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Abstract

Canonical correlation analysis (CCA) is an important multivariate technique
for exploring the relationship between two sets of variables which finds appli-
cations in many fields. This paper considers the problem of estimating the
subspaces spanned by sparse leading canonical correlation directions when the
ambient dimensions are high. We propose a computationally efficient two-stage
estimation procedure which consists of a convex programming based initializa-
tion stage and a group Lasso based refinement stage. Moreover, we show that our
procedure achieves optimal rates of convergence under mild conditions by deriv-
ing both the error bounds of the proposed estimator and the matching minimax
lower bounds. In particular, the computation of the estimator does not involve
estimating the marginal covariance matrices of the two sets of variables, and
its minimax rate optimality requires no structural assumption on the marginal
covariance matrices as long as they are well conditioned. The procedure yields
encouraging numerical results on simulated datasets, and its practical usefulness

is demonstrated by an application on a breast cancer dataset.
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1 Introduction

Canonical correlation analysis (CCA) [14] is one of the most classical and important
tools in multivariate statistics [1, 20]. For two centered random vectors X € RP and
Y € R™, CCA finds matrices U € RP*" and V € R™*", such that the correlation
between the two low dimensional vectors U’X and V'Y are maximized. To be precise,

(U, V) solves to the following program,
maximize Tr(L'Y,,R), subject to L'Y,L=R'Y,R=1, (1)

where ¥, = EXX' ¥, = EYY’, and ¥,, = EXY”’. Such technique is widely used in
various scientific fields to explore the relation between two sets of variables.

Recently, there is a growing interest in applying CCA to high dimensional data
analysis, where the dimensions p and m could be much larger than the sample size n.
In such regime, the classical CCA does not work because the singular value decom-
position method by [14] requires the invertibility of the marginal sample covariance
matrices, which is not true when p V. m > n. Motivated by genomics, neuroimaging
and other applications, sparsity assumptions are imposed on the leading canonical cor-
relation directions. This is called sparse canonical correlation analysis (SCCA), and
various estimation procedures for SCCA have been developed in the literature. See,
for example, [30, 31, 22, 13, 16, 27, 3, 28] for some recent methodological developments
and applications.

In addition to progress on methodology, the theoretical aspect of SCCA has also

been investigated in the literature. [9] showed that the (U, V') pair that solves (1) can



be identified as population parameter if we rewrite X, as
Yoy = S (UAV' + UM V))E, (2)

where A = diag(Ay,..., \), Ay = diag(Ai1, oo, Apam) With Ay > Ay > 0 > A,
and the constraints U'YX,U = V'Y,V = I, UX, Uy = VIE, Vi = Lam—r, U'EU; =
V'8, Vi = 0 are satisfied. When Ay = 0, this is called “multiple canonical pair” model,
and in this case, the cross-covariance ¥, has a low-rank structure. Let S, = supp(U)
and S, = supp(V') be the indices of nonzero rows of U and V. Then, SCCA means S,

and S, have small cardinality. That is,
|Su] < sy and |[S,] < s,. (3)

Under this model, in a recent work, [11] showed that the minimax rate for SCCA under

the loss function ||[UV' — UV'||2 is

1
n—)\% (r(su + 5,) + 5, log i—]: + s, log 6:) ’ (4)

under the assumption that A1 < ¢\, for some sufficiently small ¢ € (0,1) and some
mild regularity conditions. However, in [11], the upper bound is achieved by a com-
putationally infeasible and nonadaptive procedure, which requires the knowledge of
s, and s, and exhaustive search of all possible subsets with the given cardinality. In
this paper, we raise a fundamental question: Is there a computationally efficient and
sparsity-adaptive method which can achieve the optimal rate?

We provide an affirmative answer to this question under the multiple canonical
pair model by proposing a two-stage estimation procedure called CoLaR, standing for
Convex programming with Lasso Refinement. In the first stage, we propose a convex
programming for SCCA based on a convex relaxation of a combinatorial program
studied in [11]. The convex programming can be efficiently solved by the Alternating
Direction Method with Multipliers (ADMM) algorithm [7]. Based on the output of



the first stage, we formulate a sparse linear regression problem in the second stage to
improve the rate of convergence, and the final estimator U and V can be obtained via
a group-Lasso algorithm [33]. Under mild assumptions, we show that U and V recover
the column spaces of U and V with the desired rate of convergence in probability.
To be precise, for any matrix F', let Pr denote the projection matrix onto its column

space. We show that for some constant C' > 0,

su(r+1lo
1Py — Po2 < ¢llrtlosp),
nAz (5)
Sy(r + logm
1Py~ Rl < 2 oem)

with high probability. The rate (5) is comparable to the minimax rate (4). To show
(5) is optimal, we provide a minimax lower bound for the subspace loss in Section 3.2.

The foregoing result gives new insights on the problem of SCCA. To the best of
our limited knowledge, [9] developed the first computationally efficient SCCA method
which can provably achieve minimax optimal rates. They considered the special case of
r = 1 and proposed an iterative thresholding method for estimating the sparse canon-
ical directions. However, their estimation procedure requires the structural knowledge
of the marginal inverse covariance matrices ¥ and X, 1'and only achieves the optimal
rates of convergence when the estimation errors of 3! and X, ! are dominated by those
of estimating the canonical directions. It is challenging to estimate X! and Xy L well
in a high-dimensional setting. On the other hand, [11] showed the minimax rates of
SCCA does not depend on the marginal covariance matrices as long as they are well-
conditioned, though the upper bounds were achieved by a combinatorial programming
which is computationally intractable. The result in the current paper complements
that in [11] and shows that, even with no structural knowledge about the marginal
covariance matrices, one can still obtain minimax rate optimal and sparsity-adaptive
estimators via computationally efficient algorithms for a wide range of parameter spaces

of interest.



Connection to the literature The current paper is related to the recent develop-
ment on the sparse principal component analysis (SPCA) problem. For PCA, most
literatures assume a spiked covariance structure where ¥ = VAV + 1, with V'V = I,
A= (A,..,\) and Ay > ... > \.. Conceptually, this is analogous to the multiple
canonical pair model for SCCA considered in the current paper. For SPCA, John-
stone and Lu [15] proposed a diagonal thresholding estimator of the sparse principal
eigenvector which is provably consistent when » = 1 in the spiked covariance model.
A semidefinite relaxation of SPCA was proposed by [10], and was extended to the
multiple-rank case by [26] using the fantope projection idea. An iterative thresholding
scheme was developed by [19] for principal subspace estimation. A regression formula-

tion of SPCA was proposed in [8].

Organization The rest of the paper is organized as follows. In Section 2, we propose
our estimation procedure. Its statistical optimality is analyzed in Section 3, where
we present rates of convergence and the corresponding minimax lower bounds. In
Section 4 we demonstrate the competitive finite sample performance of our approach
by numerical experiments. The proofs of the main results are presented in Section 6

with some additional technical details deferred to Section 7.

Notation For a positive integer ¢, [t] denotes the index set {1,2,...,t}. For any set
S, |S| denotes its cardinality. For any event E, 1z denotes its indicator function.
For any number a, we use [a] to denote the smallest integer that is no smaller than
a. For any two numbers a and b, let a V b = max(a,b) and a A b = min(a,b). For
a vector u, ||ul] = />, uZ, |[ullo = 3, Liuizoy and ||ulli = 3, |u|. For any matrix
A = (aj)icp),jeir), the i-th row of A is denoted by A;.. For subsets J C [p] x [k] of
indices, we use notation A; = (a;;1q¢j)esy). When J = J; x Jp with J; C [p] and

Jo C [k], we write Ay, s, to stand for Ay ., and write A s, to stand for Ay ).



