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Adaptive Annealing

Andrew R. Barron and Xi Luo

Abstract— We provide a new approach to stochastic opti-
mization of smooth functions and give attention in particular
to the optimization of superpositions of ridge functions.

I. INTRODUCTION

Let L(w) be a bounded and smooth function of w in RY
that we seek to optimize. Of particular interest is the case that
such functions are built by composition of simpler functions.
Indeed, let univariate functions f1,..., f, be given along
with vectors z1,...,z, in R% Motivated by problems of
function estimation for statistical learning, our interest is in
optimization of superpositions of ridge functions, which take
the form

1 n
L(w) = — > filziw) (1)
=1

for w in R? with dimension d possibly large. We require
the f; to be bounded and to have at least two bounded
derivatives. It is sufficient for our purposes to find a w
producing a value L(w) within a constant factor of the
maximum value of L(w). Moreover, to avoid an overly large
magnitude w we are content with a small A > 0 to optimize
the Lagrangian

L(w) = Afjw|*. )

Our motivation for objective functions of the form (1)
comes from statistical regression and classification. The data
are x;,v;, for ¢ = 1,...,n, where for case ¢, the vectors
x; are observed values of d input variables and the y; are
observed response values y;, which for the classification
problem are labels in {—1,4+1}. We have a parameterized
family of predictors, called discriminant functions in the
classification setting, which take the ridge form ¥(x - w),
such as a sigmoid, a sinusoid, or a ridgelet. Here the w is a
parameter vector of internal weights with which the inputs
are linearly combined. First, for a single such predictor, to
obtain an empirically driven choice of w, consider the least
squares problem of optimization of Y ;- (y; — ¥ (x;-w))? or
the closely related problem of maximization of y ", y;4(z;-
w). We recognize both of these objective functions to be
superpositions of ridge functions.

These problems are known to be computationally diffi-
cult. Even for smooth sigmoidal functions such as ¥(z) =
tanh(z), it is known that > (y; — ¥(z; - w))? can
have exponentially (in d) many minima. Moreover, with
the step sigmoid v(z) = signum(z), except in the special
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case of linear separability, exact optimization is known to
be NP-complete. Indeed, minimizing the squared error is
for the signum function the same as the maximization of
S yitp(x; - w). This discriminant optimization problem
is also called the weighted hemisphere problem and it is
known to be NP-complete as shown in [1] and discussed
further in [2]. This problem is also the single neuron case of
multi-neuron perception optimization. Indeed, one can more
flexibly consider fitting functions which take the form of a
linear combination of ridge terms. In such a setting, NP-
completeness results are available both for the step sigmoid
[3] and for a ramp sigmoid (a bounded piecewise linear
function) provided ||w|| is unconstrained [4], see also [5].

For the logistic sigmoid as arises in classification by
logistic regression, a likelihood-based formulation of the
objective function is concave and hence readily maximized.
However, this concavity is lost when one seeks multi-term
discriminant functions as arise in a mixture model.

Altogether, computation of parameter estimates for fitting
ridge terms is a tricky task. Nevertheless, with a fixed smooth
function v, approximate optimization to achieve within a
constant factor of the maximum (1/n) > y;9(x; - w) (with a
Allw||? penalty) and a similar optimization for the multi-term
case developed further below are the sorts of optimization
problems for which we seek additional attention. In particular
we explore what may be possible by stochastic optimization
algorithms.

Most of what we have to say in this paper is for general
smooth objective functions. We develop a class of algorithms
we call adaptive annealing. In general, implementation of
adaptive annealing requires solving a differential equation
for what we call a modifier. We do not expect this solution
to be readily available for general optimization tasks. We ini-
tiate exploration of whether solution is possible for specific
forms of objective functions such as superpositions of ridge
functions, perhaps with a suitable enlargement of the state
space.

We follow a familiar tactic of stochastic search, seeking to
sample from the distribution with density p- (w) proportional
to

LW po (w) 3)

where po(w) is a normal reference density. Though the de-
velopment is readily adjusted to allow any normal density for
Po, for simplicity now we take it to be a standard multivariate
Normal(0, I). Then the mode of the density p.(w) is the
maximizer of L(w) — A|w]||? for A\ = 1/2v. An additional
benefit of such sampling is that it provides for Monte Carlo
evaluation of the Bayes estimate (the posterior mean of ) (z -
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w)) with p,(w) as the posterior distribution. For instance,
with real-valued y; modeled as Normal(v(x; - w), 0%I) with
the normal prior py, we have that the posterior takes the
indicated form with L(w) = —2 3" | (y; — ¢ (; - w))? and
v =n/(20%).

For optimization, the idea of sampling from such a density
is that, if  is large then the distribution of w is highly likely
to have L(w) — A||w]||? near the maximum. An information-
theoretic characterization of that property is given in Lemma
1 below, showing that y of order not smaller than dlogd
is sufficiently large for our purposes. Such joint densities
pw(w) vary on an exponential scale, that is, the ratio of
values of p,(w) at two distinct w of the same norm ||w||
can be of order ¢“7 which is exponentially large in ~ and
hence superexponentially large in d. Consequently, direct
acceptance/rejection sampling from a reference distribution
is highly unlikely to succeed.

