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Spectral clustering is one of the most popular algorithms to group
high dimensional data. It is easy to implement and computation-
ally efficient. Despite its popularity and successful applications, its
theoretical properties have not been fully understood. The spectral
clustering algorithm is often used as a consistent initializer for more
sophisticated clustering algorithms. However, in this paper, we show
that spectral clustering is actually already optimal in the Gaussian
Mixture Model, when the number of clusters of is fixed and consis-
tent clustering is possible. Contrary to that spectral gap conditions
are widely assumed in literature to analyze spectral clustering, these
conditions are not needed in this paper to establish its optimality.

1. Introduction. Clustering is a central and fundamental problem in
statistics and machine learning. Among all the clustering methods, spec-
tral method [59, 64] has become particularly popular for clustering high
dimensional data. It tracks back to [16, 24] and has enjoyed tremendous
success. In computer science and machine learning, spectral clustering and
its variants have been widely used to solve many different problems, in-
cluding parallel computations [27, 58, 62], graph partition [7, 8, 13, 14, 15,
22, 23, 43, 52, 53, 66|, and explanatory data mining and statistical data
analysis [2, 6, 31, 46]. It also has many real data applications, including
image segmentation [44, 57, 67], text mining [11, 12, 48], speech separa-
tion [4, 18], and many others. In recent years, spectral clustering has also
been one of the most favored and studied methods for community detection
[3, 5, 17, 29, 36, 38, 54, 56, 60].

Spectral clustering is easy to implement and has remarkably good per-
formance. The idea behind spectral clustering is dimensionality reduction.
First it performs a spectral decomposition on the dataset, or some related
distance matrix, and only keeps the leading few spectral components. In
this way, the dimension of data is then greatly reduced to the number of
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spectral components used. Then a standard clustering method (for example,
the k-means algorithm) is performed on the low dimensional denoised data
to obtain an estimation of cluster assignment. Due to the dimensionality
reduction, spectral clustering is computationally less demanding than many
other classical clustering algorithms.

In spite of its popularity and successful applications, the theoretical prop-
erties of spectral clustering are not fully understood. Computer scientists as-
sociate spectral clustering with the graph Laplacian matrix. [6, 20, 25, 26, 65]
provide various forms of asymptotic convergence for the graph Laplacian ma-
trix and its related spectral properties. Recent years have seen more encour-
aging progress towards understanding the theoretical guarantee of spectral
clustering, in the context of community detection. [29, 38, 53, 54, 69] show
that spectral clustering applied to the adjacency matrix of network can con-
sistently recover hidden community structure. However, their upper bounds
on number of nodes incorrectly clustered are in some polynomial form of the
signal-to-noise ratio. It differs from the optimal rate of community detection
[68], which takes an exponential form of the signal-to-noise ratio. Therefore,
in the literature spectral method is often used as a way to initialize iterative
algorithms to eventually achieve the optimal clustering error rate.

In this paper, we investigate the theoretical performance of spectral clus-
tering under the Gaussian Mixture Model [50, 61], which is arguably the
most standard and used model for clustering analysis. Under the Gaussian
Mixture Model, data points are generated from a mixture of Gaussian distri-
butions, whose centers are separated from each other, resulting in a cluster
structure. The goal is to recover the underlying true cluster assignment.

Maximum likelihood estimation for the labels in the Gaussian Mixture
Model is equivalent to be the k-means algorithm, which is NP-hard [9, 42]
and hence not practical when the dimension of data is large. As a result,
various approximations have been used and studied. One direction is to relax
the k-means clustering by semi-definite programming [21, 51, 55]. Another
popular direction is to apply Lloyd’s Algorithm [39], which is a greedy it-
erative method to approximate the k-means algorithm. Given a sufficiently
good initializer, typically provided by spectral clustering [37], Lloyd’s Al-
gorithm achieves the optimal clustering rate [41, 45]. However, in fact, we
show that spectral clustering itself is already optimal.

A closely related result about spectral clustering for the Gaussian Mixture
Model is [63]. Under a strong separation condition which implies that exact
cluster recovery is possible, spectral clustering is proved to achieve exact re-
covery with high probability. In this paper, we consider also situations where
only partial recovery is possible. We measure the performance of the spectral
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clustering output Z by the Hamming loss function £(-,-), compared to the
underlying true assignment z*. The main result of this paper is summarized
in Theorem 1.1 informally.

THEOREM 1.1 (Informal Statement of the Main Result). For n data
points generated from a Gaussian Mixture model, if

the number of clusters is finite

the sizes of clusters are in the same order

the minimum distance among centers A goes to infinity
the dimension p is at most in the same order of n

then with high probability, spectral clustering achieves the optimal clustering
rate, which is

02, 2*) < nexp <— (1 - o(1)) A;) .

To the best of our knowledge this provides arguably the first theoretical
guarantee on the optimality of spectral clustering in a general setting. The
separation parameter A covers a wide scale of values, ranging from consis-
tent cluster estimation to the exact recovery. We refer readers to Theorem
2.1 and Corollary 2.1 for more rigorous statements and slightly stronger re-
sults, where we allow the number of clusters to grow with n, the cluster
sizes are not necessarily in the same order, and the dimension p may go
beyond n. Though in this paper we focus mainly on the Gaussian Mixture
Model setting, we hope the technique can be extended to other clustering
model, which may eventually leads to a general framework to understand
the performance of spectral clustering.

It is worth mentioning that in Theorem 1.1, no spectral gap (i.e., singular
value gap) condition is needed. This is contrary to the existing literature
[1, 29, 38, 54], where various forms of eigenvalue gap or singular value gap
are required. For technical reasons, they need them to be sufficiently large
to apply matrix spectral perturbation theory. This does not match with
the intuition, that what matters in a clustering problem should be the dis-
tances among centers, regardless of its spectral structure. In this paper, we
completely drop any condition on the spectral gap by developing a novel
technical analysis to show that the contribution of singular vectors from
smaller singular values is essentially negligible.

A recent related paper by Abbe et al. [1] studies community detection
under an idealized scenario, where the network has two equal-size communi-
ties and the connectivity probabilities are equal to an~'logn or bn~'logn,
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where a and b are fixed constants. They show that, the performance of clus-
tering on the second leading eigenvector matches with the minimax rate,
by using a leave-one-out technique. The technical tools we use in this pa-
per are different. We extend the spectral operator perturbation theory of
[34, 35] and introduce new techniques to establish the optimality of spectral
clustering and also to remove the spectral gap condition.

Organization. The paper is organized as follows. In Section 2, we first in-
troduce the Gaussian Mixture Model, followed by the spectral clustering
algorithm, and then state the main results. The proof of the main theorem
is given in Section 3, which is started with a proof sketch. We include the
proofs of all the lemmas in the supplement.

Notation. For any matrix M, we denote || M| and || M| to be its operator
norm and Frobenius norm. respectively. We use the notation M;. and M. ; to
indicate its ith row and columns, respectively. For any matrices M, N of the
same dimension, their inner product is defined as (M, N) = >_, - X;;Vi ;.
For any d, we denote {e,}?_; to be the standard Euclidean basis with
er = (1,0,0,...),e2 = (0,1,0,...,0),...,eq = (0,0,0,...,1). We let 14
be a vector of length d whose entries are all 1. We use [d] to denote the
set {1,2,...,d}. We use [{-} as a notation for the indicator function. For
Y1,Y2, -, Ya € R, diag{y1,y2,...,yq} is the d x d diagonal matrix, whose
diagonal entries are y1, %2, ..., yq from the top-left to the bottom right, with
off-diagonal entries being 0.

2. Main Results.

2.1. Gaussian Mixture Model. Consider a Gaussian Mixture Model with
X = (X1,...,X,) € RP*" with k centers 07,...,0; € RP. Let z* € [k]"
be the underlying true cluster assignment vector. Under this model, the
observations {X;};c[, are generated as follows:

Xi - 9;* + €y
where {¢;}7 & (0,1p).
The goal of clustering is to recover the cluster assignment z*. For any
z € [k]™, the performance of clustering can be captured by the Hamming
distance: the number of coordinates that take different values in z* and

z. However, the cluster structure is invariant to the permutations of label
symbols. We denote the loss ¢(z,z*) to be the number of data points mis-
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clustered, which is defined as follows, considering all the label permutation:

Uz2") =min d {6 () # =),

i€[n]

where ® = {¢ : bijection from [k] to [k]}.

Note that the difficulty of clustering is largely determined by the distances
among centers {67,...,0;}. If two centers are exactly equal to each other,
it is impossible to distinguish the corresponding two clusters. We define A
to be the minimum distance among centers:

1 A= min |0 —6|.
o s, 185 = O]

Another quantity related to clustering is the sizes of clusters. When the
size a cluster is small, recovering it might be more difficult. We quantify the
size of the smallest cluster by [, defined as

min;e {i € [n] : 27 = j}

) 5= i

Note that 8 cannot be greater than 1. When 3 is a constant, all clusters
sizes are of the same order. We allow the case = o(1) so that clusters sizes
may differ in magnitude.

2.2. Spectral Clustering. Various forms of spectral clustering have been
proposed and studied in the literature. Spectral clustering is an umbrella
term for clustering after a dimension reduction through a spectral decompo-
sition. The variants differ mostly in what matrix the spectral decomposition
is applied on, and what spectral components are used for the subsequent
clustering. The clustering method used mostly is the k-means method.

In the context of community detection, spectral clustering [29, 38, 53, 54,
69] is associated with the eigenvectors of the adjacency matrix. For general
clustering settings, [6, 20, 25, 26, 64, 65] first obtain a similarity matrix
from the original data points by certain kind of kernels. Then the Laplacian
matrix is constructed, whose eigenvectors are used for clustering. In [32, 37],
spectral clustering is performed directly on the original data matrix.

The spectral clustering algorithm considered in this paper is presented
in Algorithm 1. It is simple, involves only one singular value decomposition
(SVD) and one k-means clustering step. Despite its simplicity, it is powerful
as it will be shown to achieve the optimal misclustering rate. The key step
in the algorithm that leads to the optimal rate is to weight the empirical
singular vectors by the corresponding empirical singular values.
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Algorithm 1: Spectral Clustering

Input: Data matrix X € RP*™, number of clusters k
Output: Clustering label vector 2 € [k]”
1 Perform SVD on X to have

where 61 > 62 > ... > 6pan > 0 and {0 }7°) € R, {9;}7°7 € R™.

2 Consider the first £ singular values and corlresponding singular vectors. Define
3 € RF** to be a diagonal matrix with 2“ = 64, Vi € [k], and V € R"** to be
V = (D1,...,0k).
3 Define
Y =3vT e R
Let Y.: € R® be the ith column of Y, for all i € [n]. Perform k-means on
{Y.:}i=1. Let 2 be the clustering result it returns. That is,

2

3) (;3, {éj}§:1) = arg min Z HYZ — ¢z
Ze[k]”:{cj }leeR’f i€[n]

As common in the clustering literature, we assume that k, the number of
clusters, is known. The purpose of the SVD is to perform a dimensionality
reduction while preserving the underlying data structure. After SVD, the
dimension of data is reduced from p to k. This makes the follow-up k-means
algorithm computationally feasible compared to applying it directly onto
the columns of X.

The idea of weighting singular vectors by the corresponding singular val-
ues is natural. The importance of singular vectors is different: singular vec-
tors with smaller singular values should carry relatively less useful informa-
tion, and consequently deserve less attention. Clustering on Y instead of V
is one of the reasons why we are able to remove the spectral gap condition.
It is also worth pointing out, as we will later show in Lemma 3.1, that Al-
gorithm 1 is equivalent to Algorithm 2, for which clustering is performed on
the columns of the rank-k matrix approximation of X. Similar ideas of using
low rank matrix approximations for clustering have also been proposed in
[19, 37].