The notation Aj, means Aj .. For any square matrix A = (a;;), denote its trace
by Tr(A) = >, a;;. For two square matrices A, B, the relation A < B means B — A
is positive semidefinite. Moreover, let O(p, k) denote the set of all p X k orthonormal
matrices and O(k) = O(k,k). For any matrix A € RP** ¢,(A) stands for its i-th
largest singular value. The Frobenius norm and the operator norm of A are defined as
|Allr = /Tr(A’A) and || A]|op = 01(A), respectively. The [; norm and the nuclear norm
are defined as [[A[|1 = 3~ [ai;| and [[A]l. = >, 04(A), respectively. The support of A
is defined as supp(A) = {i € [p] : ||4:.|| > 0}. For any positive semi-definite matrix
A, AY? denotes its principal square root that is positive semi-definite and satisfies
A'Y2A12 = A. The trace inner product of two matrices A, B € RP** is defined as
(A,B) = Tr(A’'B). The constant C' and its variants such as C7, (", etc. are generic

constants and may vary from line to line, unless otherwise specified.

2 Methodology

In this section, we introduce our methodology, CoLaR, for estimating the canonical
correlation matrices U and V. The estimation procedure is divided into two stages:

initialization and refinement. They are detailed out in Sections 2.1 and 2.2, respectively.

2.1 Initialization by Convex Programming

Suppose we have i.i.d. observations (X;, Y;)" ; from some centered distribution, where

X; €RPand Y; € R™, and let

n

X
Xt v
2|y
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be the joint sample covariance matrix. [11] showed that the solution to the following

optimization problem is optimal for sparse CCA:

maximize  Tr(L'S,,R) ©
6

subject to L'S,L = R'iyR =1, and |supp(L)| = sy, [supp(R)| = s..

However, (6) is not computationally feasible because solving it requires searching over
all s, subsets of [p] and s, subsets of [m], and the computational cost grows exponen-
tially with the dimension of the problem. Moreover, (6) depends on the true sparsity
s, and s, and it is not adaptive, either.

This motivates us to consider the following convex relaxation of the program (6).

First, note that the objective can be written as

Tr(L'S,,R) = <2$y, LR’> .
Thus, it is linear with respect to LR'. This suggests to treat the matrix LR as a single
object instead of optimizing over L and R separately. The constraints |supp(L)| =
Su, [supp(R)| = s, implies that LR’ has at most s,s, nonzero entries. Relaxing the [,

norm by the /; norm, we obtain the new objective function

ey, F') = plIPlls, (7)
(S F)

where F' serves as a surrogate for LR'. To deal with the other constraints L’ f]xL =
R’iyR = I,, note that they are equivalent to SV e O(p,r) and f)ll/zR € O(m,r).
Let G = ii/QLR’fliﬂ = f]i/ZFi;ﬂ. Since it is a product of two orthogonal matrices,
its operator norm is bounded by 1. Together with the fact that its rank is not more
than r, the nuclear norm is also bounded by r. Thus, it belongs to the following convex
set

{G Gl <7 [Gllop < 15 (8)



Combining (7) and (8), we obtain the following convex relaxation of (6),

maximize <§Jwy, F> — pl|Fll|1,
subject to ||§]91/2F§3;/2||* <r, (9)
IS FEYlop < 1.
Intuitively, the solution to (9) should be a good estimator for UV’.

A similar convex relaxation was proposed by [26] for sparse PCA. However, they
constrained the projection matrix onto the span of the leading eigenvectors to the
fantope {P : Tr(P) =r,0 = P < I}, which is a convex set of P. Note that such a
relaxation is not directly applicable here, since for the projection matrix P = GG’ =
iiﬂFin’ii/z of interest, the constraint Tr(P) = Tr(ii/zFin’iim) = r is not
convex in F. The same is true for the projection matrix G'G. We propose a new

relaxation (8) to overcome this issue in the sparse CCA problem.

2.1.1 Implementation via ADMM

To implement the convex programming (9), we turn to the Alternating Direction

Method of Multipliers (ADMM) [7]. Note that (9) can be rewritten as

minimize  f(F) + g(G),

o (10)
subject to Ei/QFE?I/Q -G =0,
where
FF) = = (S F) + pll P, (11)
9(G) = ooLyjcl.>ry + OL(Gllop>1}- (12)

Thus, the augmented Lagrangian form of the problem is

L, (F.G, H) = f(F) + g(G) + <H, SI2pSL2 G> v g|y§;/2F§:;/2 ~GIA. (13)



Following the generic algorithm spelled out in Section 3 of [7], suppose after the k-th
iteration, the matrices are (F*, G*, H*), then we update the matrices in the (k + 1)-th

iteration as follows:

FM' = argmin £, (F, G*, H), (14)
F

G = argmin £, (F* G, H), (15)
G

HEY = HY 4 (B2 REAIEL2 - ghety, (16)

The algorithm iterates over (14) — (16) till some convergence criterion is met. It is
clear that the update (16) for the dual variable H is easy to calculate. Moreover the
updates (14) and (15) can be solved easily and have explicit meaning in giving solution
to SCCA. We are going to show that (14) is equivalent to a Lasso problem. Thus,
this step targets at the sparsity of the matrix UV’. The update (15) turns out to be
equivalent to a singular value capped soft thresholding problem, and it targets at the
low-rankness of the matrix Xy *UV’ Zgl/ ?. In what follows, we study in more details on
the updates for F' and G.

First, we note that (14) is equivalent to

F*1 = argmin f(F) + <H’“, i;/2F§;/2> + g||§;/2F§;/2 —GH

F

N . 1 1~ om ~
= argmin 2| SV FSY? — (G — ~HE + S8, SR 4 pl|Fly. (17)
F n n

Thus, it is clear that the update of F' in (14) reduces to a standard Lasso problem as
summarized in the following proposition, which can be solved by standard software,
such as TFOCS [4]. Here and after, for any positive semi-definite matrix A with eigen-
decomposition A = Y7 N\;0;0; where r is the rank of A and the \;’s are the nonzero

eigenvalues with 6; the associated eigenvectors, we define A=%/2 =" A~ 20,0,

Proposition 2.1. Let vec be the wvectorization operation of any matriz and ® the



Kronecker product. Then vec(EF*™1) is the solution to the Lasso problem
2
minimize, ||Tz — b|jf + —prH1
n
where T = £,/* © £5/% and b = vec(G* — LH* + 15178, 5, 1%),

Since each update of F' is the solution of some Lasso problem, it should be sparse
in the sense that its vector /; norm is well controlled.

Turning to the update for G, we note that (15) is equivalent to
. IS a
GHl = argémng(G) —(H",G) + 5\\2}0/2]7“1211/2 -G
1 ~ ~
— argmin 2[|G — (=H* + SY2FFISY2)|2
¢ 2 n
+oolyjg). > + o0lyG)e>1)
1 ~ ~
= argmin ||G — (= H"* + Ei/QFkHE;/Q)H%
G n
+ 001>} + OOL{|Gop>1)- (18)
The solution to the last display has a closed form according to the following result.

Proposition 2.2. Let G* be the solution to the optimization problem:

minimize ||G — W||p
subject to ||Gll« <7, ||Gllop < 1.

Let the SVD of W be W = ZZZI wia;b, with wy > -+ > wy, > 0 the ordered singular
values. Then G* = >"1" | gia;b; where for any i, g; = 1 A (w; —v*)+ for some y which

15 the solution to
minimize -, subject to v > 0, Z INA(wi—7)s <.
i=1

Proof. The proof essentially follows that of Lemma 4.1 in [26]. In addition to the fact
that the current problem deals with asymmetric matrix, the only difference that we

now have an inequality constraint ) . g; < r rather than an equality constraint as in

10



Algorithm 1: An ADMM algorithm for SCCA
Input:

1. Sample covariance matrices EA]I, EA]y and iwyv
2. Penalty parameter p,
3. Rank r,

4. ADMM parameter 1 and tolerance level e.
Output: Estimated sparse canonical correlation signal A.

Initialize: k = 0, F* = SVCST(S,,),G° = 0, H® = 0.