For sampling from distributions of several variables,
classical strategies consist of Markov chain methods with
time-homogeneous transition rules, including the Metropolis
algorithm [6], [7] and the Gibbs sampler [8], [9], and
time-inhomogeneous Markov chain methods, including Kirk-
patrick’s simulated annealing [10] and more recently devel-
oped particle filters [11] and population Monte Carlo [12].
As we shall discuss, Markov chain strategies may also use a
discrete-time approximation to stochastic diffusion [13], [14]
designed to produce the desired distribution.

The general idea of all these stochastic strategies is to
produce values wq, wy, wa, ..., wr in succession by drawing
from the sequence of transition distributions of the Markov
chain. One initializes with a density po (such as a multivariate
normal) that readily permits direct sampling of wg. This
po may be far from the ultimate target p,. To be success-
ful in a computationally manageable time 7, one needs
the distribution of wy sufficiently close to that of p.,(w).
Likewise, for Monte-Carlo estimates one needs the perhaps
weaker property that 7 ZtT:1 ¥ (x-wy) be close to the desired
expectation using p(w).

The basis of the above-mentioned Markov chain methods
in the time-homogeneous transition case is an invariance
property: namely, if the distribution of w;_; were the tar-
geted p,(w) then so would be the distribution of w; (and
the targeted distribution is the unique one for which this
invariance holds). With arbitrary initial distribution pg(w),
the distribution of w; will evolve in some manner. The main
conclusion known in this case is that the target distribution
is the large ¢ limit. This convergence however can be
excruciatingly slow for multi-modal target densities. Existing
positive results providing polynomial (in d) bounds on the
number of time steps sufficient to produce suitably accurate
distributions are limited to log-concave (strongly unimodal)
target densities [15], [16], [17] (or to sampling from chains
on discrete graphs with limited bottleneck [18], [19]) and
are based on demonstration that the second largest magnitude
eigenvalue is less than 1 by a not exponentially small amount.

The problem for multi-modal densities is the extreme
time it can take for w to move from one mode to another
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if it needs to go down through a valley of exponentially
lower density. As we shall recall, time-homogenous Markov
Chains, designed to be invariant for a specified density, have
a bias toward uphill moves which is the source of some of
this difficulty in moving from one mode to another. Simply
inspecting the derivative of the log-density at the current
position is enough to build an invariant transition, but as
we shall see, it does not give what is needed to produce a
specified sequence of distributions approaching the target.

To overcome these difficulties, multiple paths of time-
inhomogeneous Markov chains deserve further consideration
and further development. These developments should include
incorporation of drift or bias terms designed to be whatever
it takes to track the changing distribution. In particular, this
means a mean direction of move that is not necessarily in
the gradient (uphill) direction.

The idea of simulated annealing is to evolve the distribu-
tion of w; toward the target. Starting with a broad distribution
po(w) at time ¢ = 0, the aim is for the distribution of w; to
track p., (w) where ~y; is scheduled to increase (hopefully
not too slowly) in ¢. We argue that the Markov chain
associated with traditional simulated annealing falls short
in these objectives. In particular, heretofore, the basic step
of simulated annealing is to use a transition distribution
P+, (wi|wy—1) formulated (as in one step of the Metropolis
algorithm) in a somewhat peculiar way, such that if somehow
w;_1, ideally distributed accords to p,,_,, did on the contrary
manage already to have the distribution p.,, then so would
wy. However, as we show in Lemma 3 in our setting, such
transition rules, if w;_, were distributed as p,,_,, actually
lead to a w; whose marginal density differs from what we
want by a factor which is the exponential of a differential
expression that we identify. For this differential expression to
be close to what we want, one needs ~; very close to ;1 or
one needs to modify the transition distribution as we discuss
below. Accordingly, for traditional similated annealling one
needs a scheduling of +; in which it changes very slowly to
have the distribution track p,,. Indeed, [20], [14] show that a
logarithmic growth of ~, is sufficient and such slow growth
is known to be necessary in some cases. To reach a targeted
~ of at least d, logarithmic scheduling requires a number of
time steps which is exponential in d. Thus existing simulated
annealing results point toward its failure to track p,, closely
enough to allow the polynomial growth of ; necessary for
practical use.

Nevertheless, the general idea of annealing is on track,
provided suitable transition distributions can be identified.
Here we introduce what we call adaptive annealing in which
by solving the appropriate differential expression one finds
a transition density (as a modification of traditional choices)
such that to greater accuracy the sequence of densities for
wy track the targeted p., (w).

Markov chain methods tend to be either of a local move
type (as in the original Metropolis formulation or approxi-
mate diffusion) or of the Gibbs type (in which one defines
transitions via auxiliary variables which augment the state
space). We provide versions of adaptive annealing for both
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cases. For local move chains a discrete time approxima-
tion to a diffusion with time- homogeneous transitions sets

p(wi|wi—1) to have mean w;_1 + Vlogp.y(wt 1) and
covariance 6%1. Instead, to evolve the distribution (starting
from po(wp)), our adaptive annealing sets the transition to
have mean w;_1462[(1/2)V log p, (wi—1)+G¢(we—1)] with
G designed to produce the desired evolution of the density
D~,- This is a time-inhomogeneous Markov Chain in discrete-
time for which the distribution approximates a continuous-
time stochastic diffusion with corresponding time-varying
drifts, see section IV. Thus a Kolmogorov forward equation
(also called the Fokker-Planck equation) specifies how p,,
evolves in terms of the choice of GG;. We turn the idea around,
using the specified p,, in this equation to seek a suitable
choice for G;. This is a simple and interesting idea, though
direct evaluation of GG from the differential equation is elusive
for the types of optimization of interest to us.

