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Abstract

Large matrix estimation gains an increasing attention in recent years. This paper
investigates the high dimensional statistical problem where a p-dimensional diffusion
process is observed with measurement errors at n distinct time points, and our goal
is to estimate the volatility matrix of the diffusion process. We establish the minimax
theory for estimating large sparse volatility matrices under matrix spectral norm as
both n and p go to infinity. The theory shows that the optimal convergence rate
depends on n and p through n=1/% \/logp and a volatility matrix estimator is explicitly

constructed to achieve the optimal convergence rate.
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1 Introduction

Diffusions are widely employed in modern scientific studies in fields ranging from biology
and finance to engineering and physical science. The diffusion models play a key role in
describing complex dynamic systems where it is essential to incorporate internally or exter-
nally originating random fluctuations in the system. See for example, Fan and Wang (2007),
Mueschke and Andrews (2006), Prakasa Rao (1999), Wang and Zou (2010), Whitmore (1995)
and Zhang et. al. (2005). The scientific studies motivate this paper to investigate optimal
estimation of large matrices for high dimensional diffusions with noise contamination.
Consider process X(t) = (Xi(t), -+, X,(t))" following the continuous-time diffusion
model
dX(t) = p,dt + ol dB,;, te€l0,1], (1)

where p, is a p-dimensional drift vector, B; is a p-dimensional standard Brownian motion,
and o; is a p by p matrix. Continuous-time process X; is observed only at discrete time

points with measurement errors, that is, the observed discrete data Y;(t,) obey
Y;(W) :Xz(t€)+€z(t€)a i=1,--,p, t€:€/n7 6217 ) T (2)

where €;(t,) are independent noises with mean zero.
Let v(t) = alo; be the volatility matrix of X(¢). We are interested in estimating the
following integrated volatility matrix of X(¢),

1 1
= (T'y)icij<p = / ~(t)dt = / ol odt
0 0

based on noisy discrete data Y;(ty),i=1,--- ,p, {=1,--- n.
Below is the main theorem of the paper that establishes the minimax risk for estimating
I" based on Y;(t;),i=1,--- ,p, £ =1,--- ,n, which is a consequence of Theorems 3 and 4 in

Sections 2 and 3.

Theorem 1 For models (1)-(2) under the conditions A1-A3 specified in Section 2, we have
that as n,p — oo,

1—q 2 . 1—q 2

C. [wn(p) (n‘1/4\/10gp) } <inf sup E|F-T|;<c |:7Tn(p) (n‘l/“\/logp) } ,
L Py (mn(p))

and the optimal convergence rate 1s achieved by estimator T given by (7) in Section 2.1,

where C, and C* are positive constants free of n and p, || - |4 is a matriz norm with d > 1

in Section 2.2, P,(m,(p)) denotes the minimax estimation problem for models (1)-(2) given

in Theorem 3, constant q € [0,1) and deterministic factor m,(p) characterize the sparsity of

I specified by (8) and (11).



Because of the importance, large matrix estimation receives lots of attentions recently
in statistics as well as in fields like remote sensing and finance. Classic optimal estimation
procedures like sample covariance matrix estimator behave very poorly when the matrix size
is comparable to or exceed the sample size (Bickel and Levina (2008a, b), Johnstone (2001)
and Johnstone and Lu (2009)). In recent years various techniques have been developed for
large covariance matrix estimation via sparsity. Wu and Pourahmadi (2003) explored the
local stationary structure for nonparamertic estimation of large covariance matrices. Huang
et al. (2006) used penalized likelihood method to estimate large covariance matrices. Yuan
and Lin (2007) considered large covariance matrix estimation in Gaussian graph models.
Bickel and Levina (2008a, b) developed regularization methods by banding or thresholding
sample covariance matrix estimator or its inverse. Johnstone and Lu (2009) studied the
consistent estimation of leading principal components when the matrix size is comparable
to sample size. El Karoui (2008) employed the graph model approach to investigate sparsity
structures and construct consistent estimators of large covariance matrices. Fan et. al.
(2008) utilized factor models for estimating large covariance matrices. Lam and Fan (2009)
studied sparsistency and convergence rates in large covariance matrix estimation. Cai et.
al. (2010) and Cai and Zhou (2011) investigated minimax estimation of covariance matrices
when both n and p are allowed to go to infinity and derived optimal convergence rates for
estimating decaying or sparse covariance matrices. Wang and Zou (2010) considered the
problem of estimating large volatility matrix based on noisy high-frequency financial data.
Tao et. al. (2011) employed a matrix factor model to study the dynamics of large volatility
matrices estimated from high-frequency financial data.

Models (1)-(2) capture the asymptotic essence of large volatility matrix estimation in
high-frequency finance (Fan, Li and Yu (2011), Tao et. al. (2011), Wang and Zou (2010),
Zheng and Li (2011)), where X;(¢) correspond to true log prices, and ¢; are micro-structure
noises in the observed high-frequency financial data. The models can also be viewed as a
generalization of covariance matrix estimation in two scenarios. Take g, = 0 and o to be
constant in (1), then I' is the covariance matrix of v/n [X(t,) — X(¢,_1)]. For the case of no
noise (i.e. €;(t;) = 0), the problem becomes regular large covariance matrix estimation. For
the noise case (i.e. g;(ty) # 0), we may view models (1)-(2) as a complicated covariance ma-
trix estimation problem where observed data are dependent and have measurement errors.
The optimal convergence rate for sparse covariance matrix estimation obtained in Cai and
Zhou (2011) is 7,(p) (n=*/2y/logp) 79 Comparing it with the convergence rate in Theorem

1 we find that the dependence on sample size n is changed from n~'/2 to n='/4. Such slower
convergence rate is intrinsically due to the noise contamination in the observed data. When

a univariate continuous diffusion process is observed with noise at n discrete time points,



Gloter and Jacod (2001) showed that the optimal convergence rate for estimating univari-

/4 The convergence rate n~%/* in Theorem 1 matches with

ate integrated volatility is n~
the optimal convergence rate for estimating univariate volatility based on noisy data. The
phenomenon will be heuristically explained through model transformation in the derivation
of the minimax lower bound.

Our approach to solving the minimax problem is as follows. We construct a multi-scale
volatility matrix estimator and then threshold it to obtain threshold volatility matrix es-
timator. We show that the elements of the multi-scale volatility matrix estimator obey

1/4 and then demonstrate that the constructed esti-

sub-Gaussian tail with optimal rate n™
mator has convergence rate given by Theorem 1. As models (1)-(2) involve a nonparametric
diffusion with measurement errors, it is generally very hard to derive the minimax risk for
such a complicated problem. Fortunately we are able to find a clever way to establish the
asymptotic optimality of the estimator. We first take pu(f) = 0 and o (¢) (thus I') to be a
constant matrix. The problem becomes covariance matrix estimation where the observed
data are dependent and have measurement errors. Second, taking a special transformation
we are able to convert the problem into a new covariance matrix estimation problem where
observed data are independent but not identically distributed, with covariance matrices equal
to I' plus an identity matrix multiplying by a shrinking factor depending on sample size.
Third adopting the minimax lower bound technique developed in Cai and Zhou (2011) for
covariance matrix estimation based on i.i.d. data, we establish a minimax lower bound for
estimating constant I'" based on the independent but non-identical observations. With the
established minimax lower bound, we prove that the constructed estimator asymptotically
achieves the minimax lower bound and thus is optimal.

The rest of the paper proceeds as follows. Section 2 presents the construction of volatility
matrix estimator and establishes the asymptotic theory for the estimator as both n and p go
to infinity. Section 3 derives the minimax lower bound for estimating large volatility matrix
under models (1)-(2) and shows that the constructed estimator asymptotically achieves the
minimax lower bound. Thus combining results in Sections 2 and 3 together we prove Theorem
1 in Section 1. To facilitate the reading we relegate all proofs to Sections 4 and 5, where
we first provide main proofs of the theorems and then collect additional proofs of technical

lemmas after the main proofs.