2.3. Optimality. In Theorem 2.1, we establish the theoretical optimality
of spectral clustering in the Gaussian Mixture Model.
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THEOREM 2.1. Suppose that,

A
(4) |1053-05(1 4 B)05

— 00

then we have that

o A 0.1\ A2
(5)  (%2,2") <nexp (— (1 - <k10'5ﬁ_0'5(1 T Z)O.{)) > 8) ;

with probability at least 1 — exp (—A) — exp (—0.08n).

In Theorem 2.1, we allow the number of clusters k to grow with n, the
cluster sizes not to be in the same order (quantified by ), and the dimension
p to go beyond n. This is slightly stronger than the informal statement we
make in Theorem 1.1. Note that when k£ and 8 are both fixed constants and
p is at most in the same order of n, Equation (4) is equivalent to assume
A — 00, and Theorem 2.1 is reduced to the case in Theorem 1.1.

COROLLARY 2.1. In addition to the assumption stated in Theorem 2.1,
if p < Cn for some constant C > 0, then there exists another constant
C’ > 0, such that with probability at least 1 — exp (—A) — exp (—0.08n), we
have that

—0.1 2
(6) 0(2,2") < nexp (— (1 - <k:10-5A5_0-5> ) A8> ’

which is minimazx optimal.

Corollary 2.1 establishes the optimality of spectral clustering when p is
at most in the same order of n. Under this scenario, Theorem 2.1 shows the
spectral clustering provably attains the rate nexp (—(1 — o(1))A?/8). This
exactly matches the minimax lower bound established in [41]. Theorem 3.3
of [41] states that

2
(7) inf  sup [El(Z,2") > nexp <— (1+0(1)) - > )
z * * 8
(05,....0%),2

when A/log (k871) — oo. In Equation (7), the infimum is taken over all
feasible estimators Z, and the supremum is taken over all possible parame-
ters, where the true centers (05,...,0;) € RP** are separated by minimum
distance A, and the true cluster assignment z* has minimum cluster size
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pn/k. The matching rates in Theorem 2.1 and Equation (6) indicate that
spectral clustering is minimax optimal.

The separation parameter A is allowed to take a wide range of values.
When k and § are fixed constants and p is at most in the same order of n,
the condition needed for A in Theorem 2.1 and Corollary 2.1 is reduced to

(8) A — o0.

This turns out to be the necessary and sufficient condition to have a con-
sistent cluster recover. Theorem 3.3 of [41] also shows that, if A = O(1),
the minimax rate is lower bounded by c¢n for some constant ¢ > 0, in-
dicating that no method is possible to achiever consistency. Equation (8)
covers a wide range of settings from consistency to exact recovery. When
lim inf,, 0o A%/(8logn) > 1, we achieve exact recovery, where the output of
spectral clustering Z is exactly equal to the underlying true cluster assign-
ment z* with high probability.

There is no spectral gap (i.e., singular value gap) condition assumed in
Theorem 2.1 and Corollary 2.1. It is entirely possible that the population
matrix EX has a rank that is smaller than k. This is equivalent to allow
for the smallest singular values of the population matrix EX to be 0. This
is contrary to the existing literature [1, 29, 38, 54], where the spectral gap
is assumed to be sufficiently large to apply matrix spectral perturbation
theory. The spectral gap condition is not natural, as the minimax rate in
Equation (7) only depends on A and is invariant to any spectral structure.
In Theorem 2.1 and Corollary 2.1, we completely drop any spectral gap
condition, and our results match with the intuition that the difficulty of
cluster recovery is determined only by A, the minimum distance among the
centers.

3. Proof of Main Results. In this section, we give the proof of Theo-
rem 2.1. In Section 3.1, we first introduce a few population quantities, which
are population counterparts of the quantities appearing in Algorithm 1. Af-
ter that, several key lemmas for the proof are presented in Section 3.2. Since
the proof of Theorem 2.1 is long and involved, we first provide a proof sketch
in Section 3.3, then followed by its complete and detailed proof in Section
3.4. Auxiliary lemmas are included in the supplement.

3.1. Population Quantities. We define P = EX and F = (e1,...,€,) €
RP*™ to be the noise matrix, so that we have a matrix representation X =
P + E. We then define several quantities on P, in a similarly way as on X
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as in Algorithm 1. Let the SVD of P be (note that P is at most rank-k)

k
P = E Uiuivl-T,
i=1

where 01 > 09 > ... > 0, > 0, {u,-}le € RP and {fui}f:l € R™. It can be
written in matrix form P = ULVT, where U = (uy,...,u;) € R™F V =

(v1,...,v,) € R™* and ¥ € R¥*¥ is a diagonal matrix with %;; = 0y, Vi €
[k]. Define
(9) Y =xvT e RF*,

Let P;,Y.; € R¥ be the ith column of P and Y respectively, for all i € [n].
Note that P.; = 6%.,Vi € [n]. In Appendix A, we provide several proposi-
tions (Propositions ZA.l, A.2 and A.3) to characterize the structure of these
population quantities especially related to V.

3.2. Key Lemmas. In this section, we present several key lemmas used
in the proof of Theorem 2.1.

Algorithm 2: Clustering with Rank-k Approximation

Input: Data matrix X € RP*", number of clusters k
Output: Clustering label vector 2’ € [k]"
1 Implement the same Step 1-2 as in Algorithm 1 to obtain 3 e RF** and
V € R™**_ In addition, define U = (41, ..., a) € RP**.
2 Define

P=UsV" e RP™

Let P._; € R? be the ith column of P, for all i € [n]. Perform k-means on
{P.i}{=1. Let 2’ be the clustering result it returns. That is,

Nk
(10) (2/, {0]} _71) = arg min
7= z€[k]

{0;}F_ erk icn)

2
P—0.,

In Lemma 3.1, we show that Algorithm 1 has the same output as that of
Algorithm 2, where clustering is performed on the columns of UY instead of
Y. Its proof is simple and straightforward, since U has orthonormal columns
which enables UY to preserve all the structure in Y. We defer its proof to
the supplement.
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LEMMA 3.1. Algorithm 1 and Algorithm 2 are equivalent. That is, let
(2, {éj}é?:l) and (%, {éj}é?:l) be solutions to Equations (3) and (10) respec-
twely. The two outputs 2,3 are identical up to a label permutation, i.e.,
there exists a ¢ € ® such that

2= ¢(4;),Vi € [n].
In addition,
éj = Uéqg(j),Vj € [k]

In Lemma 3.2, we give some preliminary results on the performance of
Algorithm 2. By some straightforward random matrix analysis, we are able
to show Algorithm 2 (equivalently, Algorithm 1) has at least polynomial
convergence rate of order k(n 4 p)/A? for clustering. This rate is far from
being optimal. However, it indeed captures some useful information of esti-
mated cluster assignments and centers. One important implication is that
the estimated centers {éj }jem) are close to their population ones {07} ey,
after some label permutation (i.e., Equation (13)). This is the start point
for us to obtain sharper bounds for ¢(z, z*).

Before stating Lemma 3.2, we first introduce an event:

(11) F={IBl <Va(vn+ vp)}.

Standard random matrix theory shows that F occurs with high probability
(Lemma B.1). The operator norm of E indicates the magnitude of difference
between the empirical singular quantities and their population counterparts.
The gap between the empirical and population quantities are well controlled
under the event F. In Lemma 3.2 and also in the proof of Theorem 2.1
(Section 3.4), we assume F holds. The proof of Lemma 3.2 is included in
the supplement.

LEMMA 3.2. Assume that the event F holds. We have that
’ P— PHF < WVEk(vn+ p).

In addition, if AJ(B7%%k (14 p/n)>®) > C for some constant C > 0,
there exists another constant C' such that the solution to FEquation (10)

(2, {éj};?:l) satisfies

. C'k(n+p
(12) () < CEOED)

1 i )0 < gk 1+ 2
(13) and glelggyéz[xé](“ﬁj 0¢(])H_CB 2k +n
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Consequently, if the ratio A/(B7%%k (1 —I—p/n)o‘5) s sufficiently large, we
have minc Hien]:2=7}> %

Lemma 3.3 studies the difference between empirical spectral projection
matrix and its sample counterpart. It decomposes Va:bVa::Fb — %:bVa:;Fb, the
difference between an empirical projection matrix and its population coun-
terpart, into a linear part of the random noise matrix £ and a remaining
part, which can be shown to be negligible. The linear part has a very sim-
ple form, and is the main component that leads to the exponent A2/8 in
Equation (5). The remaining non-linear part, though without an explicit
expression, is well-behaved and concentrates strongly around its mean.

Lemma 3.3 holds for general matrices with underlying structure, not nec-
essary from the clustering setup, as long as the noise is normally distributed.
The result stated in Lemma 3.3 is a slight generalization of [34, 35], where
Oa,...,0p are assumed to be the same. That is, in [34, 35], Vo,V is the
spectral projection matrix for one unique singular values, with a — b being
its multiplicity. Here we go beyond this assumption, by allowing the corre-
sponding singular values to vary. The proof of Lemma 3.3 is quite involved
but mainly follows [34, 35]. We include it in the supplement for completeness.

LEMMA 3.3.  Consider any rank-k matric M € RP*™ with SVD M =
Z§:1 ajujva where 01 > 02... > o}, > 0. Define 09 = +00 and o1 = 0.

Let E be a Gaussian noise matriz with all the entries E; ; Ziel./\/‘(O, 1),Vi e
[p,j € [n]. Define M = M + E. Let the SVD of M be Z?ﬁ? (}jﬂj@f where
&1 26'2 > ---Z&p/\n-

For any two indexes a,b such that 1 < a < b <k, define V. = (vq, ..., vp)
and Vyp = (0a,...,0). Let V.= (v1,...,v). Define the singular value gap
Ja:b = min {Ua—l — 0q,0p — Ub+1}. Let

N 1
San = (1= VVT) (Va:beb _ Va:bvfb> Vio — > — (1= VVT) E w0l Vi
a<j<b 7
Assuming E || E|| < %% there exists some constant C > 0 such that
a— t t
P (1o~ ESun W) < 0 (14 7= %) i (W) W) > 1~ 2
a:b a:b a:b

for any W € R™(=9) any t > log4 and where || - ||« denotes the nuclear
norm.

Lemma 3.4 characterizes the distributions of empirical singular vectors.
Similar to Lemma 3.3, Lemma 3.4 holds for matrices with any underlying
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structure, not necessary in the clustering setting, as long as the noise is
normally distributed. The most important implication of Lemma 3.4 is that,
for any empirical singular vector ©;, its component that is orthogonal to the
true signal V' (i.e., (I — VV7T)%;) has a distribution that is invariant to the
underlying signal structure, after a proper normalization. This observation
appears and is utilized in [30, 49]. Lemma 3.4 is essentially the same as
Theorem 6 of [49]. For completeness, we give the proof in the supplement.

LEMMA 3.4. Consider any rank-k matriz M € RP*™ with SVD M =
Z§:1 Jjujva where 01 > 09...> o1 > 0.

