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1. Introduction

We observe an i.i.d. random sample Y7, ...,Y, € RP from a distribution @ that
lies on a d dimensional manifold M with d < D. The goal is to estimate the
unknown manifold M based on the sample {Y;}.

Manifold learning is an active area of research in machine leaning, applied
mathematics as well as statistics, but not much optimality theory regarding the
rates of convergence has been developed. To the best of our knowledge the opti-
mal convergence rates for estimating manifolds are only considered by Genovese
et al. (2012a,b) (henceforth GPVW) under a minimax criterion. Convergence
rates of their theoretical estimators are compared to the lower bounds. How-
ever, their upper and lower bounds do not match. To fill in the gap, this paper
establishes the optimal rates of convergence by a novel lower bound argument.

Following GPVW we measure the loss by means of the Hausdorff distance

H(A,B)=inf{e >0: ACB®e and BC Ade}

where A@® e = {z € RP : ||z — A|| < ¢} where || - || denotes Euclidean distance.
For a suitably chosen set M of compact, d-dimensional manifolds in R” and,
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for each M € M, a suitable set Q(M) of probability measures concentrated on M
(see Section 2), they worked with the the maximum expected loss

An(|\7|) = sup sup IEQH(I\A/IH, M)
MeM QeQ(M)
based on the sample Y7,...,Y, from (). They constructed a sequence of estima-
tors for which

An(l\7l) =0 (’yi/d) where v, =n"!logn

and also showed that R
inf A, (M) > en=2/4
M

for some constant ¢ that depended on M.

The main contribution of our paper (Theorem 1 in Section 2) is to establish
a uniform lower bound for An(l\7|) of order 7,2/ d, thereby determining the true
minimax rate for one of the manifold estimation problems considered by GPVW.

We use a method, first presented by Le Cam (1973), in the form used by Yu
(1997). In our setting the method becomes: if My and M, are subsets of M
for which inf{H(Mo,M;1) : Mg € Mo, My € My} > 2, for some positive
constant -, then R

Ap(M) >~ sup |Pog APy (1)
P;eco(Q})

where QF denotes the set of all n-fold product measures Q with Q; € Q(M,)
for i = 1,2 and co(-) denotes the convex hull. The quantity |Pg A Py is called
the testing affinity. It equals 1 minus half of the L, distance between Py and P;.

The general analog of inequality (1) is best known for the case where both M
and M are singleton subsets, a situation sometimes referred to as “two-point
testing”. GPVW used that method to establish their lower bound. The situation
where only one of the M,’s is a singleton set has been used by many authors
(see Tsybakov 2009, Section 2.7.5 for example). The full power of inequality (1)
has, to our knowledge, only been effectively applied in the paper by Cai and
Low (2011). In the present paper we employ (1) by means of an embedding
of an occupancy problem into the manifold problem. We bound the affinity
bewteen two convex hulls (mixtures) using combinatorial arguments involving
the hypergeometric distribution. In Section 2, we give some intuition behind our
construction and the reasons why it does not suffice to have even one of the M;
a singleton set.

Proofs for the main results are given in Section 3. We collect proofs for
auxiliary lemmas in Section 4.

2. Main Theorems
In this section we introduce lower bound results and intuitions behind them.

The lower bounds, together with upper bounds in Genovese et al. (2012b), yield
minimax rates of convergence.
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First, we describe the setting in detail. Assume that M is a compact C!
Riemannian submanifold without boundary in R, and contained in some com-
pact set X C RP with nonempty interior. In addition, we need a regularity
condition for the curvature of the manifold M. Define A(M) to be the largest
r such that each point in M @ r has a unique projection onto M. As proved
by Niyogi et al. (2006, Section 6), A(M), which is usually called condition
number, controls the curvature of the manifold. We assume that the d dimen-
sional manifold M satisfies A(M) > k, where & is a fixed positive constant. Let
M(k):={M: A(M) > k,M C K}, and G(M) be a set of distributions @ whose
densities ¢ with respect to the uniform measure on M satisfy

0 <b(M(r)) < yighfﬂ q(y) < sup q(y) < B(M(k)) < o0 (2)

where b(M(k)) and B(M(x)) may depend on M (k) but not on the particular
manifold M.

Here is the intuition behind our main result, Theorem 1. Consider a one
(d = 1) dimensional closed smooth curve M in a two dimensional space (D = 2),
and observe n points uniformly distributed on M. Without loss of generality,
assume that the length of the curve is 1. The maximum gap among those points

is of an order of loi " with high probability. That means there exists at least

one connected piece of the manifold of length of order loen 1) which we have

no observations. The locally quadratic approximation error of the interpolation

2
of smooth manifold yields a possibly unavoidable estimation error of (%) .
This idea can be carried over to a general d dimensional manifold in R? with

d < D by dividing the manifold into an order of -7-- disjoint pieces with a

_n_
log

1/d
diameter of an order (loi") for each.

