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The singular subspaces perturbation theory is of fundamental importance
in probability and statistics. It has various applications across different fields.
We consider two arbitrary matrices where one is a leave-one-column-out sub-
matrix of the other one and establish a novel perturbation upper bound for the
distance between two corresponding singular subspaces. It is well-suited for
mixture models and results in a sharper and finer statistical analysis than clas-
sical perturbation bounds such as Wedin’s Theorem. Powered by this leave-
one-out perturbation theory, we provide a deterministic entrywise analysis for
the performance of the spectral clustering under mixture models. Our analysis
leads to an explicit exponential error rate for the clustering of sub-Gaussian
mixture models. For the mixture of isotropic Gaussians, the rate is optimal
under a weaker signal-to-noise condition than that of Loffler et al. (2021).

1. Introduction. The matrix perturbation theory [36, 4] is a central topic in probabil-
ity and statistics. It plays a fundamental role in spectral methods [10, 18], an umbrella term
for algorithms involving eigendecomposition or singular value decomposition. It has a wide
range of applications including principal component analysis [1, 7], covariance matrix esti-
mation [14], clustering [38, 33, 34, 29], and matrix completion [27, 13], throughout different
fields such as machine learning [5], network science [31, 2], and genomics [19].

Perturbation analysis for eigenspaces and singular subspaces dates back to seminal works
of Davis and Kahan [11] and Wedin [40]. Davis-Kahan Theorem provides a clean bound for
eigenspaces in terms of operator norm and Frobenius norm, and Wedin further extends it
to singular subspaces. In recent years, there has been growing literature in developing fine-
grained /, analysis for singular vectors [2, 14] and {3 o, analysis for singular subspaces
[24, 9, 6, 3], which often lead to sharp upper bounds. For clustering problems, they can be
used to establish the exact recovery of spectral methods, but are usually not suitable for low
signal-to-noise ratio regimes where only partial recovery is possible.

In this paper, we consider a special matrix perturbation case where one matrix differs
from the other one by having one less column and investigate the difference between two
corresponding left singular subspaces. Consider two matrices

(1) Y =1, .. yn_1) €RP*CVand V = (y1,...,yn_1,yn) € RP*",

where Y is a leave-one-column-out submatrix of Y’ WitAh the last column removed. Let U, and
U, include the leading r left singular vectors of Y and Y', respectively. The two corresponding

left singular subspaces are span(U,) and span(U,.), where the former one can be interpreted
as a leave-one-out counterpart of the latter one.
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We establish a novel upper bound for the Frobenius norm of U, U;‘F — U, U to quantify the
distance between the two singular subspaces span(U,) and span((]}). A direct application of
the generic Wedin’s Theorem leads to a ratio of the magnitude of perturbation (I — U, U )y,
to the corresponding spectral gap o, — 0,41. We go beyond Wedin’s Theorem and reveal that
the interplay between U, U y,, and (I — U, U] )y,, plays a crucial role. Our new upper bound
is a product of the aforementioned ratio and a factor determined U! y,,. That is, informally
(see Theorem 2.1 for a precise statement),

N =00 |

Or — Or41

HU ur - u, UTH x a factor from U y,,.

When this factor is smaller than some constant, it results in a sharper upper bound than
Wedin’s Theorem. The established upper bound is particularly suitable for mixture models
where the contributions of U, y,, are well-controlled, and consequently provides a key toolkit
for the follow-up statistical analysis on spectral clustering.

Spectral clustering is one of the most popular approaches to group high-dimensional data.
It first reduces the dimensionality of data by only using a few of its singular components,
followed by a classical clustering method such as k-means to the data of reduced dimension.
It is computationally appealing and often has remarkably good performance, and has been
widely used in various problems. In recent years there has been growing interest in theoretical
properties of spectral clustering, noticeably in community detection [2, 23, 17, 32, 33,43, 15,
30, 22]. In spite of various polynomial-form upper bounds in terms of signal-to-noise ratios
for the performance of spectral clustering, sharper exponential error rates are established in
literature only for a few special scenarios, such as Stochastic Block Models with two equal-
size communities [2]. Spectral clustering is also investigated in mixture models [29, 25, 1,
12, 39, 35]. For isotropic Gaussian mixture models, [25] shows spectral clustering achieves
the optimal minimax rate. However, the proof technique used in [25] is very limited to the
isotropic Gaussian noise and it is unclear whether it is possible to be extended to either
sub-Gaussian distributed errors or unknown covariance matrices. Spectral clustering for sub-
Gaussian mixture models is studied in [ 1] but only under special assumptions on the spectrum
and geometry of the centers. It requires eigenvalues of the Gram matrix of centers to be all in
the same order and sufficiently large, which rules out many interesting cases.

We study the theoretical performance of the spectral clustering under general mixture mod-
els where each observation X; is equal to one of k& centers plus some noise ¢;. The spectral
clustering first projects X; onto (A]lT:rXi where Uy, includes the leading 7 left singular vectors
of the data matrix, and then performs k-means on this low-dimensional space. Powered by
our leave-one-out perturbation theory, we provide a deterministic entrywise analysis for the
spectral clustering and show that whether X; is correctly clustered or not is determined by

UTZ 1.r€i Where U_Z 1.~ 18 the leave-one-out counterpart of Ul .- that uses all the observations

except X;. The independence between U —i,1:r and ¢€; enables us to derive explicit error risks
when the noises are randomly generated from certain distributions. Specifically:

1. For sub-Gaussian mixture models, we establish an exponential error rate for the perfor-
mance of the spectral clustering, assuming the centers are separated from each other and
the smallest non-zero singular value is away from zero. Our conditions are more gen-
eral than those needed in [1]. To remove the spectral gap condition, we further propose
a variant of the spectral clustering where the number of singular vectors used is selected
adaptively.

2. For Gaussian mixture models with isotropic covariance matrix, we fully recover the results
of [25]. Empowered by the leave-one-out perturbation theory, our proof is completely
different and is much shorter compared to that of [25]. In addition, the signal-to-noise
ratio condition of [25] is improved.
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3. For a two-cluster symmetric mixture model where coordinates of the noise ¢; are indepen-
dently and identically distributed, we provide a matching upper and lower bound for the
performance of the spectral clustering. This sharp analysis provides an answer to the opti-
mality of the spectral clustering in this setting: it is in general sub-optimal and is optimal
only if each coordinate of ¢; is normally distributed.

Organization. This paper is organized as follows. In Section 2, we first establish a gen-
eral leave-one-out perturbation theory for singular subspaces, followed by its application in
mixture models. In Section 3, we use our leave-one-out perturbation theory to provide theo-
retical guarantees for the spectral clustering under mixture models. The proofs of main results
in Section 2 and Section 3 are given in Section 4 and in Section 5, respectively. The remaining
proofs are included in the supplement [42].

Notation. For any positive integer r, let [r] = {1,2,...,r}. For two scalars a,b € R, de-
note a A b = min{a, b}. For two matrices A = (A4; ;) and B = (B; ;), we denote (A, B) =
> AijBi; to be the trace product, || Al| to be its operator norm, || A to be its Frobenius
norm, and span(A) to be the linear space spanned by columns of A. If both A, B are sym-
metric, we write A < B if B — A is positive semidefinite. For scalars x4, ..., x4, we denote
diag(zy,...,z4) tobe a d x d diagonal matrix with diagonal entries being z1, . .., x4. For any
integers d,p > 0, we denote 0y € R? to be a vector with all coordinates being 0, 1,4 € R% to
be a vector with all coordinates being 1, and Oy, € RI*P to be a matrix with all entries be-
ing 0. We denote ;.4 and I; to be the d x d identity matrix and we use I for short when the
dimension of clear according to context. Let Q4*P = {V eRVP.VTY =71 } be the set of
matrices in R9*P with orthonormal columns. We denote I {-} to be the indicator function. For
two positive sequences {a,, } and {b, }, a,, < by, a, = O(by), by, = ay, all mean a,, < Cb,, for
some constant C' > 0 independent of n. We also write a,, = o(b,) when limsup,,_,, 3* =0.
For a random variable X, we say X is sub-Gaussian with variance proxy o2 (denoted as
X ~ SG(0?)) if Ee'X < exp (0*t?/2) for any ¢ € R. For a random vector X € R?, we say
X is sub-Gaussian with variance proxy o2 (denoted as X ~ SG4(0?)) if u” X ~ SG(c?) for
any unit vector u € R,

2. Leave-one-out Singular Subspace Perturbation Analysis. In this section, we es-
tablish a general matrix perturbation theory for singular subspaces. In particular, we consider
two arbitrary matrices with one having a less column than the other and study the difference
between two corresponding left singular subspaces. We will first develop a general theory
and then apply it to mixture models.

2.1. General Results. Consider two matrices as in (1) such that they are equal to each
other except that Y has an extra last column. Let the Singular Value Decomposition (SVD)
of these two matrices be

Y= Y ocwo]andY = > 60,
1€[pA(n—1)] 1€[pAn]

where 01 > ... > 0pp(n—1) and 61 > ... > Gppp. Consider any r € [p A (n — 1)]. Define
Uy :=(uy,...,u;) € OP*" and U, = (U1, ...,0,) € QP*"

to include the leading r left singular vectors of ¥ and Y, respectively. Since Y can be viewed
as a leave-one-out submatrix of Y that is without the last column y;,, U, can be interpreted
as a leave-one-out counterpart of U,.



The two matrices Uy, U, correspond to two singular subspaces span(U,.),span(U,.), re-
spectively. The difference between these two subspaces can be captured by sin © distances,
|Isin ©(U,., U,)|| or ||sin O(U,, U,)||r, where

@(Ur, Uy):= diag(cos_l(al),cos_l(ag), ... 7cos_l(ar))

with a1 > ag > ... > a, > 0 being the r singular values of U)T U.. It is known (cf. Lemma
1 of [8]) that | U, UL — U UT||r = v/2||sin ©(U,,U,)||r. Throughout this section, we will
focus on establishing sharp upper bounds for | U, U} — U, U ||, i.e., the Frobenius norm of
the difference between two corresponding projection matrices U,.U, and U, U;‘F .

Since the augmented matrix Y’ := (Y, U, U y,) € RP*" concatenated by Y and U, U, y,,
has the same leading r left singular subspace and projection matrix as Y, a natural idea is
to relate || U, UL — U, UT ||r with the difference Y — Y”. The classical spectral perturbation
theory such as Wedin’s Theorem [41, 8] leads to thatif o, — 01 > 2 H (I -U, U,T )Yn ||, then

_ T
- 2 H(I U U, )ynH

@) HUTUTT ~U,UT

Or — Opr41

See Proposition D.1 in the supplement for its proof. The upper bound in (2) requires the
spectral gap o, — 0,41 is away from zero. It also indicates the magnitude of the difference
|V =Y'|| = |(I = U.UF)y,|| plays a crucial role. In spite of its simple form, (2) comes from
generic spectral perturbation theories not specifically designed for the setting (1).

In the following Theroem 2.1, we provide a deeper and finer analysis for HU}UTT —
U,.UL||p, utilizing the fact that Y and Y differ by only one column and exploiting the in-
terplay between U,.Uy,, and (I — U,UL)y,.

THEOREM 2.1. If

Op — Op41
3) pi= >2,
H(I_ UrUg)ynH
we have
€]

Theorem 2.1 gives an upper bound on ||, UL — U, U || that is essentially a product of
p~! and some quantity determined by {o; 'u! y, }icp. Since (07 'uly,)? < 072 (ul'yn)?
for each i € [r], (4) leads to a simpler upper bound

4\/§ ”UrUrTyn”
p

Or

10,0 = U.U | <

The condition (3) in Theorem 2.1 can be understood as a spectral gap assumption as it
needs the gap o, — 0,41 to be larger than twice the magnitude of the perturbation ||(I —
U, U )yn . This condition can be slightly weakened into 62 — 02 — ||(I — U, U )y, |* > 0,
though resulting in a more involved upper bound. See Theorem 4.1 in Section 4.1 for details.

We are ready to have a comparison of our result (4) and (2) that is from Wedin’s Theorem.
Under the assumption (3), the upper bound in (2) can be written equivalently as 2p~'. As
a result, the comparison is about the magnitude of (3 ;¢ (07 Yul'y,)2) /2 1f it is smaller

than 1/(2v/2), then (4) gives a sharper upper bound than (2). To further compare these two
bounds, consider the following examples.
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s Example 1. When Uy, = 0 and (3) is satisfied, (4) gives the correct upper bound 0.
That is, U, UTT =U,UT. On the contrary, (2) gives a non-zero bound 2/p~!. To be more
concrete, let Y = o1 (p~1/?1,)((n — 1)~'/?1,,_;)7 be a rank-one matrix and y,, be some
vector that is orthogonal to 1,. Then if oy > 2 ||y, ||, we have 4; = u; = p~ /%1, up to
sign. (4) gives the correct answer 414 — uju? ||p = 0 as ul y, = 0, while (2) leads to a
loose upper bound 2 ||y, || /o1.

* Example 2. LetY be a matrix with two unique columns such that y; is equal to either 6 or
—0 for all j € [n — 1] and for some vector § € RP. Then Y is a rank-one matrix with o1 =
0]l v/ — 1. Let y, = 0 +e. As long as ||0]| v/n — 1 > 2||e||, we have ||@1a] — ujul||p <
4v2p71(||0]| + |lell) /o1 from (4). If we further assume [|0]| = 1 and e ~ N(0, I,) with
p < n,wehave |47 —uiul||p <\/p/np~t = o(p~!) with high probability. In contrast,
(2) only gives 2p~".

In the next section, we consider mixture models where the magnitude of (3, ¢, (o7 ul yn)?) /2

is well-controlled and (4) leads to a much sharper upper bound compared to (2).