2 Volatility matrix estimation

2.1 Estimator

Let K be an integer and |n/K | be the largest integer < n/K. We divide n time points
t1,--- ,t, into K non-overlap groups 7% = {ts, =k, K+k2K+k,---}, k=1,--- | K.
Denote by |7*| the number of time points in 7%. Obviously, the value of |7*| is either [n/K |
or [n/K|+ 1. For k = 1,---, K, we write the r-th time point in 7% as 7 = ¢, _1 x4,
r=1,---,|7%. With each 7%, we define volatility matrix estimator
|T"]

. 3
—~ >1<m'<p )
Here in (3) to account for noise in data Y;(t;), we use 7% to subsample the data and define
f(Tk) To reduce the noise effect, we average K volatility matrix estimators f(Tk) to define

one-scale volatility matrix estimator

=

K
[ L $op S ([ 1 o -
k=1 —
Let N be the largest integer < n'/?, and K,, = m+ N, m=1,--- , N. We use each K,, to

define a one-scale volatility matrix estimator I' =~ and then combine them together to form

a multi-scale volatility matrix estimator

N
L= a0 +¢@" 1), (5)
m=1
where
C12K,(m—N/2-1/2) | KKy )
fhm = N(NZ-1) C ST (N —1)

which satisfy
N N o, N
m
> am =1, ZK—m =0, > lam|=9/2+0(1).
m=1 m=1 m=1
We threshold T to obtain our final volatility matrix estimator
T = (Tyl(lyl = @), (7)
where @ is a threshold value.
In the estimation construction we use only time scales corresponding to K,, ~ /n to
form increments and averages. In Section 3 we will demonstrate that the data at these

scales contain essential information about estimating I' and show that T is asymptotically

an optimal estimator of T'.



2.2 Asymptotic theory

First we fix notations for asymptotic analysis. Let x = (z1,---,z,)" be a p-dimensional

vector and A = (4;;) be a p by p matrix, and define their ¢4-norms

» 1/d
1x[la = (leild> A =sup{|A x| [x]la =1},  d>1.
=1

For the case of matrix, the ¢;-norm is called matrix spectral norm. |[|A||5 is equal to the

square root of the largest eigenvalue of A AT,

[Afl = max Z Ayl [[Alle = max Z |Aij,

1<;<p 1<:i<p

and

IAJZ < A [[A]l-

For symmetric A, ||Alls < ||A|l1 = [|Al|s, and ||A]2 is equal to the largest absolute eigen-
value of A.

Second we state some technical conditions for asymptotic analysis.

Al. Assume that noise £;(t,) and diffusion process X(¢) in models (1)-(2) are indepen-
dent; €;(ty), i = 1,--- ,p, £ = 1,---  n, are independent normal with mean zero and
Var(ei(ty)] = n; < k for some positive constant . Also assume n?/2 < p < exp(By/n)
for some constants f > 1 and Sy > 0.

A2. Assume that each component of drift p(¢) has bounded variation, and

< <
max max |pn(t)] <er,  max max ;(f) < e,

where ¢; and ¢y are positive constants.

A3. We impose sparsity on I,
p
Z‘FlﬂqS\I/Wn(p)? Zzla » P, (8)
j=1

where ¥ is a positive random variable with finite second moment, 0 < ¢ < 1, and 7, (p)

is a deterministic function with slow growth in p such as log p.



In Condition A1, the first part is a typical assumption in the literature of measurement
error models; p > n%/? is required for obtaining the minimax lower bound in Theorem
1, otherwise the problem will be similar to usual asymptotics with large n but fixed p;
p < exp(Boy/n) is to ensure the existence of a consistent estimator of I', otherwise the
minimax risk in Theorem 1 will be bounded below from zero. Condition A2 is to impose
proper assumptions on drift and volatility of the diffusion process so that we can obtain
sub-Gaussian tail probability for volatility matrix estimator I'. Condition A3 is a common
sparsity assumption required for consistently estimating large matrices (Bickel and Levina
(2008b), Cai and Zhou (2011), and Johnstone and Lu (2009)).

The following two theorems establish asymptotic theory for estimators I’ and T defined

by (5) and (7), respectively.

Theorem 2 Under Models (1)-(2) and Conditions A1-A2, estimator T' in (5) satisfies that
for 1 <1i,7 < p and positive x in a neighbor of 0,

P ( > x) < qrexp {log(n/z) — vVnaz’/s}, (9)

where ¢y and ¢ are positive constants free of n and p.

Remark 1. Theorem 2 establishes sub-Gaussian tail for the elements of matrix estimator
. It is known that, when a univariate continuous diffusion process is observed with noise
at n discrete time points, the optimal convergence rate for estimating integrated volatility
is n~1/* (Gloter and Jacod (2001), Fan and Wang (2007) and Zhang (2006)). The \/n 2>

factor in the exponent of the tail probability bound in (9) indicates the n~/*

convergence
rate for f‘ij — I';;, which matches the optimal convergence rate for estimating univariate
integrated volatility. This is in comparison with sub-optimal convergence results on limiting
distributions and tail probabilities in the literature where the n~/® convergence rate was
obtained, see for example Fan et. al. (2011), Wang and Zou (2010)), and Zheng and Li

(2011).

Theorem 3 For threshold estimator T in (7) we choose threshold w = hn_l/‘l\/w with
any fized constant h > 5,/<y, where g is the constant in the exponent of tail probability bound
in (9). Denote by Py(m,(p)) the set of distributions of Yi(te), i = 1,--- ,p, £ = 1,--- n,
from models (1)-(2) satisfying Conditions A1-A3. Then as n,p — oo,

2

~ 2 ~ 2 1-
sup EHF—I‘H < sup IEHI‘—I‘H <C" |:7Tn(p) (n_1/4\/logp> q} : (10)
Pq(mn(p)) 2 Py(mn(p) 1

where C* is a constant free of n and p.



Remark 2. The convergence rate obtained in Theorem 3 increases with sample size n
and matrix size p through n~/4y/log p. In section 3 we will establish the minimax lower
bound for estimating I' and show that the convergence rate in Theorem 3 is asymptotically
optimal. For sparse covariance matrix estimation, Cai and Zhou (2011) has shown that the
thresholding estimator in Bickel and Levina (2008b) is optimal and the optimal convergence
rate depends on n and p through n=2y/log p. In comparison of Theorem 3 with the optimal
convergence rate for covariance matrix estimation, the convergence rate in Theorem 3 has

—1/4 instead of n=Y2 for covariance matrix

a similar form but depends on n in terms of n
estimation. The slower convergence rate here is intrinsically due to the noise contamination in
the observed data under our set-up. The n~'/* convergence rate conforms with the optimal
convergence rate for estimating univariate integrated volatility, and will be heuristically

explained in Remark 5 after the minimax lower bound result in Section 3.

3 Optimal convergence rate

This section establishes the minimax lower bound for estimating I' under models (1)-(2)
and shows that T asymptotically achieves the lower bound and thus it is optimal. We state
the minimax lower bound for estimating matrix I' with P,(7,(p)) under the matrix spectral

norm as follows.
Theorem 4 For models (1)-(2) satisfying Conditions A1-A3, if for some M > 0,
T (p) < MnU=97%/ (log p) *~ /2, (11)

the minimaz risk for estimating matriz T' with P,(7,(p)) satisfies that as n,p — oo,

22
inf sup EHf‘—I‘H; > C, [Wn(p) (n_1/4\/10gp>1 1 ) (12)

T Py(mn(p))

where C,, is a positive constant.

