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Information-Theoretic Asymptotics
of Bayes Methods

BERTRAND S. CLARKE anp ANDREW R. BARRON, MEMBER, IEEE

Abstract —In the absence of knowledge of the true density function,
Bayesian models take the joint density function for a sequence of n
random variables to be an average of densities with respect to a prior.
We examine the relative entropy distance D, between the true density
and the Bayesian density and show that the asymptotic distance is
(d /2Xlog n)+ c, where d is the di of the par vector.
Therefore, the relative entropy rate D, /n converges to zero at rate
(log n)/ n. The constant c, which we explicitly identify, depends only on
the prior density function and the Fisher information matrix evaluated
at the true parameter value. Consequences are given for density estima-
tion, universal data compression, composite hypothesis testing, and
stock-market portfolio selection.

I. INTRODUCTION

HE RELATIVE entropy is a mathematical expres-

sion that admits several different interpretations in
information theory and statistics. These include the re-
dundancy in source coding problems, the risk in statistical
estimation, and the error exponents in hypothesis testing,
among others. The general form of the relative entropy is
an expectation of the logarithm of a density ratio that
assesses how different the two densities are. Here, we will
examine a particular form of the relative entropy, which
arises in a Bayesian setting; we have a parametric family
of random variables, and the parameter vector is assigned
a prior distribution. We then ask how closely the Bayesian
distribution for the data, which is also called the mixture
of the distributions, approximates a member of the family
we take as being true.

We characterize the asymptotic behavior of the relative
entropy between the n-fold product of a given member of
a parametrized family of distributions, say P, and a
mixture of products of such distributions, which we de-
note by M, . For smoothly parameterized families and for
priors that assign positive mass to neighborhoods of 6,
we show that the relative entropy increases in proportion
to the logarithm of the sample size plus a constant, which
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we identify. We note that if the mixture excludes a
neighborhood of the true density, then the behavior of
the relative entropy is, asymptotically, of the order of the
sample size; in addition, if the prior is discrete and assigns
positive mass at 6, the relative entropy then asymptoti-
cally tends to a constant.

The relative entropy rate between the true distribution
and the mixture of distributions has been examined by
Barron [4]. It is shown that if the prior assigns positive
mass to the relative entropy neighborhoods {8: D(P, || Py)
< €}, € >0, then

(1.1)

where D denotes the relative entropy. Thus, for large
sample sizes, the Bayesian distribution M,, which we
know, is not far from the true distribution P’{’], which is
unknown. In [5], the condition on relative entropy neigh-
borhoods is seen to be applicable even in some infinite
dimensional settings. In the present paper, we use
smoothness assumptions in the finite dimensional setting
to assess the rate of convergence. To motivate the division
by n in the relative entropy rate, note that for any two
distinct product measures (1/n)D(Py!||Py'y = D(Py ||Py)
remains fixed away from zero, which is in contrast to the
behavior exhibited in (1.1).

Formally, we consider a parametrized family of distri-
butions {P,: 6 € ®} on a measurable space with @ C R,
and assume that X, -, X, are independent and identi-
cally distributed random variables with respect to the
distribution P, , where 6, is a point in the interior of ©.
The probabilit§ measures P, are assumed to have proba-
bility density functions p,(x), with respect to a fixed
sigma-finite measure A(dx). We denote the outcomes of
X, by x, and a sequence of n random variables is
denoted X" with outcomes x”.

Let w(8) be the prior density for 6 with respect to
Lebesgue measure. The Bayesian marginal density func-
tion for X" with respect to A" is the mixture of the
conditional densities p”(x"|8) =I1/_, p(x;|8) obtained by
integrating with respect to the prior, i.e.,

1
lim ;D(P,,’[’)HM") =0

m,(x") =/(w(0)p”(x”|0)d(). (1.2)

3]
We denote the mixture distribution itself by M, and use
the notations p,(x) and p(x|#) interchangeably. We omit
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n as a superscript or superscript on the joint densities p”
or m, when the meaning is clear from the context, as it is
in the expressions p(x"|6) and m(x"). Note that although
X" is a sample of n independent and identically dis-
tributed random variables under P;, under M,, they are,
in general, no longer independent.