2.2. Singular Subspace Perturbation in Mixture Models. The general perturbation theory
presented in Theorem 2.1 is particularly suitable for analyzing singular subspaces of mixture
models.

Mixture Models. We consider a mixture model with k centers 07,05, ..., 0; € RP and a cluster
assignment vector z* € [k]™. The observations X1, X», ..., X,, € RP are generated from

&) X; =0 +e,

where €1, ..., €, € RP are noises. The data matrix X := (X1,..., X,,) € RP*" can be written
equivalently in a matrix form

(6) X=P+E,

where P:= (07.,07,,...,0%.) is the signal matrix and E := (e1,.. ., €,) is the noise matrix.

Define 3 := ni/k mingery [{ : 2] = a}| such that fn/k is the smallest cluster size.

We are interested in the left singular subspaces of X and its leave-one-out counterparts.
For each i € [n], define X_; to be a submatrix of X with its ith column removed. That is,

7 X_i=(X1, .., Xi_1,Xig1,..., Xp) e RPX(=1),

Let their SVDs be X = Zje[pm} %jzljf)jr and X—; =3 cionin_1)] X_i,jzl_mﬁzi,j, where

5\1 > ;\2 >...> ;\pAn and A_;1 > A_j0>...> S\—i,p/\(n_l). Note that the signal matrix P
is at most rank-k. Then for any r € [k], define

e (i & N X7 2 _n A o
Uy = (U1, 02, ..., 0,) € 0P " and U_; 1. = (Ui, ..., 0_i,) € OF

to include the leading r left singular vectors of X and X_;, respectively. We are interested in
controlling the quantity ||U7.. UL, — U_Z-,MUC_FLLT,HF for each i € [n].

In Theorem 2.2, we provide upper bounds for Hﬁlmﬁle — ﬁ—i,l:nﬁg,l;,{HF for all i € [n]
where x € [k] is the rank of the signal matrix P. In order to have such a uniform control
across all ¢ € [n], we consider the spectrum of the signal matrix P.Let Ay > Ao > ... > ApAn

be the singular values of P and « be the rank of P such that x € [k], A, > 0, and A\, =0.



THEOREM 2.2.  Assume 3n/k* > 10. Assume
A
1E]

®) po =

For any i € [n], we have

g T
128 [ |kk HU—ale—i,mei

F % Bn Ak

) HUMUE,{ —U_i1.:UT

i, 1K

Theorem 2.2 exploits the mixture model structure (5) that the signal matrix P has only &
unique columns with each appearing at least Sn/k times. The assumption n/k > 16 helps
ensure that spectrum and singular vectors of P are not much changed if any column of P
is removed. We require the condition (8) so that )\_Z s — /\_Z Rl > 2HU—2 1: ,QU il w.el
holds for each i € [n], and hence Theorem 2.1 can be applied uniformly for all 7 € [n].
The upper bound (9) is a product of pg and a summation of two terms. The second term

U_Z- 1;,€U €l /A can be trivially upper bounded by [|E|| /A, < ~1 The first term
, y upp y Po

—i,1:k

VEkk/(Bn) =o(1 ) if Bn/k‘2 > 1, for example, when [ i 1s a constant and k& < /n. Then
(9) leads to HU1 ,.@Ul . U_, 1:UT i1xllF S (1)p0 + po , superior to the upper bound (2)

obtained from the direct application of Wedin’s Theorem that is in an order of Po .

Theorem 2.2 studies the perturbation for the leading x singular subspaces where £ is the
rank of P. In the following Theorem 2.3, we consider an extension to || U ,,Ul o U_Z 1: TU_Z 1rllF
where 7 is not necessarily .

THEOREM 2.3.  Assume 3n/k* > 10. Assume there exists some r € [k] such that

A — A
(10) o = 1 > 16.

max {|1Bl| /5 A+ }

For any i € [n], we have

o
128 kr U—i,l:rU_Ll:T,Ei
an (et - 00T < Y+
1rU1. 1: 1: P 7 571 "

In Theorem 2.3, r € [k] is any number such that (10) is satisfied. When r is chosen to be
kK, (10) is reduced to (8), and (11) leads to the same upper bound as (9). When r < k, Ay41 18
non-zero and in (10) it needs to be smaller than the spectral gap A, — A\, after some scaling
factor.

To provide some intuition on the condition (10) when r < k, let the SVD of the sig-
nal matrix P be P =) /\ UGV T and define Uy, := (u,us,...,u,) € OP*" and

U1y = (U1, Urg2, - -+, Us) € @px(“ ™). Then the data matrix (6) can be written equiv-
alently as

(12) X =P+ FE', where P':=Uy,Ul,Pand E' := E + Uy 1)U (-1 1., P

Since it is still a mixture model, Theorem 2.2 can be applied. Nevertheless, the condition

(8) essentially requires A /(|| E| + Ary1) > 16 as | E'|| < || E|| + HU(TH)WU(TJr1 Pl =

I|E|| + Ar+1, which is stronger than the condition (10). In order to weaken the requirement
on the spectral gap into (10), we study the contribution of Uy, y1).,U (7; Jrl):HP towards to the
leading r singular subspaces perturbation of E. It turns out that its contribution is roughly
Vk2/(Bn)A\r+1 instead of A1, due to the fact that U(r+1):nU(77:+1):,{P has at most k unique

columns with each one appearing at least 5n/k times.

JjE p/\n
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3. Spectral Clustering for Mixture Models.

3.1. Spectral Clustering and Polynomial Error Rate. Recall the definition of the mixture
model in (5) and also in (6). The goal of clustering is to estimate the cluster assignment vector
z* from the observations X1, Xo, ..., X,,. Since the signal matrix P is of low rank, a natural
idea is to project the observations {Xi}ie[n} onto a low dimensional space before applying
classical clustering methods such as variants of k-means. This leads to the spectral clustering
presented in Algorithm 1.

Algorithm 1: Spectral Clustering

Input: Data matrix X = (X1,..., Xn) € RP*™, number of clusters k, number of singular vectors 7
Output: Cluster assignment vector 2 € [k]"
1 Perform SVD on X to have

AN

Z YA
X = )\iuivi ,

=1

where Ay > Ay > ... > S\p/\n >0 and {ﬁl}f;\? ERP, {ﬁz}f;\? €R". Let
Uty = (41, ..., 0r) € RPXT,
2 Perform k-means on the columns of U{‘F:TX . That is,

N (A . AT 2
(13) Z2,1Ci b . = argmin Ui..X; —cz;
( { J}]E[k}) Ze[k}n’{cj}je[k]eRriez[;L] ‘ 1% — Cz

In (13), the dimensionality of each data point U 1T:T,XZ- is 7, reduced from original dimen-
sionality p. This is computationally appealing as = can be much smaller than p. The second
step of Algorithm 1 is the k-means on the columns of UETX , which is equivalent to perform-
ing k-means onto the columns of U1;TU$7«X € RP*™ That is, define éa = (A]Méa for each
a € [k]. It can be shown that (cf., Lemma 4.1 of [25])

)

(14) <73, {éj }je[k}> = argmin Z HUMUETX,- —40,, ’

z€lk]™,{0; }je[k] €Rr i€[n]

due to the fact that Ulzr has orthonormal columns. As a result, in the rest of the paper, we
carry out our analysis on 2 using (14).

Before characterizing the theoretical performance of the spectral clustering 2, we give the
definition of the misclustering error which quantifies the distance between an estimator and
the ground truth z*. For any z € [k]™, its misclustering error is defined as

* : 1 *
Uez) =min - > Iz = o(=)}
i€[n]
where ® = {¢ : ¢ is a bijection from [k] to [k]}. The minimization of ® is due to that the
cluster assignment vector z* is identifiable up to a permutation of the labels [k]. In addition
to 3 that controls the smallest cluster size, another important quantity in this clustering task
is the separation of the centers. Define A to be the minimum distance among centers, i.e.,

A:= min |6 —6;].
a,be[k]:a#b
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As we will see later, A determines the difficulty of the clustering task and plays a crucial
role.

In Proposition 3.1, we give a rough upper bound on the misclustering error ¢(Z, z*) that
takes a polynomial expression (16) . It is worth mentioning that Proposition 3.1 is determin-
istic with no assumption on the distribution or the independence of the noises {¢; };c[,). In
fact, the noise matrix E can be an arbitrary matrix as long as the data matrix has the decom-
position (6) and the separation condition (15) is satisfied. In addition, it requires no spectral
gap condition. Proposition 3.1 is essentially an extension of Lemma 4.2 in [25] which is only
for the Gaussian mixture model and needs r = k. We include its proof in Appendix D for
completeness. Recall  is the rank of the signal matrix P.

PROPOSITION 3.1. Consider the spectral clustering z of Algorithm 1 with k <1 < k.
Assume

1 = > 16.
(1) Vo= g5 ) = 'O
Then ((%,2*) < /(2k). Furthermore, there exists one ¢ € ® such that % satisfies

. L. . Cok || E|”

1 = 12 * < - - 0
(16) (2,2 = T e ) 5 ()} < A
and
(17) max Hé¢<a> 07|l < Cop05Kkn—0 | 5|

ac

where Cy = 128.

Proposition 3.1 provides a starting point for our further theoretical analysis. In the follow-
ing sections, we are going to provide a sharper analysis for the spectral clustering Z that is
beyond the polynomial rate stated in (16), with the help of singular subspaces perturbation
established in Section 2.

3.2. Entrywise Error Decompositions. In this section, we are going to develop a fine-
grained and entrywise analysis on the performance of 2. Proposition 3.1 points out that there
exists a permutation ¢ € ® such that nf(2,2*) = |{i € [n] : Z; # ¢(=)}| <npB/(2k). Since
the smallest cluster size in z* is at least Sn/k, such permutation ¢ is unique. With ¢ identi-
fied, Z; # ¢(z}) means that the ith data point X; is incorrectly clustered in 2, for each i € [n].
The following Lemma 3.2 studies the event Z; # ¢(z}) and shows that it is determined by the
magnitude of ||(A]1;TU1T:T,EZ-||.

LEMMA 3.1. Consider the spectral clustering z of Algorithm 1 with k < r < k. Assume
(15) holds. Let ¢ € ® be the permutation such that (2, 2*) = L|{i € [n] : 2; # ¢(2})}|. Then
there exists a constant C > 0 such that for any i € [n],

(18) {5 # 6(27)} gﬂ{(1—0¢0—1)A§2HUMU1T:TQ
To understand Lemma 3.1, recall that in (14) Z is obtained by k-means on {Ulzr UETXi},-E[n].
Since we have the decomposition ULTUETXZ- = Ul;rUlT:TH; + Ul;rffszrei for each i € [n],

the data points {Ulerf:rXi}ie[n] follow a mixture model with centers {Ulzrﬁf:ﬁ;}ae[k]
and noises {ﬁl;rﬁaei}ie[n]. In the proof of Lemma 3.1 we can show these k centers pre-
serve the geometric structure of {eé}ae[lﬂ with minimum distance around A. Intuitively,
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if HU U i T,el|| is smaller than half of the minimum distance, Uy. rUl »X;i is closer to
U, UL, »07. than any other centers, and thus z;" can be correctly recovered.

Lemma 3.1 itself is not sufficient to obtain explicit expressions for the performance of
spectral clustering when the noises {ﬁi}z‘e[n} are assumed to be random. The entrywise upper
bound (18) shows that the event 2; # ¢(z*) is determined by the ||U1., U7, €;||, but the fact
that U, ,f]lT » depends on ¢; makes any follow-up probability calculations challenging. The
key to make use of Lemma 3.1 is our leave-one-out singular subspace perturbation theory,
particularly, Theorem 2.2. To decouple the dependence between U rU1 . and ¢;, we replace

the former quantity by its leave-one-out counterpart U_Z,MU_Z 1.~ Take 7 to be k. Note that

- U0t = U—inU% 1l el

(19) HUMUERQ

a 5T
< HU—i,mU i1:k€i

The perturbation HUL,.CU?;i — U_i,lz,{ﬁ Ti7115|]p is well-controlled by Theorem 2.2, which

shows the second term on the RHS of the above display is essentially O(p, ?)|| U_i1.:U Ti,l: <€ill-
This leads to the following Lemma 3.2 on the entrywise clustering errors.

LEMMA 3.2. Consider the spectral clustering 2z of Algorithm 1 with r = k. Assume
Bn/k* > 10, (8), and (15) hold. Let ¢ € ® be the permutation such that £(2,z*) = 1|{i €

[n]: 2 # $(27) [n],
3

(& A 0} <T{ (1= C (05" +05%)) B 2[00l e
B(2,2) <n”t 3OEI{(1-C (45" + %)) A<2 HU*_,-J:TU'Z,-MQ

Consequently, if the noises {Gi}z‘e[n} are random, we have the risk of Z satisfy
i€[n]

3

Lemma 3.2 needs three conditions. The first one fn/ k2 > 10 is on the smallest cluster
sizes and can be easily satisfied if both 3,k are constants. The second condition (8) is a
spectral gap condition on the smallest non-zero singular value A.. The third one is for the
separation of the centers A. With all the three conditions satisfied, Lemma 3.2 shows that the

entrywise clustering error for X; boils down to ||U_; ;. ,{UTZ 1.x€i||- When the noises {ej }ieln]

are assumed to be random and independent of each other, the projection matrix U_Z U 3 Lk
is independent of ¢; for each i € [n], a desired property crucial to our follow-up 1nvest1gation
on the risk E/(Z,2*). When {X;};c[, are generated randomly as in the following sections,
Lemma 3.2 leads to explicit expressions for the performance of the spectral clustering.

