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ABSTRACT. Let (X1,Y1),...,(Xn,Y,) be iid. random variables, where Y; € {0,1}
and X; € R?. This paper studies estimation of the conditional probability n(z) =
P{Y =1|X = z}. We consider a sequence of models F1,Fa,..., and try to balance
the approximation error and estimation error. The aim of this paper is to present a
simple proof with sharp constants. We emphasize that the typical application is that
the classes considered are VC-graph classes.

1. INTRODUCTION

The aim of pattern recognition is to classify future observations Y € {0,1} on
the basis of observed features X € IR? with as small a misclassification error as
possible. There are instances, such as for medical diagnostics, that one is also in
the degree of certainty of the prediction, as measured by the conditional probability
n(z) = IP[Y = 1|X = z|. For a thorough introduction in this field we refer to the book
by Devroye, Gyorfy and Lugosi (1996).

In this note, we focus on the least squares estimator 7 of n that, given an i.i.d. sample

(X1, Y1), ..., (Xn, Yn) of R? x {0, 1}-valued observations, minimizes the empirical sums
of squares
1 n
(L) Salf) = — D (Y= £(X))
i=1

over classifiers f that belong to prescribed class of (nonparametric) functions F. This
approach is certainly not new. Both consistency and rates of convergence have been
established in quite some generality when the truth n € F. For example, consistency
and rates of convergence of least squares estimates under suitable metric entropy con-
ditions on the collection of classifiers F are given in Van de Geer (1987,1990), and Van
de Geer and Wegkamp (1996).

Less is known about the behavior of the estimator when the truth does not belong
to the prescribed collection of classifiers. Only consistency of 7 for the minimizer of
the 5( )- norm 77 = argmin £ f —7n has been established by Lugosi and eger
(199 ), again under suitable metric entropy conditions on the collection of classifiers
F. To establish tools for model selection, we need results on the rate of convergence
of 7 when the true conditional probability n does not belong to F.
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In this paper, we are interested in developing tools for model selection. This requires
a better understanding, beyond consistency, of the mean squared error of the minimizer
7 when the truth n € F. For this, we will first derive bounds on the estimation error

(1.) I [(7(X) = n(X))*] - inf. T {(F(X) - n(X))?]

without making explicit assumptions on the (empirical) approximation error

(1.) inf 1 [(f(X) = n(X))7]-

With this strategy, avoids us to impose assumptions on the true underlying regression
function.

In present context, we view the approximation error as a given resulting from the
particular choice for the collection F of classifier. To control the approximation er-
ror, one often considers a sequence of models 7 , =1, ,..., usually of increasing
complexity. Typically, the approximation error decreases with the size of 7 whereas
the estimation error increases. odel selection is an attempt to balance these two
quantities. stimators that balance estimation and approximation error within a mul-
tiplicative constant are said to be rate adaptive.

ection is devoted to deriving the needed oracle inequality. Our strategy is to
first establish the inequality assuming a fixed design for the covariates, or equivalently,
conditional on the observed covariates. link between the observed (empirical) error
to the empirical error of a new sample given in the ppendix is the tool for the oracle
inequality to the random design.

In ection , we consider the problem of model selection. nder mild conditions on
the complexity of F , as measured by the metric entropy, we show that by suitably
penalizing the ob ective function (1.1), we produce rate adaptive estimators. In addi-
tion to this asymptotic result, we show that the involved constants are relatively small,
making this approach feasible in practice.

Our results on model selection di ers from others [cf. Barron, Birge and assart
(199 ) and Baraud (1997)] in that we neither assume that for each sample size, there
is only a finite number of candidate models 7 , =1,..., ,, nor require that the
class of models F to have special structures, such as being a linear subspace. s
a result, our results are suited to be applied to sieves of single hidden layer neural
networks

F = () = Zz(z i) (i ) €R?? and izizl’

is a sigmoid. This sieve has the important property of approximating arbitrary n
uniformly over compact sets, see ybenko (1989), ornik, tinchcombe, and White
(1989), and Funahashi (1989).



The last section contains an useful maximal inequality linking the empirical 5 norms
based on two independent samples, uniformly over classes of uniformly bounded func-
tions.

Finally, we stress that the aim of this paper is to present simple proof for obtaining
small explicit constants for model selection. For this reason, we do restrict our attention
to this simple yet important classification setting.  xtensions to general regression
models, say with Gaussian noise, is fairly straightforward.