Remark 3. The lower bound convergence rate in Theorem 4 matches the convergence
rate of estimator T' obtained in Theorem 3. Since for a symmetric matrix A, the Riesz-
Thorin interpolation theorem implies that for all d > 1, [[A|lq < ||All1 = ||Al/cc. Combining
Theorems 3 and 4 together we prove Theorem 1 in Section 1, which shows that the optimal
convergence rate is m,(p) (n=/ 4\/@)1_‘1 and estimator T in (7) asymptotically achieves
the optimal convergence rate.

Remark 4. Condition (11) is a technical condition that we need to establish the minimax
lower bound. It is compatible with Assumptions Al and A3 regarding the constraint on n

and p and slow growth of 7, (p) in sparsity condition (8).

8



We usually rely on LeCam’s method or Assouad’s lemma to establish minimax lower
bound. For matrix estimation problem Cai and Zhou (2011) has developed an approach
combining both LeCam’s method and Assouad’s lemma to deal with minimax lower bound
in estimating covariance matrix based on i.i.d. observations. The observations from Models
(1)-(2) are noisy and dependent. Luckily we are able to find a nice trick that takes a special
subset of matrices and transforms the problem into a new covariance matrix estimation
problem with independent but non-identical observations. We then adopt the approach in
Cai and Zhou (2011) to derive the minimax lower bound for the new covariance matrix

estimation problem with independent but non-identical data. Thus, we prove Theorem 4.

3.1 Model transformation

We take diffusion drift p, = 0 and diffusion matrix o; to be constant matrix o, then

[ = (I;;) = o &, and the sparsity condition (8) becomes
p
Z T45]? < cmn(p), (13)
j=1

where ¢ = E(¥) and ¥ is given by (8).
Let Y, = (Yi(t), -, Y, (&))", and g, = (e1(ty), - - - ,p(t1))". Then Models (1)-(2) become

YZZG'Btl—FEl, l:1,~--,n, tl:l/n, (14)

and we assume & ~ N(0,k%I,), where k > 0 is specified in Condition Al. As Y, are

dependent, we take differences in (14) and obtain
Yl_Yl—l :U(Btl _Btl_1)+€l_€l—17 lzl, , N, (15)

here Yo = g9 ~ N(0,x%L,). For matrix (g, — ;1,1 <1 < n) = (&:(t;) —ei(ti_1),1 < i <
p, 1 <1< n),its elements at different rows are independent but have correlation at the same
row. At the i-th row, elements ;(t;) — €;(t;_1), [ = 1,--- ,n, have covariance matrix x* Y,
where Y is a n x n tridiagonal matrix with 2 for diagonal entries, —1 for next to diagonal
entries, and 0 elsewhere. Y is a Toeplitz matrix (Wilkinson (1988)) that can be diagonalized

as follows,
T = QeQ7, ® = diag(p1, - ,¢n), (16)

where (; are eigenvalues with expressions

7wl

— 4sin? | ———
Y2} S1n |:2(n+1)

:|7 lzl?"'anu (17)

9



and Q is an orthogonal matrix formed by the eigenvectors of Y. Using (16) we transform
the i-th row of matrix (e, — €;_1,1 <1 <n) by Q, and obtain

Var[(ei(t) —ei(ti_1),1 <1< n) Q] = £*’QTYQ = k&,

Fori=1,---,p, let

(e, 1 <1< n) = (Vnle(ty) —ei(ti1)], 1 <1 <n)Q,

(ua, 1 <1 <) = (VnlYi(t) = Yi(ti-1)], 1 <1< n)Q,

(v, 1 <1< n) = (Vn[Bi(t;) — Bi(ti-1)], 1
Then (i) as Q diagonalizes ®, e; are independent, with e; ~ N(0,nx?p;); (ii) because
Bi(t;)— B;(t;—1) are i.i.d. normal, and Q is orthogonal, v; are i.i.d. N(0, 1) random variables.

Put (15) in a matrix form and multiply by v/n Q on both sides to obtain
(uir) = o (vy) + (eq).

Denote by U;, V; and e; the column vectors of matrices (u;), (vy) and (e;), respectively.

Then the above matrix equation is equivalent to
Ul:chl—i—el, lzl,---,n, (18)

where €, ~ N(0,k*np; 1) and V; ~ N(0,1,).

From (18) we have that observed vectors Uy, --- , U, are independent with
U~N(@OT+ (e, —1)L))

where a; = 1 + k%2 n ; with 0 < k < oco.

3.2 Lower bound

We convert the minimax lower bound problem stated in Theorem 4 into a much simpler
problem of estimating I' based on observations Uy, - -+ , U, from (18), where I' are constant
matrices satisfying (13) and ||T'||o < 7 for some constant 7 > 0, and we denote the new
minimax estimation problem by Q(m,(p)). The theorem below derives its minimax lower
bound.

Theorem 5 Assume p > nP/? for some B > 1. If m,(p) obeys (11), the minimaz risk for
estimating matriz I' with Q,(m,(p)) satisfies that as n,p — oo,
2

inf s E|F-T|>c. {wn@) (- /—bgp)l—q} | (19)

r Qq(mn(p))

where C, is a positive constant.

10



Remark 5. As we discussed in Remarks 1 and 2 in Section 2.2, due to noise con-
tamination, the optimal convergence rate depends on sample size through n~/* instead of
n~Y2 for covariance matrix estimation. Actually Section 3.1 reveals some intrinsical in-
sight on the n~/4 convergence rate. The transformation in Section 3.1 converts model (15)
with noisy data into model (18) where independent vector U, follow multivariate normal
distribution with mean zero and covariance matrix I' + k*n i, I,, [ = 1,--- ,n. The trans-
formation is via orthogonal matrix Q, which diagonalizes Toeplitz matrix Y and is equal to
(sin(¢rm/(n +1)),1 < £,7 < n) normalized by \/2/(n + 1) (see Salkuyeh (2006)). Thus the
transformation from model (15) to model (18) corresponds to a discrete sine transform, with
(18) in frequency domain and U; ~ N(0,T + ?n ;1) corresponding to the discrete sine
transform of the data at frequency Im/(n + 1). Note that (17) indicates that n ¢, behave
like [*/n. Since for [ with much higher order than /n, T' + k*n ¢, I, are dominated by
K2n I,, the corresponding U, essentially behave like noise e; and thus are not informative
for estimating I'. On the other hand, for [ up to the order of \/n, n ¢, are relatively small,
and ' + k% n I, are close to T', thus the corresponding U; are statistically similar to V.
Hence, there are only /n number of frequencies at which the transformed data U; are in-
formative for estimating I', and we use these U, to estimate covariance matrix I' and obtain
(v/n)~Y? = n=Y* convergence rate. In fact, we have seen the phenomenon in Section 2.1
where scales used in the construction of I' in (5) correspond to the y/n number of K,,, which
all are of order \/n.