The key towards establishing Lemma 3.2 is Theorem 2.2. Without Theorem 2.2, if the
classical perturbation theory such as Wedin’s theorem is used instead, then in order to ob-
tain similar upper bounds in Lemma 3.2, the second term on the RHS of (19) needs to be
much smaller than A. This essentially requires max;c/y, [[€; > < \.A, in addition to (8) and
(15). As we will show in the next section, for sub-Gaussian noises, this additional condition
requires plogn < /n in regimes where Lemma 3.2 only needs p < n.

, we provide an upper bound for HUUT — U_ZUIZ- showing that it is essentially deter-

mined by H U_iUIiei H under an eigen-gap condition.

3.3. Sub-Gaussian Mixture Models. In this section, we investigate the performance of
the spectral clustering Z for mixture models with sub-Gaussian noises. Theorem 3.1 assumes
that each noise ¢; is an independent sub-Gaussian random vector with zero mean and variance
proxy o2 and establishes an exponential rate for the risk E£(2, z*).
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THEOREM 3.1. Consider the spectral clustering z of Algorithm 1 with r = k. Assume
¢; ~ SG,(0?) independently with zero mean for each i € [n]. Assume Bn/k* > 10. There
exist constants C,C' > 0 such that under the assumption that

A

(20) P = 505k (1 n \/g) = >C

and

@1) =g,
(Vin+p)o

we have

E4(2,2") < exp <— (1=C (Y7t +p72) %) +exp <—E) )

Under this sub-Gaussian setting, standard concentration theory shows that the noise matrix
E has its operator norm || E|| < o(y/n + /p) with high probability (cf. Lemma D.1). Under
this event, (20) and (21) are sufficient conditions for (8) and (15), respectively. The risk in
Theorem 3.3 has two terms, where the first term takes an exponential form of A?/(80?) and
the second term exp(—n/2) comes from the aforementioned event of || E||. The first term is
the dominating one, as long as A% /o2, which can be interpreted as the signal-to-noise ratio, is
smaller than n/2. In fact, A2 /o2 < logn is the most interesting regime as otherwise 2 already
achieves the exact recovery (i.e., 2 = z*) with high probability, since E{{(Z, z*) =0} = o(1).

Theorem 3.1 makes a substantial improvement over Proposition 3.1. Using the afore-
mentioned with-high-probability event on | E|, (16) only leads to E/(Z,2*) < (1 +
\/p/n)%0? /A% + exp (—n/2) which takes a polynomial form of the A2?/c2. On the con-
trary, Theorem 3.1 provides a much sharper exponential rate.

Our leave-one-out singular subspace perturbation theory and its consequence Lemma 3.2
provide the key toolkit towards Theorem 3.1. Since U is independent of ¢;, we have

—i,1:k
UT

T |..€ ~ SG,(c?) being another sub-Gaussian random vector. This makes it possible to

control the tail probabilities of ||U_; 1.,U”; | .€l|> = [|UZ; ,..€]/> which is a quadratic form
of sub-Gaussian random vectors. Without lising our perturiaation theory, if the classical per-
turbation bounds such as Wedin’s Theorem is used instead, the previous section shows that
max;e(y) € S AxA is additionally needed to obtain results similar to Lemma 3.2. This
equivalently requires A\,A/(0?plogn) > 1. When A /o, k, B are constants, this additional
condition essentially requires plogn < /n. In contrast, Theorem 3.1 only needs p < n.
Theorem 3.1 gives a finite-sample result for the performance of spectral clustering in sub-
Gaussian mixture models. In the following Corollary 3.1, by slightly strengthening conditions
(20) and (21), it immediately yields an asymptotic error bound with the exponent being (1 —

o(1))AZ%/(802).

COROLLARY 3.1. Under the same setting as in Theorem 3.1, if 11, p1 — 00 is further
assumed, we have

2

El(2,2") <exp <— (1—-0(1)) A—) + exp <—g) .

802

If AJo > (1 + c)2y/2logn is further assumed where ¢ > 0 is any constant, Z achieves the
exact recovery, i.e., E1{{(2,2*) # 0} = o(1).
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In the exponents of Theorem 3.1 and Corollary 3.1, we are able to obtain an explicit con-
stant 1/8. In addition, we obtain an explicit constant 2v/2 for the exact recovery in Corollary
3.1. These constants are sharp when the noises are further assumed to be isotropic Gaussian,
as we will show in Section 3.5.

The recent related paper by [1] develops a /,, perturbation theory and applies it to the
spectral clustering for sub-Gaussian mixture models. It obtains exponential error rates but
with unspecified constants in the exponents and under special assumptions on the spectrum
and geometric distribution of the centers. It first assumes both S and & are constants. Let
G € R¥** be the Gram matrix of the centers such that G; ; = ;767 for each i,j € [k].
It requires M < G < ¢\ for some constant ¢ > 1, i.e., all k eigenvalues of GG are in the
same order. It implies that the maximum and minimum distances among centers are com-
parable. This rules out many interesting cases such as all the centers are on one single
line. In addition, [1] needs A\/o — oo. Equivalently it means that the leading k singular
values A1, Ao, ..., \x of the signal matrix P not only are all in the same order, but also
i/ (v/no) > max{1,/p/n}. As a comparison, we allow collinearity of the centers such
that the rank of GG (and P) can be smaller than k. We allow the singular values Aj, Ao, ..., A
not in the same order as long as the smallest one satisfies (21), which can be equivalently
written as A, /(y/no) 2 max{1,/p/n}. The distances among the centers are also not nec-
essarily in the same order as long as the smallest distance satisfies (20). Hence, our conditions
are more general than those in [1].

The spectral gap condition (21) ensures that singular vectors corresponding to small non-
zero singular values are well-behaved. It is not needed in Section 3.4 where we propose a
variant of spectral clustering with adaptive dimension reduction. It can also be dropped in
Section 3.5 when the noise is isotropic Gaussian. When the mixture model is symmetric with
two components (for example, the model considered in Section 3.6), the signal matrix P is
rank-one. Hence, (21) is also no longer needed as it can be directly implied from (20).

3.4. Spectral Clustering with Adaptive Dimension Reduction. The theoretical analysis
for the spectral clustering z of Algorithm 1 that is carried out in Lemma 3.2 and Theorem
3.1 requires the use of all the s singular vectors where « is the rank of the signal matrix
P. Nevertheless, not all singular components are equally useful towards the clustering task
and the importance of an individual singular vector can be characterized by its corresponding
singular value. This motivates us to propose the following algorithm where the number of
singular vectors used is carefully picked.

Algorithm 2: Spectral Clustering with Adaptive Dimension Reduction

Input: Data matrix X = (X1,..., Xpn) € RP*" number of clusters k, threshold T
Output: Clustering label vector Z € [k]"
1 Perform SVD on X same as Step 1 of Algorithm 1.
2 Let 7 be the largest index in [k] such that the difference between the corresponding two neighboring
singular values is greater than 7, i.e.,

(22) #=max{a € [k]: \a — Agy1 > T}

Let Uy = (4, ..., 0;) € RPXT,
3 Perform k-means on the columns of [71T f,X . That is,

~ 2
UlTT:XZ — Cz

23) (5, (¢ };?:1) - argmin
€[] {c;}r_, €R" ic[n]

%
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Algorithm 2 is a variant of Algorithm 1 with the number of singular vectors selected by
(22), where 7 is the largest integer such that the empirical spectral gap As — A1 is greater
or equal to some threshold 7'. The choice of the threshold 7" matters. When 7' is small, 7
might be even bigger than the rank x. When T' 2 || E||, it guarantees that the singular values
of the signal matrix P satisfy A\ — As11 = T and A; 1 < T. When T is too large, the singular
subspace Ul;,a misses singular vectors such as ;1 whose importance scales with A;,; that
can not be ignored. This in turn deteriorates the clustering performance of z.

A rule of thumb for the threshold T is that 7'/ || E| is at least in a constant order. It is
allowed to grow but not faster than ¢ defined in (24). The precise description of the choices
of T needed is given below in Lemma 3.3, which provides an entrywise analysis of Z that is
analogous to Lemma 3.2.

LEMMA 3.3. Consider the estimator % from Algorithm 2. Assume [3n/k* > 400. Let
¢ € ® be the permutation such that ((2,2*) = L|{i € [n] : 2 # ¢(2})}|. Define

A
B=05k2n—05 || E|

and jp =T/ ||E||. Assume 256 < j < 1) /64. There exist constants C,C" such that if ¢o > C,
then

Ef(2,2") <n"' Y EI { (1 el (mz?gl n ﬁ_l)> A<?2 HU_Z-,MUZ“WEZ-

1€[n]

(24) Yo =

A

Ao} <T{ (1= (a5 +571) ) A <2000 07 e

Consequently, we have

3

With a proper choice of the threshold 7', Lemma 3.3 only poses requirements on the small-
est cluster size Sn/k and minimum separation among the centers A. Compared to Lemma
3.2 and Theorem 3.1, it removes any condition on the smallest non-zero singular value such
as (8) or (21). In addition, it requires no knowledge on the rank «.

With Lemma 3.3, we have the following exponential error bound on the performance of z
on sub-Gaussian mixture models, analogous to Theorem 3.1 and Corollary 3.1 for 2.

THEOREM 3.2.  Consider the estimator % from Algorithm 2. Assume ¢; ~ SG,(c?) in-
dependently with zero mean for each i € [n]. Assume Bn/k* > 400. There exist constants
C,C',C1,Cy > 0 such that under the assumption that

B A
R
and py :=T/(o(\/n + /D)) satisfies C1 < pa < 1py/Co, we have

o >C
Jo

A2
El(z,2") < exp <— (1-C" (p2y " +p3")) @> + exp (—g) :

If 12, po — 00 and p2 /1pa = o(1) are further assumed, we have
2

El(3, 2*) < exp <_ (1—o(1)) 8%) +exp (_g) :
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3.5. Isotropic Gaussian Mixture Models. In this section, we consider the isotropic Gaus-
sian mixture models where the noises are sampled from N (0,02Ip) independently. As a
special case of the sub-Gaussian mixture models, Theorem 3.1 can be directly applied. Nev-
ertheless, the isotropic Gaussian noises make it possible to remove the spectral gap condition
(21). In addition, we study the performance of the spectral clustering 2 from Algorithm 1
with exactly the leading & singular vectors, regardless of « the rank of matrix P. As a result,
it requires no knowledge on x and needs no adaptive dimension reduction such as Algorithm
2. We have the following theorem on its performance.

THEOREM 3.3. Consider the spectral clustering z of Algorithm 1 with r = k. Assume
€ %JN(O,OQIp)fOF each i € [n]. Assume Bn/k* > 100 and
A

25 — .
(25) k3‘55_0‘5 (1 + %) o >0
We have
A 0.25 A2
. —0.08n
(26) El(%,z")<exp|—-|1-C <k3,55—0.5 (1+2) U) g2 | T2 ’

where C > (0 is some constant.

Theorem 3.3 shows that asymptotically E/(2,2*) < exp(—(1 — o(1))A?/(802?)) +
2exp (—0.08n) where the first term dominates when A?/0? = o(n). The minmax lower

bound for recovering z* under the given model is established in [26]: inf; sup(g: g .- E£ (2,2%)

exp(—(1 +0(1))A?/(80?%)) as long as A%/0? > log(kB~!). This immediately implies that
the considered estimator is minimax optimal. Theorem 3.3 also implies Z achieves the ex-
act recovery E{¢(2,2*) # 0} = o(1) when A/o > (1 + ¢)2y/2logn for any small constant
¢>0. When A/o < (1 — ¢)2y/2logn, no algorithm is able to recover z* exactly with high
probability according to the minimax lower bound.

It is worth mentioning that Theorem 3.3 requires no spectral gap condition such as (8) or
(21). The purpose of such conditions is to ensure that singular vectors of X are well con-
trolled, especially those corresponding to small non-zero singular values of the signal matrix
P. When the noises are isotropic Gaussian, the distribution of each right singular vector v, is
well-behaved for any j € [p An]. Lemma 4.4 of [25] shows that each (1 — V. ,{Vf;)@j is Haar
distributed on the sphere spanned by (I — VL,J/EH), where V., := (v1,v2,...,0,) € Q"%F
is the right singular subspace of the signal matrix P. Theorem 3.3 is about the singular sub-
space Up.g. In its proof, we decompose it into Uy, and U(r—i—l):k’ for some index r € [k]

with sufficient large spectral gap A, — A1 so that the contribution of Uy. can be precisely
quantified following similar arguments used to establish Lemma 3.3 and Theorem 3.1. The
contribution of each @; where j € {r +1,...,k} is eventually connected with properties of
the corresponding right singular vector v;, particularly, the distribution of (I — Vlz,{Vlﬂ)@j.
These two sources of errors together lead to the upper bound (26).

The performance of Algorithm 1 with » = k£ under the same isotropic Guassian mixture
model is the main topic of [25] which derives a similar upper bound for E{(Z, z*) assum-
ing A/(B7%%k195(1 + p/n)) — co. The key technical tool used in [25] is spectral operator
perturbation theory of [20, 21] on the difference between empirical singular subspaces and
population ones, which works for the Gaussian noise case and it is not clear whether it is
possible to be extended to other distributions including sub-Gaussian distributions. In this
paper, the proof of Theorem 3.3 is completely different, using Theorem 2.3 on the difference

>
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between empirical singular subspaces and their leave-one-out counterparts. We not only re-
cover the main result of [25] with a much shorter proof, but also improve the dependence of
k. Despite that Theorem 3.3 needs an extra condition 4n/k* > 100, it only requires k3 to
satisfy (25), while [25] needs k'0-® instead which is a stronger condition.