Let E be a Gaussian noise matriz with entries E; j i N(0,1),Vi e [pl,j €
[n]. Define M = M + E. Let the SVD of M be Zg)g Gja;0] where &1 >
G2 > .. > G

Define V= (v1,...,v;). Then for any j € [k], the following holds:

(1) (I=VVT)o;/[[(I—-VVT)0;|| is uniformly distributed on the unit

sphere spanned by (I — VVT). That is, we have

(I-vvhe;  (I-vvDw

— ~ , where w ~ N (0, I,).
I =VVT) ol I =VVT)wl|

In particular, E (I - VVT) 05/ H (I - VVT) 0|l = 0.
(2) (I-VVT)o;/|[(I-VVT)o; is independent of VVTd;.
(3) (I-=VVT)o;/|[(I-VVT)o| is independent of ||(I — VVT) 0,

3.3. Proof Sketch for Theorem 2.1. In this section, we provide a sketch
for proof of Theorem 2.1. The complete and detailed proof is given in section
3.4. Throughout the proof, we assume that the random event F (defined in
Equation (11)) holds.

We use the equivalence between Algorithm 1 and Algorithm 2 (by Lemma
3.1), where clustering is performed on the columns of P =UUTY. It is
sufficient to study the behavior of (Z, {éj}je[n])7 which is the solution to
Equation (10). Note that Equation (10) implies

2
, Vi € [n].

Z; = arg min HPZ — éj
JElk]
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Then after some proper label permutation, ¢(Z, z*) can be bounded by
n n . R 2
() < ST A2 < ST {argmin HP.,,- R z;}
i=1 i=1 a€k]
n . R 2
S b

=1 a#z]
Hence, it is all about understanding the relative values of distances between
the data points {P,i}ie[n] and the centers {6, }iek)- We divide the remaining
proof into four steps, corresponding to Sections 3.4.1 to 3.4.4 in the complete
proof. We use ¢ as a general notation for constants, and o(1) as a general
notation for sequences goes to 0 along with n going to infinity.

2 ~ ~
< HP,Z - 92*

7

Step 1 (Sketch of Section 3.4.1). In this step, we are going to decompose
0(%,2*) into two parts: one is related to the leading large singular values,
and the other one is related to the remaining ones. To achieve this, we split
{P,i}ie[n] and {6, }jelx) into two parts. To be more specific, letting o441 = 0,
we define r € [k] as follows

r=max{j € [k]:0; — 0541 > p(Vn+ D)},

where p — oo is some quantity whose value will be given in the complete
proof. There are two benefits in choosing such r: the remaining singular
values are relative small; and the singular value o, — 0,11 is large enough
for applying matrix spectral perturbation theory.

We split U into (Ul;,n, (A](Hl):k). We have that 151 = ]5(11) + PE?),W € [n],
where

PV =01,0L,P;, and P? =0, A 3

Similarly we have éj = éj(l) + 9](2), Vj € [k]. Then we have the decomposition

(o) = Z": T ]1{ PO éc(Ll)HQ a0 — g < - HP(?) e ’2 4P
=1 a#z] ' ’ 7
< S a{[p0 - - A0 -0 < )
=1 a#z] '
+Zn: > H{7A2 <_[p® e ’2+ PO _ g 2}7

—0

(2)

*

%

}
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for some quantity v = o(1) such that yA/k — oo. The value of v will be
given in the complete proof. Lemma 3.2 shows that {6;} e[ are close to
their true values {67} ey

maXHH -0 H =0

JE(k]

Together with the fact that {67} differ at least A in distance from each
other, and that max;>,110; are relatlve small by perturbation theory, we

end up with
osforse < (o0 -2

<Y Y (1{a-om)a <2|p - 01,070
=1 a#z]

Note that Jf’(ll) - Ul;,«(Afsz,ﬂ:* = U1, UL (P — P)e; . The projection of this
quantity from the rlght on the space spanned by VV7T can be shown to be
negligible, i.e. |01, UL (P — P)VVT61|| = o(A). This leaves U1 TUM P(T —
VVT)e; to be analyzed. Note that |0 UL P(I— VVT)eZH = || ViL (I —
VVT)e;||, where Syr and Vi., are the leading part of Sand V, respectively.
Moreover, we have that

<P(Z2) Z & Vil 0y — af 0.+ +),

l=r+1

which, up to some constant scalar, can be upper bounded by Zf:r aVvn HA/” |.
Thus we obtain that

0z, 2" <ZZ<{1—O A<2H2Wv”(1 VT e

1=1 a#z}

}+]I{nyA2< > Vnlel m})

I=r+1

i} + 5 Z S {2k < o |eTa ).

l=r+1 =1

<1<;Z {1—0 A<2HETXTV”(I viT)e

We denote the two terms as A and B respectively. We are going to pro-
vide upper bounds on their expectations. Once we have upper bound on
El(z,2*)I{F} < EAI{F} + EBI{F}, Markov’s inequality will lead to a
with high probability result for ¢(z, z*)I{F}.

Step 2 (Sketch of Section 3.4.2). In this step, we are going to establish an
upper bound on EA. First, we replace ¥, «, with X, .. Indeed, we have that

125 VT (I-VVD)ell= sup e (I-VVT) Vi Spserw
weR™:||w||=1

=(1+0(1) sup e ([-VVT) Vi, w.
weR™:|lw||=1
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We are going to connect Vm with Vi.,.. However, since the singular values
may vary in magnitude, a direct application of spectral perturbation the-
ory on Vi.r and V., is not good enough. Instead, we split [r] into disjoint sets
Ui<m<sJm, such that the condition number in each set, i.e., max;e s, 0;/ minjc s, 0; =
1+o0(1), and also the the singular value gaps among {J;;, }cs] are sufficiently
large. More detail of the split will be provided in the complete proof.

Let & T X T s VJm, V.., wy,, bethe corresponding part of the related quan-
tities. We continue the approximation

‘ S Vi, (- VVT) eill =(1+0(1)) sup Z er (1- VVT) Vi 20 x W,

weR™:||w||=1 mels]
=(1+o0(1)) sup Z el (1- VVT) VJmenVJmEJmXmeJm
wER™:||w||=1 mels]
= (1 -+ 0(1)) sup Z GZT (1 — VVT) (VJMV}; — VJmV£n> VJmEJmXmeJm,
weR™:||w||=1 mes]

Here the second equation holds because V}; V7, is close to some orthonormal
matrix, and the last equation is due to the fact (I — VV7T)V; = 0. Lemma
3.3 indicates the spectral projection matrix difference (I —VVT) (V| an -
VJmV};n)VJm can be decomposed into a linear term of £ and a non-linear
term. The linear terms of F will contribute to the optimal rate and dominate
the non-linear terms. We have that

Himf/ﬂ (I=vVT)e

=(1+0(1) sup Y e | L (I =VvVT) ETupw/ Vi, + S | Sipxmtwi,,

. — g,
wGRTHwH—l mG[S] leJrn t

=(1+0(1)) sup Z Z wyel (I — VVT) ETu+  sup Z el Sy, wr, Wy,
weR:||lw||=1 mels] 1€Jm weRT:||lw||=1 mels]

= (1+01) (|JULE (I-VVT) el +0(A)),

where the last inequality is due to Lemma 3.3 which enables us to control
the non-linear term .5,,.
The above approximations lead to a simplification of A:

A<I<:Z]I{l—o )A <2(1+40(1)) (|[ULE (I = VVT)ei| +o0(1)A)}

<kZ]I{ (1—o0(1)A<2||ULE(I-VVT)ei}.
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Note that HUlT:TE (I — VVT) eiHZ is stochastically dominated by X;%- Thus,
there exist {&; }icjn ~ X2, such that

A< kin{u—ou)m < QJE}

The tail probability of the square root of a y? distribution behaves similarly
to N(0,1), when it is away from 0. This leads to the desired rate

EAI{F} < kiEH{(l —o(1))A < 2@} < nkexp (= (1—o(1)) A2/8)

as we assume the event F holds in the above analysis.

Step 3 (Sketch of Section 3.4.3). In this step, we provide an upper bound
on EB. Note that B is all about the singular vectors {0;},+1<;<k. For each
one, the right projection VVT@IT is easy to control, leaving (I — VVT) z?lT
as the main term to be analyzed. Lemma 3.4 characterizes the distribution
of (I — VVT) @lT, which has the same distribution as (I — VVT) (;, where
{G}, 11 ~ N(0, 1), after some normalization. Then v/nel (I —VVT)af
is approximately Gaussian distributed. This yields

k n
EBI{F} <k Y > EI{eyA?/k <vnle] (I-VVT)a
I=r+1 i=1

} < kE*nexp (—c ('yAk‘_l)Q A2> )

as we assume the event F holds in the above analysis.

Step 4 (Sketch of Section 3.4.4). Since Bl(Z,z*)I{F} < EAT{F}+EBI{F},
so far we have obtained

El(z, 25)I{F} < nkexp (— (1—0(1)) A;) + k?nexp (—c (*yAk_l)Q AQ)

= nexp (- (1-o(1)) A;) .

By Markov’s inequality, with very high probability, we achieve
0(2,2°)I{F} <nexp (— (1 —o(1)) A?/8)..

A simple union bound with P (F) leads to the desired rate for £(Z, z*).
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3.4. Proof of Theorem 2.1. In this section, we are going to give a com-
plete and detailed proof of Theorem 2.1. We divide this section into four
parts, following the same structure as in the proof sketch (i.e, Section 3.3).
In Section 3.4.1, we establish the decomposition ¢(Z, z*) < A+ B. Then in
Section 3.4.2 and Section 3.4.3, we provide upper bounds on EA and EB,
respectively. Finally in Section 3.4.4, we wrap everything up to achieve the
desired rate. Again, throughout the whole proof, we assume the random
event F (defined in Equation (11)) holds.

By Lemma 3.1, studying ¢(2, z*) is equivalent to studying ¢(Z’, z*) where
2" is the output of Algorithm 2. Indeed, Lemma 3.1 indicates there exists a
label permutation ¢g € ® such that 2; = ¢o(Z]) for all i € [n]. Without loss
of generality, we can assume ¢ is the identity mapping. Then we have that

2=4, andf; =U¢;,Vj € [k].
Together with Equation (10), we have that

(14) <z {@};) —  argmin

z€[k]™ {60;}5_ €R* jclpy)

2

N

Pi—o,

)

This implies that
(15)

A ~

2 R P]Iz,—
Pid, Z { 7}

,Vi € [n], and 6; = Vg € [K].