R I IN RI

Let (X,Y) be a pair of random variables taking values in R? x {0, 1}. Its distribution
is completely specified by the pair ( ,7n) where is the distribution of X in IRY, i.e.,

()=P{X e } for all Borel sets R%,

and where 7 is the regression of Y on X, i.e.,

nz)=1 (Y| X=2)=PY =1|X =1), for all z € R,

Let (X1,Y1),...,(X,,Y,) be independent observations with the same distribution
as the pair (X,Y). Define , the probability measure that puts mass 1 n at each
covariate X; and define the squared empirical 5 semi-norm to be

FL=23 P = P @),

In this section, we obtain the statistical properties of the least squares estimators 7.
To avoid discussions on its existence, we will consider estimators 7) that essentially
minimize the empirical sums of squares over a prescribed class of classifiers F, that is,
of estimators that are implicitly defined through

1 < one TS 2
— Y, — (X - = Y, — f(X; forall feF.
DILERCIE I MRS

We need to constrain the collection of classifiers to ensure that the estimator 7 has a
limite in probability as the sample size increases. ere, we shall assume the collection

FtobeaV -graph class (see e.g. Van der Vaart Wellner (1996)). For such collection

of classifiers, we can employ blunt approximations techniques in deriving the desired

inequalities.  ore refined techniques are needed in general. For example, we give a

more delicate approach needed for finite dimensional function spaces at the end of this

section and refer to Van de Geer (1990) or Wegkamp (1999) for inequalities of the
supremum of subgaussian processes that are needed for obolev balls.

To state our first theorem, we introduce some additional notation. Given 0,
let F( ) be a (strict) -covering of F in 1( ,), that is, the smallest subset of F
for which there exists, for every function f € F, a function € F( ) that satisfies



nt T If- )X . The cardinality ( , 1( »),F) =
empirical covering number. Finally, define

F( ) is called the

F(1 n)

1
the expected covering number.
T neF 0
_ exp —*
P n-ni -7-7; "7 —.

— exXp -1

R 1n
f

Fixn € F and set , = 1 —1n ,. The maximizing property of n implies that

for any 0,
=P n-n2 (1 )7-n2
P s S-S —
h n
P - maXx . Sn(ﬁ) - Sn(f) _ﬁ
= 1P F max 1 —Z (f=mX) = f—-n

since

The last equality follows from the identity

n

Sulf)=Sal )==>_ i =NHX) n—fr- n-

n
=1

where ; =Y; — n(X;). Peeling the set of functions

FeFC) femi o0 )2

into a countable union of dis oint shells



1
n

= feF(>) f=na-1 )a (1,
and applying the union bound yields

Z]P maxEZi(f_ﬁ)(Xi)_[f_nz_ ﬁ—ni] n

n

Z]P manZi(f_ﬁ)(Xi) i_ﬁ ;

1=

since on the set

fop2_ 2 2 2
oe ding s inequality conditionally given X3, ..., X,,, and by observing that the range
of the random variables ;(f —7)(X;) is |(f —7)(X5)|, yield

n 2 2
ZI max exp ——-——————"
—1 f_nn
ince on the set
f-n2 (f=-n2% 7T—n3)
(.1) ( 1 )T—1n 1
1
() = — (- i,

and invoking the algebraic inequality

(@ )

xz

forallz 0, €R

we conclude that

| 3
‘»—‘31\3

|

3|

Z I exp —
=1
ZII exp — . -

exp —*

| S
[
[\
[
—_

n n I
l—exp —7+

by taking and the result follows. O

The bound on the tail probabilities readily implies a bound for the expected value.



6 8log(9 ,
Lop-n? gl foyz O 280
F n n
: 6 8log(9 »)
= — inf —n)? - —=
inf - (f =) o "
By Theorem .1 the tail probabilities
P n—-n?2 —inf f—n? exp() exp n
" " 1—exp(—9 8) " 8
for n 6. tandard bounding yields the result, where we used exp(7 ) (1 —
exp(—9 8)) O. O

By suitably modifying inequality ( . ) in Theorem .1, we obtain bounds for the tail
probability for any 0.

C neF 0 0

n
exp —971

P n-n, (1 )i-n; T
l—exp —3

1

Proceed as in the proof of Theorem .1 and substitute Inequality . by

f=mns (f=nn T-n3)
(1  J)a-n;
1 2
— 2
to bound
n 2
21 e S g iy
=1
The result follows easily. O
In general it is not possible to take = 0in orollary . except when F is convex.
T F n=argmin £ f—1n,
0
_ exp —™
P n—n, m—1n P

"l—exp -2



et = 0 and proceed as in the proof of Theorem .1 to get

with

= feFC)  feni ()

For 7 =argmin r f—n ,, convexity of F entails that

sup f_ﬁi ( 1)a

and hence
n 2
ZI { }exp ————2—
=1
ZI { }exp ERLO
n
=1
= Y I{ )} Cep —— |
=1
and the result follows easily. O

We remark that the above results are valid for fixed covariates X; as well. owever,

if the covariates X; are random variables with common distribution , the squared

o( ) distance n—n 2= (n—mn)?> is another interesting loss function. Theorem

.1 below provides the probabilistic tool for deriving bounds on the integrated mean

squared error of 7, and we believe that this result will prove to be useful in many more
situations.