Adaptive annealing of Gibbs-type chains is explored pre-
liminarily in section VI. For Gibbs chains the idea is that one
introduces an auxiliary variable z and joint density p (w, z)
for which the desired p,(w) is its marginal and for which
the conditionals p, (w|z) and p, (z|w) take special forms that
allow for more direct sampling. When such conditionals are
available, repeated alternate sampling from these pairs of
conditionals provides a Markov chain for which p.(w, )
is the invariant target. Once again, unmodified convergence
can be slow when the distribution of wq or zg is initialized,
naturally, with other than the target p.,. Recognizing the
discrepancy between the initial distribution and the target
we again aim to take control of the path of distributions to
take us to that target.

Thus we advocate Gibbs annealing in which we track the
sequence of densities p,, (w, z) fort =0,1,2,...,T. Again,
if at best w;_; is distributed with density p,, , (w), then un-
fortunately the transition p.,, (z|w) of a naive Gibbs annealing
does not make the marginal for the resulting z be what we
want. Accordingly, we introduce adaptive Gibbs annealing in
which the transition density is designed to achieve our aims.
In particular we introduce a factor by which to modify the
transition p.,(z|w) in acceptance/rejection sampling. This
leads once again to a new density for z;,w; that differs
from what we want by a factor that is the exponential
of a differential expression. The aim then is to solve this
differential expression to provide such a modifying function
that will produce indeed the desired p., (2, w;) to greater
precision.

After developing these ideas in the indicated sections we
explore in particular the ridge function case. This provides
a natural setting for introduction of the auxiliary variable z.
Finally, we point toward possibilities to solve for the tran-
sitions that would provide practical stochastic optimization
for the problems of interest.

II. IMPLICATIONS FOR FUNCTION FITTING

The classical statistical function estimation problem is to
seek a function f(z) to estimate the unknown underlying
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function f(z) of which we have (possibly noisy) observa-
tions %1, ..., y, at corresponding inputs z1,...,x, in R%.
A widely studied class of estimators f(z) takes the form
of a composition of finitely many terms chosen from a dictio-
nary of candidate terms. Whereas in low-dimensional (small
d) settings, one may arrange for a manageable size dictionary
(e.g. the union of various wavelet bases of interest); in
high-dimensional cases one tends to have an intrinsically
exponential number of candidate terms (dictionaries with
minimal -covering numbers of order (1/8)%). The dictionary
of candidate terms may take a parametric form {¢(z - w) :
w € R4} with a continuous parameter w. For instance this

includes sinusoidal and sigmoidal models [21], [22] and
ridgelets [23].
Function fits take the form
2) = Bit(x - wy). )
=1

The computationally difficult full least squares solution seeks
B1,...,0m (each in R) and wy,...,w,, (each in R%) to

minimize
> Z@
=1

Fortunately a well-studied computational shortcut [24], [22],
[25], [26] shows that statistically accurate fits can be obtained
iteratively by setting

fr(@) = (1 — @) fue1 (@) + Bw(z - w), (5)

with fo(z) = 0. Here a and 3 are fit by least squares and
the internal parameter vector w = wjy is chosen to make

*Zsz

for given C > 1, where R; = R, k-1 = y; — fk,l(x) and
where penalties on ||w||? may be incorporated. We recognize
this optimization to be of the desired form with L(w) =
» iy filzi - w) with fi(2) = Rip(2).

With a suitable definition of the variation V' (f) of f with
respect to the dictionary, the resulting fm(az) is proved in
[26] to satisfy

! Z <> (e
a (7

with similar conclusion given for the risk quantifying the
accuracy with which f generalizes.

Thus development of an algorithm to approximately op-
timize objective functions of ridge superposition form as
expressed in (6) will provide a means to produce accurate
fits of the ridge superposition form (4). Note the duality.
The functions we fit are ridge superpositions in z while the
objective function is a ridge superposition in w. The greedy
shortcut expressed in (5) is what reduces what would be a
much more complicated optimization with multiple w’s into
the simpler objective function with a single w.

) > — max{ Z Rip(xz;-w)}.  (6)

T )2_’_402”‘/12(.][)

fm xz
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I1I. HOW BIG SHOULD BE THE GAIN ~?

We show for objective functions with bounded gradient
that for w drawn from p,, the expected value of L(w) is
nearly maximal. In particular, compared to the value L(w*)
achieved by any particular w*, the expectation

Linean = /L(w)p'y(w)dw (3

is not less than L(w*) by more than %log %, where A de-
pends on ||w*|| and the maximal gradient of L. Consequently,
~ slightly larger than d by a log factor is sufficient to obtain
usefully accurate samples for approximate maximization.

