrices. Let Ug(c) denote the class of concentration matrices defined

in (1) and (2), satisfying assumption (5) and 6 > cMy+/(logp)/n. We can
show that there exists some constant c; > 0 such that for all 0 < ¢ < ¢y,

nlg]go (gni) zj;I(Ic))P <3ign <5‘) # sign (S*)) >0

similar to Cai, Liu and Zhou (2012).

2.2. Rank Consistency Procedure of L*. In this section we propose a
procedure to estimate L* and its rank. We note that with high probability
Y3 is invertible, then define L= (Eg)_l — S, where S is defined in (4).
Denote the eigen-decomposition of L by Y27 Ai(L)v;ol, and let A(L) =

)
Ai(L)1 {)\z(f)) > Cs \/g } where constant C5 will be specified later. Define

L =37  \(L)vvl. The following theorem shows that estimator L is a
consistent estimator of L* under the spectral norm and with high probability

rank (L*) = rank (f})

Theorem 2 Under the conditions in Theorem 1, we assume that

1 P
12 Z2<—— and M?so(p) < .
(12) ¢;_1&@M2 pO@L‘VMw

Then there exists some constant C3 such that

< C':a\/5
n

with probability greater than 1 — 2e™P — Csp~ 8. Hence if o > 2Cs P, we
have rank (L*) = rank <1~L> with high probability.

S

Hﬁfﬁ
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Proof. From the Corollary 5.5 of the paper and our assumption on the
sample size, we have

P <HEB 35| >V 128M\/§> <2exp(—p).
n

Note that Anin (X)) > 1/M, and \/128M\/% <1/ (2M) under the assump-

tion (12), then A\pmin(X§) > 1/ (2M) with high probability, which yields the
same rate of convergence for the concentration matrix, since
(13)

o1 - | < | emey | w16 — 361 < 2vr2vizSar 2 = 16vane, 2.

From Theorem 1 we know

sign (S) = sign (S*), and HS - S*

< IM,7,

o0

with probability greater than 1 — Csp~°. Since || B|| < ||B|,_,; for any sym-
metric matrix B, we then have

[log p
< = 2 —_—.
Ly S0 (p) IMpT, = 9C1 M ;50 (p) -

Equations (13) and (14), together the assumption Mgso(p) <, /logp, imply

(14) HS e

SHS—S*

~

L-L*

< o) - @)+ 5 -5

n

1
< 16v2M3 \/g+9C’1M§so (p) 1/ 282

with probability greater than 1 —2e™” — Cyp~ 6. m

Remark 3 We should emphasize the fact that in order to consistently esti-
mate the rank of L* we need only that o > 2C4 \/g, which is smaller than

sg (p) \/% required in the paper (see the footnote for Corollary 4.2), as long

as Mgso(p) < logp. In particular, we don’t explicitly constrain the rank
ro(p). One special case is that M, is constant and so(p) = pl/2=7 for some

small 7 > 0, for which our requirement is \/% but the assumption in the

paper is at an order ofpg(l/z_T)\/%.
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Remark 4 Let Uy (c) denote the class of concentration matrices defined in
(1), (2) and (3), satisfying assumptions (12), (5) and o > c\/z. We can

n
show that there exists some constant ca > 0 such that for all 0 < ¢ < ca,

nh_)n;o (151’15 ;B(E))P (rank: (ﬁ) # rank (L*)> > 0.

The proof of this lower bound is based on a modification of a lower bound
argument in a personal communication of T. Tony Cai (2011).

3. Concluding Remarks and Further Questions. In this discus-
sion we attempt to understand optimalities of results in the present paper
by studying a relatively simple model. Our preliminary analysis seems to in-
dicate that their results in this paper are sub-optimal. In particular we tend
to conclude that assumptions on 6 and ¢ in the paper can be potentially very
much weakened. However it is not clear to us whether the sub-optimality
is due to the methodology or just its theoretical analysis. We want to em-
phasize that the preliminary results in this discussion can be strengthened,
but for the purpose of simplicity of the discussion we choose to present
weaker but simpler results to hopefully shed some lights on understanding
optimalities in estimation.
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