3.6. Lower Bounds and Sub-optimality of Spectral Clustering. In the above sections,
we focus on quantifying the performance of spectral clustering under mixture models. An
interesting question is whether the spectral clustering is optimal or not. When the noise is
the isotropic Gaussian, Theorem 3.3 matches with the minimax rate assuming (25) holds,
showing that the spectral clustering is indeed optimal in this case. It remains unclear whether
the spectral clustering is optimal or not when the noise is beyond the isotropic Gaussian
model.

To answer this question, in this section we consider a two-cluster symmetric mixture model
whether the centers are proportional to 1, and the noises have i.i.d. entries. This setup makes
it possible to apply the central limit theorem to characterize the performance of the spectral
clustering with sharp upper and lower bounds, as ]l;{ei is asymptotically normal for each
i € [n] when p is large.

A Two-cluster Symmetric Mixture Model. Consider a mixture model (5) with two clusters
such that

* * 21d
(27) 07 = —05 =01y, and {€; j tic[n) jelp) ~

for some 0 € R and some distribution I, where {¢; ;} |y are entries of ¢; for each i € [n].

Under the above model (27), we have k£ = 2, A = 2,/pd and the largest singular value
A1 = 0/np. Since the signal matrix matrix P is rank-one (i.e., x = 1) with vy = (1/,/p)1,,
a natural idea is to cluster using the first singular vector only. Define

5 I . N 2
28) (Z’ {cj}?::l) - ze[;@r%fgl}lgleR 'ez[:] (U{XZ ) CZi) |

The performance of the spectral estimator Z will be the focus in this section. Note that Q{X =
5\1@'{ where 9 is the leading right singular vector of X, so Z equivalently performs clustering
on {91,; }e[n), the entries of 9. This is closely related to the sign estimator {sign(?1 ;) }icn],
which estimates the cluster assignment by the signs of {@l,i}ie[n}'

Since 2 is exactly the spectral clustering Z of Algorithm 1 with r =1, Theorem 3.1 can
be directly applied when noises are sub-Gaussian and yields the following result. Under the
model (27), assume that F'is a SG(O’2) distribution with zero mean and 5n > 40. There exist
constants C, C’ > 0 such that under the assumption that

3 1= — =
T VD)
we have E/(Z, 2*) < exp(—(1 — C"h3 1) A2 /(852)) + exp(—n/2).

The special structure of (27) makes it possible to derive a sharper upper bound than the
above one and a matching lower bound on the performance of Z with some additional as-
sumption on the distribution F'. Instead of directly using Lemma 3.2 (which leads to Theorem
3.1 and then the above upper bound), we can further connect the clustering error with u{e,-
where u{e,- =p1/2 ?:1 €;,; is approximately normally distributed when p is large. On the
other hand, the structure of (27) enables us to have a lower bound for I {Z2; # ¢(z})} that is

>C,
g
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in an opposite direction of Lemma 3.2. See Lemma 5.1 for details. The key technical tool
used is Theorem 2.2 on the perturbation |¢i1%7 — ﬁ_i,lﬂfi’l\ for all 7 € [n]. These together
give a sharp and matching lower bound for E/(Z, z*) where the clustering error is essentially

determined by A and the variance 2.

THEOREM 3.4. Consider the model (27). For any & ~ F, assume E& = 0, Var(€) = 52,
and & ~ SG(a?) where o < C& for some constant C > 0. Assume Bn > 40. Then there exist
constants C',C",C" > 0 such that if 13 > C’, we have

1_0// -1 2A2
E((z,%7) < exp (—( - ) >+exp (~C" V) +exp (-5

1 m,—1 2A2
and BU(z,2) = exp (—( re ) >—exp<—c~w)—exp (-3).

In Theorem 3.4, the term exp(—C",/p) is due to the normal approximation of uf'e; and
decays when the dimensionality p increases. The term exp(—n/2) is due to a with-high-
probability event on || E||. If additionally A/ < max{p'/*,n'/2} is assumed, Theorem 3.4
concludes asymptotically

. (1+c)A?
(29) El(z,2%) =exp <_&T> ,

for some small constant c.

The upper and lower bounds in Theorem 3.4 give a sharp characterization on the perfor-
mance of Z. To answer the question of whether it is optimal or not, we need to establish the
minimax rate for the clustering task under the model (27). Since the model (27) is essentially
about a testing between two parametric distributions, the optimal procedure is the likelihood
ratio test. According to the classical asymptotics theory [37], the likelihood ratio behaves like
a normal random variable as p — oo under some regularity condition. This leads to an error
rate determined by A and the Fisher information.

LEMMA 3.4. Consider the model (27). Assume the distribution F' has a positive,
continuously differentiable density f with mean zero and finite Fisher information I :=
S (f'/f)? fdwx. Assume A is a constant. We have

A2 A2
(30) Ciexp <— 8I_1> Spli_)n;o iI;fZ*s;l[]é‘)]nEé(z7z*) < Cyexp <_W> )

for some constants C1,Co > 0.

With Lemma 3.4, the question of whether Z is optimal or not boils down to a comparison
of the variance 62 and the inverse of the Fisher information Z~1. Due to the fact that Z—1 <
&% and the equation holds if and only if F is a normal distribution, we have the following
conclusion.

THEOREM 3.5. Consider the model (27). Assume all the assumptions needed in Theorem
3.4 and Lemma 3.4 hold. Then the spectral clustering Z is in general suboptimal, i.e., it fails to
achieve the minimax rate (30). It is optimal if and only if the noise distribution F is N (0,52).
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Theorem 3.5 establishes the sub-optimality of the spectral clustering Z under the model
(27). Though Z achieves an exponential error rate, it has a fundamentally sub-optimal ex-
ponent involving &2 instead of Z~!. This is due to the fact # clusters data points based on
Euclidean distances while the optimal procedure is the likelihood ratio test. Only when the
noise is normally distributed, the likelihood ratio test is equivalent to a comparison of two
Euclidean distances, leading to the optimality of Z in the Gaussian case. Despite that Theo-
rem 3.5 is only limited to the model (27), the above reasoning suggests the spectral clustering
is generally sub-optimal under mixture models beyond (27) unless the noise is Gaussian.

4. Proof of Main Results in Section 2. In this section, we give the proofs of Theorem
2.1 and Theorem 2.2. The proof of Theorem 2.3 is included in the supplement [42] due to
page limit.

4.1. Proof of Theorem 2.1. Before giving the proof of Theorem 2.1, we first present and
prove a slightly more general perturbation result, Theorem 4.1, which only requires o2 —
o2, — (I = UUD)y,|* > 0 instead of assuming p > 2. We defer the proof of Theorem 2.1
to the end of this section, which is an immediate consequence of Theorem 4.1.

THEOREM 4.1 If 2 — 02, — |[(I — UUT)yull? > 0, we have

PROOF. Decompose ¥, into 3, = 0 + ¢ with 0 := U, Uy, and € := (I — U, U] )y,,. Then
we have u! 0 = ul'y, foreachi € [r].
Throughout the proof, we denote

2\/§UT H(I - UT’UrT)ynH
02 - 03—1-1 — (1 - UrUf«F)ynHz

U0 —u.Ur

A A 2
vl —uur o

=

Denote d=p A (n—1). If p<n—1, we have d = p and denote U := (uy,...,u,) € RP*P
which is an orthogonal matrix. If p > n — 1, we let U € RP*P be an orthogonal matrix with
the first p A (n — 1) columns being uy,... s Upa(n—1)- In both cases, we have U being an
orthogonal matrix. Then U, can be written as U, = U B for some B = (Bi,j) € RP*", Let Bi,.
be the ith row of B for each i € [p]. Define b? = 1 — || B;_.||? for each i € [r] and b? = || B;_.||?
for each ¢ > r. Then we have
o |12 9 . A
0,07+ |t |z =200 uut )
2

_ H2
p2k-2) > B

i€[r] jElr]

o

:2k:—2‘Uf,FUT

p
(31) =2 bi=2> 1
1€[r]

i=r+1

where in the last equation we use the fact that || B||2 = r.
Note that U, UY is the best rank-r approximation of Y. We have

(- coz)sf < - vy
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Due to the fact Y = (Y, y,), we have

|(-00r) v | +]| (1= 007w < - 00D Y[+ |2 - 00Tl
which implies
(32)

|(1-0.07) Y”i (1= U Y[ < (1= 00T gl = || (1= 007 ) g ’

We are going to simplify terms in (32).

(Simplification of the LHS of (32)). Recall the decomposition ¥ = Zle[d] o;u;v; . Since

(I-UUNY =%, omnl, wehave || (I — U,UT) YHF 2% o2 Since
o] vf
vty =u” %aiuwf = a;}}[{ = diag(o7y, . ..,04,0p_q) vg :
€
' Op—d O(p—d)xn
we have

-0z <[ s vz or].
vl 2

= (I - BBT) diag(o1,...,04,0p—q) UT
d

O(p—d) Xn F

=tr <diag(01, ey 04,0p_q) (I — BBT> diag(o1,...,04,0p—q) <IdXd Olp—ayx( d))) )
p—d)x (p—

where in the last equation we use the following facts: (1) for any two square matrices of the
same size A, D, we have || AD||% = tr(DT AT AD) = tr(AT ADDT); (2) B has orthogonal
columns such that (I — BBT)2 =T — BBT; and (3) {v1,...,vq} € R""! are orthogonal
vectors. Since the diagonal entries of BB are {|| B;. 12} iepp)> we have

Then we have

LHS of (32) = Zaf <1 -

where we use 3¢ b2 < b? = a?/2 from (31) in the last inequality .

1>r 1 — 2>7“ 1

H (I — UTUTT) Y”i —tr (diag(al, e 04,0pd) (I — BBT) diag(r1, ... ,ad,op_d))

d
“ 2
S o2 <1 5., ) |
; F
=1
B

d
ARE A 20%2 zazb2>zazb2 2

1>7 i>T

(Simplification of the RHS of (32)). Recall that U. =UB. We decompose it into B =
(BT, BI)T where B; € R"*" are the first r rows and By € RP~")%"_ We have

RHS of 32) =yX (I — U, U") y, — y¥ (I - UTUTT) Yn
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:yg (07“0?_U7’U7T> Yn
77 (BiBY — Iy, 3132 T
—TU 1 uly,
< B.BT  B,BT)" Y

Define B+ € RP*(P~") to be the matrix such that (l% Bl) € RP*? is an orthonormal matrix.
We can further decompose it into B+ = (BLT B3Y)T where Bi- € R™ (=) including the
first 7 rows and B2l € RP=7)x(P=7)_Since (B, Bl) has orthogonal columns, we have

(B1,Bi)(B1, B)" = BiBY + Bi Bi" = Iy,
and (El, Bf)(ég, E%)T = O, (p—r)> Which implies
BBT = BB,
We also decompose the matrix U =: (U,, U ). Then
_BLBIT _BiBT

RHS of 32) =y (U,,U ( L 1
un Un U\ _piplr pypT

) (Ury UJ_)Tyn
= —ylU.Bf BiTU y, — 2y U, B By TU Ty, + 4T U, BoBYUTy,

7| 57| 0T

|B;..||? = a?/2 which is by (31). We

< - HBJ_TUTyn

+2|| 87Ul y.

Note that || B3| < 1 and || B |2 < | BY|I% =
also have

Z>T

[UTyn| = llel -
Since | Bi-|l2 = 30, (1 — HB,H2> — a?/2 according to (31), we have || Bi-|| < a/V/2.

Thus, using UrTe =0, we have

570

o).
Then,
2
RHS of (32) < 2 HB%TU%H lel| + % lell?.

To simplify || Bi-"UT6||, denote w; = uX'# and s; = |w;| /o; for each i € [r]. Recall that
ul'0 = ul'y, for each i € [r]. We have

zyn

7

,Vi € [r].

S; =

We then have

L
Bi,'

T
|Bimure) = HZWB;.
=1

T T
<) fwl = " sioi [bi| < 5]
i=1 =1

where we denote the ith row of Bi- as BZL and we use the fact that HBZl I?=1- HBZ |? = b2
for each i € [r]. As a result,

RHS of (32) < 2||s]|

20252\\ H+ H I
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(Combining the above simplifications for (32)). From the above simplifications on the LHS
and RHS of (32), we have

o2
2021)2 r+1_<2|| |

Zazbz\l H+ H I

Definet =/ ;_, J?b?. Then after arrangement, the above display becomes

2 2
[0 [0 2
~2llslellt < o2y G+ 5 el

Note that the function t? — 2 ||s|| |||/ ¢ is increasing as long as t > t where we define t( :=
5|l ll€]l. On the other hand, from (31), we have the domain ¢ > ao,/v/2. We consider the
following two scenarios.