Let L(w) be our objective function for w € RZ Let
VL(w) be its gradient, let ||[VL(w)| be its Euclidean
norm, and let |VL|maer = sup,||VL| be the maxi-
mum gradient norm. We have p,(w) = "W py(w)/c,
where ¢, = [e"(Wpy(w)dw and we choose po(w) =
e=lwl*/2 y(om)d/2,

Lemma 1: L(w) has nearly maximal expectation: for any
w* and any v > 0,

d ’YG/H ' L||Tﬂ(L(I?
L > L(w*) — < —log(—————

P d 2}
(| + o
2y I Rz

where a = ele/ ¢ /V/2m with V the volume of the unit ball
in R%.
Remark 1: Consequently

©))

Linaz > L(w*) — £log 21, (10)

I T
with A near a||VL||m,,,me2dH“’ I, Hence we find v o>

2¢ed 2Ad 7 : .
L(fv*) max{e, log L(w*)} is sufficient to have

Lmean 2 lL(w*)

2

(1)

So we see that, on the average for w drawn from p,, the
value of L(w) can be arranged to be within a constant factor
of the maximum. The reference w* may be taken to be
have maximum L(w*)— \||w*||2. Moreover, using a Markov
inequalities we can see that L(w) is within a constant factor
of the maximum with high probability.

Proof: First we find that

Linean = L logc,. (12)

This can be seen either by noting that log c, has a derivative
L., = [ L(w)p-(w)dw which is increasing in =, so %log Cy
which is an average from 0 to 7 of that derivative, is less
than the value of the derivative at the upper endpoint vy, which
is Ly, = Lycan. Alternatively, one finds that the Kullback
divergence between p, and pg is equal to the difference
vL, — log c,, which also shows (12) by the non-negativity
of divergence. Next, adding and subtracting L, = L(w*) in
the exponent of the integral defining c,, we then have

1
L,>L,+ ;1og/eW(L(w)_L*)p0(w)dw. (13)
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We lower bound this further by restricting the integral to the
ball B centered at w* with radius € and by using

[L(w) = L(w")| < [lw = w*|[[VL]lmaz- ~ (14)
Hence
1
Ly 2 Lo = | VLl ae + > 10g [ polw)du. (15)
B
Moreover
1 1 2
w)dw > (——=)de"2(lw-l+e dyr, 16
[ miwydu > (=) . a6
Thus
d 1 )
Ly > Ly = ¢ €[[VL[|lmaz — — loge + - ([lw.]| +€)
vy 2
1 a7
+§ log(\/27r)d/Vd} .
Picking € = d/(7||VL||maz) completes the proof. [

IV. APPROXIMATE DIFFUSION

In this section we set up the principles of approximate
diffusion including the choice of the ideal drift function to
track a specified sequence of distribution. The terminology
of simulated annealing for optimization arises in analogy
with the physical annealing process of metallurgy. Likewise,
stochastic diffusion models have roots in physical phenom-
ena of particle diffusion. The behavior of these processes
have been modeled by physicists and mathematicians using
partial differential equations that describe time evolutions of
the distributions. A general diffusion w;, 0 < t < T', with
continuous paths is denoted by the stochastic differential
equation

dwy = p(we, t)dt + o(wy, t)dBy (18)

where B; is the standard Brownian motion process. Here
the vector-valued function p(w,t) is a possibly time-varying
local drift function and we take 0 (w, t) to be a non-negative
scalar-valued local variance function.

Initialized by a distribution with density p(w,0) = pg(w),
such processes w; have density functions p(w,t) for ¢ >
0. The time evolution of the probability density function is
governed by a PDE named the Fokker-Planck equation after
its first developers [27], also called a Kolmogorov forward
equation, see for instance [14]:

OPOL) 0t (. ) 3 V-9 (0w, )pl, 1),
19)
Here V denotes the gradient operator (the vector of deriva-
tives with respect to w). Its dot product with a vector-
valued function is the divergence and its dot product with
itself is the Laplacian operator. Let (u(w),o?(w)) =
(tp,rer(w), wae s(w)) be a reference solution for which a
density p is invariant. That is
0=~V (u(w)p(w)) + 5V - V(e (w)pw)).  Q0)
A traditional choice is (u(w), o (w)) = (3 Vlog p(w), 1) or
any non-negative constant multiple thereof. This is the rule
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that maintains a drift 3V log p(w) in the gradient direction,
pointing toward higher value of p(w).

Less frequently used, but also possible is (u(w), 0% (w)) =
(0,1/p(w)). It makes broader moves where p(w) is low and
narrower moves where p(w) is high, in a manner such that
the transition rule is invariant for p.

These solutions together with (19) may be used in two
ways, in both cases assuming that we start with a density
po(w). One is to fix such (u(w),o?(w)) as a specification
of a time-homogeneous transition (as in standard Markov
chain samplers) and use the PDE

WD) 9wl 1)) + 57 - V(o w)plon, 1),

1)
to study how the density p(w,t) of w; evolves (in partic-
ular how rapidly does it approach the specified p(w) =
p(w)). [Associated large deviation properties of the function
L(w) defining the target p, in the setting of these time-
homogeneous chains were presented by us at a joint Statistics
and Electrical Engineering seminar at the University of
Illinois on February 27, 2007.]