Theorem 1. Let Y7,...,Y, be i.i.d. sample from a distribution QQ where Q is
supported on a manifold M € M(k), and Q € G(M). Then there is a constant c,
not depending on n but depending on d, and b and B defined in Equation (2),
such that

2/d
il sup Eou [H(M,M(Q)] > ¢ (“E") .
M QeQ n

The following two remarks explain why a naive “one versus a mixture” testing
can not lead to the desired lower bound in Theorem 1 and the intuition for the
testing of two convex hulls. We use a,, < b, if a,, < C1b,, and b,, < Csa,, where
C1, Cy are constants not depending on n. Denote by L1 (P, Q) := [ |p— q|dp the
L, distance between P and @), where p is a dominating measure, and p and ¢
are the densities of P and @) respectively.

Remark 1 (One versus a mixture). In many cases including sparse support
recovery in high dimensional estimation, one (null) versus a mizture (alter-
native) testing gives tight bounds. For instance, consider the problem of es-
timating the multivariate standard normal mean vector 8 € R™ with covari-
ance matriz I, /n. Then it can be shown that for the parameter space satisfying
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S 1{6; # 0} = 1, the magnitude of the nonzero 0; needs to be at least of an

order of k’% for consistent support recovery by one versus a mixture testing
of Le Cam. However, this same reasoning does not work for manifold estimation
by simply considering a test of one manifold versus a mizture of many mani-
folds with one bump for each. Consider a base manifold My (defined in (13)) as

the null. For the alternatives, we can construct the set of manifolds M having

2/d
one bump deviated from Mg such that H(Mg, M) < (log”) for all M € M.

n

Define the uniform distributions Qo := U(Mp) and Q := U(M) € Q on these
manifolds. We find that L1 (QF, @ ZQEQ Q™) converges to 2. These two dis-
tributions are very different from each other. This can be understood as follows.
Based on one sample from any manifold of M, with high probability there is at
least one observation lying on the bump, thus we instantly know that the null
hypothesis is wrong. This is different from the multivariate normal mean esti-
mation problem, for which based on a sample generated from the alternative one
can not tell whether there is a nonzero 6; and where the location of the nonzero
0; is. See Remark 3 for the exact calculation of the Ly distance.

Remark 2 (A mixture versus a mixture). From Remark 1, we see that the prob-
lem of estimating a set of manifolds with at most one bump for each is not hard
enough for establishing the desired lower bound. A large set of manifolds with
2m = n/(tlogn), for some t € (0,1/2), number of inward and outward bumps
are constructed. Two subsets of manifolds My = {Mg;} and M1 = {My;/} are
selected. Manifolds in Mgy have m = n/(2tlogn) outward bumps, while man-
ifolds in My have either m + 1 or m — 1 outward bumps on My, such that

2/d
H(Moj,Mijy) = (%)™ for all Moj € Mo and My € My. Consider the

uniform distributions on Moj, that is, Qo; = U(Mo;), and similarly Qv =
U(Myj/). In Section 3 it will be shown that Ll(@ ZQOJEQO 0js ‘Qilll ZQU/egl )

converges to 0, which implies we can not distinguish two convex hulls from obser-
vations. The intuition behind the L, distance calculation is that for observations
generated from either class there will be several bumps without any observation
lying there, thus it seems to be impossible to distinguish one convex hull from
the other from those observations. See Section 8 for details of a rigorous justi-
fication.

Combining the upper bound in Theorem 3 in Genovese et al. (2012b) and
the improved lower bound in Theorem 1, we have the following corollary.

Corollary 2. Let Yi,...,Y, be i.i.d. sample from a distribution QQ where Q is
supported on a manifold M € M(k), and @Q € G(M). Then

1ogn)2/d

inf sup Egn [H(I\A/I,M(Q))} = ( -

M QeQ

Theorem 1 can be easily extended to a so called clutter model, for which
we observe i.i.d. observations Y7,...,Y, € R” from a mixture distribution (1 —
m)U(K) + 7G, where U(K) is a uniform distribution on K and 7 € (0, 1).
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FiG 1. Constructed manifolds for case d = 1,m = 2: Mo; (top), My (bottom). Here we used
larger base manifold for illustration.

Theorem 3. Let Yi,...,Y, be ii.d. sample from a distribution Q = (1 —
mU(K) + 7G, where G € G(M) is supported on a manifold M € M(k). Then
there is a constant c, not depending on n but depending on d, w, and b and B
defined in Equation (2), such that

logn)Q/d

inf sup Egn H(I\A/I,M(Q))} > c(
MoQ n

Combining the upper bound in Theorem 5 by Genovese et al. (2012b), we
obtain the following optimal rates of convergence.

Corollary 4. Let Yi,...,Y, be i.i.d. sample from a distribution Q = (1 —
m)U(K) + G, where G € G(M) is supported on a manifold M € M(k). Then

logn 2/d
. .

ii}ﬂfsgp]EQn [H(M, M(Q))] = (

3. Proof of Main Results
In this section we derive the lower bounds in Theorems 1 and 3. The key tech-

nique is Le Cam’s method for testing two convex hulls. Consider a set of dis-
tributions Q, supported on a manifold M € M. Let M be the estimator of
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M = M(Q) based on ii.d. sample Y7,...,Y, from Q. Let H be the Hausdorff
distance. Le Cam (1973) establishes a minimax lower bound as follows. See also
Yu (1997).