4 Proofs of Theorems 2 and 3

Denote by (s generic constants whose values are free of n and p and may change from
appearance to appearance. For two sequences u, , and v, , we write u,, , < v, if there exist
positive constants C; and Cy free of n and p such that Cy < w,,/v,, < Cy. Let

Y:fm - <Y1<Tkm>7 T 7Y}'<Tkm>)T> Xfm = (Xl(Tkm)a T 7XP<Tkm>)T7

7 7 T T

Efm = (gl(Trl'cm% e agp(Tfm))T

the vectors corresponding to the data, diffusion process, and noise at time point 7Fm, r =
Lo, l7* | ky=1,--- ,K,,,and m = 1,--- , N. Note that we choose index k,, to specify

~ Km
that the analyses are associated with the study of '™ here and below. We decompose T’

11



defined in (4) as follows,

Ko |TFm]

“Kn 1 . . . .
™ == kz_l 22 (Yhn —YEn) (Y —YFm)"
K |7Fm]
= Z S (Kb Xy g b)) (X X gl b )
km—l r=2
P (20)
= 33 (X (i = Xl (et ) (et )
™ k=1 r=2
(X = XEm) (e = e o (e = ey ) (X - X))
= Vi + G (1) + G (2) + G (3),
and thus from (5) we obtain the corresponding decomposition for T
- Zam TR S
N 3 [N
= > @ VI (VI = VEY) £ Y, G () + (G (r) — GKN(T))]
m=1 r=1 [m=1
= V+G(1)+G(2) + G(3), (21)

where the terms denoted by G’s are associated with noise, and the V term corresponds to
process X;. We establish tail probabilities for these V and G terms in the following three

propositions whose proofs will be given in the subsequent subsections.

Proposition 6 Under the assumptions of Theorem 2, we have for 1 < 1,7 < p and positive

d in a neighbor of 0,
P(|‘/z] — FU| Z d) S C’lnexp {—\/ﬁdZ/CQ} .

Proposition 7 Under the assumptions of Theorem 2, we have for 1 < i,5 < p and positive

d in a neighbor of 0,

Proposition 8 Under the assumptions of Theorem 2, we have for 1 < i,5 < p and positive

d n a neighbor of 0,

P(|Gi;(2)] = d)

P(|Gi(3)] > d)

IN

C1(n'?/d) exp {—v/nd*/Cy} (23)
Cy(n'"?/d) exp {—v/nd®/Cy} . (24)

IN

12



Proof of Theorem 2. From (21) we have

P
and thus the theorem is a consequence of Propositions 6-8. m
Proof of Theorem 3. Define

i = {|fz‘j — Tyl < 2min{|Fij|,w}},
Dy = (U = Tiy)1(A;), D = (Dij)i<ij<p-

> ) < PV~ Tyl = 2/4) + > P (IG5 ()] > 2/4),

A

As the spectral norm of a symmetric matrix is bounded by ¢;-norm, then
E| —T|}; < B||T - T||{ < B - T - D|f; + E||DI|{. (25)

We can bound E||T' — T — D||; as follows,

E|T-T-D|?=E

1<;<p

2
max Z Ty — Ty 1(Ty; — Tyl < 2min{|1“ij|,w})]

2
+F

p

max > 2|03 |1(|T] < @)

< 8B[W?)m; (p)e* 7

2—2q
< Crl(p) (n’”“ 10gp> :

where the second inequality is due to the fact that sparsity of I implies

p

2

<E

p

max Z T3] 1(IT| < @) < ¥, (p)w' ™, max » 1(|I';] > w) < ¥nm,(p)w™,

1<j<p 4 1<j<p 4
1=

see Lemma 1 in Wang and Zou (2010). The rest of the proof is to show that F||D||; = O(n™?),

a negligible term. Indeed, thresholding rule indicates that I';; = 0 if |[;;| < @ and T';; = I'y;

E|D|i=E

2
p
121%02; ITij — Dy 1(1T — Tyl > 2min{|Fij|,w})]

<13 B[y > 2min{|ry ), =T, = 0)

i,7=1
p 5 ) S~ -
+pD° B [IDy - Ty PL(Ty = Tyl > 2min{ Ty, @ b1 (T = )]
E[1+[2.

13



For term I;, we have

p
h=p Y E[I051(05] > 22)1(y| < =)]

1,j=1

p
<p> E [|F,~j|21(|Fij — Iyl > w)}

2,7=1
p ~
<Cp ) Py —Ty|>w)
ij=1

< Cp’ exp {log(n/w) — Vnw?/s} < Cn~?,

where the third inequality is from Theorem 2, and the last inequality is due to w =

hin~14\/log(np) with h?/y > 4.

On the other hand, we can bound term I as follows,

p
L=p> E [yrij — TyulP1(Ty — Tyy| > 2min{|Ty], wh1(Ty| > =)
i,j=1

p
=p > B|IDy — Ty P10y = Tyl > 2min{ Tyl @H1(ITy] > =/2)1(Ty] = )|

1,7=1

p
+p Y B [I0y = Ty 1(0 — Tyl > 2min{ |y, @ DTy < /2)1(1y) = )]

,j=1

p p
<p) E [!Fz’j = TyP1(|Ty = Tyl > W)} +py E [!FU = Dy[P1(|05] < w/2,|Ty] > w)]
i,j=1 B,j=1
p ~ ~
<2 E [|FU — Dy P1(|Tiy — Ty > w/Q)]
ij—=1
P . . 1/2
i,j=1

< Cp’ exp {log(n/w)/2 — vnw®/(8s) } < Cn?,

where the third inequality is due to Holder’s inequality, the fourth inequality is from Theorem
2 and (26) below, and the last inequality is due to the fact that @ = An~'/%,/log(np) with
h? / (8§0) > 3.

max F [|fij - rijﬂ <c. (26)

1<4,5<p

14



To complete the proof we need to show (26). Let

N o _ 1
n = diag(i, -+ ,7), v Z[Y%(tz) — Yi(te)]?. (27)
=2
Then K )
A L 2%{7 (28)

are called average realized volatility matrix (ARVM) estimators in Wang and Zou (2010).
Applying Theorem 1 of Wang and Zou (2010) to " we have for 1 < 4,j < p and
1<m< N,

E(T —Ty|Y) < € [(Kun V) + K2+ (n/Kp) 2+ K +n7%] < C. (29)

From (5), (6) and (28) and with simple algebraic manipulations we can express I' by I'
as follows,

~*K1 ’V*KN
r

-r )7

1
Mz
F

m=

and thus

I-T= ﬁ: U ( I‘) +¢ [(f*Kl -0 - @ -1 (30)

m=

—_

Combining (29) and (30) and using (6) we conclude for 1 <i,7 < p,

=

B |IFy = Tyl'| < (V42)* | 30 af BD™ = Tyl + CHBIE™ = Tyl 4 17 =1y Y

m=1

4.1 Proof of Proposition 6

From the definition of V;f’” in (20), we have

Ko 75| Kum
1
Vi = 2 S SRR - X X () — () = o S X X0,
M km=1 =2 m =1
1 Km 1
va - sz K Z |:[X17X]}(km) _/ 72]( )d :|
™ km=1

15
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Note that A = S"N_ |a,| +2¢ ~ 9/2. From the expression of Vé{” —I';; we obtain that for
1<m< N,

Km 1
1
P(|Vim =Tyl = d/A) < P (K_ > (X X)) —/ ij(s)ds| = d/A>
m k=1 0
Km 1
<> P(‘[Xi,xj]“fm’— / Yis (s)ds Zd/A)
km=1 0

< Ownexp {—vnd*/Cs}

where the last inequality is due to Lemma 9 below and the fact that the maximum distance

between consecutive grids in 7% is bounded by K,,/n < 2/y/n. Therefore,

N
P(|Vy—Tyl=zd) <P (Z Jam! [V = T + ¢ (JVi5 = Ty + Vi ™ = Tyg]) > d)

m=1

IN

N
NP (Vi =Ty > d/A) + P [V = Tyy| > d/A) + P ([Vi™ — Ty > d/A)
m=1

< Cinexp {—\/ﬁdQ/Cg} )

Lemma 9 Under Model (1) and Condition A2, for any sequence 0 = vy < vy < v < -+ <

m

Vm < Umy1 = 1 satisfying maxi<,<mi1 |Vr — V1| < C/m, we have for 1 <i,j < p and small
d> 0,
1
P D (Xi(w) = X)) (X (vr) = X;(vr1)) — / Yij(s)ds| = d
r=2 0