The other tactic, as we advocate here, is to treat the
density p(w, t) = p,, (w) as given and seek suitable functions
p(w,t) and o?(w,t) for which (19) holds (rather than the
other way around). This task simplifies as follows. Write the
general drift function p(w,t) in the form

wlw,t) = :u'n,ref(w) - G(w,t) (22)

and set the variance function to be o*(w,t) = o2, (w)
(commonly chosen to be constant as we have said). We
think of G(w,t) as specifying a modification of the naive
choice of drift function i, re f(w). Now (19) simplifies to
show that the modifier G(w, t) leads us to achieve the target
distribution p(w, t), here taken to be p,, (w), if and only if

Op(w, t)

ot

So this provides the equation to be satisfied by the appropri-
ate changes G (w, t) to the drift function required to track the
desired p, (w). We see thereby that the ideal drift function
for an improved stochastic search relies not only the direction
of higher values of p(w) (uphill), but also, via G(w,t) one
has means to bias movement downhill when necessary to
evolve the distribution as desired.

Recall for our maximization purposes, eventually we want
to the process to provide samples from a density

-V - (G(w, t)p(w, t)). (23)

1
py(w) = —e"E W po(w), (24)

Cry
and toward that end we propose to sample from a sequence
of densities with increasing 0 < v, < 7.
A discrete-time Markov chain motivated by the above
consideration sets wg ~ po(w) and
52 9
Wy = Wi—1 + (EVIngwl(wt,l) —0°G(wi—1)) + 074
(25)
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where the Z; are independent standard normals in R¢ and
Gy(w) is a vector-valued function. Here ~; = t0° for t =
1,...,T with T = v/82. If G4(w) = G(w,t) is chosen to
(approximately) solve the partial differential equation (23)
with the targeted p(w, t) = p-, (w), we say that this Markov
chain is an (approximate diffusion-based) adaptive anneal-
ing. For densities of the form (24), the required equation for
Gi(w) reduces to

V- (Gi(w)py, , (w)) = (L(w) = Ly, )py, ., (w)

or equivalently

(26)

V- Gi(w) + Gi(w) - Vlog py, ,(w) = L(w) — L, , (27)

where L, = E, L(w), arising from 8% log ¢, and where
Vlogp,(w) = yVL(w) — w.

The idea here is that if ¢ is small the distribution of wy
in the discrete-time Markov chain should be close to the
target p,, (w). We use the total variation distance between
distributions which is the L distance between the density
functions.

Proposition 2: The density p,, s(w) of w, approximately
tracks p., (w) in the sense that

1P+, = Pyl = O(B2d*t5*) (28)
with ¢ = t6% and hence at T' = /52 we have
I = pylls = O(B2d*~6?) (29)

where B will be specified momentarily. Thus with § small
compared to 1/(yd? B) a number of steps T of order v2d* B>
is sufficient to have p,,. s close to p,.

One sufficient set of conditions is that L is bounded and
has bounded derivatives of all orders, satisfying for some
positive B the requirement that for all indices 1 through i
in{1,...,d}

ak
awil awi,z s 8w¢k

| L(w)| < k'B*.
Moreover, uniformly in ¢, the absolute moments of the
derivatives of each of the coordinates of G(w) is also bound
by k!B* where k is the sum of the order of the derivatives
and the order of the moment.

One may either require these conditions to hold for all
k (in conjunction with infinite Taylor series expansion), or
with different constants in the bound one may assume only
that they hold for derivatives up to order 4 (though in that
case one needs local domination of the derivatives to have
the moment controls). We save details of such matters to
later writings.

Remark 2: Similarly, the Fokker-Planck equation may be
derived using Taylor expansions on a small step evolution
and taking a limit as step size J goes to 0 as in [27]. Our
proof shares some general features with that development,
but is customized here for our aims.

The heart of the proof of the proposition is repeated
application of the following key lemma.

(30)

669



Lemma 3: Let p;(w¢|w;—1) be the transition density asso-
ciated with the stochastic move defined in (25) with change
function G¢(w) and let

]5%,5(111:&) = /p»y,,_l(wt—l)pt(wt|wt—1)dwt—1 (31)

be the marginal density function of w; that would arise if
w1 were distributed according to p,, ,. Then except for
w in a set of negligible probability

s (W) = Py, (w)e? [64(@) V10Pr, ()47 -Gi(w)]

4 34 12 (32)
0184 B%)
Alternatively, we may write
ﬁ7t76(w) = p'Yt—l(w) + 5V - (Gt(’w)p%71 (w)) (33)

+ O[*d*B?).

Remark 3: According to (32) one sees that even in the
ideal case that the density of w;_; matched the desired
P~,_, (w), the density after a transition (25) does not match
the desired p.,, (w) to suitable order of accuracy, unless G, is
such that G4 (w) - Vlogp,, , (w)+V -Gy (w) is proportional
to L(w), that is, unless the differential equation (23) is
(approximately) satisfied. As remarked in the introduction,
this is the basis of our concerns leading to the advocacy of
adaptive annealing.

Full proof of the Lemma and proposition are outside the
scope of this conference paper. Nevertheless the following is
suggestive of how it is approached.