If ao, /\/2 < tg, we have

. VBt _ Vsl Iel
- oy Or '
If ao, /\/2 > tg, we have
— V2| 5]/ [|¢e] o

Hence, we have an inequality of a:

2 2 2 2
a‘o o« 9
E= V2|l llellaoy < o7y + 5 el
2 2 2
which can be arranged into
@ 2
S (2 =2 = lel?) < VE[sll oy el
2

Hence, under the assumption o7

—02 - ll€e]|? > 0, we have
2\/_07» sl €]l
02 7’+1 - H ”

Since 202 > 02 — 02, | — ||¢||%, the upper bound in (33) is strictly below that in (34). Hence,
(34) holds for both scenarios. The proof is complete. O

(34)

PROOF OF THEOREM 2.1. Since we assume p > 2, we have

02—0 —H (I — UUT QH >o.(0, —0rp1) — (00 — 0py1)? /4
> oy (0p — 0ry1)/2 = po, ||(I — UrUg)eiH /2.
Together with Theorem 4.1, we obtain the desired bound. O

4.2. Proof of Theorem 2.2.

PROOF OF THEOREM 2.2. Consider any ¢ € [n]. In order to apply Theorem 2.1, we need
to verify that the spectral gap assumption (3) is satisfied. That is, define

S Soinn
H (I B 0—@11'{03,1;,@) X '

pii=
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We need to show p_; > 2. In the following, we provide a lower bound for the numerator
)\—i,n - )\—i,n-‘rl-

Define A_;1 > A_j2>... > )\_i,p,\(n_l) to be singular values of P_;, the leave-one-out
counterpart of the signal matrix P where

(35) Pii=(0%,...,05 0% ..., 05) € RP* (1),

We are interested in the value of A_; .. Recall that A, is the «th largest singular value of P
which is rank-. Since P has &k unique columns {07} ,cx). its left singular vectors u; € ©
for each j € [k] where © := span({0; },c[x)). Note that each 6 appears at least 3n/k times
in the columns of P. Then P_; also has these k unique columns with each appearing at least
Bn/k — 1 times. This concludes that P_; has the same leading left singular vector space as
P. We then have

. 2 .
2. = min HwTP_Z-H = min E (wh'0r.)?
T wedwl=1 weB:lw||=1 == 7
JE[n]:j#i

T_l 3 T n* 2_< _ﬁ) . T 2
2 el 2 = ) el

k 2
(36) > (1 - %> A2,

We also have A\_; .1 =0 as P_; is rank-x.

Next, we are going to analyze A_; , and /A\_MH, the xth and (x + 1)th largest singular
values of X _;. Recall the SVD of X_; in Section 2.2. Define

(37 B_ji= (€1, e €im1,€if1y- -, €n) € RPXTD)

sothat X_; = P_;+ E_;. By Weyl’s inequality, we have [A_; ., — 5\_,-7,{], |A_it1 — 5\_,-7,.@“\ <
IE_;|| <||E||- Then we have

. k
(38) Aci 2 Acie = [|E| 2 41— =X — [| B
’ ’ Bn

and

(39) Aige = Acigert 2 Acie = Aigert — 2| B 24 [1 - %AH —2||E||.
n

Next, we study ||(I — U_;1.,U",; 1..)Xi||. Since U_; 1.,U”; ,.. X _; is the best rank- ap-
proximation of X_;, we have

|

where we use the fact that P_; is rank-x. Then by the triangle inequality, we have

ﬁ_ivlwﬁzi,l:nX—i - X—i

< |[Poi = Xl = 1Bl

A~

H (I - U—i,lanfi,LH) P_;

2 AT
= HU—i,lan_i,l;HP—i - P_;

Ui 1w UL (P = X ) + | X = Pl

+ H[j—i,lznﬁzi71;;§X—i - X_;

<3 [E]-
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Using the fact P_; is rank-x again, we have
H (1= 0i1n0T, 1) P LS VR H (1= 0in0T, 100) Poil| <3VEI Bl < 3VF B

Since P_; has at least Sn/k — 1 columns being exactly 7., we have
| (= Ol i) P NG

[Bn _ ‘ /@ —
2
and consequently,

H <I - Uv_m:ﬁﬁg&%) (I U—Z 1: HU_Z 1: H) 9*
w <28 gy,

T /B
N

From (39) and (41), we have

V1= g = 2lEl
(42) p—i > >

3 E -
1B+ 228 8

where the last inequality is due to the assumption py > 16 and 3n/k? > 10.
The next thing to do is to study {ﬂfi,aXi}ae[n]- Denote the columns of P_; and E_; as

{(P=i).j}iem—1 and {(E—;). ; } je[n—1) respectively. Define S := {j € [n — 1] : (P_;).; = 0%.}.
Then for any a € [], by the SVD of X_;, we have

~T *
—zaez ’S’Z —za 2 ST ‘S‘Z —za ’S‘Z —za

(40) H(I—lj4JHUz1n)9%

-t

>2,

jes jes jes
1 .
’S’ Z )\—2 ,a U—z a Euzi,a Z(E_i)'vj
jes JES

Hence, by Cauchy-Schwarz inequality and the fact that ||v_; 4|| = 1, we have

<A_m\/|5 VISHESl o Aia 5]
5] |5 \/ﬁn_ B

43) [T .0

Since |07, oXil < lal, or.

Z[lZ

|ufi’aei|, we have

‘ —i,a 1’ 1 1 ||EH

< + = +1aT. e
/\—z,a 1/B_”_l )\—i,a 1/B_”_l ’ 2(11‘
k k
1 1 E 1
+ = ” ” + - ‘Azzaell
%—1 >‘—Zl-€ ﬁ—kn 1 /\—z.%

Consequently,

o 2
ut . X,

Y= < + s
Aia Bn 1 Alig bn 4 Aik

A~

2 T
U—in:xU. i,1:x6

B
&
<

9

ack )
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- —ZCL

Lastly, by Theorem 2.1, we have

wWal VR 1 yRIEL g
S <\/5n/k—1+5\_m<\/5n/k—1+HU_“HU

Since 3n/k? > 10 and pg > 16 are assumed, we have 5\_2-,,.@ > Ax/2 by (38). Then together
with (42), the above display can be simplified into

32\/7 2V k‘l{ 2 HU_Z 1: ’i —2 1:xi

where we use the fact || U_; 1. KUTZ Ll =0T Zinwill = (Zie[n}(ﬂT €)?)2.

o
HMWUM—ILMKU

i1k zln

1))

|00 = Um0 | <

F £0 \/ 571 /\,.@
2128 [ Vkk N Hﬁ—i,lmﬁg,mei
T po VBn Ak
This concludes the proof of Theorem 2.2. U

5. Proof of Main Results in Section 3. In this section, we include proofs of main results
in Section 3 except Lemma 3.3, Theorem 3.2, and Theorem 3.3. Their proofs are included in
the supplement [42] due to page limit.

5.1. Proof of Lemma 3.1 and Lemma 3.2.

PROOF OF LEMMA 3.1. For simplicity, we denote U to be short for U, throughout the
proof. From (14), we know Z; must satisfy

‘UUTX — 0,

Z; = argmin
a€lk]

where {éa}ae[k] satisfies (17) according to Proposition 3.1. Hence, we have

WIED'S

1) =1 min ~ ot

}

Consider a fixed a € [k] such that a # ¢(z]). Note that for any vectors z,y,w of same di-
mension, if ||z — y|| < ||z — w||, then we must have ||y — w]|| /2 < ||z — w]|. Hence, we have

oo o]
{5 [Bucor - 0u] < 007X b}
<1{|s) — b 0% — e 77— by |1

Where we use the fact that X; = 07. +¢; and HUUTH* - 9¢(Z

}

Op(=)|l- Since

o i
H{HUU X; i — Oyer)
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= |

02 = 04100

- H%(z:) — 0

06-1(a) — P

- = O }
gﬂ{‘@;-@;l(a) 4%3](“% Dot H<2HUUT€Z }
w §1{<1 - 4005-0-51271—0-5 IIEH> A<2 HWT”H}’

where in the last inequality, we use the fact that maxe ) |0 — é¢(b) | < CoB~%kn=03 || E|
from Proposition 3.1 and miny, y ¢ (x).520 [|0; — 6;[] = A. Since the above display holds for
each a € [k] that is not ¢(z;), we have

n{zﬁeqs(z;)}gﬂ{(l— x >A§2HﬁUTe,- }

where in the last inequality we use the definition of g in (15). ]

1C)~ %103 | B

—1{(1-4Cou5") A <2007

PROOF OF LEMMA 3.2. For simplicity, throughout the proof we denote U and ?ri to be
short for Uy, and U_; 1., respectively. We have the following decomposition for UUTe;,

HﬁﬁTEi

+ oo~ oo,

el

Using the fact that ||¢;|| < || E|| and Theorem 2.2, after rearrangement, we have

| 128K | B]| <1 . 128HEH>
VnBpo 0k

128
=128 ' pg 1A + <1 - —> HU‘Z

U0

0—iUTi6i

<

In Lemma 3.1 we establish (18). From there we have

{5 # ¢(z5)} gﬂ{(1 — CygY) A < 25605 py A + 2 <1+ ) HU_ZUT €

|
3

for some constant C’ > 0, where in the last inequality we use the assumption pg > 16
from (8). The upper bound on E/(Z,2*) is an immediate consequence as E/(Z,z*) =

0 Y e BIE # 0(2)) - [

5.2. Proofs of Theorem 3.1.

<1{(1-C (5" +p5?)) A <2||0-i 0%

PROOF OF THEOREM 3.1. For s1mp1101ty, we denote U_, to be short for U. —i,1:x through-
out the proof. Define 1 := 97 * 4 p; 2. Then v < 2/C.
Since FE' is a random matrix with independent sub-Gaussian columns, we have

(45) P(|E|| <80(vn+p) =1—e ™2,
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by Lemma D.1. Denote F to be this event. Under F, as long as 1, p1 > 128, we have both
(15) and (8) hold. Let ¢ € ® satisfy (2, 2*) =n~1 >icpn I{% # ¢(2])}. Consider a fixed
i € [n]. Then from Lemma 3.2, we have

L{ # o) HFY <1{(1 - Cip) A <2007 e

J{F)

3

<1 {(1 — C1Y) A <2 HU_Z-UTZ-Q

where C > 0 is some constant that does not depend on C'. Then,
E(2,2) <EL{F} + Ee(2, 21 {F}

46) <2 ent SR (-0 A < 2|70

i€[n]

3

Since ¢; ~ SGp(a2) and it is independent of U_ZUTZ-, we can apply concentration inequalities
for |U_;U” €;|| from Lemma D.2. Define ¢t = (1 — Cy))A%/(852) where Cy = C) + 16.
Since Co does not depend on C, we can let C' > max{4C5, 128} such that 1 — Cat) > 1/2.
Then we have k/t < 16k?0%/A? < 169/ where we use the fact that % > 1p7! from (20) as
B < 1. Then we have

2t
< (1— Cop)A?/(802) (1 +8¢) < (1 — C1p) A%/ (802),

where we use that ¢0; < 1/128 and 1) < 1/64 as we let C' > 128. Then from Lemma D.2, we
have

1
o%(k + 2Vkt + 2t) = 20%t (—f - \/§+ 1) <207t (83 + 4y + 1) < 207t (1 + 8¢1)

EI {(1 O A<2 Hﬁ_ir)ﬂei

bew(cn=ew (~(-can2s).

O

5.3. Proof of Theorem 3.4. The proof of Theorem 3.4 relies on the following entrywise
decomposition that is analogous to Lemma 3.2 but in an opposite direction. Note the the
singular vectors 1, and {a17_i}i€[n} are all identifiable up to sign. Without loss of generality,
we assume (@, uq) > 0 and (4, —;,u;) > 0 forall i € [n].

LEMMA 5.1.  Consider the model (27). Let ¢ € ® be the permutation such that {(%,z*) =
L1{i € [n]: 2 # ¢(2])}|. Then there exists a constants C,Cy > 0 such that if

A

47 -_— >
47 305,05 |[B|[ =

C,

then for any i € [n],

—0.5,,—0.5
48) I{% #o(z)}>1 { <1 + G5 Z HE”) A< —2(@{_iei)sign(uflp9¢(zf))}.

PROOF. The proof mainly follows the proofs of Lemma 3.1 and Lemma 3.2 with some
modifications such as adding a negative term instead of a positive term in order to obtain a
lower bound.
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We first write Z equivalently as

<12
2101 ] = gmi i — 0,
(z { Jh_l) ze[2}f{9?}lfl-i 1627;] Huwl ”

where 0, = 1, ¢, for each a € [2]. Note that k¥ = 2. From Proposition 3.1, we have

Cok || E|?
%|{z’e[n]:éi7§¢(2§k)}|§%’

and
(49) max |00y — 05| < CoB™ " kn "% | E|,
a€(2)
for some permutation ¢ : [2] — [2] and some constant Cy > 0. Without loss of generality,

assume ¢ = Id.

Recall that 0f = —05 = 61, uy = 1/\/plp, A = dy/mp = 2¥, and [uf (67 —
(=0%.))| = 20,/p = A. By Davis-Kahan Theorem, we have
el _ 2]l

A /nA
where the last inequality is due to the assumption (15). Since we assume (1, u1) > 0, we
have |41 — suq|| = minges ||d1 — suq|.

Consider any 7 € [n] and any a € [2] such that a # 2. Note that for any scalars z,y,w
if |z —y| < |z — w|, we have equivalently sign(w — y)(y + w)/2 > sign(w — y)z. Since
(y +w)/2 = (y —w)/2 + w, a sufficient condition is |w — y| /2 + |w| < (—sign(w — y))z.
Hence, we have

mln |41 — suq|| < <1/16,
se+

H{ ] Xi — 0a < |[J@aa] X; — 6. |}
W X; — a1 0| < |af Xi —af 6.-|}

A T

I {% [af (0.: — )] + [af (0 - 01 )| < ~(@f eoysign(ad (6; - éa»}
>1{|6.; ~2(if e)sign(af (0 ~.)) .

We are going to show sign(af (6.: — 0,)) = sign(uf (6% — 0})). By (49), we have

@4—@ﬁ;—%>:( 2+<9 —0%:,0% — 03 )+ (0a — 03,62 — 0)

—-0.5,,—0.5
s s (1 2AT B

v

N *
02?* - 92:

* *
0:. — 0

>0,
where the last inequality holds as long as A > 20057 %°kn=9%||E||. Due to the fact
0%. — 67 € span(u1), 0.: — 0% € span(d; ), and (@, u) > 0, if uy,0Z. — 07 are in the same
dlrectlon then 41,0, — 6 must also be in the same direction, and vice versa. Hence, we
have sign(a? (6, — 9 )) = sign(u! (0% —67)). Thus,

(e X~ ] < }
{He

< —2(af e)sign(ul (63 — 0)) }-

Aﬂ&—%

*
—_ sz
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Following the same analysis as in the proof of Lemma 3.1, we can get the following result
that is analogous to (44):
I{||aaf X; X —0..
4C, _0'5]€ —0.5 E
>1 { (1 + of A" H H) A < —2(@ €;)sign(uf (6% — 9;;))}.