< Chiexp (—md2/02) )
Proof. The same arguments in the proof of Lemma 3 in Fan et. al. (2011) lead to

EXWW—meM&mwxm@m—/%%@m

r=2 e

> d) < Ciexp {—mdz/C’g} )

(31)
From Condition A2 we have

Vm 1
/ w@w—/%mm
V1 0

<Cn+1—-vy,) <C/m,

16



m

and then for d > C'/m,
P{ D000 = Xt ) 04) X)) - | uois| = d)

S (Xt — X)X () — X)) — [ uteris] = - C/m)

<P
r=2 V1

< Crexp {~m(d — C/m)*/Co} < Crexp{-md/Cy},

where the second inequality is from (31) and the last inequality is due to the fact that
—m(d — C/m)? = —md* + 2C — C/m < —md? 4+ 2C. This proves the lemma for d > C/m.
For d < C'/m, the tail probability bound in the lemma

Crexp {—md*/Cy} > Crexp {—C?/(mCs)} > Crexp {—C?/C5},

and we easily show the probability inequality in the lemma by choosing € and C5 so that
Crexp{—C?/Cy} > 1. The proof is completed. m

4.2 Proof of Proposition 7

From the definition of G(1) = (G;;(1)) in (21), we obtain that P (|G;;(1)| > d) is bounded

by
( ZamGKm —2n;1(i = j)

< exp{—\/ﬁdQ/Cg} + Cszexp{—nd?/C,} < Cyexp{—v/nd*/C,},

> d/2) + P ([¢@sa) - ijN(U) —2n;1(i = j)| > d/2)

where the first inequality is from Lemmas 10 and 11 below.

Lemma 10 Under the assumptions of Theorem 2, we have for 1 <i,j < p,

(2

ZamGK’" —2n1(i =j)| > d) < Oy exp{—+v/nd*/Cs}.

17



Proof. From the definition of GKm = (ij(-m(l)) in (20), we have

K |7Fm]
1
i [gi(Tfm)gj(Tf’") - 51-(775““)8]-(71@1) - €i(TfT1)€j(Tf’") + 5i(Tfi”1)€j(TfT1)]
™ k=1 r=2
2 — 1 - 1 -
= K_m €Z(t7’)€j(tr) - K_m Z Ei(tr)gj(tr—Km) + K_m 5i(tr—Km)5j(tr)
r=1 r=Kmn+1 r=Km+1
1 Km 1 n
- [K—Z&(tr)ffj(tr) 5 > eilth)e(t)
mo.q m r=n—Kpm,+1

N N N N
Z amGgm(l) = Z A I — Z A I35 — Z A 155 (32)
m=1 m=1 m=1 m=1

First of all, the fact that 32 _ a,,/K,, = 0 implies

N N n
N I =3 [“(—m 3 eiltn)es (t) = 0. (33)
m=1 m=1 mo.—1

Second, IzK’” can be written as a quadratic form with matrix expression

N n
Z am Isz = Ez‘TAej = Z vV nimiAeZi(tr) Z;(t),

m=1 r=1
where A = (Ayg, 7,0 = 1,--- ,n) is a n by n symmetric matrix with A,, = 0, A, 1k, =
/Ky, for m = 1,--- | N, and zero otherwise, {\,,7 = 1,---  n} are the eigenvalues of A,

g; = (gi(t1),ei(ta), -+ ,&(t,))T, and Zi(t,),r = 1,--+ . n, i = 1,--- ,p, are i.i.d. standard

normal random variables. Simple calculations show

N n
am,
max [\,] = [[Alls < [[Aly <2 aml S = tr(A) = 0.
m=1 r=1

1<r<n — | K|

Both Z;(t,)Z;(t,),i # j and Z;(t,)* — 1 satisfy Condition (P) and Equation (3.12) on
page 45 of Saulis and Statulevicius (1991), and

N
E (Z m Ifm) =0,
m=1

18



N N n 2
. . Qyp, n

m=1 m=1r=K,,+1

thus applying Theorem 3.2 on page 45 of Saulis and Statulevi¢ius (1991), we obtain

‘

Finally we will prove the result for Zﬁzl amlgf’”. Due to the similarity we show the result
only for its first term.

N

Z am_72Km

m=1

> d) < Crexp{—(N?/n)d*/Co} = Crexp{—v/nd*/Cs}.  (34)

N a Km N a K N a Km
Z K_m 5i(tr)5j(t7”) - Z K_m Zgi(tv")gj(tr) + Z K_m Z 5i(t7“)5j(tr)
m=1""T" r=1 m=1"""T r=1 m=2""" r=K;+1
N a K Ky N a
=<ZK—m> (Zei(t,.)ej(tr)>+ > ( > K—’”) ei(t)e; (k)
m=1"""T r=1 r=Ki1+1 \m=r—Ki;+1 m
Ky
= > Reilty)g(t),
r=Ki1+1

where R, = (Zﬁzr_ Ki41 Om/ Km>. Simple algebraic manipulations get max, |R,| ~ 1/N,

and
E ( Z Rrgi(tr)ej(tT)) =i 1(1 = ])7

r=Ki;+1

Var( Z Rrei(tT)sj(tr)> =[14+1(¢ = j)]nin; Z ( Z ?{—Z) = %

r=Ki+1 r=Ki1+1 \m=r—Ki+1

An application of Theorem 3.2 on page 45 of Saulis and Statulevicius (1991) leads to

‘

Combining (32)-(35) we conclude

N
3" i — 2 1(i = j)
m=1

Z d) S Cl exp {—\/ﬁdQ/CQ} . (35)

P(Gy(1) = 2n; - 1(i = j)| = d)

N N
<P ( > an | > d/2> +P ( > anIf —2m; - 1(i = 5)| > d/2>
m=1 m=1

S Cl exXp {—\/ﬁdz/CQ} .
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Lemma 11 Under the assumptions of Theorem 2, we have for 1 <i,7 < p,
P ([¢(GE (1) = GEM (1) = 231 (i = )| > d) < Cyexp{—nd®/Cs}. (36)

Proof. First consider CGg-l(l) term.

CGﬁl(l) = % Z Z (si(7F) — &(Tfll)) (g5(rF) — &(r, fll))
— —n(Jff{]i ) > (eilt)gi(t) — gilte)es(ti,) — €iltri,)e;(te) + €iltr—ie, €5 (k)

r=Ki+1

ER1+R2+R3+R4.
For i # j, using Lemma A.3 in Bickel and Levina (2008a) and Ky, N ~ y/n, we have
P(|Ry| > d) < Cyexp{—nd?/Cs}, 1<k<4 (37)
For ¢ = j, due to similarity, we will provide arguments only for R; and Rs. For Ry, with
i =7, e(t,) —n; = ni(V2— 1), where V? are i.i.d. 3 random variables, which satisfy
Condition (P) and Equation (3.12) on page 45 of Saulis and Statulevi¢ius (1991). Therefore,

n

e Y 02>

r=Ki1+1

P(|Ry|>d)=P <

d) < Crexp{—nd*/Cy}.  (38)

Regarding to Ry we have

n K1 |7k
Ky k
Bl = oy | 2o sltali-r)| = oy | 2 2 s(m)alr
r=Ki+1 ki=1 r=2
K L5 Ky d T
Z Z ei(myt)ei(may)| + mkzl Zl ei(Tyi1)ei(mar)| = Ry + R,
1=1 = 1= r—=

where €;(+)’s in R} and R3 are independent. Lemma A.3 in Bickel and Levina (2008a) infers
that for r = 1,2, P(|Ry| > d) < Cy exp{—nd?/C>}. Hence, we have

P(|Ro| 2 d) < P(|Ry| > d/2) + P(IR3| = d/2) < Cyexp{—nd*/Cs}. (39)
Finally (37)-(39) together conclude

P ([ecs - e =0

n(N —1) nil(i = J)‘ > d) < exp{—ndQ/CQ}.