=

repeat
2 Update F*™! asin (14)  (Lasso) ;
s | Update G« SVCST(n~'H* + SY2FFISY?)  (SVCST) ;
4 | Update H*' « HF 4 p(SY2FFISY? — GhH1y

5 k< k+1;

until max{||F*! — F*||p, p|G*! — G¥||p} < ¢
6 Return A = F*.

[26]. The asymmetry of the current problem does not matter since it is orthogonally

invariant. O

Here and after, we call the operation in Proposition 2.2 singular value capped soft
thresholding (SVCST) and write G* = SVCST(W). Thus, any update for G results
from the SVCST operation of some matrix, and so it has well controlled singular values.

In summary, the convex program (9) is implemented as Algorithm 1.

2.2 Refinement by Sparse Regression

Let the optimizer be denoted by A. Let the columns of the matrix U© collect the first

r left singular vectors of A and the columns of V© collect the first r right singular

11



vector of A. In Section 3, we show that the associated projection matrices Py and
Py, ) are consistent estimators of the subspace spanned by the columns of U and V

1 .
%{W under the Frobenius loss. Compared
s

respectively. The convergence rate is
with the minimax rate (4), it is sub-optimal. The reason is that the program (9) solves
for ﬁ, which estimates UV’ and the sparsity of the matrix UV” is s,s, instead of s, of
U and s, of V. To obtain the optimal convergence rate, we need a procedure directly
estimating U and V.

To motivate such procedure, let us introduce a basic fact of CCA. Let (X,Y") have
the same distribution as (Xj, Y;). Consider the following least square problems

min E||L'X —V'Y|%, min E|RY —UX]|3.
LeRpxr ReRmxr

The solution is characterized by the following proposition.

Proposition 2.3. Under the CCA structure (2), the minimizers of the above least

square problems are UN and VA.

Proof. Since the objective is convex, the optimal L is achieved by equating the gra-
dient to zero, which leads to ¥,L = 3,,V. By (2), we have ¥,,V = ¥, (UAV’ +
UM V)2V =3, UA. Since ¥, is invertible, we have L = UA. The same argument
leads to R = VA. O

The result shows that if we have V', then we may find UA by regressing V'Y on
X. On the other hand, if we have U, we can also find VA by regressing U’'X on Y.
With the estimator U, V() obtained from the convex programming (9), we propose
the following sparse regression formulation of SCCA,

. 1 <& P
U= argmin {5 S NEX = (VOYYiIR 4 pu Y ||Lj.||} ,
i—1 j=1

LeRpxT

(19)

RER"LX T

N ‘ 1 n m
V= argmin {g S IRY = OV Xl + 90y HRj-H} ,
i=1 j=1

12



where the penalty terms p, » 7, [|L;.|| and p, >_7", || R;.|| encourages row-sparsity of U
and V. With simple algebra, (19) can be written only in terms of the sample covariance
matrix i

p
U= argmin {Tr(L’ExL) —2Te(L'Se V) + 0> ||Lj.||} ,

LeRpP*T j=1

. (20)
V = argmin {Tr(R’f]yR) - 2Tr(R'§]ny(0)) + po Z ||Rj||} .
=1

ReRmxr

The program (19) and its equivalent form (20) are essentially the group Lasso estimator
proposed by [33], and it can be efficiently solved by standard software developed by
[4]. We remark that it is critical to use the group Lasso penalty. If the naive [; penalty

on the whole matrix is used, we will get a sub-optimal convergence rate.

3 Statistical Optimality

In this section, we show that the estimator proposed in Section 2 enjoys certain sta-
tistical optimality. The convergence rates of (9) and (20) are established in Section
3.1. A matching minimax lower bound is derived in Section 3.2. This shows that the

estimator (20) initialized by (9) is minimax rate optimal.

3.1 Convergence Rates

In this section, we establish statistical properties of (9) and (20). We consider the
multiple canonical pair model in [9], which corresponds to the CCA structure (2)-(3)
with A; = 0. We define the parameter space F(p, m, Sy, Sy, 7, \r; M) for the covariance
by collecting all such ¥ satisfying ||X;[lop V [|Xyllop V [155  lop V15, lop < M for some

absolute constant M > 0. Define Z € RPT™ as

. =xl2z (21)

13



and assume Z is an isotropic sub-Gaussian vector. To be precise, define the sub-

2
/ 32}.

Gaussian norm according to [24],

/

| Z]|y, = sup inf{£ >0:Eexp|—

bl <1

The class of distribution of the vector (X', Y”)" we consider is defined as

P(p,m, Sy, $u, 7, Ay M) = {P: (X', Y’)" ~ P has representation (21),
with ¥ € F(p,m, Sy, Su, 7, A\p; M),

EZ = 0,2, < 1}.

In what follows, we also use P to implicitly represent the product measure P".

For the program (9), recall that U® and V© are left and right singular vector
matrices of rank r of the optimum A. The following theorem guarantees that the
column spaces of U©® and V(© consistently recover the column spaces of U and V

respectively.

Theorem 3.1. Assume that

SuSy log(p +m) <
nA2 -

(22)

or some sufficiently small ¢ € (0,1). For any constant C' > 0, there exist constants
J 1fi Y : Y ,

log(p+m)

n )

C >0 and v > 0 only depending on M and C’, such that when p >~

2
SuSpp

2 Y
A’I"

1A= UV[[3 V [|Pyo = Pulli V | Pro = Prll < ©
with P-probability at least 1 —exp (—C'(s,+log(ep/s.))) —exp (—C'(s, +log(em/s,)))

for any P € P(p,m, sy, 5,7, A\p; M).

The program (20) uses U® and V© from the output of (9). It is possible to
use other matrices. The following theorem guarantees the performance of (20) for an

arbitrary U©, V(©_ which are independent of 3.

14



Theorem 3.2. Let (7,17 be solutions to the program (20) initialized with matrices
UO® VO which are independent of 3. Assume that

r + logp + logm
n

S Cl; (23)

for some constant C; > 0. For any constant C' > 0, there exist positive constants

Yus Vo, C only depending on M,C" and Cy, such that when p, > %\/% and p, >

r+logm
Yo/ TR,

2

N 2 Supu
WWo =Pl = Cxoz vmyoy

2

- 2 Svp'u
||PV PVHF A% mm(U/Eg;U(O))7

with P-probability at least 1—exp (—C'(r+log(pAm))) for anyP € P(p,m, Sy, Sv, 7, Ar; M).

Observe that Y¥/2U € O(p,r) and [supp(U)| < s, implicitly implies r < s, and
similarly, 7 < s,. Thus, the assumption (23) is implied by the assumption (22).

Note that as long as ouin(V'%, V) and 6, (U'S,U?) are bounded away from
zero, the rate of convergence of Theorem 3.2 is comparable to the minimax rate

4). This requires (U®, V) being not too bad. Since Theorem 3.1 guarantees that

(

(U© V) output from (9) has good statistical performance, we may combine (9) and
(20) Let us split the sample into two halves, {(X;, Y;)}Mm and {(X;, Y3) Hop,, 9141 Let
(U V) be the output from (9) using {(Xi,Yi)}Z[Z{Q], and let (U, V) be the output

of (20) using {(X;, Y;)}Z{ﬂ and initialized by (U, V(). Then, we have the following

result.

Theorem 3.3. Assume (22). For any C' > 0, there exist constants 7,7y, and 7,

depending only on ¢,C" and M such that if we set p = "4/ M,pu = 71’”/%

and p, = V)\/"EE™ for any v € [v,Co], 7V, € [Yus Cov) and 7, € [y, Coyo] for

some absolute constant Cy > 0, then there exists a constant C' > 0 only depending on

15



M,C",Cy and ¢ in (22), such that

su(r + log p)
g C n)\% )

9 Sy (1 + logm)
||P\7 - Pylp < Cn—)\%a

with P-probability at least 1—exp (—C'(s,+log(ep/s,))) —exp (—C'(s,+log(em/s,))) —

15 = Pull

exp ( — C'(r +log(p A m))) for any P € P(p,m, Sy, Sp, 75 A\v; M).