Next, we are going to decompose ﬁ{q following the proof of Lemma 3.2. Denote i1, _;
be the leave-one-out counterpart of 4y, i.e., 11,—; is the leading left singular vector of X _;.
Since we assume (4 —;,u1) > 0, we have ||4; —; —u1|| < 2||E| /(v/n —1A). As a result,
we have [|4;,—; — @1|| < 4|/ E|| /(v/n — 1A) which leads to

(50) (i _5,01) > 1—4||E|| /(Vn—1A) >0

We have the following decomposition:
(@i )sign(ui (62 —0))
= (1, @] ) sign(uj (603 —6;))

= (i, (g, —i@y _;)e;) sign(uf (0% — 6)) + (A, (@ d] — dy,—i@] _;)e;) sign(uf (63 — 67))
(fy, iy, ) (] _jeq)sign(uf (05 — 05)) + (@, (] —ay, 0] _,)e;) sign(ui (05 — 67))
<, i) (0] _ge)sign(uf (03, — 03)) + ||and] — a1, —saf ]| l|eil].

Note that \;/ || E|| = A\/n/(2]|E||) is greater than 16 under the assumption (47) holds for a
large constant C'. From Theorem 2.2 we have

128 k Hal,_m{_iei
+
M/EN\ VB A1

i — i il | <

Then,
(] e;)sign(uy (6% — 63))

T T 128k 128 H’LALL_Z"LAL{_ZEZ
< (ln, i) (G, _eq)sign(uy (07 — 67)) + + ’ 1E||
" P ViB(n/ [ E]) X/ E]
~T -1 2
e osg0spgos g2 512l e n” !B
= {in, i i) (0] _sei)signuf 63 — 02) + o IEIE i
So far we have obtained
I{||aa 0 i X; — 0.+ ||}
4 05k —0.5 E
{ F P s i 6 st 05— 00)

256n0-0%3—0-5 ||E||2 512 ‘fb{_#i n~! ||E||2
- A - A?

3 ACoB~ 5k % ||E|| | 256n"05kB700 || E|?
_1[{ (1 + A + 7 A
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el
< =2(0y, a1,-q) (4] _se)sign(ui (0 — 67)) — — }

From (50) we have

_ 2 _ _ 2
gy~ BB S LEL =) st B
v A2 = A A2
n—0-5

R U L
A 2

assuming W%HEH > 64. Forany z,y,z,w € Rsuchthatx > 0,1 > 2> 0,and z |[y| > w > 0,
we have [{z <zy —w} >1{zx < (z— w/|y|) y}. We then have,

I{|aaf X; < ||lanad X; —6.- |}

4CoB~ "3k O3 ||E|| | 256n~"7kA05 | B
>
> ]I( <1 + A + A?

—0.5
<-2 <1 - %) (0] _se)sign(uf (0% — 92)))

—-0.5,,—0.5 E
ST { <1 n C18 Z I H) A< _Q(Q{_iei)sign(u?(ﬁ;} — 92))}

Since 0 = 0., we have sign(u?(@’;; —0%) = sign(uf&%). The proof is complete. O

PROOF OF THEOREM 3.4. Recall that \; = Ay/n/2. Same as the proof of Theorem 3.1,
we work on the with-high-probability event (45).
For the upper bound, from Lemma 3.2, there exists some ¢ € ® such that for any ¢ € [n],

I{% # ¢(2)} <T{(1 = Cropz ") A <2 ||y @]} =T{(1 — Crop3 ") A <2|af _e4| },
for some C' > 0, where the last inequality is due to that 3 is large. By Davis-Kahan Theo-

rem, we know there exists some s; € {—1,1} suchthat ||u; —; — s;u1 || < 2| E| /(vVn —1A) <
44p3t. Since (@11 _;,u1) > 0 is assumed, we have s; = 1 for all i € [n]. Then

H{Qi 75(;5(2:)} §H{(1 — 011/)3_ )A § 2 ‘ul EZ" —1—2 ‘(’LALL_Z' —siul)Tei }

<I{(1—(C1 +Co)y3 ") A< 2|uf |} +]1 {ngglA <2 ((al,_,- —siu1)T €

3

where Cs > 0 is a constant whose value will be determined later. Due to the independence of
U1,—; — s;u1 and €;, we have (41, —; — siul)T € ~ SG(16¢3_202) and then

C2A
<2 — .
} = 2o < 12802
On the other hand, u”'e; = p~2 >F_ i j where {€; j};e[p) are ii.d. with variance 5, which

can be approximated by a normal distribution. Since the distribution F' is sub-Gaussian, its
moment generating function exists. Then we can use the following KMT quantile inequality

(cf., Proposition [KMT] of [28]). Let YV 4 5_1p_% Z§:1 €;,j. There exist some constants
D,n>0and Z ~ N (0,1), such that whenever Y| < 7,/p, we have
DY2 D

VP \/17

EI {C2A <2 ‘(al,_i —sun) &

Y —Z| <
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Then,
EH{(l — (Cl + 02)¢§1) A <2 |u{62‘}

:EH{(l —(C1+ Co)p3 ) % §2\Y\}

A 2DY?2 2D
SEH{(I—(Cl—I-CQ)l/J?’_l)ESQ‘Z‘—F \/]3 +%

A
gEH{(l—(Cl+Cz+Cg+2D)¢51)g§2|Z|}+EH{

} FEI{Y] > nyF)

2DY?2

203}+EH{IY|>77\/Z9},

where C3 > 0 is a constant. Using the fact that Y ~ SG(1) with zero mean, we have

EL{(1—(C1+Co)u5") A<2|ufe]}

1= (C1 4+ Cy + Cs + 2D)p 1) A2 2
<2exp (—( (Ci+CotCat )7/)3 ) >+2exp<——cg\/ﬁ>+2exp<—%>.

852

Then we have

E((3, 2*)

1 1 & "
< ;ZEH{(l — (Cl —I—Cg)T/)g_l)AgQ‘u{EZ‘} + EZ;EH{CzA SZ‘(UI,—Z' —Siul)TEi

=1

} 4 e 05n

852

C2A? C3/D U —0.5
—|—2exp<—12802 +2exp | — 1D + 2exp —5 + e 0o,

1—(Cy + Cy + Cs 4+ 2D)7H)? A2
§2exp<—( (C1+Ca+C3+2D)¢3 ) )

where e~0-5" is the probability that (45) does not hold. Since o < C'&, when Cs is chosen to
satisfy C2/(128C2) > 16, we have

1— "yt 2A2
E(z,2%) < 2exp (— ( 8:52 ) ) +exp (—C"/p) + €70,

for some constant C” > 0.
For the lower bound, from (48) we know

I{% # ¢(z])} > T{(1+ Cavp3 ") A < —2(a] _jei)sign(u] By — O3-(:))) }

for some constant C'y > 0 assuming 3 is large. Using the same argument as in the upper

bound, we are going to decompose ﬂf_iei into uflpei and (t1,—; — yl)TeZ-. Hence,

I{% # 6(21)} 2 T{(1+ Cayps ') A < =2(uf &)sign(u (Bpor) — O3-g(er))) — 2 |(1,—5 — siwr)Tei] }
>I{(1+(Ca+Cs) w5 ") A < =2(uf e)sign(uf (Op(z) — O3-4(:1))) }

—I{Cs¢5 ' A < 2|(01,—; — s;u) " €},

for some constant C5 > 0 whose value to be chosen. Let

p
Y’ S 67 uf €)sign(u] (0p0sr) — O3—p(r) = sign(u] (Op(ery) — O3—g()))0 P2 > €
=1
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Then using the same argument above, there exists some Z’ ~ N(0,1) such that whenever

Y' <1'\/p, we have |Y' — Z'| < D\l}gz + % where D', 7/ > 0 are constants. Then

EI{ (14 (Cs+ C5)v3 ") A < —2(uf &)sign(uf (Op(.r) — O3—(:))) }

— EI[{(l + (Cy+ C5)p3 1) % < —2Y’}

12
Ay, 2DY? 2

2EH{(1+(C4+C5+2D+06)¢3‘1)%§—2Z’} —E]I{

zEH{(1+<C4+cs>w51) }H{Y’<nf}

2DY"?

> 06} _EL{Y' > /\/B),

where Cg > 0 is a constant. Then following the proof of the upper bound, and by a proper
choice of C5, we have

14 Oyt 2A2
El(2,2%) > 2exp (— (L 8% ) ) —exp (—C""\/p) — e~ 0",
o

for some constant C"”’ > 0. O
5.4. Proofs of Lemma 3.4 and Theorem 3.5.

PROOF OF LEMMA 3.4. For the upper bound, we consider the following likelihood ratio
test. For any x € RP, define the two log-likelihood functions as

P
:Zlogf(xj—é,andl2 Zlogf (xj+9).
— =
Then for each ¢ € [n], define the likelihood ratio test as
arr_ ) Lif L (XG) > 1o (X5),
Z = .
2, otherwise.

Then for any ¢ € [n] such that 2} = 1, we have

f3l6)
EI{ 58T = 2} = P (Iy(X,) > 11 (X,) §j1 f@0tey) }:1 ;
1 =2} =00 > b 2% ) o)

where we use the fact 20 = %. Since A is a constant, by local asymptotic normality (c.f.,
Chapter 7, [37]), we have

p fA(EiJ) d IA2
log -2 —— A?
; % folei) —>N< * >

Then, lim,_, EI { SLRT — 2} < Ciexp (—IA2/8) for some constant C; > 0. We have the
same upper bound if 2z = 2 instead. Hence,

TA?
lim inf sup El(z,2*) < lim sup EL(ZRT, 2*) <exp (——)
p—o0 2z 2*6[2]" P00 6[2]" 8

For the lower bound, instead of allowing z* € [2]", we consider a slightly smaller pa-
rameter space. Define Z = {z€[2]":2;=1,V1<i<n/3,z,=2,Vn/3+1<i<2n/3}.
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Then for any z,2' € Z we have £(z,2') = n~! S T{z # 2} < 1/3 due to the fact
LS T{é(z) # 21} > 1/3 if ¢ # Id. Hence,

inf sup El(z,z*)>inf sup El(z,2*) > n~'inf sup EZH{%# °}

z n z z
z*€[2] 2*€Z z*€Z icn

nt Z inf sup El{z #2'} = —mf sup El{z, # z},
i>2n/3 Ziozrel2] Zn 2xel2]

where it is reduced into a testing problem on whether X, has mean 67 or 65. According to
the Neyman-Pearson Lemma, the optimal procedure is the likelihood ratio test 2-XT defined
above. By the same argument, we have

TA?
lim inf sup El(z,z%) > ghmmf sup El{z, # 2z} > Cyexp <——> ,

for some constant Cy > 0. O

PROOF OF THEOREM 3.5. First, we have the following connection between the Fisher

information Z and the variance 72:

o (] (5 1) () s = (o =

where we use Cauchy-Schwarz inequality and the integral by part [zf'dz = [zfdz —
[ fdz =0 — 1 = —1. The equation holds if and only if f’/f oc z, which is equivalent to
F being normally distributed. U

SUPPLEMENTARY MATERIAL

Supplement A: Supplement to ‘“Leave-one-out Singular Subspace Perturbation Anal-
ysis for Spectral Clustering”
(url to be specified). In the supplement [42], we first provide the proof of Theorem 2.3 in Ap-
pendix A, followed by the proofs of Lemma 3.3 and Theorem 3.2 in Appendix B. The proof
of Theorem 3.3 is given in Appendix C. Auxiliary lemmas and propositions and their proofs
are included in Appendix D.
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SUPPLEMENT TO “LEAVE-ONE-OUT SINGULAR SUBSPACE
PERTURBATION ANALYSIS FOR SPECTRAL CLUSTERING”

BY Anderson Y. Zhang and Harrison H. Zhou
University of Pennsylvania and Yale University

APPENDIX A: PROOF OF THEOREM 2.3

The proof idea is similar to that of Theorem 2.2 but with more involved calculation as r is
not necessarily . Consider any i € [n]. Define

)\—zr )\—z ,r+1
W (AT

We need to verify p_; > 2 first in order to apply Theorem 2.1. Recall the definition of P_; in
(35) and E_; in (37). Let the SVD of P_; be

pA(n—1)
T
P_;= E A jUu—i 025 5,
7=1

where )\—i,l > )\—i,2 > .2 )‘—i,p/\(n—l)- Denote U—i,l:r = (u_i,l,u_m, .. ,u_w») e Qpxr,
Then by Weyl’s inequality, we have

(5D IAir = Air A i1 = Airs] S 1Bl < 1B
Then the numerator
(52) Acir = Air1 2 Air — Aciprr — 2|1 E .-

In the following, we are going to connect A_; , — A_; ,4+1 With A, — A\ 4.
To bridge the gap between A_; ., A_; 41 and A, A, 1, define

Pyi= (0%, 0% UingUT, 1 0005 . 05 ) €RPX

Let 5\_,-71 > 5\_,-72 >...> S\_i,p,\n be its singular values. Note that U_i,ler P_, is the

best rank-r approximation of P_;. This is because for any rank-r projection matrix M €
RPXP such that M? = M, we have

i, 1

~ ~ 2
HP_Z- B VeVe =@ = amTyP |+ H (1 = MM, UT; 1,0 |
> H(I - U—i,l:rU_Z 1:r P—ZHF

2
— HP—Z - U—z 1: TUZZ 1: rP—z

9

P_; is the best rank-r approximation of P_;. Hence,

where we use the fact U_i,ler_Z Lo

span(U_; 1.,) is exactly the leading r left singular space of P_;. It immediately implies:
. S‘—M = A_;  forany j > r + 1, including
(53) A1 = Acirpt.