Lemma 5 (Le Cam’s method). Suppose that there are subsets Mgy and My of
M that are 2v separated, in the sense that H(Mg, M) > 2v for all My € M,
and M1 € M. Suppose that Qy and Q1 are subsets of Q for which M(Qo) € M
for Qo € Qo and M(Q1) € My for Q1 € Q1. Denote the cardinality of the set
Q by |Q|. Then

- 1 , 1
sup g HIUM(Q) 27| 15 20 @ | A | g7 X @

QeQ QoeQo Q1€Q:

The proof of Theorem 1 consists of the following 4 steps: (i) construction of
two finite sub-parameter spaces Mg and M which are separated of an order of

a0\ 2/d
(%) , (i) simplification of the L; representation, (iii) reduction of the L

distance to a combinatorial counting, and finally (iv) bounding the L; distance
by studying combinatorics through the tail probability bounds for the traditional
occupancy problems and hypergeometric distribution.

3.1. Construction of Finite Sub-parameter Spaces

The construction extends the manifold with one bump in Genovese et al. (2012a)
to the case of multiple bumps. In particular, M corresponds to the set of
manifolds with m outward bumps among 2m possible perturbations while M/
corresponds to the set of manifolds with m 4+ 1 or m — 1 outward bumps. These
bumps are disjoint and congruent, and the volume of each bump is of order
logn/n. Lemma 6 shows that there exist suitable constructions for these sets
M and M; in order to use Le Cam’s method.

Lemma 6. Let 2m = n/(tlogn) < v~%2 for some t € (0,1/2), No = (*™),

m

and N1 = (77217_’:1) + (ff_nl) Then there exists two sets of compact C' Riemannian
manifold Mo = {Mo;,j = 1,...,No} and My = {My;r,j' = 1,..., N1} such
that all the manifolds in My and M1 satisfy the condition number assumption,

that is, (Mo UM1) C M(k), and

gt i H(Moj, Maj) 2 2.

3.2. A Simplified L, Representation

In order to consider the Ly distance between distributions on these manifolds,
we introduce some more notation. Part of manifolds without bumps is denoted
as m = ﬂévz"lMoj ﬁj-\flzl My;-. Part of manifolds with bumps are denoted with

mlJr and m; forl=1,...,2m where mf means the outward bump (m;” meaning
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the inward bump) where the order [ does not play a crucial role because of the
symmetry. For instance, by defining mg; := Uier,, mlJr Ulerg, My

_ + - _.
Mp; = m UleRo; My UZERSJ- m, =:rmUmg;. (3)

For later use, we also denote m; := ml+ Um,; . Then we suppose u as a dom-
inating uniform measure on U;V:‘JlMoj U;lel M. We let Qo; be the uniform
probability measure on Mg; (i.e. Qo; := U(My;)) with a density qo; respect to
p and similarly define @1, and gi;; on Myj/.

By construction, pu(m) = Cy (where Cj is a constant only depending on d)
and p(m;t) = p(m;) = ey¥? for all I = 1,...,2m (see the proof of Theorem 2
by Genovese et al. (2012b)). Then 1(Mg;) = u(Myj:) = Co + (2m)cy¥/? =: C for
all j=1,...,Ngand 5 =1,..., Ny, where C only depends on the dimension d
by the choice of m =< y~%2. Accordingly, for j =1,...,Nyand j' =1,..., Ny,

dQo,
dp

dQur vy 1 - L
W(;p) = qul(x) = C]l{zEMu/} = C]I{EEmUmlj/}'

1 1
(%) == qoj(z) = 51{ze|v|(,j} = 51{z€mUmoj}

Lemma 7 gives an upper bound for the L; distance between two mixtures of
distributions on the constructed manifolds as an expression with two functions
fo and f1 which take nonzero values only on the part of manifolds with bumps.

Lemma 7. Let fo(x) == 1= Y00 TTi foj (@) == 2= SN Ty (L wsemoyy /(mo;)

a N1 n N- n
and fi(z) = Ni1 Z_j’:l [Tz fujr (i) = NL1 Zj’lzl i:l(]‘{liemlj/}/u(mlj/))'
Then we have