The relative entropy, also called the Kullback-Leibler
distance or informational divergence, is defined to be

p(X)
q(X)

for probability measures P,Q having densities p,q with
respect to A (see [37]. Except where specifically indicated
otherwise, we let log denote the natural logarithm. Equiv-
alently, the relative entropy can be denoted by D(pliq).
We refer to D as a distance between probability densities
even though it is not a metric. Similar measures of diver-
gence have been proposed and studied (see Csiszar [20]);
however, for the applications discussed here, D is the
appropriate one. The focus of our interest is the relative
entropy between P’ and M,

D(Pl\Q)‘bplog

D, =D(P;||M,). (1.3)
We identify the asymptotic behavior of the relative
entropy. Sufficient conditions are given such that

d
log— + Elogdet 1(8,)

D(P;|\M,) = 5 log—

+log———+o(1) (1.4)

( U)
where I(6,) is the Fisher information matrix. Therefore,
the divergence of the Bayesian and frequentist distribu-
tions is precisely characterized. Although D(P)'||M,)
tends to infinity, the divergence per sa”mple
(1/m)D(P;'||M,) tends to zero at rate O((log n)/n).

The form of the resuit (1.4) may be conjectured from
the asymptotic normality of the posterior density. Indeed,
we can motivate the result by writing the decomposition

\ p(X"9) p(X"16,)
D(P;\M,) = E, log———= (X" +E9”logm (1.5)

where 8 is the maximum-likelihood estimator, and exam-
ining its terms.

The first term on the right side of (1.5) is the dominant
term. It is the expected logarithm of a quantity related to
the posterior density function for 6 given X" evaluated at
6, which is w(§)p(X"|6)/m(X"). With high probability,
the posterlor density can be well approximated by a
N(6,(nI(6))"") density under suitable technical condi-
tions (see Walker [58], Le Cam [41], Bickel and Yahav
[11], and Hartigan [25]). Since we want to approximate the
expected value in (1.5) and not just show convergence in
probability, new difficulties are introduced. Nevertheless,
evaluation of the normal density suggests that the approx-
imation to the first term on the right side of (1.5)
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should be
log ((2m) " det(n1(6,))"*/w(8,)).

Pulling the factor n outside of the determinant, it is seen
that the (d /2)log n behavior is captured by this approxi-
mation.

The second term on the right side of (1.5) is the
expected value of the negative of the log-likelihood ratio
test statistic log p(X”|6)/p(X™8,), which by the theory
of Wilks [59], Wald [56], and Chernoff [15] is known to
have the asymptotic distribution of one-half a chi-square
random variable with d degrees of freedom under suit-
able technical conditions. Thus, it is natural to conjecture
that the expected value in the second term of (1.5) con-
verges to — d /2. Combining the two terms leads to the
approximation

d det/ 1 !
log2 + log et1(8,) +log——— w0

To rigorously show that this expression is a valid approxi-
mation to D, requires, by the previous method, that
additional conditions be imposed to ensure the consis-
tency of the maximum-likelihood estimator and to ensure
that the limits can be taken in expectation as well as in
probability. This can be done as in [19]. The method we
give below is similar but avoids the use of the maximum-
likelihood estimator to reduce the set of assumptions.

We remark that similar pointwise approximations to
fog p(X"16)/m(X") are obtained by Leonard [43] as a
consequence of theory in De Groot [23], by Tierney and
Kadane [52], [53] as an application of Laplace’s method of
integration, by Rissanen [47] in the context of his stochas-
tic complexity criterion, and by Schwarz [49] and Haughton
[26] for parametric families of the general exponential
or Koopman-Darmois form. An approximation to
D(P;(|M,) of order (d /2)log n is obtained in the context
of universal source coding by Krichevsky and Trofimov
[36] for the special case of Dirichlet mixtures of finite
alphabet distributions. Rissanen [46] shows that for
smooth families {P,} and for any distribution Q, (not just
those that are obtained as mixtures), D(Py'||Q,) cannot be
of smaller order than (d /2)(1— o(1)}log n except for # in
a set of Lebesgue measure zero.

A different interpretation of (1.1) in the context of
information and ergodic theory comes from the work of
Kieffer [34), [35), who shows that the relative entropy rate
between two stationary processes im(1/n)D(Pyu||Q yn)
exists when the second measure @ is independent identi-
cally distributed (i.i.d.) or Markov, but by counterexam-
ple, the limit need not exist for certain non-Markov 0.
The measures M that we examine provide examples of
non-Markov measures (in fact exchangeable measures)
for which the relative entropy rate does exist.

