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Description Length Foundations

Shannon, Kraft, McMillan
Characterization of uniquely decodeable codelengths

L(x), x ∈ X ,
∑

x

2−L(x) ≤ 1

L(x) = log 1/q(x) q(x) = 2−L(x)

Operational meaning of probability:

A distribution is given by a choice of code
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Universal Codes

MODELS
Family of coding strategies⇔ Family of prob. distributions
Indexed by parameters:{

Lθ(x) : θ ∈ Θ
}
⇔
{

pθ(x) : θ ∈ Θ
}

Universal codes⇔ Universal probabilities q(x)

L(x) = log 1/q(x)

Redundancy:
[

log 1/q(x)− log 1/pθ(x)
]

Want it small either uniformly in x , θ
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Minimum Description Length (MDL) Principle

Universal coding brought into statistical play

Minimum Description Length Principle:

The shortest code for data gives the best statistical model
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MDL: Mixture Versions

Codelength based on a Bayes mixture

L(x) = log
1

q(x)

where

q(x) =

∫
p(x |θ)w(θ)dθ or

∑
θ

p(x |θ)w(θ)

minimax optimal expected regret with least favorable w
(capacity achieving)
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MDL: Mixture Versions

Codelength based on a Bayes mixture

q(x) =
∑
θ

p(x |θ)w(θ)

Corresponding statistical estimator is the predictive distrib

q(x ′|x) =

∑
p(x ′|θ)p(x |θ)w(θ)dθ∑

p(x |θ)w(θ)dθ

Predictive distributions for xi+1 given x1, x2, . . . xi permit
arithmetic code implementations
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NML

Codelength via normalized maximum likelihood (NML)

NML(x) =
maxθp(x |θ)

CShtarkov

minimax optimal for pointwise regret

It has the same codelength approximation as Bayes with
asymp. least favorable prior (Takeuchi & B. 1998, B.,Rissanen,Yu 1998)

NML is exactly Bayes in finite samples (B., Roos, Watanabe 2014)
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NML

Codelength via normalized maximum likelihood (NML)

NML(x) =
maxθp(x |θ)

CShtarkov

minimax optimal for pointwise regret

It has the same codelength approximation as Bayes with
asymp. least favorable prior (Takeuchi & B. 1998, B.,Rissanen,Yu 1998)

NML is exactly Bayes (B., Roos, Watanabe 2014)

NML(x) =
∑
θ

p(x |θ)w(θ)

though some weights may be negative.
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NML

Codelength via normalized maximum likelihood (NML)

NML(x) =
maxθp(x |θ)

CShtarkov

minimax optimal for pointwise regret

It has the same codelength approximation as Bayes with
asymp. least favorable prior (Takeuchi & B. 1998, B.,Rissanen,Yu 1998)

NML is exactly Bayes (B., Roos, Watanabe 2014)

NML(x) =
∑
θ

p(x |θ)w(θ)

Yields computation of marginals & predictive distrib
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NML

Codelength via normalized maximum likelihood (NML)

NML(x) =
maxθp(x |θ)

CShtarkov

minimax optimal for pointwise regret

It has the same codelength approximation as Bayes with
asymp. least favorable prior (Takeuchi & B. 1998, B.,Rissanen,Yu 1998)

NML is exactly Bayes (B., Roos, Watanabe 2014)

NML(x) =
∑
θ

p(x |θ)w(θ)

Computation time and number of support points depends
on the size of the space of sufficient statistics
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The finite alphabet case

Independent sampling from a finite alphabet distribution

p(X1,X2, . . . ,Xn|θ) = θN1
1 · θ

N2
2 · · · θ

Nm
m

Multinomial counts (subject to N1 + . . .+ Nm = n)

p(N1, . . . ,Nm|θ) =

(
n

N1N2 . . .Nm

)
θN1

1 · θ
N2
2 · · · θ

Nm
m

Count sufficiency (condit distrib of strings given counts)

p(X1,X2, . . . ,Xn|N1, . . . ,Nm) =

(
n

N1N2 . . .Nm

)−1

Role for indep Nj ∼ Poisson(λj). With λj proportional to θj
it yields a multinomial conditional distribution of N1, . . . ,Nm
given total

∑
j Nj = n.
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Maximized Likelihood

Each of the following is to be normalized if possible:
NML for independent sampling from finite alphabet

max
θ

p(X1,X2, . . . ,Xn|θ) = NN1
1 · N

N2
2 · · ·N

Nm
m /nn

NML for multinomial counts (subject to N1 + . . .+ Nm = n)

max
θ

p(N1, . . . ,Nm|θ) =

(
n

N1N2 . . .Nm

)
NN1

1 ·N
N2
2 · · ·N

Nm
m /nn

expressible as a product of Stirling ratios S(k) = kke−k/k !

=
1

S(n)
S(N1)·S(N2) · · ·S(Nm) ∗

NML for a Poisson observation k , with P(k |λ) = λke−λ/k !

max
λ

P(k |λ) = kke−k/k ! = S(k)
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Stirling Ratio

Not-normalizable Stirling Ratio:

S(k) = kke−k/k ! for k = 0,1,2, . . .