1 1 & ) i

3.3. From L, to Combinatorics

Before starting the detailed calculations of (4), let us emphasize that the den-
sity values [];, fo;(z;) are determined (as a nonzero fixed value 1/(C — Cy)")
only by the specified perturbations in mg;. In order to use some combinatorial
ideas, we divide the whole integral region U}, {xl € (Uf;”lml)} into 2m disjoint
regions S, ..., So,, for which
Uy {z; € (UPmmy) } = U2 {(21, ..., 2n) € Su}s

and each S, 1 < u < 2m, is composed of disjoint union of u unique m;’s among
2m number of possible m;’s. In other words, each disjoint region in S, has the
shape my, xmy, X...xm,; with u unique m;’s so that |Ug {lx}| = u. Accordingly,

welet Sy =mpUmyU...Umy, and Sy = (m; x m) U (my xm§ HU...U
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—1 —2m+1 —2m+1
(M3 71 X Moy, sSom = (Mg X mg X ...my <M U ...UM 2" xmg X

oo X mgm).
Now, we evaluate the integral (4). First note that each S, are disjoint, which

gives
[17@) - Aw) - > /S V@) - @I

For notational convenience, we define a representative disjoint region in S, as

Sy 1= My X Mg X ... X My X ... X WMy = My X Mg X ... XMy, x mt— et
More precisely, let s = m?é So 1: my X mgfl, S3 = my X My X mé‘*z’ ..., and
n—32m-+

Som = My XMy X ... XMy, .
By Lemma 8, a result for the traditional occupancy problem, we have the
total number Y, of disjoint regions in each S, satisfies,

T, = (2;n> [z”: (2‘)(-1)% _ z)n] Cu=1,....2m. (5)

=0

Lemma 8. Consider the distribution of n balls in 2m bins, assuming that each
ball has the equal probability n=2™ of being placed in each bin. Suppose Y, be
the total number of cases with u unique bins (i.e. 2m —u empty bins). Then (5)
holds.

Proof. For the proof, see page 2 by Kolchin et al. (1978). O
Using the Equation (5), we simplify the right side of (4) as follows in Lemma 9.

Lemma 9. Let I; = {l : max(u—m,0) <! < min(m,u)}, I = {l : max(u—m+
1,0) <1 <min(m+1,u)}, and Is = {l : max(u—m—1,0) <! < min(m—1,u)}.

Define
(u
01 = <l>

Then we have

G () + ()

) 2(,2")

[17@ - @l = 3% [ i) - A
u=1 Su

3.4. Bounding the L, distance

In this final step, we shall prove that

u

(6) := u; (23%)” 3 o= 0(1/logn).
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We start to consider bounds for the quantity Y, /(2m)", whose limiting distri-
bution is found in the traditional occupancy problems. Let ¥,, be the random
variable corresponding to the number of nonempty bins when we throw n balls
into 2m bins. Then Y,/(2m)" is the probability of having ¥,, = w in this
regime. Define a,, := (2m)exp(—n/(2m)) = n'=t/(tlogn) — oo (by recalling
2m = n/(tlogn) with 0 < ¢t < 1/2). By applying Theorem 2 of Kamath et al.
(1994), for a large n satisfying n(!1=2Y) /logn > (t/6?)log(2n?), for any 6 > 0,

which implies that we only need to calculate Z?:o o; for the range of ¥, €
2m — a, — Oy, 2m — oy, + Oay,] =: [u.l, u.u] since we know that >, 0 < 2.
Observing this with (6),

JIEREEDS P(\Ifﬁu)gwo(;). g

u=u.l

Now we focus on the first term in (7). Since «,, = o(m), for the range of u €
[w.l, uw.u], we have simpler regions for the indices, e.g. I} = {l : u—m <1 < m},
L={l:u—-m+1<I<m+1l},and I3 ={l:u—m—-1<1<m-1}
Hence we need to treat 4 cases outside of the common region I; N Ilo N I3 = {l:
u—m+1<1l<m-—1} separately. When | = m or | = u — m, for a sufficiently

large n,
1 1m+1 Y (1
m<1zm<2mu>>|—0(2%) ~o(3)

o= (o)

Whenl=u—m—1lorl=m+1,

o= 2((”;%1)) =0 (Qin> =0 (i) .

Substituting these into the calculations, we have

u.u u u.u m—1
=0

u=u.l u=u.l l=u—m+1
u.u m—1 1
= P(¥,, = — . 8
u:zul ( u) l:u—zrn-i-l Ql+0 (Tl) ( )

Now, for the range of u —m+1 <1 < m —1 (where u.l < u < u.u), we can
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further simplify g; as follows,

mz_:l o = mz_:l (D) _1m+1(m—u+lJr m—1 )\
l=u—m+1 l=u—m+1 (2;:1) 2 m m+1—-—1 m—-u+1+I

m—1
Im+4+1/m-—u+l m—1
= Z p2m,u,m(l) ‘1 -3 ( + )‘

T 2 m m+1—-—1 m-—-u+1+I1
(9)
u 2m—u
where pa ux(x) = LK)
u, €B)
(2m,u, k).
Then let us consider the random variable Z with P(Z = 1) = pam u,m(l)-
From the property of the hypergeometric distribution, we know EZ = 3.

is the hypergeometric probability with parameters

Lemma 10. Let Z be the Hypergeometric random wvariable with parameters
(m,u, k). That is,
u m—u

(%)

P(Z =2 =

Denote p = u/m. Then, for some n > 0,

In addition, if 0 <n <1—p, then
P(|Z —E(Z)| > nk) < 2exp(—21°k).