The proof of a key lemma in Section IV uses a tech-
nique for approximating integrals first introduced by
Laplace in 1774 (published in Laplace [39] and translated
by Stigler [50)). In the case first considered by Laplace,
the integral [p,(x")w(8)d6 was approximated where p, is
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the Bernoulli (6) model and w(8) is the uniform prior on
[0, 1]. Laplace’s approximation for integrals is now a stan-
dard technique in analysis. Walker [58], and Tierney and
Kadane [52], [53] provide two examples, and some general
theory is presented by De Bruijn {22].

A byproduct of the analysis is the following asymptotics
for the logarithm of the density ratio

p(X"96,) dl n 1I det 16 |
— = —log— + ~ t +
o8 m(X") 2 Og277 2 ogdet 1(6, ) +log

1
w( 0{))

1
= 3S7U(8,)) 718, +o(1) (1.6)
where o(1)—>0 in L'(P) as well as in probability as
n—._ Here, S,=(1/Vn)Vlogp(X"|6,) is the stan-
dardized score function for which ES,S'=1(8,) and

n“n

ESI(I(8,)7'S, = d. Moreover, it is seen that

m(Xl7...’X/1)

]Og_“
p(Xl’. : "ang())

converges, in distribution, to 1/2(xJ — d) where x3 has a
chi-square distribution with d degrees of freedom.

In proving the main results, we assume that the poste-
rior distribution concentrates on neighborhoods of the
true value of the parameter at a fast enough rate. To
permit easy verification of this hypothesis, we have found
sufficient conditions that are natural in finite-dimensional
families based on the work of Schwartz [48]. We do this
by introducing a property that we call the soundness of
the parametrization. By definition, a parametrization is
sound if the convergence of a sequence of parameter
values in the Euclidean norm is equivalent to the weak
convergence of the distributions they index. It is shown
that for smooth families, soundness implies convergence
of the posterior distribution at the required rate.

In Section II, we state our main results and consider
some examples. We discuss applications of the main re-
sult in Section IIL It is seen that D(PJ|{M,) is a) the
cumulative risk of Bayes’ estimators of the density func-
tion, b) the redundancy of a source code based on M,,c)
the exponent of error probability for Bayes’ tests of a
simple versus composite hypothesis, and d) a bound on
the financial loss in a stock-market portfolio selection
problem. In Section 1V, we formally prove our result.
There are two key hypotheses: One is that the second
derivative of the log likelihood is locally dominated by a
function with finite expected square, and the other is that
the posterior distribution concentrates on neighborhoods
of the true value of the parameter at a fast enough rate.
In a concluding section, we prove the consistency of the
posterior distribution for soundly parametrized families.

Il.  STaTEMENT OF RESULTS

In the approximations we seek, the only quantities that
appear are the information matrix and the prior density at
the true value. This suggests that ideally, the only condi-

tions that should be introduced are those that will contro]
these quantities.

The behavior of the Fisher information can be con-
trolled, for present purposes, by assuming that in a neigh-
borhood of the true parameter value, the second deriva-
tive of the logarithm of the density exists, is dominated by
a function with finite expected square, and that the sec-
ond derivative is continuous at the true parameter value.

Condition 1: The density p,(x) is twice continuously
differentiable at 6, for almost every x, and there exists a
0> 0 so that for each j and k from 1 to d

2

5

<

E  sup
{lle -8, <8}

log p(X[0) (2.1)

36,08,

and
2

E < oo,

ad
—1 X0
7 og p( X16,)

We adopt the convention that, except where noted
otherwise, E denotes expectation with respect to the true
probability density p. For now, this density P=Dg, 18
assumed to be a member of the given family. In exten-
sions of the theory, as will be developed later, Pe, is the
density in the family closest to p in the relative entropy
sense.

There are two information matrices that typically coin-
cide and have a basic role in the analysis. These are the
Fisher information

d J
1(6,) = £] —log p( X|6,) ——log p( X|6,)
{‘90/‘ 9, Jok=1-d

(22)

and the second derivative matrix for the informational
divergence

62

23
26,00, (23)

J(6,) = [ D(pnpe,,)]

Jok=1--d

where in each case the derivatives are evaluated at § =4,
When convenient, we also use the subscript notation Iy
and J, , respectively.