For large k , near 1/
√

2πk , not summable.
Normalizable modifications (tilting, truncation, or both)

Pa(k) = S(k)e−ak/Ca for k = 0,1,2, . . . , with a > 0

P0,n(k) = S(k)/C0,n for k = 0,1, . . . ,n

Pa,n(k) = S(k)e−ak/Ca,n for k = 0,1, . . . ,n, with a ≥ 0

Theorem: Let N1,N2, . . . ,Nm be indep according to P, any
modified Stirling Ratio distribution. Then the conditional
distribution of N1,N2, . . . ,Nm given N1 + . . .+ Nm = n is
equal to the NML distribution for the multinomial family.
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NML conditional calculation

Conditionals required for arithmetic coding using NML:

P(Nj+1 = k |N1, . . . ,Nj ,N1 + . . .+ Nm = n)

NML arithmetic coding regarded as problematic from
perceived difficulty in computing these conditional.
Corollary: These NML conditionals are given by

P(k)Pm−j−1(n − N1 − . . .− Nj − k)

Pm−j(n − N1 − . . .− Nj)

where P is any of the modified Stirling ratio distributions
and Pm′ is its m′ fold convolution given iteratively in m′ by

Pm′(n′) =
n′∑

k ′=0

P(k)Pm′−1(n′ − k).

for m′ = 1, . . . ,m and n′ = 0,1, . . .n.
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NML individual count distribution

Specialization to distribution of individual counts given the
sum.

P(N1 = k |N1 + . . .+ Nm = n)

is given exactly by

P(k)Pm−1(n − k)

Pm(n)

for k = 0,1, . . .n, where P = Pa is any of the modified
Stirling ratio distributions and Pm is its m fold convolution.
Valid for any titling parameter a ≥ 0.
Best tilting parameter a∗ makes this distribution near Pa∗

and makes Pm
a∗ near uniform for large n or m.

Barron Probabilityl for NML calculations



NML conditional calculation

Proof of form of the NML conditional distribution

P(Nj+1 = kj+1|N1, . . . ,Nj ,N1 + . . .+ Nm = n)

With specific conditioning values k1, . . . , kj , this is

P(N1 = k1,N2 = k2, . . . ,Nj = kj ,Nj+1 = kj+1,N1 + . . .+ Nm = n)

P(N1 = k1,N2 = k2, . . . ,Nj = kj ,N1 + . . .+ Nm = n)

The sum event in the numerator is

Nj+2 + . . .+ Nm = n − (k1 + . . .+ kj+1)

independent of N1, N2, . . . ,Nj and Nj+1. So it simplifies to

P(kj+1)P(Nj+2 + . . .+ Nm = n − k1 − . . .− kj − kj+1)

P(Nj+1 + . . .+ Nm = n − k1 − . . .− kj)

Recognize the sum probabilities as the convolutions.
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Optimal two-pass arithmetic coding for NML

Representation of the NML distribution for strings

PNML(X1, . . . ,Xn) =

P(N1, . . . ,Nm|N1 + . . .+ Nm = n) ·P(X1, . . . ,Xn|N1, . . . ,Nm)

Optimal two pass code:
Pass 1:
Compute and arithmetically encode the counts N1, . . . ,Nm

Pass 2:
Arithmetically encode the string X1, . . . ,Xn given the counts
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Unconditional versus conditional conditional coding

Conditionally our Stirling ratio distribution for N1, . . .Nm
matches the NML exactly
These data counts can also be described without
conditioning on the sum equal to n.
Code based on

Pa(N1, . . . ,Nm) =
m∏

j=1

Pa(Nj)

which is
m∏

j=1

S(Nj)e−aNj/Ca = S(N1, . . . ,Nm)e−na/Cm
a

Best value of a for coding occurs with largest

Pa(N1, . . . ,Nm)
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Best tilting parameter

Best value of a = a∗ for coding occurs with largest

Pa(N1, . . . ,Nm)

It maximizes na + m log Ca

It solves µa = n/m, where µa =
∑

k≥0 k Pa(k).

It makes EaNj/n = 1/m and Ea(N1 + . . .Nn) = n.

It makes the unconditional codelength closest to the
conditional codelength
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Optimizing the codelength difference

Best a = a∗ optimizes the codelength difference

log 1/Pa(N1, . . . ,Nm)− log 1/PNML(N1, . . . ,Nm)

= log 1/Pm
a (n)

Thus maximizing Pa(N1, . . . ,Nm) is the same as
maximizing the convolution Pm

a (n) at the endpoint n.
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Computing the Shtarkov Constant

Stochastic Complexity (NML codelength)

log 1/maxθPθ(X1, . . . ,Xn) + log CShtarkov

For model selection:
can compute codelength without doing the code

Without tilting

CShtarkov = Pm
0 (n)/S(n)

Convolutions to compute CShtarkov in a similar set-up first
found in Petri Kontkanen and Petri Myllymaki (2005).
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Computing the Shtarkov Constant

Without tilting

CShtarkov = Pm
0 (n)/S(n)

As Kontkanen, Myllymaki observed for CShtarkov calculation

Pm
0 (k) has large variability, numerical underflow issues

The fix: We also have validity with tilting (for any a)

CShtarkov = Pm
a (n)Cm

a ena/S(n)

Optimal a = a∗ stabilizes calculation of Pm
a (n) and CShtarkov

Plus fast, stable calculation of conditionals for NML coding.

Run-time order mn2 (direct) or mn log n (via FFT).
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Summary

Two fresh probabilistic representations of the NML
distribution

First: Bayes representation

PNML(X1, . . . ,Xn) =
∑
θ

Pθ(X1, . . . ,Xn)

allows one-pass predictive coding, but complex for large m.

Second: Stirling ratio distribution formulation, with
conditionals producing NML

Analogous to relationship between Poisson & multinomial

Stable, computationally efficient even for large m

Two-pass optimal coding
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