2; = arg min
JElk]

By Lemma 3.2, we have that max;c 16; — 9;‘5,(].)” < 8v2\/B~1k2 (1 + p/n)
for some label permutation mapping ¢’ € ®. Without loss of generality, we
can again assume ¢’ is the identity mapping. Then we have that

<8v2,/p 1/<;2

(16) Eréz[ai]( Hé] — 03

From Equation (15), we have

n
0(z nZH{argmlnHP }<Zﬂ{argmm P;—0, 275,2;"}
a€lk] i=1 a€(k]
. 2 -
<ZZH{HP~¢— <P 0 }é Ta,
1=1 a#z 1=1 a#z

where we denote Tj, = I{||P.; — 64|> < | P — éZ;||2} for all i € [n] and
€ [k],a # zf. In the following, we focus on simplifying T; ,.
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3.4.1. Establishing the decomposition €(Z,z*) < A+ B. A key step is to
decompose each of {Pvi}ie[n], {éj}je[k] into a summation of two parts: one
is consisted of coordinates corresponding to the larger singular values, and
the other is consisted of the remaining coordinates related to the relative
smaller singular values. Let o341 = 0. We define r € [k] to be

(17) r=max{j € [k]: 0; — 0j41 = pv/n+p},

for some quantity p — oo to be determined later. We note that if A/(l{:%pﬁ% (1+p/n)
0o, the set {j € [k] : 0j — 0j41 > py/n+ p} is not empty. Otherwise, this
would imply o1 < kpy/n + p which would contradict Proposition A.1.
Thus, r is the largest index in [k] such that the corresponding singular
value gap is greater than or equal to g. An immediate implication is

(18) Tﬁg}g}g oj <kg=kpyn+p

N

) —

We split U into ((A]lz,«,U(rH):k) where Uy, = (G, ..., 1,) and U(r+1):k =
(i1, ..., ). Recall that P; = UY.;,Vi € [n] and 8; = U¢&;,Vj € [k]. For
each i € [n], we decompose ]32 = ]5(11) + 15(12) where
szl) = Ullrﬁljjrp',“ and ‘ZADE”LZ) = ﬁ(T+1):kU(7;+1):kP7i‘

Similarly, for each j € [k], we have éj = é](}) + 952) where
é](l) = Ul:rﬁgréjv and é§2) = U(T+1):k0(1;+1):kéja

Due to the orthogonality of {al}le[kp we have

Tia < ]I{Hp_(;) + PE?) — oM — ) 2 <PV + PE?) _ 9;) —? 2
el ] e L ol I3 LB el

—1{2(B 60,80 ~60) + [0 - 60 < 2(PD. 62 - 02) - o2+

8%

Let p” = o(1) be a sequence whose value will be determined later. The above
indicator function can be split into two: ]I{||6?AS) — M |2 — p" A% - Hég) I? <
—2<15$) — é(i),é(l) — 0} and I{p"A2 < 2(]5_€l-2),é((12) — éi?)} Hence, we

% z;‘
have that

~ 2
o2+ 6%
. <2

%

1, <1{ 6 - 4 PO g

a

+H{puA2 <2 <P€f),é,(12) iy

‘ _

(

z

)

2)

(3

)}
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where we use the Cauchy-Schwarz inequality. We are going to simplify the
terms inside the above indicator functions.

e Recall §; is determined by 2 as in Equation (15). Define Z € {0, 1k
to be the estimated label matrix. That is
Zi;=1{% = j},Vi € [n],j € [k].

Then Equation (15) is equivalent to be stated in matrix form:

A A

0 _ PZ.; O UVTZ Yen G1iyd] Z.
7o Hielhlzi=gY Hielkl:zi=5} Hiehl:4=j}]

As a result, we obtain that

Vi € [k].

o]

’<f‘”éﬂ'>‘:\{ze[] =g}~ \{ze[] A= Ve a=

By Equation (18) and Lemma B.2, we have

(19) max  6; < V2(vn+/p) + , max kaj (kp+4)v/n+p.

r+1<i<k

]&Z@ZTZ. ] &1 |14l Hz H .

Lemma 3.2 shows that min;e,) {i € [n] : 2 = j}| > g—z Hence,

.4 2k D
N < i 23
(20) ﬁ?ﬁrﬁ@){gk ‘<ul, 9J>’ < (kp+4) 5 (1 + n)
Consequently,
1 = gl
max |6} = max |U(, UT —max ay, 0
jelk] S | eyl r+;<k< l >
2k2 D 2
< 27 £
(21) <= (1+ n) (kp+4)2.

e From Lemma 3.2, for any a, b € [k] such that a # b, we have 16 — 0, >
165 — 051 = 165 — 0511 = 1165 — Oall > A — 16v/2¢/B~1k2 (1 + p/n). Us-
ing Equation (21), we have that

(-]
2, .m0, (1% = 17)

(22) > A (16\/5 +2V2 (kp + 4)) 152 (1 + %)

o0 — oL

min
a,be[k]:a#b
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o Recall that P} = (U4 kU(TH) VP =V =k we Vi

k
and 6% — 922) = (Ugr11): kUr+1 k)( —0,:). We have that
k
<Pf?)’é§2) - é§§>> — < > woiVig, ba — éz5> = > oV (a?éa —~ afézj) :
l=r+1 l=r+1

Note that \ﬁlTéa—ﬁlTézi*] < 2maxjep) max, y1<i<k | (U, 0,)|. Using Equa-
tions (19) and (20) , we have

@) (P20 02)] <2007 2 (14 2) 3

=r—4

Vil -

)

As a result, using Equations (21), (22) and (23), we have that

T g{ <A - (16\/§+ 2V2 (kp + 6)) Ak (1 + fb))

A2+ 2 (14 B) (kp + 4)°
— (16v2+2v2(kp+4)) /B~ k2 (1 + 2)

k
2nk 2
]I{p”A2§4(kp+4)2 L(1+%) > }
I=r+1

g
For simplicity, define

n=+/1+p/n.

Under the assumption, p — oo and A/(k2p5*1/277) — 00, there exists some
constant ¢; > 0, such that the above formula can be simplified into

2 p-1 )
E,aSH{<1_Cle—CIkpB QU)A§2HPEZI)_0i* } {//A2<Clk2pﬁ 2,’72 / }
l=r+1

A Vi
3

k2pB 2 N
SH{<1—ClpH—ClpB2T/>ASZHPS)—Q(?

k
A 2 }+ Z ]I{k:*lp”A2 < clk:%pQﬂ*%n\/%l V;

il
l=r+1

In the following, we are going to establish an upper bound for HP(: ) ég)

to simplify 7T} ,. We have

HP 0L

HP UI:TU]?:TQ:*

%

<

’PS) — U, UL, 0%

2,5k (1+ %)

< HPE}) — 0., 0T 6.
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where the last inequality is due to Lemma 3.2. Since 0. = P.;, we have that
15(11) — UMUlTnﬂ} = (Ul;TUIT:TP — UMUlTZTP)ei. Then, we have that
P = 00,0802 = (0082 = 00 UL P ) VVTes + (00,08, P = 00,0, P) (1= VV ) e,
— 0,07, (15 - P) VVTe; + Uy, UL P (1= VVT)erl

We first bound the euclidean norm of Uy.,.UL (P — P)VV7e;. Proposition
A.1 implies that the projection (P — P)VVT has k unique columns, and two
columns are the same when the two corresponding indexes have the same
value in z*. This leads to

\/‘Z’E[n]z:‘,:zﬂ
S\/‘i’e[n]:z;‘,:zﬂ

‘01;TU1TT (P - P) vvTe,

() v < () v, <[,

By Lemma 3.2, we have that

U UL (P—P)VV T < =4V/B k2 (14 4/= ).
H U( ) T Wk(vn+ /p) 12< \/i)

\/Bn/k

As a result, we obtain that

H PO _ 0

+8v3 /82 (1+ 1)

< HUL,«U{T (15 _ P*) vvTe,

+ [0 0T, P (1= VVT) e

+20\/W<1+\/g).

As we can see, the above expression is all about the leading r singular
values and vectors. We are going to use f)rxr, VM, Yrxrs V1 to denote the
corresponding matrices and their population counterparts. Define Spxr =
diag{é1,...,0,}, Xrxr = diag{oy,...,0,} to be two r x r diagonal matrices.
Also define V., = (01,...,0,) and Vi, = (v1,...,v,). Then, we have that

< HUMUIT:TP (T=VVT)e

A(1 A1
-0y

< Himfffr (I=VVT)e

420, /8-1K2 (1 n %)
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Consequently, we obtain that

9 Al
Tpa <1 { (1 e — W) A — 20/ B-1K2 (1 n 3) <2|[S VT (T = VVT) ¢
n

A

}

k
+ 3 {pa% < ekipaigvan| Vi)
l=r+1
k2pB2 o
<I { (1 —ap - MABQU) A <28V (1-VVT) e }
k 7 1 A
- Z ]I{p”Az < ak2p?BTinV2n |V },

I=r+1

for some constant ¢z > 0. Since £(2,2") = 3¢ D_qz.+ Ti,a and the upper
bound we establish above on 7T; , does not depend on a, we have that

k2pB2 L
02,2 <k > 1 { (1 — e — Cz’f”) A <2 Hzmvﬂ (I—VVT)e;
i€[n]

}

k
+EYD D 1A < akd iy

i€[n] l=r+1

Vii

}éA+B

Hence, we complete the key decomposition ¢(Z,z*) < A+ B.

We are going to provide upper bounds of EA and EB respectively in
Section 3.4.2 and Section 3.4.3. To be more precise, we let I{F'} be the
indicator function for the event F'. Here 7/ = F U H1 U Ha, where Hq, Ho
are two more random events we will define later in the proof that also hold
with high probability. Once we have an upper bound on El(Z, 2*)[{F'} <
EAT{F'} + EBI{F'}, we apply Markov’s inequality to have a with-high-
probability result for £(Z,z*)I{F’}. Then a union bound with P (F’) leads
to the desired result.

Before starting Section 3.4.2 and Section 3.4.3, we introduce a few more
notation. We define

},Vi € [n],

9 o1
A; —]I{<1 —ep — W) A< QHETXTVE (I—VVT) e
},w e, Vr+1<1<k

A

and

By =1{p'A% < 1k p3 ™ 5iv/2n | Vi

With these definitions, we have A = k), A; and B = Zf:r_H B; where
B =k) ;B
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3.4.2. Upper Bounds on EA. In this section, we focus on studying one
A;. Once its behavior is well understood, we can easily generalize it to obtain
an upper bound on EA = " EA;. For any ¢ € [n], A; can be written as

]{52 -1 ~ ~
A; =1 1—ci1p’ — w A <2 sup el-T (I — VVT) Vi Zpxrw ¢,
A weR":[w||<1

where in the last equation we used the symmetry of I — V'V’ and 3. For
any unit vector w € R”, define w’ = ¥} 3, ,w. In this way, we have the

identity ¥y, = 3, ,w and also w|| < 1+ 6p~L. The latter one is due
to Lemma B.2. For any coordinate of w,w’, Lemma B.2 shows that

/

w's g - . 4./
max —] :r'naxa—? <n axw < 1—|—6p_1.
JElr] | Wy J€[r] 0j JE[r] 0j
Thus,
cak?pB 21 ~
A <I | 1—cp —=—L"T)A<2 sup el (I-VVD)VigErw g,
A wER™:||lw||<14+6p~1

and consequently,

9 Al
E:Aﬁ;Zﬁ%<1—qM—cﬂff2">As2 sup efu—vvﬁvu&ww}

weR™:|[wl| <1461

i€[n] i€[n]
| oy — k0B 2 )
=1 —8—A<2 sup e (I-VV)Vi,Srgw
et 1+ 6p wER™:||w||<1

In the following part, we will focus on investigating e;; (I — VVT) Vi S srtw.
First we are going to give a partition of the leading [r| singular values. Let
s be the cardinarlity of the set

0] — 041 1}
24 lefr]: ———> — 5,
(24) { I o1 Pk

for some p’ — oo whose value will be specified later. Denote all the entries
it contains as jj < j, < ... < j. from the smallest one to the largest one. It
is easy to check that j. = r, by Equation (18). Define j, = 0 and

Jm = j;n—l +1,Vm € [s].