We can establish a similar tail probability result for ¢ GgN (1) term and thus prove the lemma.
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4.3 Proof of Proposition 8

As the proofs for G;;(2) and G;;(3) are similar, we give arugments only for G;;(2). As Lemma

12 below gives the tail probability for Ggm(Q) we have

P (|Gi;(2)] > d) Z P (|GE"(2)] = d/A) + P (|G (2)| = d/A) + P (|G~ (2)] > d/A)
Cy(n*?/d) exp{—\/ﬁd /Cs},
where A =N Jan,| +2¢ ~ 9/2.
Lemma 12 Under the assumptions of Theorem 2, we have for 1 <1i,j <p,
PG ()] > d) < (Cv/d) exp {—v/nd?/Ca}

Proof. Simple algebra shows

K |TFm™|
1
G (2) == > D [X(r) = Xu(m)] [e5(r) — e5(rim)]

M k=1 =2
1 Enm |Thm| 1 Enm |Thm|

=5 2 2 X - X)) ) - - 3L ) [Km) = Xirm)] & (mm)
™ k=1 =2 ™ k=1 =2

= RE'™ + R

Due to similarity, we prove only the result for R? Conditional on the whole path of X,

R;™ is the weighted sum of independent noise ¢;(-). Hence,

P(|R5™| > d) = E [P(|R5™| > d|X)]

Ky |TFm|
—2E |P Z > X — Xi(rFm)] g (k) > dK,,| X
m=1 r=2
Vi, LK
<E|loY T ogpd o L0
o d\/ Km P { 2Vz’sz77j }
BRVAZZ LK Vi, 2K
ol Fo R A OB Ly 4B o expd — 22 Ly
NG Xp{ szm]} @ e Xp{ 2‘45’%} )
= R?in + R52 9
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where the inequality is due to the facts that RE™|X ~ N(0, Vi, K,,), and for Z ~ N(0, 1),

P(Z > z) < Cexp{—2%/2}/z, and V;™ is defined in (20), i.e.

1 Knm 1 Em |Tm| ,
Vi = T > X X = 7 [(Xi(Fm) = Xi(fm)] (40)
m k’m:l m km:]- r=2
Q = {|Vi* —Tyu| >d}. (41)

From the definition of € and for small d we obtain

Vi 2K K, l?
N eI B

dv K,

On the other hand,
Vi K, :
R =p oY 8 2m Lyl <op | JvEe -1
5,1 d\/K_m exp{ 2‘/“Km7]]} ( ) — |: it dem ( )
C

dv/EK,, \/ﬁde}’

C!
where the second inequality is due to Holder inequality, and the last inequality is from

<

[E(VE]E [PQ)]} < (Cy/d) exp {—

Lemma 9 and the proof in Proposition 6 that

PQ) < Crvexp {—Vad/Cy}

Therefore,

PG (2)"| = 4/(4) < e {255 |+ €yt esp {5

< (C1/d) exp {—v/nd?/Cy} .

5 Proofs of Theorems 4 and 5

Section 3.1 shows that Theorem 4 is a consequence of Theorem 5. The proof of Theorem
5 is similar to but more involved than the proof of Theorem 2 in Cai and Zhou (2011)
which considered only i.i.d. observations. It contains four major steps. In the first step
we construct in detail a finite subset F, of the parameter space G,(m,(p)) such that the

difficulty of estimation over F, is essentially the same as that of estimation over G,(m,(p)),
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where G,(m,(p)) is the class of constant matrices I satisfying (13) and ||T'||s < 7 for constant
7 > 0. The second step applies the lower bound argument in Cai and Zhou (2011, Lemma
3) to the carefully constructed parameter set F.. In the third step we calculate the factor
a defined in (50) below and the total variation affinity between two average of products of
n independent but not identically distributed multivariate normals. The final step combines

together the results in steps 2 and 3 to obtain the minimax lower bound.

Step 1: Construct parameter set F,. Set r = [p/2], where [x] denotes the smallest
integer greater than or equal to x, and let B be the collection of all row vectors b = (v;), <j<p
such that v; = 0 for 1 < j <p—-randv; =0o0r1forp—r+1<j < punder the
constraint ||b||, = & (to be specified later). Each element A = (by,...,b,) € B" is treated as
an r X p matrix with the ith row of A equal to b;. Let A = {0,1}". Define A C B" to be
the set of all elements in B” such that each column sum is less than or equal to 2k. For
each b € B and each 1 < m < r, define a p X p symmetric matrix A,,(b) by making the mth
row of A,,(b) equal to b, mth column equal to b7, and the rest of the entries 0. Then each
component \; of A = (A, ..., \.) € A can be uniquely associated with a p x p matrix A;(\;).
Define © = A ® A and let €,, € R be fixed (the exact value of ¢, , will be chosen later).
For each 6 = (v,\) € © with v = (71,...,7) € A and A = (A,...,\;) € A, we associate
0 = (Y1, ey Yrs A1, .oy Ar) With a volatility matrix I'(6) by

T(0)=1,+cn, Z VoA (M) (42)

For simplicity we assume that 7 > 1 in the assumption (13), otherwise we replace I, in (42)
by cI, with a small constant ¢ > 0. Finally we define F, to be a collection of covariance

matrices as
F.= {rw) T(0) =L+ €up > AmAn(An) 0= (1,)) € @} . (43)
m=1

Note that each matrix I' € F, has value 1 along the main diagonal, and contains an r x r
submatrix, say, A, at the upper right corner, A” at the lower left corner, and 0 elsewhere;
each row of the submatrix A is either identically 0 (if the corresponding v value is 0) or has
exactly k nonzero elements with value ¢, .

Now we specify the values of €, , and k:

_ log p 2 b — 1 ( ) —q| _q (44)
€np =V NG , = | s7Ta(p)e, 2 ,

where v is a fixed small constant that we require

0<v< mndt o1t LT (45)
v min § 5,7 i
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and
-1

0<v? <2756

where ¢, = (2k)7! satisfies

Z al_2 < cn\/ﬁ, (47)
=1

since

n -2

" 1 [ _ 1
E al_2 < / ll + 4k%n sin? (L>} dr < n [1 + v2] ?dy = M
— 0 2(n+1) TR S 4K

Note that €, , and k satisfy max;<, >, [I'ijoi;|? < 2kel, , < m,(p),

1
2ke,,, < ﬂn(p)eil;q < Mv'™? < min {g, T — 1} , (48)
and consequently every I'(f) is diagonally dominant and positive definite, and ||T'(0)|]z <

IT(0)|1 < 2ken, + 1 < 7. Thus we have F, C G,(m,.(p))-

Step 2: Apply the general lower bound argument. Let U; be independent with
U ~N(@OTIT®)+ (e, —1)L,),

where 6 € ©, and we denote the joint distribution by Fy. Applying Lemma 3 in Cai and
Zhou (2011) to the parameter space ©, we have

inf max 2’y |E —~ T(0) [ > o . min [|Big AP, (49)

2 1<i<r

where we use [|P|| to denote the total variation of probability P,

, IT(6) = T(@)ll;
@ {(679’):H(n%é§1y(9’) >13 H(v(0),~(0 )) H(~( Z‘% %i( |, (50)

and

Pia = 3 3 Po- {0 (6) = a}. 61)

0€6
where a € {0,1} and Dy = Card {A}.