Proof: [sketch] The density function at the next step is
Dr (W) = /Pvm(wtfl)p(wt|wt71)dwt71a (34)
and the transition kernel p(w;|w;—1) is normal with mean
wy_1 + (%Vlogpwfl(w) + %G (w;—1)) and variance 6°1.
Denote { = w;—1 — w;. We factor out p,, , (w;) and rewrite
the whole integral in terms of £, to approximate p., (w;) as

p%_l(wt)/elogpvt,l(wt+§)—10gpwt,1(wt)qg(ﬂwt)dg (35)

where, using the form of the normal transition density,
¢(&|wt) to be a normal density that approximates p(w;|w; +
£). The above integral can now be viewed as an expecta-
tion of e'°8Pre—1(Wet&)=logpr 4 (W) regpect to the density
function p(&|w;). We approximate the logarithm of this ex-
pectation by cumulants and collect dominating terms respect
to J, then we identify that the leading exponent of the factor
multiplying p, , (w;) is G¢(w)TVlogp,, , (w)+V-Gy(w).
Likewise, the exponent needed to boost p, , (w) to p,, (w)
is 02(L(w) — L., ,(w)). Hence we advocate G;(w) for
which these two match as in (26). [ |

Brief consideration of a naive approximate diffusion is
warranted. By analogy with simulated annealing we could
think to use for the drift function in equation (25) the choice
%V log p+, (w¢—1) which would be invariant at the next gain
~¢. This corresponds to a modifier G; which is a small
multiple of —V L(w). Such a choice leads to the differential
expression —{v||VL(w)||?+V-VL(w)} in the exponent of
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the factor by which the density is modified. It appears that
with this naive choice the differential expression reduces to
the desired form of a multiple of L(w) minus a constant only
for certain quadratic objective functions. This reinforces our
sense that, except for a trivial setting, use of a modifier other
than the gradient of the log density is essential to track the
sequence of densities p,, when < is increasing adequately
fast.

Next we provide some initial discussion on how to solve
for the required G¢(w) from (26). For a given p(w) =
Dry,_, (w) we seek G(w) such that

V- (G(w)p(w)) = (L(w) —

where Lyean = [ L(w)p(w)dw. Consider first the scalar
(d = 1) case for which we may set

Glw) =~ [ (L)

Note that the integral, if extended to the whole line from —oo
to +o0 becomes 0 by the definition of L4y, SO equivalently
we have

Lnean)p(w) (36)

- Lmean)p(ﬁ))dﬁj- 37

I
G(w) () /w (L(®) = Lmean)p(w)dw.  (38)
Note that with L bounded and p(w) proportional to
e7L(w)=w?/2 which has Gaussian tails, the integral is seen to
be controlled for large w by the tail integral of the Gaussian,
which is bounded by a constant times ie_wz/ 2 in this one-
dimensional case. Consequently, despite the division by p(w)
this G(w) is seen to taper to 0 at a polynomial rate as w
heads to 400 or —oo.

For d > 1, defining the coordinates of G(w)p(w) by
integration of %(L(w) — Lmean)p(w) with respect to the
corresponding coordinates of w would satisfy (36) but has the
problem that the integral from —oo to +oco with respect to a
coordinate does not give 0 (since L,,cqy, is the overall mean,
not arising from an integration of L(w)p(w) with respect to
just one coordinate) and consequently such solution leads to
divergent G(w) as w — oo.

Consideration of second order PDE theory suggests an-
other avenue. One seeks H(w) = G(w)p(w) as the gradient
of a function h(w) which solves the Poisson equation

V- Vh(w) = (L(w) - Lmean)p(w)7

and for which h(w) tapers to 0 as w — oo. A solution
for h(w) is known to be the convolution of the right side
(L(w) — Lpmean)p(w) by the Green’s function Green(w)
associated with the Laplacian on R? (it is proportional to
1/||w||=2 for d > 2) and then

1

Glu) =~ /R d(VGreen(w—ui))(L(@)—L,,,Lmn)p(ﬁgcgb.

Once again one can show that this G(w) tapers to 0 as
|w]| — oco. However, it has the problem now that it is unclear
how to bound its behavior for moderate values of w due to
the exponential swings in the height of p(w) = e7(*) with
~ at least d.
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Currently our preferred tactic is to seek formulation of
the problem that makes repeated use of one dimensional
. 1 n
formulations. In the case that L(w) = = > ", fi(z; - w)
this means working with the variable z; - w. This motivates
our considerations in the next section.

V. RIDGE SUPERPOSITION SAMPLING

When the objective function is a ridge superposition
Lw) = L3 fi(z; - w), the target density p,(w) is
proportional to

l n
en 2»5:1 ft(ﬂzw)po (U})

Direct evaluation of the modifiers G.(w) appears to be
somewhat of a mess. Nevertheless, for a smoothed version of
the problem, variable augmentation appears to considerably
clean things up. The idea is this: for the functions f;(z;)
instead of constraining z; to equal z; - w we relax this
using a narrow Gaussian to keep them close to each other.
Then we have the Markov chain move in the n-dimensional
space of the z rather than the d dimensional space of the w.
Thus we propose the following joint density function for the
augmented variables

1 3
o~ 2827 Lim (zi—wiw)?

(2762)1/2

1m0
p’Y(wy Z) = ie'yn i f'z(zz)po(w)

(40)
Integrating out w we see that the density for z is

Isn g
Po(2) = et i F G (2),

where the py is now a Gaussian with a covariance that
captures that z is near the linear space spanned by the
variables that comprise the .

We recognize this density to be of the form we have
been studying. It is the exponential of an objective function
with a Gaussian reference initial density. But now there is
the considerable simplification that the objective function
simply takes an additive form. This encourages determination
of whether we can at least approximately solve for the
associated modifiers G(z). The idea being that the product
structure of much of this density may help decouple the
Poisson equation. This question of solving for G(z) as well
as other related questions for Gibbs samplers that we discuss
below remain under continuing consideration.