Since the desired expression involves the logarithm of a
determinant of an information matrix and the logarithm
of the prior density, it is natural to require positivity of
the information matrix and the prior.

Condition 2: D(p||p,) is twice continuously differen-
tiable at 6, with J(8,) positive definite, and the prior
w(@) is continuous and positive at 6,

To see the relationship between the two information
matrices, we note that when Condition 1 is satisfied, the
relative entropy in (2.3) is twice continuously differen-
tiable, and J(4,) is seen to equal the matrix with entries
— Ed*(log p(X6,))/36,0,.. This is the same as the Fisher
information /(6,) when the true density is equal to Po.»
provided that derivatives with respect to 8 of the equation
Ipe{x)=1 can be brought inside the integral to yield
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[3°py(x)/ 36,98, =0 (see, e.g., Lemma 2.6.1 in Lehmann
[42).

Note that both Condition 1 and Condition 2 are local
assumptions depending only on the behavior of the family
for # near 6,. A third condition is also required on the
consistency of the posterior distribution. As is shown in
Theorem 2.2, this posterior consistency is satisfied when
the only Py’s near P, are those for which 6 is near 6,,.

Condmon 3: The posterlor distribution of # given xr
asymptotically concentrates on neighborhoods of 8,, e
cept for X" in a set of probability of order o(1/log n)
ie., P{W(NX™)> 8} = o(1/log n) for every open set N
containing 6, and every §>0, where W(-|X") is the
posterior distribution of 8 given X".

The main result is the following theorem. It is proved
in Section IV.

Theorem 2.1: Suppose the parametric family {p,} and
the prior w(6) satisfy the smoothness Conditions 1 and 2
and the posterior consistency Condition 3 for 6, in the
interior of ©. Then

. d n
lim (D(PO’LHM,T)— —1og2—)

=log—— *logdet J(8,) — (10,/9:1) (2.9)

(9)

and moreover, the following limit holds in L!(P) and
hence in probability

pe(X") 1 d n
lim [log—%——— + =87/,'S — —log—
nl_‘,“x(og m(xm) 25090, 5 logz )
1
= lo| —lo det J(0 2.5
TS gdet J(8,) (2.5)
where S, =(1,/Vn )V log p(X"|,). If 1(8,) = J(8,) as well,

we have convergence of the expectation as in (1.4), con-
vergence in L'(P) as in (1.6), and convergence in distribu-
tion as in (1.7). If Conditions 1 and 2, but not the
posterior consistency, are satisfied, (2.4) and (2.5) are
upper bounds on the limit superior of the respective
sequences.

Next, we examine the consistency of the posterior dis-
tribution as required in Condition 3. The assumption of
posterior consistency is more natural for the analysis of
Bayesian methods than is the assumption of the consis-
tency of the maximum-likelihood estimator, as was used
in [19]. Moreover, in Theorem 2.2, we see that when
Condition 2 is satisfied, Bayes’ consistency holds under a
hypothesis that is much weaker than the conditions for
the consistency of the maximum-likelihood estimator due
to Wald [57). '

For the following definition, it is assumed that the
Borel space X on which the probability distributions P,
reside is a separable metric space.

Definition: A parametric family of distributions is sound
if the convergence of a sequence of parameter values is
equivalent to the weak convergence of the distributions
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they index, i.e.,
60, P —>PF,.

Soundness is an identifiability condition that makes it
impossible for a family to fold back on itself: no 6 far
from 8, corresponds to a P, close to P, . When a parame-
terization is one to one (i.c., 8 # 8, implies P, # P, ) and
continuous (i.e., § — 6, implies P, — P, ), then soundness
is automatically satlsfled on each compact subset of the
parameter space (because one-to-one and continuous
mappings on a compact set have a continuous inverse).
Therefore, for one-to-one and continuous parameteriza-
tions, to check for soundness in noncompact cases, it is
enough to check that for sequences @ that diverge from
the parameter set, the measures P, do not converge to a
member of the family. Continuity of the parameterization
at 6§, is seen to be a consequence of continuity of
D(Pg 11P,), which is assumed in Condition 2.

The following result, which is proved in Section VI,
shows that soundness in conjunction with a local smooth-
ness assumption is sufficient for the consistency of the
posterior distribution.