C . 0,0 1, 1 = (-1)
2 n _(1 - )7, 2 2
I n—n | , o( 2n), F exp —n : I n—n,.

Let X,, 1,...,X5, beii.d. -distributed random variables, independent of the
training data (X1, Y1),..., (X, Yy). Let , the empirical measure based on X, 1,..., Xo,.
By the above mentioned independence and the fact that 0 f land 0 n 1

Y

I n-n*=1 n-n% P{,} I n-n71,
where the set ,, is defined by



n = Sup f—77 —f—77 n
f

The bound for IP{ ,} follows from Theorem .1 below. onclude the proof by
noticing that on the set

f-n? (f-n 2’ f-n? 2,

for all | 1 such that 1 1 =1 and uniformly in f, so in particular for . This
concludes the proof. O
R The rather naive approximation argument

in the proof of Theorem .1 will result in suboptimal rates in case of finite dimensional
sieves. We refer for those applications to the work of Baraud (1997). We believe that
the strength of this paper is the extension to non-linear spaces, in particular V -graph
classes, including neural networks. It is for this reason that we merely explain how
to adapt the proof of Theorem .1 to cover linear spaces as well. It should be noted,
however, that we are simply finding the optimal 1 n rate, and are not interested in the
optimal constants. entral in our argument is the following basic result.

L L5 d 2( )

ee Van de Geer (1996). O

Rather than stating a theorem, we will discuss informally a di erent technique which
avoids the log(n) in the rate of convergence. For this purpose, we start by observing
that a closer inspection of the proof of Theorem .1 reveals that we need to bound the
probabilities

=P oo Y- S D)

where

= ferF f=n2-0 )2 ( 1

. . d 1 .
uppose now that we consider functions f = - . Then we can write



d
f—nzz , with 4 =-1, and 4 =n.

=1
oreover, the squared radius of the set  is bounded by

‘=swp (f-n)? . (1 )n (1)

ext, we employ a well known chaining argument, see for instance Van de Geer (1990).
Define the process

n

(=23 = n)X),

and = , F = {n}, and let F be a minimal -covering of {n} in
2( n). Then by continuity of the sample paths of (f) with respect to the o ,)
norm, we may write

H=D1 )= (f 1,

where f = f (f) € F suchthat f—f , . omsequently, f —f 1 »

et
a ! where :Z a

First, notice that

where



for 1. We bound the second probability as follows

.= P sw () 2

9 n 2( 2)2
I F exp —————— "
22 577 ]
2d 2 22
n > ( n)
SY o ey M
=1 =1
2 22
2d n *( )
Sy M -
n 1
3D exp( log(l Nexp ——5(= =)
=1 =1
exp ( 10) n . 2
z::l Tp(—l) X exp — 1 5 pI‘OVlde n 96
Zexp - provided 100 %—
— 88 2 n
n
1—exp(— ) P 88 2

It is seen that the rate of convergence is ( n). In the above, we favored simplicity
of exposition over obtaining small constants because this setting has received much
attention. We refer to the technical paper of Baraud (1997) who obtained reasonable
constants.

OD CTION

Let F | = 1, ... be a collection of submodels of increasing complexity. Let
F n» F Dbethel n-covering set of F with respect to the empirical ;( ,) norm
and denote  ,=1 F ,=1 (1 n, (,),F )

inimizing the sum of squares S,, over the union of classes ~ _; F tends to overfit,
because generally its entropy number explodes. Ideas of structural risk minimization
originated by Vapnik hervonenkis [Vapnik hervonenkis (197 ) and Vapnik
(198 )] are used to overcome this problem.

Let n be the minimizer of S,(f) n ! over f € F , and define for each  the
penalty

n( )= ﬁ(log n )-

and select  minimizing



Su(n ) w( )

In other words, n =7 minimizes

Sa(f) = () over feF and =1, ,....

n

The application we have in mind is that F form a sequence of V -graph classes
of increasing V dimension . In such a case, there exist constants , 0
such that n n , since the minimal -covering number in ( ) ofa V -
graph class with V' -dimension  is bounded by (16 ) I for some numerical
constant 0, and any probability measure [cf. Van der Vaart ~ Wellner (1996)].
The penalty becomes now

n( )=5( logn log ),

where one typically takes =

ow we are in position to present the main result of this section stating that the
penalized least squares estimator 7 finds a near optimal balance between the approxi-
mation error and the model complexity.