Step 3: Bound the affinity and per comparison loss. We need to bound the two
factors av and min; HR}O APy H in (49). A lower bound for « is given by the following lemma

whose proof is the same as that of Lemma 5 in Cai and Zhou (2011).
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Lemma 13 For « defined in Equation (50) we have

(ken,p)Q
P

o>

A lower bound for min; HPi,O A ]I_DMH is provided by the lemma below. Since its proof is

long and very much involved, the proof details are collected in Section 5.1.

Lemma 14 Let U; be independent with U; ~ N (0,T' + (a; — 1) I,) with § € © and denote
the joint distribution by Py. For a € {0,1} and 1 <i <, define P;, as in (51). Then there
exists a constant ¢y > 0 such that

1r£1in HPLO A Pi,lH > 1
<i<r

uniformly over ©.

Step 4: Obtain the minimax lower bound. We obtain the minimax lower bound for
estimating I over G,(m,(p)) by combining together (49) and the bounds in Lemmas 13 and
14

)

) - - 2 (k:en’p)2 T
o EIT=Tl = e B[P -P @), = =550
> %(ken,pf = o2 (p) (n’l/ 4\/10gp>2_2q,

for some constant ¢y > 0. 1

5.1 Proof of Lemma 14

We break the proof into a few major technical lemmas which are proved in Sections 5.3-5.4.
Without loss of generality we consider only the case ¢ = 1 and prove that there exists a
constant ¢; > 0 such that HPLO A PLIH > .

The following lemma turns the problem of bounding the total variation affinity into a
chi-square distance calculation. Denote the projection of § € © to ' by v (6) = (v; (0)),<;<,
and to A by A (6) = (\; (0)),<,<,. More generally, for a subset A C {1,2,...,7}, we define a
projection of € to a subset of T by v4 (0) = (7 (0)),c4- A particularly useful example of set
Ais

{—=i}={1,...,i—1,i+1,--- 1},
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for which v_; (0) = (71(0),...,%-1(0), 741 (0),7(0)). Aa(0) and A_;(0) are defined
similarly. We define the set Ay = {\4(f): 0 € ©}. For a € {0,1}, b € {0,1}""", and
ceA_; C B! let

O(iabe) = 10 € © : 7:(0) = a,v-i(0) = b and A\_;(0) = c},

and D ap) = Card(O(; ap,)) which depends actually on the value of ¢, not values of 7, a

and b for the parameter space © constructed in Section 5. Define the mixture distribution

_ 1
Pliape) = Z P,. (52)

In other words, P(ijwb@ is the mixture distribution over all Py with \;(f) varying over all

possible values while all other components of 8 remain fixed. Define
©_1 = {(b, ¢) : there exists a § € © such that v_;(0) = b and A\_1(0) = c}.

Lemma 15 If there is a constant co < 1 such that

dP S
Average {/ (—dp(l’l’y_l’mv AP (1,07 1 2-1) — 1} <, (53)
(7-1,A-1)€O_1 (1,0,7-1,A-1)
then HPLO A Pl,lH >1—cy > 0.

We can prove Lemma 15 using the same arguments as the proof of Lemma 8 in Cai and

Zhou (2011). To complete the proof of Theorem 5 we need to verify only Equation (53).

5.2 Technical lemmas for proving Equation (53)

From the definition of P, , ,) in Equation (52) and 6 = (v, ) with v = (1, , %)
and A = (A, ,A), 11 = 0 implies IED(LO,%M\A) is a product of n multivariate normal
distributions each with a covariance matrix,

1 0yvin
Yo = Lx(p=1) +(a—1)1,, forl=1,2,....n, (54)
Op-1)x1 Sp-1)x(p-1)

where S(,_1)x(p-1) = (8ij)9<; j<, 15 uniquely determined by (71, A—1) = (72, -, 1), (A2, -, Ar))
with

1, 1=
Sij = €nps Vi = Ai (]) =1.
0, otherwise
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Let ny_, be the number of columns of A_; with column sum equal to 2k and py_, =r—n,_,.
Since ny_, - 2k < r - k, the total number of 1’s in the upper triangular matrix, we have
na_, < r/2, which implies py , = r —ny_, > r/2 > p/4 — 1. From Equations (52) and
0 = (7,A) with y = (y1,-++,7%) and A = (A, , \), P10 ,) is an average of (p*k—l)
number of products of multivariate normal distributions each with covariance matrix of the

following form

1 _
( Fix(p-1) ) + (al _ ]_) Ip> for | = 1,2,...,n, (55)
T

p-1x1 Sp-1)xp-1)

where ||r[|, = k£ with nonzero elements of 7 equal to €,, and the submatrix Sg,_1)xp-1) is
the same as the one for ¥, given in (54). Note that the indices 7; and \; are dropped from
r and S to simplify the notations.

With Lemma 15 in place, it remains to establish Equation (53) in order to prove Lemma
14. The following lemma is useful for calculating the cross product terms in the chi-square
distance between Gaussian mixtures. The proof of the lemma is straightforward and is thus
omitted.

Lemma 16 Let g; be the density function of N (0,%;) fori = 0,1 and 2, respectively. Then

/ 9192 _ 1
9o [det (T— 552 (S, — 5o) (82 — )]

Let ¥;;, ¢ =1 or 2, be two covariance matrices of the form (55). Note that ¥;,, i = 0,1
or 2, differs from each other only in the first row/column. Then ¥;; — ¥;9, i = 1 or 2, has
a very simple structure. The nonzero elements only appear in the first row/column, and in
total there are 2k nonzero elements. This property immediately implies the following lemma

which makes the problem of studying the determinant in Lemma 16 relatively easy.

Lemma 17 Let ¥;;, i = 1 and 2, be matrices of the form (55). Define J to be the number

of overlapping €,,’s between X1 and X9 on the first row, and

A
Q= (%‘j)lgm-gp = (21,1 - El,o) (21,2 - Z1,0) .

There are index subsets I. and I. in {1,2,...,p} with Card(l,) = Card(l.) = k and
Card (I, N 1.) = J such that

Jeip, 1=7=1
qi; = 6,21717, 1€ 1, andj el
0, otherwise

and the matriz (X0 — X;1) (810 — Xi2) has rank 2 with two identical nonzero eigenvalues
Je2 when J > 0.

n?p
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Let
— 1A _
R) oy, = —logdet (I =35 (B0 — S01) (B0 — Zi2)) (56)
where Y is defined in (54) and determined by (v_1,A_1), and ¥;; and ¥; 5 have the first
row A\; and )\, respectively. We drop the indices A, \; and (y_1,A_;) from ¥; to simplify

the notations. Define
©_1 (a1,az) = {(b,c) : there exist 6; € ©, 1 = 1,2,, such that A\(0;) = a;, and A_1(0;) = ¢} .

It is a subset of ©®_; in which the element can pick both a; and as as the first row to form

parameters in ©. From Lemma 16 the left hand side of Equation (53) can be written as
1 — N
Average Average |exp| =Y R/ -1 (57)
(Y-1,A-1)€0_1 {X1,>\'1€A1(>\1) [ 2 ; bAeh
= A A li RV Aot ) 1
= Average verage |exp | o D, :
MMEB | (1-1,A-1)€0-1 (A1) =1

where B is defined in Step 1.

Lemma 17 and Lemma 18 below show that R?AI X, ~' is approximately

— IOg det ([ — G,l_z (2170 — 2[71) (2170 — 2172)) = -2 IOg (1 — al_z‘]ei,p> .
Define
Av g ={(A\1,\]) € Ay ® Ay : the number of overlapping €, ,’s between A\jand \jis J} .

Lemma 18 For B> defined in Equation (56) we have

LALA,
Ao A
Ry =—2log (1= Ja; %6, )+, 707 (58)
where (57)\1 X ' satisfies
1 ¢ Y-1,A-1
Average Average exp | 5 51’/\1,/\,1 < 3/2, (59)
(MM | (- A0 1 (ML) =1

uniformly over all J defined in Lemma 17.