Proof. For the one side inequality proof, see Hoeffding (1963) or Chvatal (1979).
Then we obtain the other side of the inequality using symmetry. O

By the tail probability provided in Lemma 10, with replacing EZ with its
expectation u/2 and k with m, we note that for 0 <7 < u/(2m)

P(12 = 51 = ym) < 2exp(~2iPm). (10)
Here we take 1 := o, /(mlogn) — 0 so that for 0 < ¢ < 1/2
7P = o f(m(log n)?) = 4n1=% /(log n)? — oc.
Based on the small tail probabilities, we divide the summation in (9) into two
regions, {l : |l —u/2| < ay,/logn} and {l : |l —u/2| > a,,/logn}. For the second

region, by bounding the absolute term in (9) by O(1/m) (since the absolute term
has the largest value for the smallest [ = w —m + 1 or the largest [ = m — 1),

> o < O(1/m) > P2mum(l) < o(1/n) (11)

[l—u/2|>0p/logn [l—u/2|>an/logn
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where the last inequality is followed by the tail probability (10). For the first
region, we bound the absolute term with the largest index | = u/2 + a,/logn
(this absolute term has the smallest value at u/2) where u € [2m—ay, —0a,, 2m—
ap, + Oay]:

1 I1m+1 m—u+l+ m —1
2 m m+1—1 m-u+1+I1
R N EIEn)
2 m m_§+logn+1 m_f_log"—’_l logn
Hence,

> <0 <lo;n> | > Pamum(l) <O <10;n> - (12)
-

|l*u/2\S0¢n/10gn u/2|§a”/logn

Considering both regions, Zﬁ;imﬂ oo = O(1/logn) — 0, which implies
[1fo(z) — fi(z)| = O(1/logn) via (7) and (8). Therefore, the claim is proved.
Now we combine all of the above ideas into the proof.

3.5. Proof of main results

Proof of Theorem 1. From the first step, we construct Mg := {My;, j =1,...,No}
and M; = {Myy, 7/ = 1,...,Ni} where H(Mg;,Myj/) > 2v for all j =
1,...,Ng and 5/ = 1,...,N;. Then we simplified the L; distance between
mixture densities from these two groups via equations (4) and (6). Finally
in the last step, via equations (7), (8), (11), and (12), we have shown that
Ly (Nil Zj ng’Nile’ QEL]/) — 0 where on = U(MQJ) and Qlj/ = U(Mljl)

with the choice of ¥%/2 < m < n/logn. By Lemma 5,

N 1 1 n 1 n
sup Egn HM,M(Q)) >~ [ 1— §L1 A ;on, N, jZ/Qlj/

QeQ
1 /2
L= ( ogn) ,

n

which proves the theorem. O

Proof of Theorem 3. We construct the same set of manifolds My and M as in
the noiseless model. By construction, H(Mg;, M1;/) > 2. Again we claim that

Ly (N%, > Qbjs Nil Zj\,h:l ’fj,) — 0 where Qo; = (1 — m)U(K) + U (Mg,) and

Qi = (1 — m)U(K) + 7U(My;/) with the choice v¥/2 < m =< n/logn, which
gives the lower bound (logn/n)?/¢ by Lemma, 5.
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Here we let the dominating measure p := U(K) + U(mU (U™ m;)). By sym-
metry and singular property of U(K) and U(Mg;) or U(My;/),

1 Mo | M n 1 M | M
L, MZQ&,E ZQZ" :Zﬂn,kle FOZUk(MOj),E ZUk(Mlj’)
j=1 j'=1 k=1 j=1 §'=1
Now, using the exact same idea in Lemma 11, we have
1 Mo 1 Mo
Ly VO;U]C Mo;), ZUk M) | < Ly No ZU" Mo;), ZU" M)
which implies by Theorem 1 and > ;_; Bk =1 — (1 — 7)™ <1,
1 M o Ny : G : L o §
FO;QOJ'»EJEQU/ <L M;U (MOj),EfZ:lU (M)

Remark 3 (Continuation of Remark 1). As explained in Remark 1, we use a
base manifold My defined in (13) as the null. Then, we construct the alternatives
having one inward bump:

M; = {(u,b;(u),0p_g—1) : u € By} U {(u, —a(u),0p_g—1) : u € By}
for 3 =1,...,m where m < n/logn such that

bj(u):{ a(u) ] if ue Bg\ ({u||u3\|§\/m}>
20k +7) = bi(u) i we fu|luyll < VAys+ 392,

where Ej(u) is defined exactly the same as before in Step 1. By construction,
A(Mg) > &, A(M;) > &, and H(Mo,M;) > 2y for all j =1,...,m. Then using
the same counting method, we can evaluate the Ly distance between Qo := U(Mp)
and miztures of Q; := U(M;). Denote U, as the random variable of the number

of monempty bins when we throw n balls into m bins, then E[W,] = m — a,
(where &, = mexp(—n/m) = o(m)). Then,

(@~ Z@—%Zﬂf—f B[] 2,

which proves that Qo and miztures of Q; are distinguishable.
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4. Proofs of Auxiliary Lemmas
4.1. Proof of Lemma 6
We define a base manifold for u € R? with the notation By := B4(0,1 + & + 7)

where v < k/3,

Mo = {(u,a(u),0p_q-1) : u € Bg} U {(u, —a(u),0p_g—1) : u € By} (13)

where

(u) = K+ for Jlu]| <1
W=V VEFDT =l =12 for 1< |[ul| <1+r+7.