In this way, we split [r] into disjoint sets {J,,, };,_; where Jp, = {jm, jm + 1,.. ., j0 }-
Such partition enjoys the following properties:
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e Define the singular value gaps among Ji, . .., Js and (US,_;J,,)¢ to be
Gm = min {Jj;n_l — Oy O — Ujm+1} ,Vm € [s],

with js41 = r+1 and op = +00. By Equation (24), for any m € [s—1],
Or

(oY)
S0 =0y — 0 it pVnEp
we have Ot = Oy = Ojt — Ojr 11 > ;’}k > i > Th Then,

(25) min g,, > PVIED

me|[s] - ,O/k

e The set defined in Equation (24) is equivalent to {l € [r] : /0741 >
1+1/(p'k)}. As aresult, for any [ € J,,,, we have o;/0141 < 1+1/(p'k).
Under the assumption p’ — oo, we have that

oj 1\ 1\* 2

mels] 047

e We have that max,, (s 01 /(01 — 0jr 1) < MaXpeq(1+ 0y 11/(0j — 04 11)) <
1+ p'k due to Equation (24). Together with Equation (26), under the
assumption p’ — oo, we have
Ojm — Ojt 2 ojt
(27)  max ———= < — max ——"—— <
me(s] Im P mels| o — 0541 P

and

. 2 i/
(28) max 29m < (1 + > max —Im <1+20'k.

mels] gm p') mels) ojr —0jr 41
Now, consider any fixed w € R". For m € [s], we define VJm = (@jma R {’ﬂn) €
Rl = (), vy,) € RIS g, = diag{og,,...,05,} €
R|Jm|><‘«]m|’ and wy, = (’u)}m7 .. 7u)];n) & RIJml. Then, we haVe that

(29) e (I=-VV)ViuSew= > e (I-VVT)V;, ), s, w.

me(s]

For any m € [s], by the Davis-Kahan-Wedin sin(0) Theorem (see Lemma
B.3), there exists an orthonormal matrix O,, € Rl/m»*|/ml such that

730 = V3O < 2 |V V= ViV |

- 42| E| - 16v2y/n+p  16V2k

30 = ,
(30) gm PR lpyntp p
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by Equation (25). Since ||VJ V5, Om — 1| = (Vs — Vi, Omn) Vs Opll, we
have that

16v2p'k
(31) |V V3,,0m = 1| < |V, = V2,0 < 6‘?’) .

Assuming that p/(p'k) — oo, O V] V.. is invertible. Now, we define w' =
(w’Jl, cel w’JS) € R such that

(32) w&m = E;ix(]mom (anVJmOm) Y xi, Wy, ,Vm € [s],

which implies w;,, = E;nquJm (VJTmVJmOm)OZLEJmXmef]m = EEiXJmVﬁVJmEJmXmef]m.
Plugging the above it into Equation (29), we have that

el (I-VVD) VigSeqw= > e (I=VVI)V;, VI V5, S0, wl, .

me|s]

Due to Equations (26) and (31), we have that

o Ll <[5 0, (0 11000) " S
mels] [lwa, ||~ mels] || m "
R -1
< max 52, 15,100 | (1 (V1,200 - 1))
me
R ~1
< (1+2p7") max (I + <VJT Vi Om = I)) ’
mels] "

where in the last inequality we used max;, ¢y HEJmXJm [ || = MAXefs] 05, /g, <

1 +2p'~! by Equation (26). Thus, using also Equation (31) we obtain that

[ 1+2p! 1429t
max m- < max < .
me(s] HmeH mels] 1 _ HvT VJ o — IH 1— 24\/§plk.p—1

(o : N — el 1+2p" !
This immediately leads to [|w'|| = ol llw] < EETV P

Hence,

sup wTETXTf/f:FT (I — VVT) e
weR™: |lw||<1

1 + 2p/—1
< sup
1 —24v2p'kp™1 werrjjuwl|<1

T (L= VVT) (V3 VE = Vi VE ) Vo B0,
me(s]
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where we also used that (I — VVT) V;. = 0. As a consequence, we obtain
that

B 1—24v2p'kp™! , eak?pB Ty
ZA“ZH{<1+6p1><1+2p'1> Prar s T )

i€[n] 1€[n]

<2 sup > e (I-VVT) (VJmen - VJmen> VJmEJmXmeJm}'

weR™: ||lw||<1 mels]

We continue to simplify the term on the right hand side of what is inside
the indicator function. From Lemma 3.3, we have the following decomposi-
tion such that for all m € [s],

(33)

(L= vvT) (Vo VE =V, VE ) Vi = 3
ledm

1
o

(I -vVT) ETuwl Vy, + Sm.

Hence, we obtain that

ef (1-vvT) <VJmV£L - VJmV$n> Vo 2T X T W1,

= Z wle;-r (I — VVT) ETUZ + CZTESmEJmXmeJm + 6? (Sm — IESm) EJ7n><J,,anm,
ledm

where we use vlTVJmE T xJmW7,, = oywy in the last equation. We are going
to show the middle term above is 0, as ES,,, = 0. Taking the expectation on
both sides of Equation (33), we have that

ESy = (I - VVI)YEWV,, VE) = V5, VI, = - VVDOEWV,, VIV,

Further investigation of the last term yields that

ESm=(I-VVOE([ Y o7 | Vs, = Y E((I-VvVT)e) (VE o))"
JE€EIm Jj€Im
(I_ VVT) Aj T\ «~ T T \T
AN - T—vvD | vEvvTe) ",
jezJ:m (H(I—VVT) ]H (H( ) J Im J)

where the last inequality is due to VVTV; = V; . By Lemma 3.4, we
have that (I —VVT)o;/||(I-VVT) ;| and ||(I-VVT) | VL VVTey
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are independent for all j € [r]. Hence, using Lemma 3.4 again to obtain that

E% = 0, we have that
(I-VvVv
E%‘EZEQ ar O (I =vvTy o5l VE Vv o) =0,
J€EIm

Hence, we obtain that
wup S (VYT (0,08, = Vi VE ) Vi s,

weR™:||lw||<1 mels]

< sup el (I — VVT) ETULw + sup Z e;fp (Sm —ESy) X7, <7, W, -

i
weR™:|lw||<1 wERT:HwHSlmE[S}

Since Sup,epr:|jwl|<1 €; (I VVT) ETU w = HUI . I — VVT) ei| ,
that

1 —24v/2p'kp™! y kB2
2 Ai= ZH{ o)tz T A )8

i€[n] i€[n]

<2 HUlT:TE (I- VVT) eiH +  sup Z el (S —ESp,) EJmXmeJm}.

weRrul<1 i)

We are now going to further investigate the two terms above.
First term. We have that U{‘F:TE (I — VVT) e; ~N (O, (I — VVT) eiH2 Irw).

Moreover, since H (I-vvT) eiH <1, we have that HUETE (I-vvT) ein is
stochastically dominated by a X% random variable. Hence, for some &; ~ x%,
we have that

[VEE (1= VT el < VE.

Second term. By Lemma B.1, we have that gm > 8E || E||, and hence we can
apply Lemma 3.3. Note that ||S,, xs,wi.el ||, = |Zsximwrn. |l ||el] <
Tjm lws,, || - Together with Equations (25), (27) and (28), for some constant
co > 0, we have with probability at least 1 — 2e~*" that

O — 041\ T n+p+t
\J(Sm—Esm)zJmeJm!Sco<1+J J)g(v - )ajmqumH

Im

<copt (L4 2k) (1+20'k) p'k (1 + ) tlwy,, || < 8cop™tk3p"? (1 +

t
v/n+p

t
tiwy, | -
it
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16cop™ k3 p? A ||lwy,, || holds with probability at least 1—2exp (—A?) I{A < /n+ p}—
2exp (—n)I[{A > \/n+ p}. This implies that

Taking t = A A /n+ p, we obtain that ‘e;fp (Sm — ESy) ZJmXmeJm{ <

S T (Sm —ESw) S, xsmiw, < 16cop™ k3 pA,

me([s]

with probability at least 1—2k exp (—A?) I{A < /n+ p}—2kexp (—n) I{A > \/n + p},
by the Cauchy—Schwarz inequality. By applying a standard e-net argument
with a union bound, we have that

sup Z eiT (S —ESp) X, g, wy, < 3200p71k:%p/2A

weR™:||w|| <1 mels]

holds with probability at least

1 — 2ke* exp (—Az) I {A <+/n —|—p} — 2ke* exp (—n)]I{A >\/n —i—p}.

Note that if A > y/n + p, we can use a union bound, such that the above
inequality holds for all i € [n] with probability at least 1 — 2nke” exp (—n),
which is greater than 1 — exp (—n/2). Defining the event #; as

{ {A>\n+p}U Z]I 3260,0_1]{2%,0/2A <  sup Z el (S —ESp) 27, x5, W7, :O},
we have that P (H;) > 1 — 1 — 2nke” exp (—n). Assuming that #; holds, we

only need to deal with the case where A < /n+ p. For all i € [n], we have

that

EI< Hq, sup Z el (Sm —ESy) X, xg,, Wy, > 3200p71k%p/2A < 2keF exp (—Az) .

i
weR™:||lw||<1 mels]

Combining the two terms. As a consequence, we have that

ZAZ'SZH

1€[n] 1€[n]

1
(1—24v20'kp") <1 ey - B g") I
—1.2 o

05650 (15 271 A —=32cop™ k2p"A < 2|

+ Z I 3200p_lk:gp'2A <  sup Z el (S —ESp) X7, %1, W07,

i€[n] wERT [T ey
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Under the assumption that p’ — oo, p/(k7/2p'?) — oo and A/ (k?pB~%n) —
00, there exists a constant c3 > 0, such that

2 p—1 T2
ZAiSZ]I{<1_C3p”_CngAB 27]_03k;p >A§2H£z”}

i€[n] 1€[n]

+ Z I 320p_1k%p/2A < sup Z el (Sp —ESpm) Sy, %, wy,

weR™:|lw||<1

i€[n) me(s]

Finally, using the tail probability of x? distribution, we obtain that

1 Rpp i ckip?\’
Z EAI{FUH1} <nexp ~3 <1 —c3p — e PA n_S pp > A? | + 2nkeFexp (—AQ),

i€[n]
as we assume that the events F and H; hold in the above analysis.

3.4.3. Upper Bounds on EB. In this section, we study B; ;. Consider any
i € [n],r+1 <1< k. Recall that B;; = I{p"A% < clk%p25_%m/2n|m71]}.
Note that

k
= lef (VVT0)| + el (1= VVT) 0| < el vs] [o] o] + |ef (1= VVT) 4y
j=1

Z lelvj| + el (T - VVT) o] < /B3 /n+ el (T-VVT) i

Vii

Ea

where the last inequality is due to Proposition A.2. Moreover, we have that

O A Rt

clk2p2ﬁ 277 (I = VVT) ol

/\

clk2p2ﬂ 277 (I —=VVT)Gall

gﬂ{ S = = o (e A g,;;}j

i.d.
where ¢ L

mate

/1A 2 .
Bi,lgﬂ{qu’pfﬁ_;n V26~ 1k3<f’ i \‘;ﬁv)Cz’l}}+]I{}|(I—VVT)Q;,1||>2\/ﬁ}.