Remark 3.1. The rates W and % are optimal according to Theorem

3.4. The group Lasso penalty in (20) plays an important role. If we simply use a Lasso

TSy logp cmd rsy logm

s 2, which is clearly sub-optimal.

penalty, then we will obtain the rates

3.2 A Minimax Lower Bound

Note that the minimax rate (4) is for the loss function UV’ — UV’||2. It does not
directly imply that the rate obtained in Theorem 3.3 is optimal. We derive a matching
lower bound for the result in Theorem 3.3 under the desired projection loss.

Sy \Sy

Theorem 3.4. Assume r < 5% and there exists some n € (0,1), such that A\, <
1—1, 8, < p'™" and s, < m'™. Then, there exist some constant C' > 0 only depending

on M and n and an absolute constant cy > 0, such that for any U and I//\', we have

u 1
supP ([P — Pof2 > 02 080) (N 5 g
PeP nA2

v 1
supP (| Py — P[> ¢ 2018 (Y s g
PeP nA2

where P = P(p,m7 Suy Sv, Ty )\7“) M)

4 Numerical Results

In this section, we present numerical results that demonstrate the finite sample perfor-
mance of the proposed sparse CCA method on synthetic datasets. We consider four

simulation settings and focus on the multiple canonical pair case where r > 1.

16



Implementation details In all numerical results reported in this section, we used
penalty level 0.55 x \/log(p\/—m)/n in the initialization stage, and set the ADMM
parameter 7 = 2 and tolerance ¢ = 107%. In the refinement stage, we used five-
fold cross validation to select a common penalty parameter used in group Lasso. For
l=1,...,5, we use one fold of the data as the test sample (X(tfft, Y(}';St) and the other

). For a particular choice of the penalty

rain

four folds as the training sample (X (t;)ai“, Y
parameter p, = p, = p, we apply the refinement algorithm on (X(tf)ai“, Y(%ain) to obtain
estimates ((7(1),‘7(1)). Then we compute the sum of canonical correlations between
X&Q)Stﬁ(l) and Y&‘;Stf}(l) to obtain CV(p). Among all the candidate penalty parameters,

we select the p value such that CV(p) is maximized. The candidate penalty values

used in the simulation below are {0.5,1,1.5,2} x 1/(r + log(p V- m))/n. We use all the
sample {(X;,Y;)}", in both stages of the estimation procedure.

To demonstrate the competitive performance of the proposed SCCA method, we
compare it with the method proposed in [31] (denoted by PMA here and on). The

PMA is defined via the following optimization problem
maximize u’f]xyv, subject to [|[u]| < 1,||v]| < 1,||ulli < e1,]]v]l1 < co.

The solution gives the first canonical pair u;,v;. The the same procedure is repeated
after ixy is replaced by ixy - (ﬂ’liryﬁl)ﬁﬂ{, and the solution is the second canonical
pair s, V. This process is repeated until @, 0, is obtained. Note that the normalization
constraint |[u]| < 1 and |jv]| < 1 implicitly assumes that the marginal covariance
matrices X, and X, are identity matrices.

We used the R implementation of the method (PMA package in R) by the authors
of [31] and the penalty parameter is always selected by cross validation by using the

default settings.

Simulation settings In all four settings, we set p = m and ¥, = ¥, = ¥ and

r = 2 with Ay = 0.9 and Ay = 0.8. Moreover, the nonzero rows of both U and V at
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{1,6,11,16,21}. The values at the nonzero coordinates are obtained from normalizing
(with respect to ) uniform random integers drawn from {—2,1,0,1,2}. The details

of the four settings are as follows:

1. Identity: We set X = I,,. Since the PMA approach implicitly assumes that both

¥, and X, are identity matrices, this setting is to its favor.
2. Toeplitz: We set
S =03 i j eyl
In other words, X, and X, are Toeplitz matrices.
3. SparseInv: We let ¥ = Q! with
Qij = L=y + 0.5 X Lyjiji=1y + 0.4 X 1gjjj=0y, 4,5 € [p].
In other words, X, and X, have sparse inverse matrices.

4. Dense: We let ¥ = (0);/\/0%0%;) where X0 = (07;) = I, + W,/20 with W, a

random matrix generated from the Wishart distribution W, (20, I,,).

Results Tables 1 — 4 report, in each of the four settings, the medians and the median
absolute deviations (MADs) of the estimation errors of the proposed method and of
the PMA method out of 100 repetitions for three different configurations of (p, m,n)
values. From the simulation results, our method consistently outperform the PMA
method by a large margin. It is worth noting that even in the Identity setting, which
should favor the PMA approach, our method still leads to much smaller estimation
errors. In the other three settings, the advantage of our method is more substantial.
Comparing the first and the second blocks in Tables 1 — 4, we see that for the same
settings, larger sample size leads to more accurate estimation. Comparing the second

and the third blocks in Tables 1 — 4, we see that for the same sparsity levels and
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(p,m,n) Method ||Pﬁ_PUHF HP"}—P\/HF

(200, 200, 500) | CoLaR | 0.150 (0.025) | 0.160 (0.029

PMA | 0.444 (0.054) | 0.428 (0.055

(200, 200, 750) | CoLaR | 0.110 (0.018) | 0.120 (0.018

(500, 500, 750) | CoLaR | 0.126 (0.021) | 0.138 (0.021

(0.025) (0.029)
(0.054) (0.055)
(0.018) (0.018)
PMA || 0.353 (0.031) | 0.334 (0.045)
(0.021) (0.021)
(0.187) (0.246)

PMA | 0.407 (0.187) | 0.445 (0.246

Table 1: Estimation errors (Identity): Median and MAD (in parentheses) in 100

repetitions.

the same sample sizes, the estimation errors are not too sensitive with respect to the
ambient dimension, which is consistent with the theoretical results in Section 3. Last
but not least, comparing the four tables, we find that the proposed method does not
seem to be too sensitive to the underlying covariance structure ¥, and ¥,. In summary,
the proposed method delivers consistent and competitive performance in all the three
covariance settings across all dimension and sample size configurations, and its behavior

agrees well with the theoretical results.

5 Real Data Example

To further demonstrate the potential application of the proposed method, we present its
result on a breast cancer dataset in [21]. The dataset records both the DNA methylation
and gene expression data for 99 breast cancer patients that belong to the “Luminal A”
subtype as determined in [21].

We first apply the same screening approach as in [9] to select 74 genes and 1600
methylation probes distributed on 22 chromosomes. To be specific, we applied a

marginal logistic regression with the disease-free status variable for each gene and each
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(p,m,n) Method || ||Ps — Pullr | |Pp — Pvlr

(200, 200, 500) | CoLaR | 0.146 (0.020) | 0.159 (0.025

PMA | 0.627 (0.076) | 0.581 (0.070

PMA | 0.571 (0.042) | 0.561 (0.068

(500, 500, 750) | CoLaR | 0.133 (0.020) | 0.139 (0.023

PMA | 0.597 (0.139) | 0.586 (0.182

(0.020) (0.025)
(0.076) (0.070)
(200, 200, 750) | CoLaR || 0.113 (0.021) | 0.123 (0.016)
(0.042) (0.068)
(0.020) (0.023)
(0.139) (0.182)

Table 2: Estimation errors (Toeplitz): Median and MAD (in parentheses) in 100

repetitions.