We will prove Lemma 18 in Section 5.4.
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5.3 Proof of Equation (53)

We are now ready to establish Equation (53) using Lemma 18. It follows from Equation (58)
in Lemma 18 that

1 n Y—1,A— _
Ave}"age Average ' [GXP (5 > 1 i )\:1[ ) - 1} -
A1\ EB ('y,l,)\fl)E@—l()\h)\l)
62
Average{ — > ' log (1 — J@’;"’) Average Average exp( oy 7;11 - ) —1
J l

(M)A | (-1 A-1)€0-1 (A1)

Recall that J is the number of overlapping €, ,’s between 3; ; and > 5 on the first row. It is

easy to see that J has the hypergeometric distribution with

k —k Ko\
P (number of overlapping €,,'s = J) = (J) <p2;1 7 >/(p,>€1> < (—k;) . (60)
— p>\71 —

Equations (59) and (60) imply

AP g
Average {/ (_d_(lvlﬂlv\l)_> AP0~y 1A 1) — 1}
(y=1,A=1)€O_1 (1,0,7-1,A-1)

5 () 3
< Z T Z (1—Je,/a7) 3 1
=~ ") 5
< cYy p%> Jexp( Y gt logp>+1/2
J>1
< oY p%) exp <2JCH\/_ Y 1ng)+1/2
J>1

,_.

< C’Z(p65> exp(QCHJUQIng)+1/2§02<p%>_J+1/2<C§7

J>1 J>1

where the third inequality is from (47), the fifth inequality is due to (46), and the last
inequality is obtained by setting c3 = 3/4. 1

5.4 Proof of Lemma 18

Define

A =[I- a;? (X0 — X01) (S0 — 212)] - (CLIQ (21,0)72 —1) a;? (X0 — X01) (S0 — Xi2) ,(61)
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and
S = —logdet (I — A)).

LALN,
A
We rewrite RZ/\I N ' as follows
V—1,A-1 __
LA,

—logdet [/ —a; % (S0 — Si1) (B0 — u2) — (@S F = 1) a; 2 (S0 — X)) (B0 — Ti2)]
— lOg det {[I — Al] . |:[ — CL;Q (2170 — 2171) (2170 — 2172)} }
= — log det [I — Cll_2 (Zl 0o — 2[ 1) (2170 — El,2)} — log det (I — Al)

= —2log (1 — Jé /a}) + ‘5752 " (62)

where the last equation follows from Lemma 17.
Now we are ready to establish Equation (59). For simplicity we will write matrix norm
|||z as || - || below. It is important to observe that rank (4;) < 2 due to the simple structure

of (X0 —%11) (Z10 — Xi2). Let g be an eigenvalue of A;. It is easy to see that

lor] < || Ad|
< ey — 1| - a7 1800 — Seall 1200 — Seall / (1 — a;72 1800 — Seall S0 — Se2ll)

< ((2)2_1>; ; (1_% %) _5/32 < 1/6, (63)

since Hal (X0 —201) || < ||al (X0 —211) ||1 2ke,, < 1/3 and Ayin (al_lEm) >1-—
H[ —q 121,0“ >1—|[I—qa Em”l > 2/3 from Equation (48).
Note that (63) and
llog (1 —z)| < 2|z|, for |z] <1/6,

imply
57;? P AA
and then
exp < Zél”’h” 1) < exp (22 HAzH) : (64)
=1
Since

{ 11— ar " Spo|| < ||T = a7 'S0, = 2ken, < 1/3 < 1, (65)

lai® (S0 — 1) (S0 — Zia)|| < 4 <1,
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we write

2
@821 = (I—(1—a'%y)) "~ 1= (I +y (1- al_le)k) -1  (66)

m=0
where
(0.9} " [ele] 1 m
2) (I — ) < 2)( = < 3. 67
S ) (1= 5)"| £ 3 m >(3) (67)
Define
Al* = (] — CLZ_IEZ,O) . CLZ_2 (2170 — 21,1) (EZ,O — 2172) . (68)

From Equations (61) and (65)-(68) we have

1

Z (m + 2) (I — a;lzw)m

lal < || = (Sio = Bua) (Suo — Ti2)] 4|
m=0
1 27 27
< 13 Ml = S 1Al < S max {lAul, 4w}
1-1.1 8 8

The above result and (64) indicate that the proof of Lemma 18 is completed if we show

27 &
Average Average  exp <? > max {[| Al . ||Al*|]oo}> < 3/2, (69)
(A )My | (-1 A-1)€0-1(A\) =1

where ||Au||, and [|A]|,, depend on the values of A\j, A\; and (y-1,A_1). We dropped the
indices A1, A} and (y_1,A_1) from A; to simplify the notations.

Let E,, = {1,2,...,7} /{1, m}. Let ny, be the number of columns of Ag,, with column
sum at least 2k — 2 for which two rows can not freely take value 0 or 1 in this column.
Then we have py, = r —ny, . Without loss of generality we assume that £ > 3. Since
Mg, - (2k—2) < 7 -k, the total number of 1’s in the upper triangular matrix by the

3

construction of the parameter set, we thus have n,, < r -4, which immediately implies

Prp, =7 —Nxg > 5 =>p/8—1. Thus we have for every non-negative integer ¢

P (max {[|Awlly , [|Anlloo} 2 2t - €np - kep - a)

n,p
< P (HAZ*H1 > 2t €y - kei’p . a[S) +P (”AZ*HOO > 2t €ny- kefw . a;g)
(1) () k2 t
< Py < ()
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from Equation (60), which immediately implies

27
Average Average exp (? Z max { || Azl » ||Al*||oo}>
ALY ) -

(M) €EALs | (-1 A-1)€0 4 (

27 «~ 4p s 3
< exp (?Zﬁ‘en,p'kenm'al > +
) 27k 2t - 22 i o dt
wZaz exp Z TR el o s
< exp Z a, i - ke
< Fo1 Fens
> & 8§8—1—k
+2p/ exp | (t+ 1) 27( ay ) — (t—1)log p/T] dt. (70)
B— =1
Note that (47) implies
a® <Y a7 < e/,

=1 =1
using (11) and (44) we have

2\/_k€np < v/ (p )ed 3— 1< Mv3—int/2p(-a)/4 (1ng) a-3)/2 ) (¢=3)/4 (1ng) D2 = Moy3e,

and thus we can bound the first term on the right hand side of (70)

exp( : n- 5? 1 im) < exp (% 27cv? - MU1Q> <exp(1/3) < 3/2,

where the second inequality is from (45) and (46). We will show that the second term on
the right hand side of (70) is negligible and hence establish (69). Indeed, since we have just

shown that
27 gn a3 | ked <—ﬂ 1
=1 l B UC

the second term on the right hand side of (70) is bounded by

> B— p/8—1—k
2p/ﬁw1 exp [(H—l)w — (t— 1)10gT} dt
8—1—k B-1\"
= 2(logp/ 12 — 65)

2 -1 2 8—1—k
o [osn+ (525 +1) P - (55 -1 e 22—

= O(p 1/5[10gp]6/(5—1)+2) =0(1),
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where the second equality is from the fact that (11) and (44) together with p > n%/? indicate

Mv=2%/n < Muv~2apt/B

k* < m,(p)e,21/4 <
S M(p)eny'/4 dlog®>p ~ 4log’p

n’p

and then

2 8—k 2 _
(ﬁ——ﬁl_o logp/k2 ~ (5—_61—1) log (pk 2)

2 —1
<—5 — 1) {5 log p + 3loglogp — log(Mv27/4)

~ (1—1—1) lo |
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