Before preceding to a discussion of adaptive annealing
of Gibbs samplers we point out some additional proper-
ties of the joint density we have here specified. Note that
the conditional density for z given w is of product form
py(2|w) =TT, py,i(zilw), with

Pyi(zilw) = exFE0—flaiw)

lps(zi — i w)
where ¢5(v) = \/21766*”2/252 is the Normal(0,52) den-

sity and ﬁ(u) is defined via the conditional normalization
i o Xg o
enfil®) = fj enfi®) gs(z—u)dz. This f; depends on v/n

and & and it is close for small y/nto [ fi(2)ds(z — u)dz,
the convolution smoothing of f; with the normal of standard

deviation 6. Consequently, in the joint density, when we

(41)
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integrate out the z; we obtain the following marginal density
for w

Py (w) = Few Zim L@ Wp, (), (42)

This density for w is of the form we desire, especially if § is
small. If we aim to have smooth components ﬂ expressible
as a convolution with a normal then one may choose f; as
a precursor that leads to such f} Furthermore we note that
the conditional density for w given z is a fixed Gaussian.
Thus Markov Chain sampling of the z followed by drawing
w given z, produces an outcome w whose density is of the
form we desire.

VI. ADAPTIVE GIBBS ANNEALING

Desiring to sample from a target distribution p.(w) one
may follow the variable augmentation idea of [9]. One
specifies a vector of hidden variables z which leads to a
augmented state (w,z) and one specifies a joint density
P~ (w, z) for which the desired p.,(w) is the marginal. More-
over for Gibbs sampling one arranges that the conditional
densities p~ (w|z) and p,(z|w) are convenient for alternating
sampling. Starting from some initial 2z, wp, and then drawing
Z1,Ws, 22, . . . , 27, wr in succession from the indicated con-
ditionals is a version of Gibbs sampling [8], [9]. Once again it
defines a Markov chain with time-homogeneous transitions,
for which p,(w,z) is invariant, but the exact sequence of
distributions for w; that results (starting from wy ~ pg) and
its rate of approach to the target p,(w) is not clear.

Thus we initiate investigation of the behavior of a time-
inhomogeneous version of Gibbs sampling. As before merely
using p, (z¢|wi—1) and p,, (we|z;) as the transition rules
at time ¢ will not actually track the desired sequence of
distributions p., with increasing ;. Instead we incorporate
a modifier ¢;(z,w) and examine the transition densities pro-
portional to p., (2¢|w;)e9t(#%). Thus the transition density
we consider takes the form

ﬁ% (Zt|wt—1) =D, (Zt|wt71)e€[gt(Ztﬂl)t—l)*gt(wt—l)] (43)

where e9t(W) = [p (z|w)e9(*¥)dz is the conditional
normalizing factor. When this normalizing factor is finite for
some positive ¢, then when € is small, §;(w) is approximately
the conditional mean [ p., (z|w)g;(z, w)dz of the modifier
gt(zv w)

This modified transition rule arises in multiple ways. Most
directly, if eclge(zw)=g:(w)] {5 as a bounded function of z,
with bound B,,, say, then given w;_; = w, one can draw
z; according to P, (z¢|/w) by repeated acceptance/rejection
sampling from p,,(z|w) (in which we accept z; when
e9t(z-1,w)=g:(w) exceeds an independent uniform [0, B,]
random variable). Note that with € small, B,, is near 1 and
the acceptance probability is high.

Alternatively, from a candidate zz ~ p.,(2¢|we—1),
one may obtain a new point from the desired distribu-
tion (approximately) using the transition 2;pew = 2¢ —
€Gy(zt|wy—1) or as in approximate diffusion, one may take
2z — §Vlogpy, (2e|wi—1) — €Gy(zi|wi—1) + y/eNormal,,
where in either of these cases g:(z,w) = V - Gi(z|w) +
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Gi(z|w) - V1ogp,, (z|w). Availability the solution G¢(z|w)
depends on the form of p,,(z|w). The more direct accep-
tance/rejection method is preferred when solution of that
differential equation for G, is not readily accessible.

The key step of analysis of the modified transition is the
following. We are given a joint distribution p(w,z) with
associated marginals p(w) and p(z) and conditionals p(z|w)
and p(w|z). With w ~ p(w) a transition using p(z|w) would
yield the marginal p(z). We ask what happens if we instead
use a modified transition.

Lemma 4: With w ~ p(w) followed by z given w drawn
by the modified transition 13( |w) = p( |w) clg(zw)=g(w)]
the resulting marginal p(z) = [p(w)p(z|w) satisfies the
following small e approx1mat10n

B(z) = p(z)ednes(TO() (44)
where gmoa(z) = [(9(z,w) — §(w))p(w|z)dw is the con-
ditional mean of the modifier with respect to p(w|z). This
holds when e9(*%) has finite expectation with respect to
p(w, z) for some positive e.

The general task then is to identify a modifier g(z,w) for
po(z|w) such that the expression €g,,,q(z) in the exponent
approximately matches the desired change in the exponent of
p~(z) when we increase the gain. Applying such a modifier
for a suitable increasing 7, to the transitions from w;_; to
zt, the sequence of alternating w; and z;, for t = 0,...,T
is said to be an adaptive Gibbs annealing with distribution
(approximately) tracking p.,.