¢ Since U_Z-,MUE Mp_i and U_Z-,MUC_FZ- 1., P—i only differ by one column where the lat-
ter one can be seen as the leave-one-out counterpart of the former one, using the same

argument as in (36), we have

k
54 22, 1— 22,
( ) —i,r = < ,871) —%,r"
Then from (52), we have

. . / k- _
(55) A — Acipr1 =>4/ 1— %A—i,r —Air+1— 2B

For the difference between 5\_2- Ty /N\_i r+1and A, A, 11, we use the Weyl’s inequality again:

max‘/\_” — A\ ‘ < HP P,
JE[K]

* T *
= Hz;‘ —U_inU i,l:rez;‘

In the proof of Theorem 2.2, we show u_; ; € span({0; },c[x)) for each j € [x]. Then

* T * T px
‘ 92; - U—i,l:rU_i,l;r 2| = H(u—i,r+1, e 7u—i,l£) (u—i,r—l—l’ e ,u—i,n) ez;f
T 2
_ *
- E : ( —1 aez )
a€[k]:a>r+1

For any a € [k] such a > r + 1, we have

(i) = {iem:s =2} - 1je[n}:j§;z;=z;< ) < T - (el

2 2
A A zr—i—l

—za

<
- B - B
E-1 - 1
Hence, we obtain ||0}. —U_; 1.,U Z 1002 | < VEA—ia/+/Bn/k — 1 and consequently,
VE i1
T
V &
Then together with (53), we have |A\_; ,+1 — Ar41| < V/EA_ir41/+/Bn/k — 1 and hence

Ar
(57) Airp1 < “

(56) o D

Denote d := n/k. With (55), we have

N N -1 )\—z ,T
S SN L (Ar *1>

A_
o “”“) _o)E

d (
d—1 1 1 1

>/ — =X — A1 1+<—+ ) —2|E|
d _ _ _E

Vd Vd—-1) 1 )

d—1 4

> T(xr A1 — \/—r+1>—2\|E||

3

(58) > Z <)\7” - )\r—i-l > 2 ”E”
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where in the last two inequalities we use the assumption that d/k > 10. As a consequence,
we have

i S S 1 Qs et ) I L

- H (1-0ian 0% ) x| [ (1= 0000 07,) X

Next, we are going to simplify the denominator of the above display. Using the orthogo-
nality of the singular vectors, we have

H (I - ﬁ—i,liTUTi,lzr) 9:;

<[ (1= 0107 ) 0

+ H (it oo i) (gt ) O

“ | 2 (i)’

Jj=r+1

ST

3f\\EH+ $ )‘—m HEH
\/@— j=r+1 \/ \/6n

3\/_HEH A it I1E]

where the second to the 1nequahty is due to (40) and (43). By (57) and the Weyl’s inequality,
we have

R 1
Aigt1 SAipm1 B < 17\/%)\%1 + Bl
=
Then, with the assumption 5n/ k2 > 10, we have
. 3 E 2| FE
-t S (e i
n n n
pn \/_ -
kx
< (6| £ + 2Ar11).
6n
Hence,
H <I — U_i,MUTi,M) § H I — U—i,l:rUT@l;r) 9:: + H <I - ﬁ—i,l:rUT@l;r) €;

kr
bn

<

(6| E[| +2Ar41) + [|E]]-

As aresult,

§<>\ A1 — —A >—2\|E||
1 T r+1 - r+1
5 S v Bn/k

0
P—i = 2 — > 27
RS (6 | BI| + 22 11) + | Bl 8

under the assumption that Sn/(k?) > 10 and (10).



The remaining part of the proof is to study {aziﬂXi}aE[r] and then apply Theorem 2.1.
Following the exact argument as in the proof of Theorem 2.2, we have

3 (s LBV 1
agr )\—i,fl A/ 6” —1 /\—z r n -1 /\—z r

Under the assumption that 3n/(k?) > 10 and (10), (58) is lower bounded by A,./2. This also
implies A_; » > A,./2. Then a direct application of Theorem 2.1 leads to

T
U—’L 1: T’U—Z 1: rel .

A~

. A ) NG 1 VT E| AT
U170t — Ui UL 10| <= + = + | Ui UL 1€
|0 i ( Bk —1 A_”< Bk —1 ek
% HU—er —i,1:r€i
- ﬁO Vﬁn )\r

APPENDIX B: PROOFS OF LEMMA 3.3 AND THEOREM 3.2

PROOF OF LEMMA 3.3. Note that 7 € [k] is a random variable. We are going to associate
it with some deterministic index in [k]. Recall A\; > Ay > ... > A,\,, are singular values
of the signal matrix P and « is the its rank. Let its SVD be P =} ])\iuiv;f with

{u;}jeipan) € R? being its left singular vectors.

By the definition of 7 in (22) and the definition of 5, we know Az — Asy1 > j||E|| and
Aiy1 < kp||E||. By Weyl’s inequality, we have |\, — A\o| < ||E|| for all singular values of
X and P. Then we have A\; — A1 > (p — 2)||E|| and A1 < (kp + 1) ||E||. Note that
(p—2)||E| > 0is as long as p > 2. Define

(59) Ri={a€[k]: Aa— Aap1 > (5 — 2) | E|| and Ags1 < (kp+ 1) ||E|},

1€[pAn

which is a deterministic subset of [«]. Then 7 € R.
Consider an arbitrary r € R and define Uy, := (1, . .., U,) € RP*". Perform k-means on
the columns of U1;TU17:TX and let the output be

(z’*(r),{éj(r)}?:J = argmin Z HUl UL

ze[k}”,{ej};?:le i€n]

In the following, we are going to establish statistical properties for Z(r) and eventually obtain
a desired upper bound for £(Z(r), z*). Since performing k-means on the columns of Ul x
is equivalent to k-means on the columns of U;..U{, X, and since # € R, we have Z = (7
and thus the desired upper bound also holds for ¢(Z, z*).

In the rest of the proof we are going to analyze Z(r) for any r € R. For simplicity, we use
the notation %, {0; }jeln) instead of Z(r), {éj(r)}je[n]. The remaining proof can be decom-
posed into several parts.

(Preliminary Results for z, {éj}je[n} ). We are going to use Proposition 3.1 to have some
preliminary results. Define Uy, := (uq,...,u,) and Upps1yk == (Up41,--.,ug). Instead of
the decomposition (5), we can write

Xi = Ur UL 0% + Uy Uy 405 + € = U, UYL 0% + &,
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where & := U, 41). WUT ( 92; + €;. In this way, we have a new mixture model with the

r+1):k 8
centers being {U1.,UT,,.0; } e[ and the additive noises being {¢;}. Define £ := (¢1,...,&,).
Then

HEH < HEH + H <U(T+1)ZkU(Tr+1):k9:1*7 R U(r+1):kU(7;+1);k9:;>
~ 1B+ | U608 1P| = 1B+ Ar

(60) < (kp+2) | E]l.

The separation among the new centers is no longer A. Define

A:= min HU“UETH; — UMUETHZH .

a,bek]:a#b
Forany a,b € [k], U1, UY,0; = U1 UL, 05 = (04— 0;) = Uy kUl 1y + Uy aU ey 1405
Also,
e HU U ma Zie[n}:zf:a U(T’+1)1kU(17:+1) ke HU(T""l U(z;-l-l)kPHF
x [|U¢, . = max . " <
aefi] || HDHF DR | g {icn]: 2 =a} VBn/k
~2VEA _ VE(kp+1) 1B
61) < .
T/ Bn/k VBn/k
Hence, we have
©) A> min (65— 65— 2ma]| UV 1060 > a2k + D B
a,be[k]:ab aclk] ' \/Bn/k

Then from Proposition 3.1, as long as (which will be verified later)

. A
(63) T

> 16,

we have

(z,27) =~ lie ol sz £ 00 < = L,

and

m?g\\9¢(z — Up, UL0%|| < CoB~"kn="% || E||.
ac

where Cy = 128.
(Entrywise Decomposition for Z). Next, we are going to have an entrywise decomposition for

I{z; # ¢(z;)} that is analogous to that of Lemma 3.2. When (63) is satisfied, from Lemma
3.1, we have

Ul:rﬁlz:rei + H Ul:rUlzer(r+l):kU(1;+1);k92‘

I{z # 0(=)} <1{(1 - Codg ") A <2 0v, 0T, }.
By the definition of €; and (61), we have
Hﬁhrﬁfzré

IN

Ul:r[jlj:rei + H U(r+1):kU(1;+1);k9§f

| YR+ D IE]

\/Bn/k

IN

3 T
UlZTUl;T’E’i
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Then, we have

3 ; VE(kp+1) | E
L #0()) <10 (1 Col ) A <2 00,08, e + Y2 LA
v/ Bn/k
y 2VEk(kp+ 1) ||E| '\ « A
=14 (1-Coiigt - VRGP DI & <y HUmUlT.,,ei .
v Bn/kEA '
From (59), under the assumption that 5 > 4 and n/k* > 400, we have jy defined as in
(10) to satisty

§ (p—1) |12
max {|| Bl /5 (k5 + 1) | B }

Then Theorem 2.3 can be applied, with which we have

o 26Vrk 256 HU—Z‘,I:TUZi,leri |

§

>2.

HUl:T’Ulj:r - U—i,l rU i,1r

F™  np Ar
Then following the proof of Lemma 3.2, we have
I{z # ¢(2)}
 2VE(kp+ 1) ||
< — A<2
_]I{<1 C(01/}0 /—Bn A — (HU—er zlrel +HU1 TUlr U—llT’U—zlr ”EH)
. 2 || E < E 256 | B
el (1 it - 2R DI 4 uu Q+5M|U1 O
\/Bn A /\r

A~

T
U—zlrU i,1:r€i

1 2Vk(kp+257) | E||\ « 256
gﬂ{<1—00¢0— N >A§2<1+m> }

where in the last inequality we use A, > (p — 2) || E'|| > 0 (as long as p > 2) from (59).

The last step of the proof is to simplify the above display using A instead of A. Then,
under the assumption that p > 256, we have (1 +256/(p —2))~! < (1 —512/p). Recall the
definition of ¢y in (24). Under the assumption that p < 1) /64, we have

. 467 00k2n 05 ||E 4 A
64 A2A<1_ Bk n00p || H>:A<1 p>>_7
A o 2
according to (62). Then together with (60), we can verify (63) holds due to
A/2 A
o > / _ %o > 16.

> i
02 B0k 05 (kg + 2) B © 4505 K205 B 45 -
Rearranging all the terms with the help of (64), we can simplify I {Z; # ¢(z})} into
I{z # ¢(27)}

_s 4B 055 | B 256 4p 2 AT
< - — - — - = < —i,1: i, 1:r€i
< ]I{<1 4Copibo A2 > (1 F; ) <1 wg) A<2 HU i1 UL, 1€

<1 { (1 — 5Coply ! — 256 ~—1> A<?2 Hﬁ_ivlzrﬁﬂ,mei }

|
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O

PROOF OF THEOREM 3.2. Recall the definition of F in (45). Then if F holds, by appro-
priate choices of C7,Cs, we can verify the assumptions needed in Lemma 3.3 hold, which
lead to

L{z # 6D {F} ST{ (L= C"(pavy" + 97 ) & < 2[00, e | JLIFY,

for some constant C” > 0. Though 7 is random, the proof of Lemma 3.3 shows that # € R C
[k] where R is defined in (59). Note that for any r € [k], we can follow the proof of Theorem
3.1 to show

E]I{(l —C"(patby ' +py ")) A <2 Hﬁ—i,lerTm;rei

A2
} < exp <—(1 — C"(parhy t + pf))g) :

for some constant C"” > 0. Hence, the same upper bound holds for EI{(1 — C"(patpy ' +
Py NA < 2Hﬁ_i,1”:f]5. 1.7€i||}. The rest of the proof follows that of Theorem 3.1 and is

omitted here. O

APPENDIX C: PROOF OF THEOREM 3.3

Define F = {||E|| < v2(y/n+ /p)o}. Then by Lemma B.1 of [25], we have P (F) >
1 — e 9087 Then under the event F, the assumption (25) implies (15) holds, and hence (16)
and (17) hold. For simplicity, and without loss of generality, we can let ¢ in (16)-(17) to be
the identity, and we get

)

Cok 7)o
22" = e nls5 oy < SEUEVR) ©

< CoB 90k <1 + \/§> o,
n
where Cy > 0 is some constant.

Denote P = UlzkﬁlT:kX and let If’Z be its ¢th column so that Pl = ﬁlkuEkXi. We define
r € [k] as (with A\g41 :=0)

(65) r:max{je[k]:/\j—)\jHZT\/n—l—pa},
for a sequence T — 0o to be determined later. We note that if A/(k273% (1 +p/n)% o) —
oo, the set {j € [k] : A\j — Aj41 > 71/n + po} is not empty. Otherwise, this would imply A\ <

k7+/n+ po which would contradict with the fact A\; > /5n/kA/(20) (cf. Proposition A.1
of [25]). By the definition of r in (65), we immediately have

and

0, — 0

max ‘
a€(k]

(66) )\r - A7‘—i—1 > TV N + po,
(67) and \,1 < kT/n + po.

We split Ul:k into (01;7», 0(7,+1):k) where 01;7» = (ﬁl, .. ,@7») and U(r-i—l):k = (ﬁr+1, .. ,ﬁk).
We decompose Pl = ]3(21) +P€?), where ]_3(21) = UMUlT:T,P.,Z- and P(f) = U(Hl):kﬁ(j;ﬂ):kp,i.