(p,m,n) Method || [|[Ps — Pulle | |1Py — Pl
(200, 200, 500) | CoLaR | 0.143 (0.019) | 0.187 (0.033)
PMA | 1.560 (0.046) | 1.685 (0.072)

(200, 200, 750) | CoLaR | 0.106 (0.019) | 0.143 (0.028)
PMA || 1.567 (0.026) | 1.701 (0.047)

(500, 500, 750) | CoLaR | 0.110 (0.016) | 0.167 (0.035)
PMA || 1.705 (0.023) | 1.710 (0.061)

Table 3: Estimation errors (SparseInv): Median and MAD (in parentheses) in 100

repetitions.
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(p,m,n) Method ||Pﬁ_PUHF HP"}—P\/HF

(200, 200, 500) | CoLaR | 0.171 (0.028) | 0.198 (0.030

PMA | 1.031 (0.041) | 0.894 (0.039

(200, 200, 750) | CoLaR | 0.135 (0.019) | 0.152 (0.022

(500, 500, 750) | CoLaR | 0.135 (0.020) | 0.164 (0.022

(0.028) (0.030)
(0.041) (0.039)
(0.019) (0.022)
PMA || 1.001 (0.029) | 0.882 (0.048)
(0.020) (0.022)
(0.027) (0.027)

PMA | 1.025 (0.027) | 0.803 (0.027

Table 4: Estimation errors (Dense): Median and MAD (in parentheses) in 100 repeti-

tions.

methylation, respectively. The selected 74 genes and 1600 methylation probes have
p-values less than 0.01. To further control the ambient dimensions of the datasets, we
apply CoLaR to 74 genes and the methylation probes on each chromosome separately.
To remove false discovery, for each chromosome, we randomly select 66 out of the 99
patients as training set and the remaining 33 patients as test set. We apply CoLaR on
the training set to obtain estimates of U and V', and then project the test set on the
estimated canonical correlation directions to compute the canonical correlation on the
test set. Fig. 1 includes the boxplots of canonical correlations on test datasets based
on 25 random splits of the training and test datasets, where we applied ColL.aR with

r =1 and 0.5y/log(p vV m)/n and 0.5,/ (r +log(p V m))/n as penalty parameters in
the first and the second stages of the method.

From the boxplots, Chromosomes 2, 4, 10 and 19 have all 25 test data canonical
correlations greater than 0.2. Thus, we applied CoLaR with the foregoing specified
parameters to all the 99 samples on these four chromosomes. In Table 5, we report
for each of the four chromosomes the number of methylation probes after screening
and the five genes and methylation probes which have the largest absolute values

in the estimated canonical correlation direction vectors. We notice among the four
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Figure 1: Boxplots of canonical correlations on test datasets based on 25 runs.

genes, MBNL1, CCL15, MEOX2 and EMCN, at least three of them appear in all four
chromosomes. These genes are reported and studied by [5, 2, 17, 18] in the literature

of breast cancer research.

6 Proofs

In this section, we present proofs of the theorems in Section 3. Note that the proofs
of Theorem 3.1 and Theorem 3.2 are essentially independent. Thus, the same symbol
used in the proofs of Theorems 3.1 and 3.2 can represent different quantities. Proofs

of the technical lemmas used in this section are deferred to Section 7.

6.1 Proof of Theorem 3.1

Before stating the proof, let us introduce some notation and technical lemmas. Define

U=UUSU)"2 V=VVEV)"2 21
24
A=UV', A= USU)PAV'E V)2 A=UV".

The reason for defining these quantities is because %3/ °U € O(p,r) and ﬁzl/ Ve

O(m,r), which facilitates the proof. Due to the sparsity of U and V', the matrices
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Chromosome | # probes Top genes / methylation probes

2 92 MBNL1, CCL15, MEOX2, EMCN, REEP2
cg02251243, cg07683388, cg09694782, cg26132737, cg22115977

4 53 PRKCH, MBNL1, MEOX2, CCL15, IL33
cg15919816, cg06663149, cg25986240, cg06059810, cg06767059

10 62 MEOX2, EMCN, THSD7A, IL33, CCL15
g02859866, cg01088382, cg11612727, cg12627983, cg13846998

19 113 EMCN, MEOX2, IL33, MBNL1, NROB1

cg00431565, cg05562817, cg24731702, cgl9577671, cg27659109

Table 5: Top genes and methylation probes on Chromosomes 2, 4, 10 and 19.

U , 17, }L A are good approximations to U, V, A, A. This is established rigorously in the
following lemma.
1

Lemma 6.1. Assume - (s, + s, + log(ep/s,) + log(em/s,)) < Cy for some constant

c¢> 0. Then, for any C' > 0, there exists C > 0 only depending on C' such that

~ 1
||U - UHOp < O\/_ <3u + log @)7
n Su
~ 1 em
HV - VHOp < O\/_ (311 + log _)>
n Sy
1 1
\/— (su+log@> +\/— (sv—l—log@)] ,
n Su n Sy

with probability at least 1 — exp(—C"(s, + log(ep/s.))) — exp(C'(s, + log(em/s,))).

1A= Allop VIA = Allop < C

Note that Lemma 6.1 also implies the existence of U ,‘7,21/,7\ by ensuring that
U’ iyU and V' i]yV are invertible with high probability (see Lemma 7.1). The next
lemma shows the matrix ;I, which serves as a surrogate of the truth A, is in the

feasible set of the program (9).
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Lemma 6.2. When A exists, we have

ISY2ASY2|, = ¢ and |[SY2AS2||,, = 1.

o

The following lemma characterizes the curvature of the objective function. It is
comparable to Lemma 9 in [11]. The difference is that we allow a non-diagonal K and

a more general F.

Lemma 6.3. Let F € O(p,r), G € O(m,r) and K € R™" with positive diagonal
elements {ky},_,. If E satisfies ||E|lop <1 and ||E||. < r, then

ming <<, ki

(FKG',FG' — E) > IFG’ — B2 (25)

The requirement on E in Lemma 6.3 are that ||E||o, < 1 and that ||E||. < r, which

coincide with the two constraints in the program (9), respectively. Next, define
Say = SLUAV'S,,. (26)
The following lemma shows f]xy is close to ixy uniformly over each entry.

Lemma 6.4. Assume r\/w < (' for some constant Cy; > 0. Then, for any

C" > 0, there exists a constant C' > 0 only depending on Cy,C", M, such that

- = log(p +m
||Exy a nyHoo <C %a

with probability at least 1 — (p +m)~".

< () is always implied by (22) because

Note that the assumption r M

r < sy A s,. Finally, we need a lemma on restricted eigenvalue. For any p.s.d. matrix

B, define

! !
u' Bu . u' Bu
B (k)= max —, B (k)= min —.
[Jullo<k,u#0 U'U [Jullo<k,u#0 U'U

The following lemma is adapted from Lemma 14 in [11]. The original Lemma 14 in
[11] is stated for the Gaussian case. The result also applies to the sub-Gaussian case

with the same proof.
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Lemma 6.5. Assume L ((k, A p)log(ep/(ky A p)) + (ky Am)log(em/(k, Am))) < Cy
for some constant Cy > 0. Then, for any C' > 0, there exists a constant C > 0

only depending on C1,C', M, such that for 6,(k,) = \/(k“/\p) 1°g(rfp/(k“/\p)) and 0, (k,) =
\/ (kyAm) log(em/ (kv Am))

, we have

n

L 06, (k) < 652 (k) < 655 (ky) < M + C,(ky),
= O, (k) < Gt (k) < B lk) < M+ OB, (k)

with probability at least 1 — exp ( — C'(ky A p)log(ep/(ku A p))) — exp (= C'(ks A
m) log(em/(k, Am))).

Now we are ready to state the proof of Theorem 3.1.