The radius 1 + k + 7 of this base manifold is larger than the radius 1 + s ap-
peared in Genovese et al. (2012a). Larger radius is chosen such that manifold M
with bumps (which will be constructed on My) satisfies the curvature condition
A(M) > k.

We consider 2m := n/(tlogn) =< v~ %2 (for some t € (0,1/2)) number of
bumps on Mg. Let Rg;(R1;/) be a set of m (m + 1 or m — 1) integers out
of 1,...,2m for j = 1,...,Ny (/ = 1,...,Ny). For instance, we let Rp1 =
{1,2,...,m}, Roea ={1,3,...,m+1},..., Ron, = {m+1,...,2m}. Similarly,
Rll = {1,2,...,m — 1},R12 = {1,3,...,m},...,R1N1 = {m,...,2m}. By
construction, Ny = (2::) and Ny = (Wf’fl) + (n?LTI .

For the first group My, we consider m outward bumps and m inward bumps.
For j =1,..., Ny,

Mo; = {(u,boj(u),0p_a—1) : uw € B} U{(u, —a(u),0p_4—1) : u € By}

where bo;(u) is equal to a(u) except 2m regions such that

alu) if ue Ba\ (U?fl{u Nwl| < /3R ¥ 372})
boj(u) = by(u) ~ i u€ Uerg, {u: |Jul] < Ay + 372}
2(k+7) —bi(u) if w€Uerg {u:llull < 4vs+ 372}

7+ /(5 72 Tl if [l < §v/Ave 1 372
2
2(H+7)\/(H+7)2(|le\/4%+372) it 1y/Ayk + 392 < [Jull < v/ + 372,

where R(C]J = {1,...,2m}\ROj and U = uU— L = (ul,...,ud) — (Lll,...,le)

N|—

denoting (¢71,. .., tq) as the center point of the bumps. By construction, there
exist 2m number of centers, namely t1, ..., t2m,.
For the second group, M; consists of manifolds My, 5 =1,..., Ny similar

to Mg; but with m + 1 or m — 1 outward bumps which in turn means m — 1 or
m + 1 inward bumps. That is, for j' =1,..., Ny,

Mlj/ = {(u,blj/(u),OD,d,l) Tu e Bd} U {(u, —a(u),OD,d,l) Tu e Bd}
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where b/ (u) is equal to a(u) except 2m regions

alu) if ue Ba\ (ufgg{u Nlewl| < /3R 372})
bijr(u) = q by(u) i if ue€Uer,, {u:llull < dys + 392}
2k +v) = b(u) if we UleRij,{U wl|| € Ay + 3921,

where by(u) is defined exactly the same as before.

Genovese et al. (2012b) constructed one bump on the similar kind of base
manifold My whose uniform measure on the manifold with that bump is about
4%/2. The shape of the bump is a union of two portions of spheres, and the
bump is centered at (0,...,0) € R? and defined on ||u|| < y/4yk — 2. And also
the Hausdorff distance from My is ~. Here we consider slightly modified bumps,
located not only on the one region but located as many disjoint regions as
possible on Mg. In other words, we seek the maximal number of disjoint bumps
which also guarantees the Hausdorff distance from Mg being . For d = 1 case,
we can construct those bumps on each disjoint interval with length /4vk + 372
(which is upper bounded by +/5vk since v < k/3). For general d dimensional
manifolds, by using grid points separated by /7 in each dimensions, there exist
at least v~%2 (of order) number of disjoint bumps on the region {|ju|| < 1}.
Thus, we let 2m =< ~4/2,

Then we need to check if these satisfy the condition for the model. Note that
each outward bump is just magnified version of the bump used by Genovese
et al. (2012b). Indeed, these bumps are constructed with parts of sphere with
radius k + = located on different regions of Mgy. Each inward bump is just the
reflected version of the outward bump. Thus, constructed manifolds have no
manifold boundary and A(Mg;) > & and A(My;/) > & for all j,j' =1,...,2m.
Also we check H(Mgj,Mq;/) > 2y for all j = 1,...,Ng, and j' = 1,...,Nq
because there is always at least one different spot in Mg; and M.