N(0, I,) and where we applied Lemma 3.4. We further esti-




30 LOFFLER, ZHANG, ZHOU

Since |lel' (I — VVT)(;4|? is stochastically dominated by x?2, we have with
probability at least 1 —exp (—n), that HeZT(I — VVT) Ci,lH < 2¢/n. Now, we
define the event Hs as

M= {5 S0 L1 VYT G > 2} =0

i€[n] I=r+1

A union bound yields that P (#Hz) > 1 — 2nky/n. Then, assuming that Ho
holds, we have that

p// A2
7

T(1-VVT) Gy
By<1l 2 e <yl it
- {cmpzﬂ%n s 2vn

Note that ’eZT (I — VVT) Cz‘,l| is stochastically dominated by the absolute
value of an univariate standard Gaussian random variable. Hence, using the
tail probability of the standard normal distribution, under the assumption

that p” A/ (k%pzﬁ_%n> — 00, there exists a constant ¢4 > 0, such that

p//A 2
EB; ;I{FUHz2} <exp | —ca | ——F A?
k2p?B2n
Hence, we obtain that
2
n k p//A )
> > EBI{FUMy} <nkexp | —cs | +——1 | A

7 _1
i=1 l=r+1 k2p23~2n

3.4.4. Obtaining the final Result. Combining the above upper bounds
together, we have that

n k
BO(2, 2 I{FUHI UHo} < Y EAI{FUH 1} + > > EBI{FUHy}
ie[n] i=1l=r+1

2
1 k2pB 2 s p'?
<nexp|-—= (1 —c3p” — cah”pB 2 csk2p A? | 4+ nkefexp (7A2)

A p
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Under the assumption

e —> 00
)
};105 305,

we can take

ks A 0.3 1 A 0.1 1
P=c—\ 7905705 pr=— = ,and pf = — [ e
863 k10.56—0.5n ’ 803 k10.55—0.577 803 k10.5ﬁ—0.577

such that

- 1 A —0.1 A2
E((2,2")I{F UH1 UHa} < nexp (— (1_2<k‘10'550'577> )8)

Applying Markov’s inequality, we obtain that

A —0.1 AQ
02,2 ) I{FUH1UHa} <mexp|—|1- <k10.55—0.5n> A

with probability at least 1 — exp (—A) — exp (—n/2). Finally, the proof is
completed by using a union bound accounting for the events F, H; and Hs.

Acknowledgments. We would like to thank Zhou Fan from Yale Univer-
sity for pointing out the references [30, 49], which leads to the establishment
of Lemma 3.4.

SUPPLEMENTARY MATERIAL

Supplement A: Supplement to “Optimality of Spectral Cluster-
ing for Gaussian Mixture Model”
(url to be specified). In the supplement [40], we first present some propo-
sitions that characterize the population quantities in Appendix A. Then in
Appendix B, we give several auxiliary lemmas related to the noise matrix
E. In Appendix C, we include proofs of Lemma 3.1, Lemma 3.2 and Lemma
3.4. The proof of Lemma 3.3 is given in Appendix D.
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SUPPLEMENT TO “OPTIMALITY OF SPECTRAL
CLUSTERING FOR GAUSSIAN MIXTURE MODEL”

BY Matthias Loffler, Anderson Y. Zhang and Harrison H. Zhou
ETH Ziirich, University of Pennsylvania and Yale University

APPENDIX A: CHARACTERISTICS OF THE POPULATION
QUANTITIES

In this section, we include several propositions that characterize the pop-
ulation quantities defined in Section 3.1. We first define two matrices related
to z*. Let D € RF** be a diagonal matrix with

Djj = i€ nl: 2 =5}, Vi€ [k,
and Z* € {0,1}"** be a matrix such that
(34) Zi; =1z =j},vie[n],j € [k].

That is, Z* can be viewed as a label matrix which serves a similar role as
z*. For any j € [k], Z_’fj € R" indicates all the indexes belonging to the jth
cluster.

PROPOSITION A.1. There exists an orthonomal matriz W € R¥*k gych
that

V =2Z*D 2 W.
Consequently, V;. = Vj. for all i,j € [n] such that 2z} = z}. In addition,

>, /one
—V k2

01
PROOF. First note that
* * T * * L1 T * * 1 *y— < T
P=0....00) 2T =(0:,...,00) D3 D3 2°T = (0%,...,0}) D3 (Z D z) ,
and observe tlhat Z*D~3 has orthonormal columns. Now, we decompose
(0F,...,0;) D2 = UAWT into its SVD. Here W is some orthonomal matrix

W € RF*k_ Then we have that

P=UA (Z*D—%W)T,
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with Z* D=3 W having orthonormal columns. Then ¥ = Aand V' = Z*D73W.
The structure of Z* immediately leads to the second statement presented in
the proposition.

Due to Equation (1), the largest singular value of (67,...,6;) must be
greater than A/2. Since (67,...,60;) Dz = USWT, we have

pn A
k2

o1 2

ProproSITION A.2. All the coordinates of V' satisfy

k
max (Vi <4/—.
ie[nue[ls]' il Bn

ProoOF. By Proposition A.1, due to the structure of D and Z* we have
that

k
1 * WZ%J’
Vijg=Y —ZiW = —2,
2 2
=1 Dl,l 2¥ 2
Hence, we obtain that
1 1
max }|V;}j‘ < 1

i€[n],j€[k

< .
Min;e ] D;‘,z* v Bn/k

%

PROPOSITION A.3. We have

[, 65)] < al,/;;l,w,z € [k

PROOF. Since P = UXVT and P; = 0%.,Vi € [n], we have for any
u,l € [k] that

<ul,9;f> = 07V;;, where i € [n] is any index such that z; = j.

The proof is then completed by applying Proposition A.2. O
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APPENDIX B: AUXILIARY LEMMAS RELATED TO THE NOISE
MATRIX E

In this section, we include some auxiliary lemmas related to singular val-
ues and perturbation of singular vectors used in the proof of Theorem 2.1.

LEMMA B.1. For a random matriz E € RP*™ with {E; ;} b N (0,1),

define the event F = {||E|| < v2(v/n + /p)}. We have that

P(IE] = va+ p+t) <e
and particularly,
P(F)>1—e 20"

PROOF. By Theorem 2.13 in [10] we have that E|E| < \/n + /p. More-
over, as [|E|| = supj,|=uv|=1(u, Ev), we have by Borell’s inequality that
P(|E|| > E||E| +t) < e **/2. The result follows. O

Weyl’s inequality (Theorem 4.3.1 of [28]) and the fact that X = P + E,
Lemma B.1 implies the following lemma.

LEMMA B.2. Assume that the random event F holds. We have that
6; < oj+V2(v/n+/p), Vje k.

The last lemma included in this section is the Davis-Kahan-Wedin sin(©)
Theorem, which characterizes the distance between empirical and population
singular vector spaces. We refer readers to Theorem 21 of [47] for its proof.

LEMMA B.3 (Davis-Kahan-Wedin szn(@) Theorem). Consider any rank-
s matrices W, W. Let W = Zl 1 TiU;v; T be its SVD wzth o1 > ... > 0.
Similarly, let W = ZZ 1 O,;0; T be its SVD with 61 > ... > 6. For any
1<j<1<s, defineV = (vj,...,u) and V = (fuj,...
that

, 0 ) Then, we have

w2 |Ww-w|
inf . ’
O: orthonormal matriz min {O'j—l — 05,00 — 0l+1}

v VOH < \@HVVT _ VVTH <

where we define oy = 400 and ogsy1 = 0.
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APPENDIX C: PROOFS OF KEY LEMMAS

In this section, we provide proofs of the key lemmas stated in Section 3,
except the one of Lemma 3.3, which is deferred to Appendix D. Throughout
this section, for any matrix W, we denote span(W¥') to be the space spanned
by the columns of W.

PROOF OF LEMMA 3.1. Since all the P.; = UY.; = <UUT) UY.; lie in
the column space span(U ) any {6, } | that achieves the minimum of Equa-

tion 10 must also lie in span(T/). That is

mln Z HP = mln Z HUY

n {6; } _,ERF ic[n] z€[k]™, {c] leRk

= min E

z€[k]" {cj} ), ER* i€[n]

2

)

Yi—CZA

) J

where the last equation is due to the fact that all columns of U are or-
thonormal to each other. Thus they yield the same result after a proper
label permutation. O

PROOF OF LEMMA 3.2. Due to the fact P is the best rank-k approxima-
tion of X and P is also rank-k, we have that

~ 2 9
o[ <t

This, Holder’s inequality and the fact that we work on the event F imply
that,

F

sup 2(M,E) <2V2k|E|
M:||M||p=1,rank(M)<2k

< k(v + VD)

IN

Now, denote by © the centre matrix after solving Equation (10). That is,
the ith column of © is 9 2 Since O is the solutions to the k-means objective,
we have that

O-P

F
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Hence, by the triangle inequality, we obtain that

fo -l <2l -l =i+

LA
5 (-

Since {ézf — 9;}} are exactly the columns of © — P, we have that
v LIPS

i€[n]

Now, define the set S as

S:{iE[n]:‘

n *

. 2
= 2 = A2 :
(A/2)
Assuming that
BA®
EIIEE .
we have that
6n
< —.
T

We are now going to show that all the data points in S are correctly
clustered. We define

Cj={ien]: 2 =ji€8°},vjelk]
We have the following arguments:

e For each j € [k], C; cannot be empty, as |C;| > |{i : 2z} = j}|—|S| > 0.

e For each pair j,1 € [k],j # [, there cannot exist some i € C},7 € ()
such that 2; = Z},. Otherwise 0z = 6z which would imply

+

o5 - 61l = | +

-

*
z.
Z/

<]

~
*k

-
0 — 0,

N *
Oz — 0
K 7

£

<A,

contradicting Equation (1).

Since Z; can only take values in [k], we conclude that {Z] : i € C;} con-
tains only one and different element for all j € [k]. That is, there exists a
permutation ¢ € ®, such that

2= ¢(j),Vi € Cj,Vj € [k].
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This implies ) ,cgc I{2; # ¢(2])} = 0. Hence, we obtain that

256k (n + p)

0z < 18] < =0

When the ratio A2/ (k2 (n+ p)) is large enough, an immediate implication
is that minjep {7 € [n] : 2; = j}| > B—k" — 15| > g—z Moreover, in this case
we obtain that

N 2
2<H@—ﬂh<1%ﬁoﬁp>
I

A2
< —.
- 4

e[ = 63|
O

PrROOF OF LEMMA 3.4. In this proof, we use the notation «dr 16 indi-
cate two quantities having the same distribution. Recall that M has SVD
M =USVT where U = (u1,...,ux),V = (v,...,v) and ¥ = diag{o1,...,01} €
RFF with oy > 09 > -+ > 04 > 0. Wedenote S = {x € span (I — VVT) : ||z = 1}
to be the unit sphere in span (I — VVT). We also denote O to be the set of
all orthonormal matrices in R™*" and furthermore

O'={0c0:0V=V}.

Let V| be an orthonormal extension of V' such that (V,V,) € O. Then for
any O € O, due to the fact that O(V, V) € O and O(V,V,) = (V,0V),
we have that OV is another orthonormal extension of V. This implies that

(35) Oz € span (I - VVT) , Vx € span (I - VVT) .

Hence O’ includes all rotation matrices in span (I — VVT). In the following,
we prove the three assertions of Lemma 3.4 one by one.

Assertion (1). Recall that M = M+E = USVT+E and M = Y2 6;a;07 .
For any O € (0, since EOT 4 E, we have that MOT = (UsVT + E)OT =
UsvVT + EOT £ NI. On the other hand, MOT has SVD

pAN

MOT =" 550; (09;)".
7j=1

Hence, for any j € [k], we have that 0; 4 Ob;.
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For any z € R", we define the mapping f : R" — S as f(zx) = (I —
VVD)z/||(I — VVT)z||. Applying f on both #; and O%;, we obtain that
(I-VvVT)08; 4 (I-VVT)p

I = VvVT)Os;[| (I = VVT)y]|”

Since 9; = VVT9; + (I — VVT)d;, we have Ob; = VVTo; + O(I — VVT)d;.
By Equation (35), we have that O(I — VV7)d; € span (I — VV7T). Hence,
we obtain that

(36)  VVTOy =VVT;

37) (I -VvVH0o; =T -vVHoa - vvhi; =00 - VvV,

As a consequence of Equation (37), we obtain

(I-vvTo;  OI-VVTDo; a (I-VVT)y

Y J_ £ J-VOe0.
I =VVDosll O =VVEo| - [T =VVT)a

(38) O

In particular, (I —VVT)d,/||(I = VVT)d;|| is contained in S and is rotation-
invariant. Hence, we obtain that (I — VV71)d,/||(I — VVT)o;|| is uniformly
distributed on S.