Proof of Theorem 3.1. The proof consists of three steps. In the first step, we are going
to derive a bound for || i”z(ﬁ—ﬁ)im |p. In the second step, we derive a cone condition
and use it to lower bound |]21/2(A A 1/2HF by a constant multiple of ||A — A|p.
Finally, in the third step, we use Wedin’s sin-theta theorem [29] to show that the bound
for ||ﬁ_ Al implies a bound for || Py — Pylle V || Py — Pylle-

Step 1. Recall A in (24). By Lemma 6.1, A is well-defined with high probability
and feasible with respect to the program (9) according to Lemma 6.2. Then, by the

definition of A, we have
(S A) = pllAlL = (Say, A) = plI Al
After rearrangement, we have
~ (S0, 8) < p(I1All = 1A+ AL ) + (S = T A (27)

where ixy is defined in (26), and A = A — A. For the first term on the right hand side
of (27), we have

1AL =4+ Al = [ Ass, Il = 14s,s, + As,s,ll = [[As,s,ell:
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~ ~

For the second term on the right hand side of (27), we have <Exy — Xy, A> < Hf]xy —

Syllsol|All1. Thus when
p Z 2”ny - Z:t:y“oo» (28)

we have

~ 3
- <Exy,A> < gHAsusle - gHA(SuSU)C 1. (29)

Using Lemma 6.3 and the definition (24), we can lower bound the left hand side of (29)

as

_ <§WA> _

SYRUAVIELR, S (A - DY)

SHPURV'SY?, SV (A - ATY?)

N — N

> = min \y||SY2(A - AT,

1<l

where A is the (1,1)-th entry of A. Using Lemma 6.1 and the assumption (22), we
have

T T < 1
min Ay > Ar = [[A = Allo 2 A = [A = Allop 2 SAr,

1<i<r
with high probability. Hence, we have
- 1.~ ~
— (Sap A) = PAISF2AT . (30)
Moreover, the right hand side of (29) can be upper bounded by

3 3v/SuSv
Tl Ass Il < 2

pllAs,s, ||e-
Combining this with (30), we have
MEV2AZY? |2 < 61/5u5,p]| Asys, v, (31)

which completes the first step.

Step 2. Combining (29) and (30), we obtain the cone condition
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Motivated by the argument in [6], let the index set J; = {(ir,jr)}icy In (Sy X S,)°
correspond to the entries with the largest absolute values in A, and we define the set
J = (Su x S,) U J;. Now we partition J¢ into disjoint subsets Ja, ..., Jx of size t (with
|Jk| < t), such that Jj is the set of (double) indices corresponding to the entries of ¢

largest absolute values in A outside JuU Uf;; J;. By triangle inequality,
[DEESREE

K
> |2 2A58Y 2 e = Y IS4, 5l
k=2

> \/¢mln Su + t mm(SU + t)HAgugU”F - \/ max max Z ||AJk||F

By the construction of J, we have

K
> 1A ls
k=2

K K
<VEY 1Al < V23T 1A < Y2 A5, h

k=2 k=2

Susv Susv

< 3t7?|Ag,s, |l <3 1As,s,|lF <3 A5, (33)

where we have used the cone condition (32). Hence, we have the lower bound
1= 2A8 2 lp > KAz,

with

k= \/¢mln Su +t mm Sv "’t - 3\/5u3v \/¢max max (34)

Taking t = c¢15,5, for some sufficiently large constant ¢; > 1, with high probabil-
ity, k can be lower bounded by a positive constant kg only depending on M. To
see this, note that by Lemma 6.5, (34) can be lower bounded by the difference of
\/M L — C0u(2¢1845y) \/M U — C0,(2¢1845,) and 30{1/2\/M+05u(clsusv)\/M+Cév(clsusv)

where 0, and 0, are defined as in Lemma 6.5. It is sufficient to show that d0,(2¢;5,5,),
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00(2¢184S0), Oul(C1548,) and d,(c18y5,) are sufficiently small to get a positive absolute
constant kg. For the first term, when 2¢;s,s, < p, it is bounded by 2018“8+1°g(6p) and
is sufficiently small under the assumption (22). When 2¢;s,s, > p, it is bounded by
QC”T“S“ and is also sufficiently small under (22). The same argument also holds for the
other terms.
Together with (31), this brings the bound
Al < e, (35)

)
KGAr

By (33), we have

[AY2

K
SuSv —1/2
P 1A le <3/ 7 1A e < 3¢ 1A (36)
k=2

Summing (35) and (36), we have [|[A||r < C¥5>** with high probability. According to
Lemma 6.4, we may choose p > 'y\/w so that (28) holds with high probability.

Hence,

Al < 0¥ (37)

with high probability. This completes the second step.
Step 3. By Wedin’s sin-theta theorem [29], we have
C|l A~ Allr

| Py — Pulle = || Py — Pgllr < =
YT 0 (A) — 0ra(A)

Y

where UT+1(E> — 0 because A is a rank-r matrix. Using Weyl’s inequality (12, p.449],

we lower bound O'T(A\> by

oo (A) > 0, (UV") = |A = Allop — [OV" = UV||op

> 0, (UV") = |A = Allp — |[UV' = UV"[|op.

Since $3/%U € O(p,r) and 25/2‘/ € O(m,r), 0,(UV") is at a constant level. By (37) and
Lemma 6.1, |A — Al and |[UV' — UV’ |lop are sufficiently small with high probability.
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Hence, ar(/Al) is bounded below by a constant and

[Py = Pulle < C¥=F,

r

The same bound holds for ||Pyw — Py||p by a similar argument. Finally, ||A — Al

can be bounded by the simple inequality
1A= All < | A = Allp + V2r| TV = UV |,

where the first term is bounded by (37), and the second term is bounded by the desired
rate using Lemma 6.1 and the fact » < s, A's,. Hence, ||121\— Allp < C¥57E. The proof

is complete by applying a union bound to all probabilistic argument we have made. []

6.2 Proof of Theorem 3.2

Define
Us =UAV'S,VO, A=U-U" (38)

Note that A is different from the one used in the proof of Theorem 3.1.

Lemma 6.6. Assume ”’;ﬂ < C for some constant Cy > 0. Then, for any C' > 0,

there exists a constant C' > 0 only depending on C1,C", M, such that

~ ~ 1
ma [[[S, VO - 5,07, | < 0y 82,
<j<p n

with probability at least 1 — exp ( —C'(r+ logp)).

Proof of Theorem 3.2. Since the analysis for U and V are the same, we only state the
proof for U. The proof consists of three steps. In the first step, we derive a bound
for Tr(A’ i,;A) In the second step, we derive a cone condition and use it to obtain a
bound for ||Al[p by arguing that Tr(A’S,A) upper bounds ||Al|p. In the third step, a

sin-theta theorem is applied to bound || P; — Pyl|r by || Allr.
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Step 1. By definition of (A], we have

P
Tr(U'S,0) = 2Te(U'S,, V) + pu > |10, ]

j=1
p
< Tr((UYS,U7) = 2Tr(U) S0y VO) + pu D IIUF]-
j=1
After rearrangement, we have

p

THASLA) < pu > (030 = 105+ Ag 1) + 2T (&S V@ = £,07)).

J=1

For the first term on the right hand side of (39), we have

p
> (30— 10y + A1)
j=1
= ST =31 = A0 =Y 1A

JESu JESy JESS
< > NA= D AL
JESu ]ES&

For the second term on the right hand side of (39), we have
Tr (A’(ﬁwv(o) - i,ﬂ*))
p AN
(Z; 18411) w122,V = S,07];],
]:

where [-];. means the j-th row of the corresponding matrix. When

Du >4maXH[Z vO 5,04,

1<5<
we have
THA'S,A) < 200 57 10 - 25 1Ayl
j€Su jeSﬁ
Since ). il < @\/m, (41) can be upper bounded by

S 3@/011
TrA'S,A) < == /; A2
J&€Ou

30
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This completes the first step.

Step 2. The inequality (41) implies the cone condition
DONA<3Y 1AL (43)
jess jESu
Let the index set J; = {j1, ..., ji: } in SE correspond to the rows with the largest l; norm
in A, and we define the extended support S, = S, U.J;. Now we partition gj into
disjoint subsets Ja, ..., Ji of size ¢t (with |Jx| < t), such that Jy is the set of indices
corresponding to the ¢ rows with largest [, norm in A outside §u U Uf;; J;. Note that
Tr(A'S,A) = [nY2X A2, where X = [X), ..., X, € R™? denotes the data matrix.