T

= ew(~ )

exp —*

P n-n? —inf inf f-n?2 ., .
n—n, -—in Hjlrfnn () [—exp —

The ideas of the proof are quite similar to the ones used in the proof of Theorem
1.
Let — be arbitrary, and let 77 be an arbitrary element in the class F—, define ,(7) =
7—n 2 and the sets by

= fe€F » f=nia—01 ) ) 1
By definition of the pair ( ,n),

onsequently, for all 0



P on-ny @ ) 2) ()

ZIP F mlax _ _ Sn(M  w(7) = Sulf) = w( ) T

B I I I e O

- i=1
by definition of S,, and of the set

n [20) W) W)
221w 20 )
by oe dings inequality

Y aew U ) ()

noa( ) y exp —%
1—exp —7-

:Z nexp (.7 ) xexp —

exp —*

by the definition of ,( ),

= e 7)) X
xp (.7 ) [—exp —

and the result follows. O

This result implies

C

. i 6 8log(9 )
I n—n2 —inf f I -2 - —
n=nn  —infoinf T fon () - o
We would like to emphasize that the constant in the penalty term can be taken

arbitrarily close to , at the cost of increasing the constant 8 in the exponent of the
tail bound. This is easily seen from the proof of the preceding theorem.

The penalty term penalizes large models and prevents overfitting. This idea of
optimizing a criterion function with a penalty term added has been used by many
authors, like Rissanen (198 ), kaike (197 ), Barron (1991), Barron over (1991),
Birge assart (1997), Barron, Birge assart (199 ) and Baraud (1997).

We will now study the behaviour of our estimator n on an independent data set.
Let 1,..., , ben independent random variables drawn from the measure , inde-
pendent of the training data (X1,Y1),...,(X,,Y,). Let ,, be the expected cardi-
nality of an 1 n-covering net of 7 with respect to the empirical 5 metric, based on
Xi,...,X,, 1,---, n. Define the penalty now by



() gmaxton w ) los( )

n
We have the following result
C 0 n 1 n 100 n? 0
1 10
Pop2 =) =il fon i ()
o
exp 8 1—exp —4-
By similar arguments and the same notation as Theorem .1 we see that for all
0,
1 n
PN - ) (@ ) W)
1=1
ZIP 5o ma};1 N Sn (M) — Su(f) n( ) — n(_)_;
yYor ;o max o, Su(M = Su(f)  wl )= (7)==
SR s 0= D0 )
=1 =1
=St
Take 2= £ ,( ) and set
= fEF  f-wi 0 O WO —ta0) =
where
1
= feF f=nia-=@0 ) ) -.C) 1

We obtain for the first probability



noa( ) DL i
exp — :
n OXP 8 1 —exp —4*
Let =1-1 . Because for 1 ,( ) (n )? or ( n)?, the expected

2 n( ), 2( 22),F ), we can bound the second

covering number  ,, I (5
term using Theorem .1 by

1— 2
on XD ! )nn( ) Xexp —

n n
= 5, exp — 3 X exp ——

ombination of the two bounds concludes the proof.

Integration yields that for n su ciently large

1 1 1
Dit g font L) o HEL)

ere we used the independence between ,..., , and the training data.

C NIC R UT

The following result relates the empirical norms from two independent samples and
are used in proving orollary . and orollary



T F X, , Xop

n
1~
foo= 2 )
i=1
1 2n
f = E Z fQ(Xz)
i=n 1
0
P B : (=)
(1) sup (f f) [ (F, 2( 20),  )lexp 51
]:'
Let 1,..., n be n independent random variables with IP[ ; = 1] = IP[ ; =
0]=1 ,independent of the observations X7, ..., Xs,. The pairs of random variables
1~ I,
n(f), wu(f) = EZf (Xi w), ﬁZf (Xi 1 )
i=1 i=1
have the same oint distribution as the random variables ( f , f ), and hence
P Sup( f - f ) =IP sup n(f)_ n(f)
F F
The triangle inequality and the inequality = — — T , for z, 0, entails

-1
EZ(]“_ )Q(Xz n) ( _.f)z(Xz 1 n) n( )_ n( )
i=1
= 2n(f_ )2 n()_ n()
where o, is the empirical distribution of Xy,...,X5,. Let F be a -covering net

of Fin o( 25), so that



P sup L(f)— w(f) P max  ,(f)— «a(f) -

F F
2 _ 2
Cp o = ()
Fooaf) al)
n L 20%.) _ 2 .
b (= DU — (X )
F n( o(f)  «(f))
The union bound followed by an application of oe dings inequality (conditionally on
Xi,..., Xy, further bounds P sup ( f — f ) by
n?(W(f) W)’ 2
I |F|maxexp - - —
7 Ime CPE) - P )

L F Jep =)

on account of
n2( n(f) n(f))2 1

LX) - P )
This completes the proof. O
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