Assertion (2). For any x € R", we define another mapping ¢ : R" — R"
as g(z) = (VVI2)T, (I — vVT)2)T/||(I — VVT)z|)T. Recall that 9; 4
0?5, YO € O'. Applying g on both 9; and O9; and using Equations (36),
(37) and (38), we obtain that

VVTf)j d VVT@j
(39) (I-vvThe, | = o I-vvhp; |-
IT=Vv VT, I(I=VV T,

Let A be a Borel subset of span(VV7T) and B a Borel subset of S. By (39)
we have for any O € O’ that

(I - VvV,
g <H(I “VVT)oy]

(I-VVT)p
(I = VVT)iy|

e B|vvTi eA) :P(OH e B|vvTi eA).

—vv e,
Hence, we obtain that (IvivT)vA?IVVT@- is also uniformly distributed on
I(I=VVT)o;]l J o
S, invariant to the value of VVTf)j. This implies that % is inde-
I(T=VVE)o,]l

pendent of VVTf)j.

Assertion (3). Since ||(I-VVT);|| = /1 — [[VVT%;]? is a function of only

VVTﬁj, it is an immediate consequence of the second assertion.
O
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APPENDIX D: SPECTRAL PROJECTION MATRIX PERTURBATION
THEORY

In this section, we give the proof of Lemma 3.3. Before that, we first
introduce two lemmas used in the proof of Lemma 3.3.

The following lemma gives an upper bound on the operator norm of ||S.4||.
The setting considered here is slightly more general than that in Lemma 3.3,
as F is not necessarily a Gaussian noise matrix. The proof of Lemma D.1
mainly follows that of Lemma 2 in [35]. It is included in the later part of
this section for completeness.

LEMMA D.1. Consider any rank-k matriz M € RP*™ with SVD M =
Z?:l ajujva where o1 > 09... > o > 0. Define oo = op41 = 0.

Consider any matriz E € RP*"™. Define M = M + E. Let the SVD of M
be Z?ﬁ? &jﬂj@;fp where 61> 62 > ... > Gpan-

For any two indezes a,b such that1 < a < b <k, define Vo = (Vay -, Up)
and Vgp = (Vgy...,0p). Let V. = (v1,...,v;). Define the singular value gap
Ga:b = min{og_1 — 04,05 — op11}. Define

(40)
Sa:b = (I - VVT) (‘Zz:bVaTb - Va:bVaTb) Va:b - Z

— ., 0j
a<j<b

e (I =VvVT) E ujv] Vo,

We have that

2 a — E 2
ISuall < <3(”"b)+16> L2l
Trgal ga:b

The S,.5 in Lemma 3.3 and Lemma D.1 depends on E. It can be written
as Sg.p(E) with S, (+) treated as a function of the noise matrix. Lemma D.2
studies the Lipschitz continuity of S,.(-). It slightly generalizes Lemma 2.4
in [34] and follows along the same arguments. Its proof will be given in the
later part of this section for completeness.

LEMMA D.2.  Consider the same setting as in Lemma D.1. Define Sq.(E)
as in Equation (40). Consider another matriz E' € RP*™. Let M' = M+ E'.
Define Sy.p(E") analogously. Under the assumption that max {||E|, || E'||} <
Ja:b/4, we have that
(41)

1Sus(E) — Sun(E')]| < 1024 (1 +

o, —op\ max {||E|, || E'|}
o ) e - ).
a

Ja: a:b
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With Lemma D.1 and Lemma D.2, we are able to prove Lemma 3.3. It
generalizes Theorem 1.1 in [34], and its proof follows the same argument.

PrRoOOF OF LEMMA 3.3. Define ¢ as follows

1, s<1
o(s) = ¢ 3 — 2s, s<1<3/2
0, 5> 3/2

and note that ¢ is Lipschitz with Lipschitz constant 2. As we mention earlier
in this section, we can write Sg.;(E) instead of S,.p, and treat Su.p(-) as a
function.

Step 1. Define a function

h’5(E) = <Sa:b(E)7W>¢ <6|5E‘H> .

We are going to show that hs is also Lipschitz for any 6 < g,.,/4. We use
the notation |||, for the nuclear norm of a matrix.

e First suppose that max {||E||, ||[E’||} < ¢. Then, by Lemma D.1, Lemma
D.2 and the fact that ¢ is Lipschitz, we obtain that

|hs(E) — hs(E')]
< (Sut(E) — San(E'), W)o <6”5E”> + (San(E'), W) <¢ (6”5EH) -0 <6H5EH)>

6 £ 6/ E] 6] £
< 1800(E) = Saa N0 (U1 ) + it o (1) -6 ()
— E El
< 1024 <1+ 9a Op ma‘X{H 2”7” H}”E—E,H”W”*
Ja:b 9ab
a— E'|? 12||E|| - || E
Ya:b 9ab )

Ou— 0O )
<o (1 i ) 1B~ BIW.,

a: a:b

for some constant C; > 0 that is independent of E, F’.
o If min{||E|,||E'||} > 6 then h(E) = h(E’) = 0 and the above inequal-
ity trivially holds.
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e Finally, if || E|| < § < || E’||, by a similar argument as above, we obtain
that

15(B) ~ ha(2")] = ()] = |iSua). W) (LZL) - (SLZL))
<ot o () o (5T

<o (1 4 Ga= ”b> - EIWI.
a:b

a:

and the same bound holds if we switch the places of £ and E’ in the
last case.

Combining the above cases together, we have shown that for any § such that
0 < ga:n/4, hs is a Lipschitz function with Lipschitz constant bounded by

Og—0p\ O
Cy (1+ £ >2 W
Gazb Ja:b

Step 2. In the following, for any two sequences {x,},{y,}, we adopt the
notation x, < ¥y, meaning there exists some constant ¢ > 0 independent of
n, such that x,, < cy,.

By lemma B.1, we have that for all £ > 0,

P (1Bl - EE| = v2t) < exp ().

Set § = d(t) = E||E|| + v/2t. We consider the following two scenarios de-
pending on the values of t.

e We first consider the case where v/2t < go.5/24, which implies 6(¢) <
Ja:p/6. By the definition of hs(-), we have that hs(E) = (Sgs(E), W)
in this case. Denoting by m the median of (Sy.;(E), W) we have that

P (hs(E) = m) =P (hs(E) = m, [|E|| < 6(t)) = P ({San(E), W) = m, [|E|| < 6(2))
1 1,1

- _ >

2 2 4

and likewise P (hs(E) <m) > 1/4. Hence, since hgs is Lipschitz, we

can apply Lemma 2.6 in [34], which is a corollary to the the Gaussian
isoperimetric inequality, to show that with probability at least 1 —e~!

that

2 P((Sap, W) 2 m) —P(||E| > 6()) =

@) he(E) -l Ve (14 ) B,

a:b
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By Lemma B.1, we have that E ||E|| < /n + p. Thus, we obtain that
Vi (Vn+p+ Vit
YL (LEEE pyp

Ja:b

Tq — Op
43 h(;E—mg(l—s—)
( ) ’ ( ) ’ Ja:b Ja:

Moreover, the event where ||E|| < §(t) occurs with probability at least
1 — e~ ! and on this event hg coincides with (S,.;,(E), W). Hence, with
probability at least 1 — 2e~*
(44)
oa—0p\ Vt [(VRnFp+Vit
(SualB) W) | 5 (14 T ) S (VREREA gy
a: :

Ga:b Ya:

e We need to prove a similar inequality in the case V2t > Jab/24. In
this case we have that E||E|| < v/t as by assumption E||E| < ga./8.
Hence, applying lemma D.1, we have that

Og — O t
(45) \<sa:b<E>,W>rgHsa:bw)urwu*s(1+ - ")gzuwu*.
a: a:b

Hence, since t > log(4) and e~* < 1/4, we conclude that we can bound

Ogq — Op

t
(46) Im| < (1 + > —— W
Gab 9a:b

Equation (45) and Equation (46) together immediately imply that the
inequality in (44) also holds for v/2t > g,.;/24.

So far we have proved that Equation (44) holds for all ¢ > log 4. Integrat-
ing out the tails in the inequality in (44) we obtain that

Oq — O n +
E(Su(E), W) — m| < E|(San(E), W) —m| < (1 + T ”) 2wy,
a: a:b

and hence we can substitute the median by the mean in the concentration
inequality (44).
O

The last two things left are the proofs of Lemma D.1 and Lemma D.2.

Proor oF LEMMA D.1. Asin the proof of Lemma 3.4, we use self-adjoint
dilation. As before, we define for any matrix W

D (W) = (vST v()v)
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As a result, we have that

D(M)_<]WOT ]\04>7 D(E)_<E?T ]g)

and D(M) = D(M)+ D(E). Note that all three matrices are symmetric and
consequently have eigendecompositions. Particularly,

(47) D(M)= ) oD,
1<[i|<k
where for i € [k],

1 (uu?  wol RV ARTRYYE N—
(48) o= —0i, Pi=3 <Ulu%r ' ZT) , Pri= 5 < Lo
et

Similarly, we have that

(49) D(M)= Y &P,

1<[i|[<pAn

where for each i € [k], 6_;, ]5Z and P_i are defined analogously. Denote
(50) P= > B, adP= > P
li|e{a,...,b} li|e{a,....b}
By doing so, we have
(51)

_vvD) (V. UT _ T - —-vvh)) (P - Orcp
(I 4% ) (Va:bVa:b Va:bVa:b> Vap = (Onxp (I vv )) (P P) < Vawn )

The following proof can be divided into three steps.

Step 1. In this step, we decompose (I — VVT) (VwaaTb - Va:bVai:Fb) Vap-
Despite a little abuse of notation, denote [o4,0p] to be the corresponding
interval on the real axis of the complex plane C. Define v+ to be the contour

on C that circle around the intervals [o,, 03] by a distance equal to gq.p/2.
That is,

(52) vt = {n € C : dist(n, [og,0p]) = ggb} ,
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where for any point 7 € C and interval B € C, dist (n, B) = min,ycg ||n — 7.
Likewise we define v~ as

(53) Y = {77 € C: dist(n, [o_p,0-4]) = ggb} .

In this way, among all the singular values of D(M ), only those with indexes
in {a,...,b} and {-b,...,—a} are included in " and v~ respectively, and
the rest ones lie outside of the contours.