By triangle inequality, we have

I 2XAe > 72X A e = Y I X A le

k>2
>\ o (su+ Dl AG, e — /65 () D 1A,

k>2
where for a subset B C [p], Ap. = (Aij1{icn,jep)y), and

1
Sl < VEY maxlidl < vEY- 5 0 14yl (14)
k>2

k>2 k>2  jEJu_q

< 2N A <32 Y 1Al

jeSs JESu

Su Su
3% [T 1A <3y /2 1Ag . . (45)
JESu

In the above derivation, we have used the construction of J; and the cone condition

IN

(43). Hence,
In "X Alle > 5] Ag,. I,

with kK = 4/ gb%i”n(su +1) — 3, /%\/gbg&((t). In view of Lemma 6.5, taking ¢ = ¢;s,, for

some sufficiently large constant c¢;, with high probability, x can be lower bounded by

a positive constant xq only depending on M. Combining with (42), we have

C\/5upu
85, < L (16)
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By (44)-(45), we have
Su —-1/2
I8l < 30 180l < 302105l <362 Ag e (4D
k>2
Summing (46) and (47), we have ||A|lp < C/5,p. According to Lemma 6.6, we may
choose py > Yu1/ TH%” so that (40) holds with high probability. Hence,

Su(r 4+ logp
HN@SC-J—;—J, (48)

with high probability. This completes the second step.

Step 3. By Wedin’s sin-theta theorem [29], we have

C|U —U*|r

P — Pyl = | P5 — Py .
1Py = Polle = 15 = Porle < — 25—

F <

Since U € RP*", g,,1(U) = 0. We lower bound o,.(U*) by
o (U*) = C7' N\ omin(V'E, VO,

Since ||[U — U*||p is upper bounded by (48), we have

V/SupPu
Pr— Pyl <C
H U U”F = Aramin(vlzyv(o))’

with high probability. A similar argument gives

vV SvPu
Ps—Pylp<C .
175 = Fvlle < A Orin (U S, U )

Hence, the proof is complete. O]

6.3 Proof of Theorem 3.3
To facilitate the proof, we need the following result.

Lemma 6.7 (Stewart and Sun [23], Theorem I1.4.11). For any matrices F,G with
F'F =G'G = 1I,, we have

inf ||F = GWllp < |FF - GG'|lr.
weO(r,r)
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Proof of Theorem 3.3. 1t is sufficient to lower bound amin(V’EyV(O)) and o, (U'S,U©)
by constants. Let V have singular value decomposition V' = RD(Q’. By Lemma 6.7

and Theorem 3.1, there exists a matrix W € O(r,r), such that

u ’Ul
VO = RW |l < IV = B[l < 0\/ ALY (49)
n T
with high probability. By Weyl’s inequality,
Onin(V'E,VO) > 00 (VIS,RW) — [[V'E, (VO — RW)||op. (50)

Combining (49), (50) and the assumption (22), it is sufficient to lower bound oy, (V'E, RW)
by a constant. Note that V'S, RW = V'S, VQD'W = QD 'W, and thus we have

Tmnin(V'EyRW) = 00in(QD™'W) = 0yin(D ™) = [|V]| o) = M2,

Applying the same argument for o, (U'S,U®), the proof is complete. O

6.4 Proof of Theorem 3.4

The proof largely follows the proof of Theorem 3 in [11], though [11] considered a
different loss function from the current paper. Nonetheless, we spell out the details
below for the sake of completeness.

For any probability measures P, Q, define the Kullback-Leibler divergence by D(P||Q) =
i <log 2%) dP. The following result is Lemma 7 in [11]. It gives explicit formula for
the Kullback-Leibler divergence between distributions generated by a special kind of
covariance matrices.

. Iy )‘U(i)v(;) .
Lemma 6.8. For i = 1,2, let X = with A € (0,1), Uy €
Wi lly I

O(p,r) and Vi) € O(m, 7). Let Py denote the distribution of a random i.i.d. sample
of size n from the Npyn (0, X)) distribution. Then

ni\2

D(P)||P)) = =N

”U(I)V(/n - U@)Wz)”%-
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The main tool for our proof is Fano’s lemma. The following version is adapted from

(32, Lemma 3].

Proposition 6.1. Let (0,p) be a metric space and {Py : 6 € O} a collection of
probability measures. For any totally bounded T C O, denote by M(T,p,¢€) the e-
packing number of T with respect to p, i.e., the mazimal number of points in T whose
pairwise minimum distance in p is at least €. Define the Kullback-Leibler diameter of
T by

d(T) 2 sup D(By|[Fy). (51)

Then

inf sup Py (p2 (é(X),@) > (52)

0 6co

log M(T', p,€)
Proof of Theorem 8.4. Due to the symmetry of the problem, we consider the loss || Py —
Py||%. The lower bound for the loss ||[Py — Py||§ has the same proof. The proof has

three steps. In the first step, we derive the part 3% in the lower bound. In the second

step, we derive the other part %. Finally, we combine the two results in the third

step.

Step 1. Let Uy = | | € O(p, r) and Vp = "l e O(m,r). For some ¢y € (0,+/7]
0 0

to be specified later, let

B(eo) = {U € O(p,7) : supp(U) C [su], IU = Uollr < €0} -

and
I, AUVY
To=<KX= : U € B(e)
DV VY VA
It is straightforward to verify that Ty C F. By Lemma 6.8,
nA?

dKL(TO) = Sup HU(I)VOI - U(2)V0/H%

U(iy€B(eo) 2(1 - A%)
n\? 2n\%e3

Uny — U ||% = .
U = Uplle T

= sup ——
U(iy€B(eo) 2(1 - /\%)
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Here, the second equality is due to the definition of Vj and the third due to the definition
of B(ey). We now establish a lower bound for the packing number of 7. For some
a € (0,1) to be specified later, let {(7(1), o [7(1\;)} C O(p,r) be a maximal set such

that supp(U;) C [su], and for any i # j € [N],
||(7(z')(7(’¢) — UoUpllr < eo, 1T U(z J)||F > V206 (54)
Then by [8, Lemma 1], for some absolute constant C' > 1,

7(8u—T)
1
N > .
(Ca>

It is easy to see that the loss function || Py, — Py, |% on the subset Ty equals | Uy U (’Z.) —
U(j)U(’j)H%. Thus, for € = v/2aeq with sufficiently small a, log M(Ty, p,€) > r(s,

r)log & > %rsu log ~ o Taking € = c1.5% for sufficiently small ¢;, we have

2 2C17TSy +10g2
inf sup P (||Pﬁ — Py|% > %0) >1— E—Vﬁ (55)
U PeP rsy10g &

Since A, is bounded away from 1, we may choose sufficiently small ¢y and «, so that

the right hand side of (55) can be lower bounded by 0.9. This completes the first step.

Step 2. The part 2 logp can be obtained from the rank-one argument spelled out in

[9]. To be rigorous, consider the following subset of parameter space:

I AUV I,y O
T1 - {Z = P ° . !
AWo' I, 0 wu,

u, € RF"H u, || = 1, |supp(u,)| < 8y — 7 + 1}.
Restricting on the set T, the loss function is
”PU(Z) PU(]) ||F ||u7" (@) u/,(i) - uT,(j)u;',(j)HI%"

Let X = [X; Xo] with X; € R™0=D and X, € R™@P+) and Y = [Y] Y3] with

Y; € R0=1 and Y, € R™(m=+D_ Then it is further equivalent to estimating u;
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under projection loss based on the observation (Xs, Y3), because (X3, Y3) is a sufficient

statistic for u,. Applying the argument in [9, Appendix G] and choosing the appropriate

constant, we have

Sy logp
nA2

inf sup P (HPﬁ —Pyllp>C
U Pep

A\ Co) > 09,

for some constant C' > 0. This completes the second step.