4.2. Proof of Lemma 7

To conveniently express the L, distance between mixtures, we use the notation
z = (r1,...2) and z_, = (®1,...,%i—1,Tit1,--.,%n). Then we expand the
product term as follows,

n

(Lgziemoy) = [ (Toiemy + Liziemo,})

—.

i=1 =1
n
= ]l{£€m} + Z ]l{ﬁ,iGm,IiGmoJ-} + Z ]l{g,(iyj)em,ziﬁzjemoj}
i=1 i#j

n
et Z ]l{xiem,xfiEmoj} + ]l{zemw}'

=1
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Using the above expression,

1 Mo 1 & . i
C(wmu w2 ) = ;m“ o= 1T

1 j’'=1i=1

n No
1
= Z ]l{g_iem} FO Zl{miemoj Nl Z {wi€m, 1}
i=1 j=1 j'=1

i#]

n 1 No 1 Ny
+o 4D e No Y e emo) — A Y 1l emy,
i=1 J=1 J'=1

1 1 &
+ le{rEmoj} N Zl{rEmljz}
j=1 j'=1

{z EMIJ

No
1
+ Z ]l{ﬁ_(i)j)Gm} No Z]l{xiyijmo] Nl Z {zixj€my;}
J=1 =1

r}

By symmetry, and also using the disjoint property between m and mg;, and

m and my;, L distance is actually equal to the following,

1 & 1 &
Ly F;Q&N j;@;z/
1 No n 1 n
:/ ]\[021]1<C]1{$i6'\/|0j}> N1 2:11_[1<C {xbeMlj }>
j=11i= / =

1 j=li=1 j'=1
n 1 No N,
_ k
=> Bopal EZU (moy), 7 D _ U (mip) |
k=1 j=1 j'=1
where the second equality is followed by p(m) = Cy, p(mg;) = p(my ;0
with the binomial coefficient notation 5, p = (Z)p"_k(l

equality is obtained by definition.

n 1 No & ]]-{a,l mo, } {x emlg'}
—;5n,k,@/ NOZH(cEcO) Z ( c—c )|

(14)

)=C=Co

—p)¥, and the last

By Lemma 11, the Ly expression in (14) can be further upper bounded,

Ll NO ZUk mQJ ZU mlj < Ll NLO ZU” mOJ
Jj=

which gives the desired upper bound
1 & 1
N 2 Qi 2 Q| <D ZU" moy) ZU
j=1 §'=1
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Lemma 11. Let U(my;) be the uniform measure on my; defined in (3). Define
U(myjr) similarly. Then for k <mn,

Yo, Uk (mo;) N SN, Uk (myj0)

S U (mgy) N SN U (my)
Ny Ny

Ny Ny ’

and

L, N - ZU’“ (mo;), ZU’“ (myy) | < Ly N - ZU” (mo;), ZU” (my;)

Proof. Note that L1 (P, Q) = 2(1 —|P AQ|). Thus it is enough to prove the first
claim. Let mg;- and my;~ be the pair satisfying p(mg;» Nmyjr) = (2m —1)cy?/?
which share all the bumps except one location. By construction p(mg; Nmy;) <
(2m — 1)ey¥? for all j =1,...,Ng and j' = 1,..., Ny. Then,

/mln ZdU” my; ), ZdU myj)

_ / min de ! (moy )dU (mo; ), ZdU" ) dU (myy)
7’'=1

1
< / min —ZdU” ! (moy)dU (moy-), ZdU" ) dU (mayre)

]1 7'=1

2m —1 n— 1 n— 1
= 5 min No ZdU (mg;), ZdU (mq;0)

We can continue the same calculation for a smaller value for k, which proves
the claim. O

4.3. Proof of Lemma 9

First, we consider the simplest case u = 1 with the integral region m}. Then
the only one perturbation region m; in the constructed manifold will affect the
density. Suppose m; takes the outward perturbation mf. Then,

/m+ % S 1 € oy} Z T 2te e miy)

j=1l=1 j'=1¢=1

becomes the comparison problem between counting how many mg; can take
(m]) and counting how many my;, can take (my). If m; takes the inward per-

turbation my , then we can ask similar question with replacing m;” to mj from
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the previous sentence. Again, we can ask the same question for other region m
for I = 2,...,2m. By symmetry, by defining the representative region in S as
S = m’f,

[Sl Folw) - Fulw)] = Tl/SI Fol@) - @),

where T is the total number of unique region in S; as defined in (5).

We extend the same idea to S;. Then only two perturbation regions on the
constructed manifold will affect the joint density. First consider the region my
and my. Irrelevant to whether the integral region as mé xm4 " or m} ™' xm), where
l (1 <1< n) is some arbitrary integer, the density [, (1{z; € mg;}/p(mo;))
becomes nonzero as long as mg; contains perturbations defined on m; and ms.
Suppose m; takes m;” and my takes m, . Then

1 Ng n 1 N1 n
[ 3 CETENET-S 3) | (LS

j=1i=1 j'=1i=1

becomes the comparison problem between counting how many mg; can take
mf, m, , and counting how many m;;s can take mi', m, foranyl=1,...,n—1.
Again, it would not make any difference if we change the region of the pertur-
bations as long as the unique number u of regions is 2.