By the Riesz representation Theorem for spectral projectors (c.f. page 39
of [33]), we have that

1

54)  P=gr OO —ntn— o 0D i)

For any matrix W and any n € C, define the resolvent operator
Ry (1) = (D(W) —nI)~".
Then Equation (54) can be written as

pP= —.7{ Ry (n)dn — L j{_ Ry (n)dn

211

Recall that D(M) = D(M) 4 D(E). Note that Ry (n) = (D(M) — nI)~".
We are going to expand R, (n) into its Neumann series:

Ry (n) = (D(M) =0l + D(E))~" = (D(M) = nI)(I + Rar(n)D(E))) ™"

o0

= (I 4+ Ru(n)D(E))'Ru(n) = Z(—l)j[RM(U)D(E)]jRM(W)
=0
(55) = Rum(n) — Ru(n)D(E)Ry(n) + Y (—1)7[Ra(n)D(E)Y Ras(n).
j=2

Applying the Riesz representation Theorem on P, we have that

1 _ 1 _
Py (DO =D tn = 5§ (DO~ D) dy
T o+ 27 N
1 R (n)d _1% Ry(n)d
T Tomi L MV g f VDA

As a result, we have the decomposition

(56) P—P=L(E)+S(E)
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where L(E) and S(F) are operators on F, defined as

(57)

L(E) = 271m
and
(58)

L 74  Bag () D(E) Ray ()

‘ -

Mg

m]é+
m?{,

DN
<.
||
I\

I\D‘}_A
Tm@

By Equation (51), we have that

(1-vvT) (va:bvgb - Va:bvgb) Voo = (Onnp (I = VVT)) L(E) (

Step 2.

Rar(n)D(E)Y Rys(n)dn

Rur(n)D(E) Ry (n)dn.

 (Ousy (I=VVT))S(E) (

will imply that the second term is equivalent to Sg.p.

Define

(59)

Lav = (Onxp (I =VVT))L(E) <O‘}Z”> .

dn + i ]é_ Rar(n)D(E)Ras(n)dn.

Onxp
Va:b

Onxp
Va:b

).

In the following, we are going to show the first term on the right

hand side of the above formula is exactly }, % (I-vvT) ETuje;fF, which

To simplify it, we first simplify L(F). Recalling Equation (48), for any 14

such that |i| < k, we have that P; = 6,07

L(u

V2

T_U)

©, where 0; =

1 T 7T
\/i(uz 7’U’L

Vi € [k]. We can expand it so that {6, 6}, (U

)T7 ‘9—i =

gives an orthonormal basis for RP™". There are two immediate implications.

efork+1<j<p+n-—k, WedeﬁnerzejH;fF.

decomposition for the identity matrix

In the rest of the proof, by default we treat {1,...

I =

> P,

1€{1,....p+n—k}U{—k,...,.—1}

Then we have a

p+n—k}U{—k, ...,

to be the whole set for the index i. We drop it when there is no am-
biguity. For instance, the above equation can be simply written as

I'=5%,F.

1} kr1<j<pin—t

_1}
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e We also define
(60) 0;j=0Vk+1<j<p+n—k.
Then Equation (47) is equivalent to be written as

D(M)=> 0P,

e For k+1<j<p+n-—k,6;is orthogonal to 6; — 6_;,Vi € [k]. This
implies that the second part of 6; (i.e., from the (p + 1)th coordinate
to the (p + n)th coordinate) is 0, or orthogonal to span(vy,...,vg).

Thus,
(61) (Onsp (I=VVT)) P, =0,Vist. |i| <k,
Onx : .
(62) Pi( p)zO,st.t. li| ¢ {a,...,b}.
Va:b
and
Opxn
(63) (Onxp (I—=VVT)) Z P; (Of:m) =1-vvT,

i>k

By Equation (47), we have that

Ry (n) = (D(M) —nI)~" = (Z oiP; — 77[> = (Z (oi —m) Pi)

i

1 1 1
(64) :Z:oi—npl: Z '_77Pi+ Z T_nph

(oF}
ie{a,...,b} i¢{a,...,b}

defined as Rf () and Rj (1) respectively. With this, for the first term of
L(FE) in Equation (57), we have that

o § Ru@DE RO = 5§ (RI0) + B () DE) (B (1) + RS () d

T 2mi

21 N

Observe that by the Cauchy-Goursat Theorem,
R{ (n)D(E)R{ (n)dn

’Y+

1 1
- Y roeRf Soas Y RDER§
ic{a,...,b} v !
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since there is no singularity inside y*. The identical result holds for §7+ Ry (n)D(E)R5 (n)dn.

By the Cauchy integral formula

1

i RT(U)D(E)RJ(n)dn = Z Z 271 7{ ;

vt ie{a,...,b} j¢{a,....b 7+ 7i
Z Z P EP;
ZE{(L 7b}]¢{a7 ) } B UJ

And similar result holds for 5L §7+ RS (n)D(E)R; (n)dn. Hence, we obain
that

1 P,D(E)P; + P;D(E)P;
-y ¥ (E)

P.EP;
(oj—m) "

Rr(n)D(E) R

211 o+ — 0y

i€{a,....b} j¢{a,...,b}

In the same manner, splitting

65) Ru)=Rim+Rm= Y 4 2 L

ie{bra} T gy T
we also obtain that
(66)
271m. Ru()D(E)Ru(n)dn = ) > PiD(E>];7 J_rffD(E)Pi.
v ie{—=b,...,.—a} j¢{—b,...,—a} ¢ J
Hence, we have that
(67)

P,D(E)P, + P,D(E)P,

w-[Y Y+ ¥ %
ic{a,...b} j¢{a,...b} i€{=b,..,—a} j¢{-b,...,—a} g

Note that for any i such |i| € {a,...,b} and any |j| ¢ {a,...,b} Equations

(61) and (62) imply

(Ouxp (I—VVT)) P,D(E)P, (2};;10) _o.

Together with Equation (59), we have that

[y T+ % % )(ow (1 vy BREE

ic{a,....b} j¢{a,....b}  ie{-b,....—a} j¢{-b,....,—a}

( DS )zwm (1= vy BEEE (G

g
ic{a,....b} i€{=b,..,—a}) >k t

(

Onxp
Va:b

)
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where in the last equation, we used Equation (60). Recall that for all i < k,
o_; = —o;. This yields

L= ¥ o (Ony 1=V | S8 | D)2 P ()
7‘6{0‘1 7} ! i>k ab
1 O E\[ O wunvl\ (O,
= 3 (O -V (3 <ET o) <U-Tw u0v> (pr>
ic{a,..b} >k i a:b
1 T Opxn T, T
= Z . (OnXp (I -Vv )) ZPJ I E UiV; Vab
ic{a,...,b} i >k nxn
= > l (I —vVT) E uwl Vi,
i€{a,...,b} s

where the last equation is due to Equation (63). This implies
Sab = (I - VVT) (Va:bVaTb - Va:bVaTb) Vab — Lawp

(68) — (Ousp (I-VVT)) S(E) (Ovszp) .

Step 3. In the final step, we are going to upper bound ||S,.4|| via the above
formula. By Equation (64), for any n € v© or n € v~, we have that

(69) 1By ()] < gzb

Moreover, we have that
=11 < 2(00 = o) + TGa-
Recall the definition of S(F) in Equation (58). Note that ||D(E)| = || E|l.
e Under the assumption that ||E|| < g4./4, we have that

YU Y ;
1500 < 18 < TSy i ipey e
7j=2

2(0[1—0;)+7T9ab“E”2< L ) ZHEHJ<

IN

;

16(0q — E 2 & '
Ga:b ab =0

2(0g — E|?
T9a:b gab
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o If ||E|| > gap/4, by Equation (68) we have that

”S V Va:b

VA + 1l

The first term can be trivially upper bounded by 2. By the definition
of || La:p||, the second term

1 E E
ILaall = |(I=VVTYET | > —wn] | Vau|| < — IZ] < 12l
ic{ar.b} op) MNefq, ... b} Oi Ja:b

Hence, we finally obtain that

E E2
| ||<16|| I
Ga:b Qab

[Sanll <2+

The very last thing is to prove Lemma D.2.

Proor orF LEMMA D.2. We follow the same decomposition and notation
as in the proof of D.1. Recall the definition of P and P in Equation (50). In
Equation (56), we have

P—P=L(E)+ S(E),

where L(E) and S(F) are defined in Equation (57) and Equation (58), re-
spectively. Define P, L(E’),S(F’) in the same manner for M’. Then we
have

S(E') - S(E)=P — P~ (L(E') - L(E)).

As a consequence, by Equation (68)
/ T / Onxp
Sa:b(E ) - Sa:b(E> = (Onxp (I -VVv )) (S(E ) — S(E)) ( >

Vab
= (Onep (1=VVT)) (P'=P) <021p>

— (Onxp (I=VVT)) (L(E") — L(E)) (?};f) :

In the proof of Lemma D.1, we study the perturbation between P and P.
By the exactly the same argument, we can study the perturbation between
P’ and P. Analogous to Equation (56), we have that

P —P=L(E - E)+S(E - E),
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where
L(E'~B)= 5§ Ryln)DE ~ E)Ry(n)dy
Y
(1) +ori § RuD(E = E)Ry ()
and
S -B) =5 § S (VR ()D(E - B Ry
Y j=2
- o b S VR D — B Ry (),
Y j=2

with 4,7~ defied in Equation (52) and Equation (53) As a result,

Sas(F) ~ SaalB) = Oy (1= vV 88"~ ) (o)

+ (Onxp (1=VVT)) (L(E' = E) - (L(E') - L(E))) <Ovszp> ’
which implies

(72)
[Sas(E) = Sun(B)|| < | S - B)|| + | LB - B) - (L) - L(®))|.

We are going to establish upper bounds on the two terms individually.

Step 1. For the term related to L, L, note that by Equation (57), Equation
(71) and the fact D(E’ — E) = D(E") — D(E), we have

L(E' - B) — (L(E)) - L(B))
— L 4 (Ry)D(E — B)Ry,(n)dn — Ras(n)D(E' — E)Ras(n)) di

271 7+

= f (D — B)Ry )y — Ras) DIE' ~ E)Rag() i

2mi

-
By Weyl’s inequality (Theorem 4.3.1 of [28]), we have |6; — o;| < ||E||,Vi €
[p A n]. Under the assumption that ||E|| < g4.p/4, the minimum distance
between 4+, 4~ to the points {(6;,0)} is at least gq.p/2 — || E|| > gab/4, for
all i € [p A n]. Similar to Equation (69), we obtain that

4
R, < ¥ TN
Ry < - v €+
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Then, together with the fact that |D(E’ — E)|| = ||E' — E||, we have that

§ (RanDUE" = )Ry~ Rar ) D' = E) s (0) |

< |, RunpE = By~ Rastan| + | (Rgto) = Rartm) DB~ E)Ras o)
gl v
< ——|[|E" = E| sup [[Ry(n) — Ra(n)]]-
gab ne'yJF
Moreover, by the expansion of the resolvent into a Neumann series in (55),
we have that
1Ry (n) — Z IRar (N EN [ Rar ()| < [1Rar ()1 12 Z IRy ()| E]Y
Jj=
8 E
|| [P
gab

where the last inequality is due to Equation (69). Hence, as |[y"| < mgqp +
2(04 — o), we have

§64<7T+

§ (Ra)DE' = B)Ryy)dn — Rar () DB’ = B) s () dnH
ot

2(00 = (Tb)) IEIE" - E]
Gazb gg:b

The same result holds for the other integral over v~. Hence, we obtain that

2(00 — %)) IENE ~ B
Ta Ja

L(E' - BE) - (L(E') - L(E)) H <64 <1 +

Step 2. For the term related to S, we bound it analogously as in the proof
of Lemma D.1. Following Equation (70), we have that

HS‘(E’ - E)H < 64 (M + 16) IE"—E|"

2
T9a:b 9a:b

Combining the above result together and by Equation (72), we have that

oq — 0y \ max{||E|,|E
HSa:b(E/) _Sa:b(E)H <1024 <1+ ag : b) {H 2” H H}HE—E/”
a a:b
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