We now return our attention to the case of ridge super-
position sampling. The variable augmentation we defined in
the preceding section may facilitate simplification of the task
of finding suitable modifiers for adaptive Gibbs annealing.
Now the density of z given w depends on w only through
the variables u; = z; - w, which may be collected together
as u = Xw where X is the design matrix with rows given
by the z;. We may chose in this case for the modifier to
depend on w through v = Xw and write it as g(z, Xw)
where g(z,u) is a function on R™ x R™ that needs to be
specified. A special case that might be rich enough for our
purposes is to have g(z,u) = g(z) depend only on z. In
either case the aim to to choose g so as achieve the desired
9mod(2), which is a multiple of f(z) minus a constant, where
F(z) = L300, filz).

Concerning the mechanics of performing adaptive Gibbs
annealing for ridge superposition sampling, we recall that for
joint density given in expression (40), the conditionals for z
given w make the coordinates z; independent with density
as given in expression (41). Sampling from each of these
univariate conditional densities for z; can be performed by
acceptance/rejection sampling using the Gaussian reference
with mean z; - w and variance §2. With ~/n small, we see
that the factor modifying the Gaussian is close to 1, so
that we will have suitably high acceptance probability for
this scheme. In this manner with w = w;_; we may draw
(repeatedly if need be) from p.,(z|w) and hence from the
modified transition p.,, (z|w)ecl9=Xw)=3(X W) 5 obtain the
vector z; = z now using acceptance /rejection of the vector
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as discussed earlier, where now the normalizer g depends
only of Xw. Following this draw of z;, we can easily obtain
the suitable w; by a draw from the Gaussian conditional for
w given z, or if we prefer we may bypass w; and directly
draw u; = Xw; given z.

This Gaussian conditional for v = Xw given z is the
familiar posterior that arises in Bayesian regression if the
hidden z; were regarded as observed responses. This distri-
bution is also of interest because approximate evaluation of
9mod(2) requires taking the expectation of the modifier with
respect to this Gaussian. For small §, the mean of X w given z
is centered near 2 = X (XTX)"1 X7z = Pz the projection
of z into the column space of X, and the covariance is near
2P

An expansion of g,,,q for small § may aid the effort
in designing a suitable modifier g, so as to make ¢,,04(2)
approximately match a multiple of f(z) minus a constant,
so that the distribution of z, approximately tracks p.,(z).
Toward this aim consider the case that g(z,u) = g(2)
depends only on z so that gm.i(z) = g(z) — E[g(u)|z],
where g(u) is near E[g(z)|u]. Taylor expansion of these
conditional means, by the so-called 4 method, yields for
sufficiently smooth g, the following approximation, valid to
order 6% in probability, for the function g,,0q(%)
9(2)—9(2)=0? | trace(I + PYVVTg(2) - VF(2) - Vg(2)
We omit an analogous more elaborate expression that arises
for the case that g(z,u) depends also on u = Xw.

There is potential to use the given expansion in two
ways. One is to approximate the main terms g(z) — g(2) as
(z — 2)TVg(2) valid to accuracy of order 62 in probability,
and seek choice of g such that (z —2)TVg(z) matches f(z),
ignoring the order 82 terms. The second way to use the
expression is to arrange to cancel the g(z) — g(£). Indeed,
suppose g(z) depends on z only through Z = Pz. That
is, it takes the form r(Pz) for some function r. In this
case, since P is a projection, evaluating it at either z or
z = Pz leaves it unchanged and hence the leading term
difference g(z) — g(2) is 0. Then the order §% expression
becomes the dominant part of the expansion for g,,,q and
the task becomes to find r for which it is proportional to our
target. For example we can consider the case that r takes
the additive form r(v) = > i, r;i(v;) for v in R™ which
permits further simplification of our expression for g,,04(2).
It reduces to

gmod

— 7Y (PVf(2)iri(2)

i=1

//
E Pyry ()

This comes close to permitting a term by term solution.
Suppose in particular that the design X is such that the
projection entries P;; are all strictly positive. Then we
may set the univariate function r; to be a twice integrated
_[fi (Zl> — mi]/P“‘, that is,

— my|dtdr
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where a; is a convenient reference point, such as 0 or a point
where f;(a;) = m;. Here m; is the mean of f;(z;) with
respect to p, at the current gain -y;, which can be estimated
by an average across multiple parallel chains at the current
t.

With this choice for the r; the first term above matches
what we desire and the second term remains. We end the
story for now by calling attention to the following circum-
stance. If the objective function f(z) has a gradient with
zero projection PV f(z) = 0 into the span of X, this second
term vanishes and g,,,,4(2) matches what we want in order to
track the distribution. This encourages reformulation of the
problem such that the linear part of the objective function is
removed. Such reformulation may be natural for estimating
ridge functions. We encourage its further consideration.

In conclusion we have examined the behavior of Markov
chains with transitions based on specified drifts plus noise
and by Gibbs samplers. Evolution of the density in a desired
manner is shown to require a modification of transition
rules previously dictated by invariance. In particular we have
given preliminary analysis of modification of the drift in the
approximate diffusion case and a multiplicative modification
of the transition density in the Gibbs sampler case. The
ideal modifying functions are solutions to partial differential
equations which we have exhibited here. The hope is to
encourage further research in this path to better understand
Markov Chain evolution, and to determine which situations
permit practical optimization.
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