In general, since it is more complicate, we first only consider the region with-
out specifying perturbation shape. With the same intuition as before, we have
the same density value on any disjoint regions in S, say, my Xmg X...m, xmj %
orm? x m3 x ... x m2 x m?~2% Indeed, we only need to count how many mo;
and my;» would contain each specific perturbation (combinations of outward and

inward on these regions my, ..., m,; we will explain how to calculate these in de-
tail later). Similarly as before, by symmetry, considering the region my, ..., m,
or ma,...,my, 41 would not make any difference.

For notational convenience, we define the representative disjoint region in .S,
as Sy 1= My X Mg X ... XMy X ... XMy, =My XMy X ... xm, 1 xm? %+ More
precisely, so = my X mgfl, S3 = m; X my X mQ*Q, ..., and Sy, = mM; X My X
S X m;l;fmﬂ. Then, by symmetry as explained,

[1h@-h@l =Y [ 1= i@ =31 [ |- A

B ~ (15)
Now, we evaluate the above integrals. First, we consider fsl ’fo(g) — fi(z)|.

As explained before, on (my)", ]I, foj(xi) are either zero or 1/u(mg;)" =
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1/(2mey®?)™, and f [ dpt = (c*yd/z)n. Then
1

_ _ 1 1
/Sl |fo(z) — fi(z)| = (moy)" /(ml) No Z feemo;nmi)"} T N, Z {z€(my,nmy)n )}

j'=1

1
+ —— — > 1 "y n

_ <2m> N(] Z {m Cmg;} Nl Z:l {m] lej/}
1\"|1 No
+ <2m> FO]Z:; ]l{mfcmgj N1 Z:l ]l{m1 cmyr 3

Thus we need to count how many of mg;s contain mf (and m7) for the first
group and how many of m;;s contain m; (and mj 1) for the second group. In
fact, there exist (2":7;1) number of mg;s contain m; . This is since after fixing
m] , there are 2m — 1 number of regions my, ..., my,, left for choosing m number
of m*s. Recall that the first group of manifolds has m number of + (outward)s,
then automatically the regions not choosing +’s Will take Values on —’s. Similarly
there exist (*”'7,") number of mg;s that contain mj (fixing m{", there are 2m — 1
number of my, ..., My, left for choosing m — 1 number of +’s). For the second

group myj/, there exist (QnT;ll) + (2::__11) number of manifolds with mj and

(*™=1) + (*"~,) number of manifolds with mj.

We extend the same idea for a general s, = (my X Mg X ... XMy XM~ “+1)
consisting of first u unique regions. For now, suppose u S m — 1. The counting
ideas are still working. First, count separately for the case of [ number of +’s on
my X...xm,. Clearly [ can take values from 0 to u. For choosing the location of
this [ number of +’s, there exist (7) number of possible cases. Consider for the
case of 0 number of + (that is, I = 0 case) on the region my x ... xm,. Then we
need to pick m number of +’s out of 2m — u number of regions myy1,...,May,.
Thus, for | = 0, there exist (’OL) (2mn;“) number of mgy;s. For more general {

number of +’s, there exist (})(*”~) number of mg;s, and with the exact same
ideas there exist () ((i’ﬁl—jl) + (r?le_fl)) number of my;ss. Thus for the case
u < m — 1, we have the exact expression

[ s - () 5

=0

Cact) () + (2m)

No N

Now, we consider the case where u > m. Then we need to be more careful in
deciding the possible range of [. For the extreme case, if u = 2m, then we know
that 4+ numbers should be fixed as m among 2m regions for the first group,
which restricts the range of [ as [ = m. After choosing this location, there is no
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freedom left, since there should be a unique 2m regions, which determines the
exact form of the manifolds. Also in this case, there does not exist manifolds in
the second group (since those cannot have m number of +’s and m number of
—’s). Similarly for the first group case, either m + 1 or m — 1 number of +’s
should be fixed with no freedom. This yields

/ [fo(z) — fi(z)] = (2;) (]7\70) 0l + 0_(71]1V+11) tlo— (n;\]ll) ]

()

The other cases can be considered in the similar way by restricting the range of
the indices.

Comblmng these ideas, the exact evaluation of the L; distance between
~ ZNO U™(myg;) and N% Z;lelU"(mlj/) is obtained as follows,

_ _ 2m u u 2mu]11 Timl_fILZ 2m—u ]]-3
/|f0(fﬂ)—f1(év)|:z(2£;l) Z(l) Co)in (i) le + ()1

) 2(,2™)

u=1

where I = {l : max(u — m,0) <[ < min(m, u)} 9=
I <min(m +1,u)}, and I3 = {I : max(u —m — 1,0) <

by defining
l = m m
! (2m ) 2 (nif 1)

Note that for u < m — 1, all these range becomes 0 < | < u; but for u > m,
we will have certain differences. For instance, if u > m, thenl =u—m —1 € I3
(but not in I; and I),l =u—m € I; and I3 but not in Ir. l =m € I; and I»
but not in Is, Il =m + 1 € I, but not in [; and Is.

{l : max(u —m+1,0) <
I <min(m — 1,u)}, and

(2$:lu) ]]'Il (7?er;fl) ]]'12 + (73LT17iLl)]]'13
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