Step 3. For any P € P, by union bound, we have

P(|P; — Pyl > 6§ Ve)
> 1-P(|P; — Polli <€) =P (P — Pl <€)
= PP - Pl >6)+P(|1Ps — Pully > ) — 1.

T8y
ni2

Taking suppcp on both sides of the inequality, and letting €7 = C

€5 = (2™ 382 A ¢o in (56), we have

supP (| P7 — Pyllf > €] Ves) >0.940.9—1=0.8.
PeP

Thus, the proof is complete.

7 Proofs of Technical Lemmas

(56)

in (55) and

In this section, we give proofs of the lemmas listed in Section 6. We first present an

auxiliary result.

Lemma 7.1. Assume (s, + s, + log(ep/s.) + log(em/s,)) < Cy for some constant

c¢> 0. Then, for any C' > 0, there exists C > 0 only depending on C' such that

_ _ 1
U'S.U = Ilop V [T, D)2 = 1|0y < C\/— (su +log —ep),
n S

u

—~ ~ 1
V'SV = Ilop V [[(V'EV)2 = Il < C\/ n (S“HC’ge_
n

v

m
)
S

with probability at least 1 — exp(—C"(s, + log(ep/s.))) — exp(C'(s, + log(em/s,))).
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Proof. Using the definition of operator norm and the sparsity of U, we have

||U,ExU - Ir“op = ||U/(de - ZCC)UHOP

= sup (UU>,(§$ - Em)(U/U) S ||U||§p||§$susu - Z%SuSuHOP?

[lo]|=1

where [[U]|2, < |22 212122012, < M and [|S.s,5, — Zesus, [lop is bounded by the
desired rate with high probability according to Lemma 13 in [11]. Notice Lemma 13
in [11] was stated in the Gaussian case, but its proof also works for the sub-Gaussian
case. Lemma 16 in [11] implies ||(U'S,U)Y2 — I|op < C\U'S,U — I||op, and thus
1(U'S,U)Y2 — I||op also shares same upper bound. The upper bound for HV’iyV -
lop V [[(V'E,V)Y2 — I||p can be derived by the same argument. Hence, the proof is

complete. n

Proof of Lemma 6.3. Denote F' = [f1,..., f], G = [g1,...,9;] and ¢; = fiEb;. By
|E|lop < 1, we have |c;| < 1. The left hand side of (25) is

(FKG',FG' — E) = (K.I - F'EG) = > ky(1—c) > min ky da-a).

=1 =1

The right hand side of (25) is

mini <<, ky

5 IIFG' = Ell
-
- %(HFG‘/H% +[|ElIF - 2Tr(F’EG)>
min; <<, ky r
< SRS (TP FGG) + Bl L~ 2 ;)

J=1
.

< mi —¢)).
< mnin ky 2(1 )
J:

This completes the proof. n
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Proof of Lemma 6.1. According to the definition (24), we have

U =Tllop < Ul TS0 = Lo | (U'EU) 2o,

IV =Vllep < IVIapll(V'EV)2 = Top(VE, V) lop,

1A= Allop < NUE0)Y2 = Ilop[AV'EV) 2o
HIAlop | (V/E, V)2 = Tlop,

1A= Alloy < NUllop IV = Vlop + [VllopllT = Tlop-

Applying Lemma 7.1, the proof is complete. O

Proof of Lemma 6.2. By the definition of U, we have U's,U = I, and thus SY2U €
O(p,r). Similarly 5/*V € O(m,r). Thus,

12 A8 lop < 1S220 |5/ 2V lop < 1. (57)
Now let us use the notation ) = Sy 2;@;/ ®. Then, by the definition of Z’ we have
QQ =S V(V'E,V) V'S and

THQ'Q) = TH(V'S, V) L(V'E,V)) =r. (58)

Combining (57) and (58), it is easy to see that all eigenvalues of Q'Q are 1. Thus, we

have ||Q]|« = 7 and ||@Q]|op = 1. The proof is complete. O

Proof of Lemma 6.4. Using triangle inequality, Hixy - ixyHoo can be upper bounded

by the following sum,

122y = Zaylloo + I(Ze = S)UAV'E, |l

+||ExUAV/(§y - Ey)”oo + ||(Ex - Ex)UAV/(Ey - Ey)Hoo'

The first term can be bounded by the desired rate by union bound and Bernstein’s

inequality [25, Prop. 5.16]. For the second term, it can be written as

j7k n

1 n
max |~ Y (X[ X[UAV'S, ], — EX;[X[UAV'S, )|,
=1
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where X;; is the j-th element of X; and the notation [-], means the k-th element of
the referred vector. Thus, it is a maximum over average of centered sub-exponential
random variables. Then, by Bernstein’s inequality and union bound, it is also bounded
by the desired rate. Similarly, we can bound the third term. For the last term, it can be
bounded by >, IS, )ulvl(E — %) |0, Where for each [, ||(§]x - Ex)ulvf(fly —
2y)||eo can be written as

1< 1<
(5 > (X Xju — Exijxgul)> (ﬁ S (VYo — E}gkyi/w)> | .

i=1 i=1

max
j7k

It can be bounded by the rate w with the desired probability using union bound
and Bernstein’s inequality. Hence, the last term can be bounded by %‘Mm) Under
the assumption that r4/ w is bounded by a constant, it can further be bounded
by the rate M with high probability. Combining the bounds of the four terms,

the proof is complete. O

Proof of Lemma 6.6. By the definition of U*, we have nyV(O) = 3,U*. Thus,

max ||[Z4,V® = £,U7]; | < max [[[(Bay — £ay) VO3 || + max [[[(E — 22)U"; |l

1<j<p 1<j<p 1<j<p

Let us first bound max;<;<, (S, — ¥;)U*];.||. Note that the sample covariance can

be written as
. 1 &
S, =32 =N " z7 | nl/?
where {Z;}7, are i.i.d. sub-Gaussian vectors with |[Z;|[,, = 1. Let T be the j-th row

of 1Y/ 2, and then we have

~ 1 &
(e = B)U");. = — Y (T} z:Z5)*U" - Tj52U™).

i=1

For each i and j, define vector

W-(j) _ TJ/Zl
(U*ysY?2z,
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Since T7Z; 752U is a submatrix of W (WP we have

~ . 1 <& . , . .
(S = SUl[ < 1= D WP WY = EW (W) op,

=1

Hence, for any t > 0, we have

P{ s 1S~ 201> ¢}
ZP{H—Z Dy — EW”<W“>>||op>t}

t t?
< exp <C r—C nmin{ — A }) : (59)
Z 7= Cnmin g s RO,

where WU = ]EW;j )(Wi(j ))’ , and we have used concentration inequality for sample

IA

covariance [25, Thm. 5.39]. Since [|[W@W||,, < Cs for some constant C3 only depending
on M, (59) can be bounded by

exp (C’{(T +logp) — Cyn(t A t2)>.

Take t? = 04% for some sufficiently large Cy, and under the assumption (23),
max;<;<, |[[(Se — S)U,|| < C "HOEP with probability at least 1 — exp(—C'(r +
log p)). Similar arguments lead to the bound of max;<;<, ||[(E$y — %, )VO), ||, Let us

sketch the proof. Note that we may write

n

=~ 1
[(Zay — Say) VO = - > (T2 VO — B(T}ZY; V).

=1

Then, define

and we have

a 1 () r70) v ()¢ 770) v
gg%\\[@xy—zxy)v ]Hﬂ{lﬁ;!lgzl(ﬂi (H;”) —EH;" (H;")")|op-

7"+logp

Using the same argument, we can bound this term by C with probability at

least 1 — exp(—C’(r + logp)). Thus, the proof is complete. ]
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