Similarly, for each a € [k], we decompose 0, = éC(LI) + é((f), where éf}) = Ul;rﬁlT:T,éa and
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9((12) = U(r+1):kﬁ(:£+1);kéa~ Due to the orthogonality of {&l}le[k]’ we obtain that for any

i € [n] and any a € [k] such that a # 2,

s? i i

I{s=a)< H{HPSZD 1P g - ég)Hz . HP(”D +P® g _§®

S 6%

:]1{2<p§;>_é§1>,é§}>_égl>>+ ég)_éc(ll)H2§2<p(’?)7él(l2)_ég)>_ ‘2+

1
We denote 77 = o(1) to be another sequence which we will specify later. Then the above
display can be decomposed and upper bounded by

+1 {T”M <2 <15_ff), 0@ — é§§)>} =: A; o+ Bia.

el

i

(1)

T//A2 +

1{% = a) <I ( 6l —4m

<oty

D>

6% -

Then
1
El(2,.2F)< — El{z; =
(<t Y Y EIE=a)

i€[n] a€k]:a#z]
1 1
68) <P (.FG> - Z > EALI{F}+- Z S EBJI{F}).
i€[n) a€lk]:a#z; i€[n) a€lk]:a#z;

We are going to establish upper bounds first for n™" 3=, 1 3 ¢ (4.az2: EBil {F} and then
forn~! Zze[n} Zae[k}:a;ﬁzj EAiﬂl[ {‘F}

(Analysis on n~! > icin] 2oazzr EBial{F}). For 371> . EBi JI{F}, we can di-
rectly use upper bounds established in Section 4.4.3 of [25]'. It proves that for any i € [n],

o2 |’

2
A n—k‘) A2

1
B JJ{FNT}<2exp| —= | ca— .
Z ) { } (41@'5725_5(14'%)0 3n

2
a€lkl:a#z;

where ¢4 > 0 is some constant, and 7 is some with-high-probability event in the sense that

P(T) > 1— nkexp <_M>

9
Hence,
1 1 C
— . < = ;
XY EBG{FI< Y Y EBJ{FTI+E(TY)
i€[n) a€k]:a#z] i€[n) a€lk]:a#z;
2
1 A n—k\) A? (n—k)
<2 —— — k — .
R W (‘3%272/3—%(1%)0 3n ) =l exp( 9 >

!"The model in [25] assumes {ej} ud N(0,T) while in this paper we assume {e; } ud N(0, 021). To directly
use results from [25], we can re-scale our data to have X;» = X /o forall j € [n]. Then {X]’} has NV'(0, I) noise

and the separation between their centers becomes A/o. Then all the results from [25] can be used here with A
replaced by A /o



SINGULAR SUBSPACE PERTURBATION AND SPECTRAL CLUSTERING 9

(Analysis on 0= 37,0132 BA; JJ{F}). We first follow some algebra as in Section
4.4.2 of [25] to simplify A; ,]1{F}. Forany i € [n] and a # =, it proves

2:872 T+ & . R
(69) Ap l{F}< 11{ (1 g AR YLY "0> A<2 HPS’ - eg)H}H{f},

A

for some constant c¢; > 0. Still working on the event F, it also proves

2, /B 1k2 (1 + %)a.

Our following analysis on A; ,I{F} is different from the rest proof in Section 4.4.2 of
[25]. Note that P — 0,070z = U1, UL, X; — U1, U, 0% = U1, UF, ;. Then (69) and

(70) give
K282 (14 /2 o
(T1) Aj JJ{F}<I { (1 oy TP é V) U) A<2 HUlerszrei }H{J—“},
where we use 7 — oo and the fact that 1 + \/p/n \/1+ p/n are in the same order.
Recall the definition of X _; in (7) and U_, 1. ,,UT is the leave-one-out counterpart of

i, 1
U1..UL . For (71), we can decompose ||U1.,U €;|| into

(70) [P =8| < |2 - v 0T 0

N AT S &T
HUlermEi U Uiy = Ui UZ gy

2 5T
< H U_innUZ; 106

el

(67) hold, under the assumption Sn/ k* > 100, we have
)\7” - )\r—i-l
max {1 Bl /550,41 }

Applying Theorem 2.3, we have

To upper bound Hﬁl;,f]lT:T — U_M;TUTLM |lr, we are going to use Theorem 2.3. Since (66)-

>

l\Dl\l

2567/ 1k 256HU—7:,1:7‘UTZ'.1;7«€Z'

U, UL U_Z TU_Z A<

H Ll T mbrY il ||l =T g Ar

Hence,

3 T
. . ~ ~ 256M 256 H U—i,liTU—i.lzrei
HUliT’Ug:TGi SHU—Z'7137’UT2',1:T’Q m + A HE”
256k | B 256 || |
=2 |02, 07
\/n_ﬂ + + )\r i.1:r€

B0V P () +256xf (Vi + Bl T
= m T\/mo_ —i.1ir*e

)

< 512k3700 (1 + \E) o+ (14512771 Hﬁ_i,lzrﬁfi.me,-
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where in the second to the last inequality, we use (66) for A, and the event F for || E/||. Then
(71) leads to

2,873 2 R .
A {F} <I { <1 gyt = BFTD g V) U) A<2(1+51277) HU_Z‘,LTUTZ-J:TEZ' }H{}"}
2r373 14 . .
<I { <1 —C4 (k Tﬁ (Z_‘_ \/;) 7 + 7—_1>> A <2 HU—i,lerT@l;rei }7

where c3, ¢4 > 0 are some constants. As long as 1 — ¢4 (k2737%%(1 + \/p/n)o/A+771) >

1/2, we can use Lemma D.2 to calculate the tail probability of || U_M;TUQJZT
the proof of Theorem 3.1, we have

EA; JI{F} <exp <_ (1 e <k;27'ﬁ_5 (Z-I— \/g) o N 7__1>> A2 ) |

802

€;||. Following

for some constant c; > 0. Then we have,

n1 Z Z EA; JJ{F} <kexp <_ <1 e <k27'5_2 (Z-l— VE)o +7__1>> %) |

i€[n] a€lk]:a#z;

(Obtaining the Final Result.) From (68) and the above upper boundsonn ™1 3", €ln] > aelk]:azzr EBial {F}
and n=! 3001 D e kaser BAial {F}, we have

2
1 A n—k\ A? (n—k)
El(2,2%) <e 008 1 9 —= = k SEA
(2,2) <e + 2exp 5 C4k2725_%(1+§)0 ™ 2 + nkexp 5

2 9—1 D
+ kexp (— <1—C5 <k 75 (2—’_ \/g)a —1—7'_1>> %) .

Since we assume 8n/k* > 100, we have (n — k)/n > 0.99. Hence, under the assumption
that A/(k3°5795(1 + 2)o) — oo, we can take 7, 7" to be

0.25
pu— 7_//—1 — A
’ k3-53-0.5 (1 + %) o

such that 7 — oo and 7" = o(1). Then for some constant ¢ > 0, we have

0.5
2 2
5 Lk —0.08n ) A A —0.1n
El(2,2%) <e + 2exp D <k3-55—0'5 (1+%)0> g + nke
—0.25
A 2
k —(1-2 —
+ kexp Cs <k3-5ﬁ—0~5 (1 + %) O.> Q02
A —0.25 A2
<e —|1-c — | +2e7008,
=P 0 (k‘3~55—0'5 (1+2) a) 802
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APPENDIX D: AUXILIARY LEMMAS AND PROPOSITIONS AND THEIR PROOFS

PROPOSITION D.1. ForY andY defined in (1), we have (2) holds assuming o, — op41 >
2 H(I - UrUf)ynH

PROOF. Recall the definition of the augmented matrix Y. Note that U,.UY is the best
rank-r approximation of Y. Since

17 =00 Y |l = (7 = 0:U7) Y. 0) g = (T = T0) Y

we have U,.U!'Y" also being the best rank-r approximation of Y”. This proves that span(U,.)
and U, U are also the leading r left singular subspace and projection matrix of Y. Then
U, U — U,U! is about the perturbation between Y and Y.

Let o, 0, be the rth and (r+ 1)th largest singular values of Y, respectively. By Wedin’s
Thereom (cf. Section 2.3 of [8]), if 0. — 6,41 > 0, then we have

6,07

Regarding the values of 0. and o7, first we have 0. > o,.. This is because

I UU ynH

< ‘ — =
Op — Or+1 U —0rq1

- U,Ur

0,= inf H:ETY/H = inf H (ajTY, :ETyn) H > inf HxTYH > op.

/
" x€&span(U,.) z€&span(U,.) x€&span(U,.)

In addition, we have o/, = 0,11, due to the fact that (I — U, UT)Y’ = ((I — U,U])Y,0).
By Weyl’s inequality, we have
|6r1 = o | <Y = Y| = | = U0 )yl

Hence, if 0, — 0,41 > 2 H (I — UTUf)ynH is further assumed, we have
/ A T 1
Op — Op41 2 Op — Opp1 — H(I - UrUr )ynH > 5 (UT - Ur—i—l) .
The proof is complete. O

LEMMA D.1. Let E = (ey,...,€,) € RP*™ be a random matrix with each column €; ~
SG,(0?),Vi € [n] independently. Then

(t> —3)n
P(|[E]l = 4to(Vn+ /b)) exp | ——F— ),
foranyt > 2.
PROOF. We follow a standard e-net argument. Let I/ and V be a 1/4 covering set of the
unit sphere in R? and in R™, respectively. That is, for any u € RP such that ||u|| = 1, there

exists a u’ € U such that ||v/|| =1 and ||u — /|| < 1/4. Similarly, for any v € R™ such that
||v|| =1, there exists a v’ € V such that ||v'|| =1 and ||v — ¢'|| < 1/4. Then

|uTEv‘ = ‘ulTEv’ +uTEw—v)+ (u—u)TEV + (u—u)TE(w -1

< ‘ulTEv' uWTEw—v)| 4 |(u— )TEV |+ [(uw—u)TE(w =)

Maximizing over u, v on both sides, we have

I|E|| = max |u v[ < max ‘u/TEv'

1 1 1
Z|E| + < |EI+ —= | E] -
L e + 7 1B+ 1B+ £ 2]
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Hence,

IE| <4 max (u’TEv’
u'eU V' €V

For any v’ € U,v' € V, we have each u'”¢; being an independent SG(c?) and then ' Ev' ~
SG(c?). Note |U| < 97 < € and similarly |V'| < 3", Then by the tail probability of sub-
Gaussian random variable and by the union bound, we have

P(|E|| < 4to(vn+/p)) <P < max ‘u/TEv/‘ <to(vn+ \/1_))>

u' eU ' eV

2 (. /n 2
< U] V]esp (—M)

< exp <—@2_T3)n> )

for any ¢t > 2. O

LEMMA D.2. Let X ~ SGy(0?). Consider any k < d. For any matrix U = (uy,...,uy) €
R¥** that is independent of X and is with orthogonal columns {ui}ie[k]. We have

P(||[UUTX| 2 o2k +2VEE +2t)) e,

PROOF. Note that tr(UU”) = tr((UUT)?) = k and |[UU”|| = 1. This is a direct conse-
quence of Theorem 1 in [16] for concentration of quadratic forms of sub-Gaussian random
vectors. U

PROOF OF PROPOSITION 3.1. Define P = 3,14 Asit;6] . Due to the fact that P is the
best rank-r approximation of X in spectral norm and P is rank-«, under the assumption that
k < r, we have that

|P - x|| < 1P - x11= B
Since r < k is assumed, the rank of P — P his at most 2k, and we have

o o], Ve p|<va(jp-x

+ 1P - X|) <2v2K | B

Now, denote © := (égl ) 9}2, ce ézn) Since © is the solution to the k-means objective (14),
we have that

HA AH < H AH
F F
II ] ] . ] . ]. ] . ]

Jo- £, <2[- [, <2

.2
5 (-

Now, define the set S as

A *

S:{ie[n]:‘
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Since {éz — 9;} are exactly the columns of 6 - P, we have that

1€[n]

A 2
@‘ﬂh<l%MWW.

TV ERE .
Under the assumption (15) we have
BA%n
R2|EF T
which implies
n
51< 2

We now show that all the data points in S¢ are correctly clustered. We define
Cj={ien]:z; =4,ieS}, je[k]
The following holds:

* For each j € [k], C; cannot be empty, as |C;| > [{i: 2z} =j}| —|S]| > 0.
* For each pair j, € [k],j # [, there cannot exist some i € C;,i’ € C; such that 2; = Z;.
Otherwise 03, = 0z, which would imply

105 - 6i]| = |joz: — oz,

S ‘ éi’i - éi’i/ éi’i/ - 9**

e

<A,

« A~

*

*

contradicting with the definition of A.

Since Z; can only take values in [k], we conclude that the sets {Z; : i € C;} are disjoint for all
Jj € [k]. That is, there exists a permutation ¢ € ®, such that

2@' = ¢(])7 (S ij ] € [k]

This implies that ), _gc [{2; # #(2])} = 0. Hence, we obtain that
128k || E||?

Az
Since | S| < g—Z (which means £(z,z*) < % rom the above display), for any ¢ € ® such that
p # ¢, we have |{i € [n] : 2; # Y(2])}| > 26n/k —|S| > fn/k. As aresult, we have
128k | B2

nA?

{ielnl: 2 # o(2)} <|S] <

(3,2 = i€ ] 2 £ B} <

Moreover, for each a € [k], we have

N 2 ~ 2
2 _ S O-Pl, _su|p|?

STemGi=da). s =all ~ E_|s| = Bn

H@w—%
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