Theorem 2.2: If a parametric family of distributions on
a separable metric space is sound and if the smoothness
Condition 2 is satisfied at 6,, then the posterior consis-
tency Condition 3 is satisfied. Moreover, for every neigh-
borhood N of 8, there exists r > 0 such that
P"{W(N”[X")>e"”}50(%). (2.6)
To provide a class of examples, we indicate that finite-
dimensional exponential families satisfy the hypotheses of
Theorems 2.1 and 2.2. Consider famlhes of probability
densities of the exponential form e~ *g(x)/c(§) with
the natural parameter space 0O ={6 € R*: c(8) <=}, where
c(8) = Je~? *®g(x)A(dx) is the normalizing constant. The
function g(x) and the dominating measure A(dx) are
arbitrary. We assume that the vector-valued function ¢(x)
is such that 67¢(x) is a nonconstant function, unless
0 = 0; therefore, the dimension of the family cannot be
reduced. To verify Conditions 1 and 2, note that the
derivatives

a*(log p(x|6)) /36,30, =

are independent of x, and logc(6) is twice continuously
differentiable and strictly convex (so the second derivative
matrix is positive definite) at points in the interior of ©,
as is shown, for instance, in Brown [13]. The posterior
consistency condition also holds: Berk [10] showed that
P"{W(N<|X")> 8} converges at an exponential rate. In
addition, the soundness condition can be verified as in
Section VI. Indeed, a type of degeneracy occurs for any
sequence of 8's that diverges from the family. In Clarke
[18], the approximation to D(P;|M,) is worked out in
detail for several specific examples.

Returning to the general context, the next theorem
uses a more elaborate argument to obtain the limit supe-

—*(log c(8)) /36,36,
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rior half of the result in Theorem 2.1 under weaker
conditions. It is enough that Condition 2 be satisfied and
that log p,(X) be mean-square differentiable at 6,. In
addition, Condition 2 alone is enough for the limit supe-
rior of (D(P]'|IM,)—(d /2)logn) to be bounded by a
constant, but the constant is somewhat larger than identi-
fied in Theorem 2.1.

We also obtain an extension of the upper bounds to the
case that the true density p is not necessarily in the family
{py}, and D(pl|p,) is assumed to be minimized at a point
8, €int(®). In this case, D(P"||M,) typically grows at
rate n.

We continue to assume that Condition 2 is satisfied.
Note that the twice continuous differentiability of
D(pl||py) and the minimization of it at 6, implies that the
gradient is zero, and the second derivative matrix J(8,) is
nonnegative definite at 6,. Positive definiteness ensures
that 6, is an isolated minimum, i.e., there are no other
minima in a neighborhood of 8,,.

In place of Condition 1, we use the following weaker
hypothesis.

Condition 4: log p,(X) is mean-square differentiable at

6,, that is, there exists a vector-valued function i,(X)
with E|ji, (X)||* <ec such that

(EﬁongX)/mjkd—(B—BJTQIXJVyﬂ

=o(llo—4,l). (2.7)
The expectation is taken with respect to the true
density p.

The mean-square derivative i, (X) is called the score

function, and the Fisher information matrix 7, is defined
in this more general context as
L= E{is (X)ig(X)7). (2.8)

Mean-square differentiability is weaker than (in partic-
ular, it is implied by) the assumption of pointwise differ-
entiability with the norm square of the derivative that is
locally dominated by a function of finite expectation.

For an example of a family satisfying the mean-square
differentiability but not the pointwise differentiability,
consider the two-sided exponential p(x|8)=(1/2)e~x~*
like that in Pollard [44]. Take the true density to be in this
family with, for convenience, 6,=0. The pointwise
derivative of log p(x|#) does not exist at 8 = x. Conse-
quently, the differentiability at 8 in a neighborhood of
zero (required for Condition 1) does not hold for x near
zero. Nevertheless, log p(x|#) is mean-square differen-
tiable with i, (x)= —sgn(x —6,) and I, =1; in addition,
D(p||ps=e"""+10|—1, which has the second-order ex-
pansion (1,/2)07 + 0(8%); therefore, D( p|i p,) is twice con-
tinuously differentiable with Jo, =1, and Conditions 2 and
4 are verified.

We note that although the information matrices I, and
Jy, are typically the same when the true density p is in the
famlly (see the remark after the statement of Condition
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2), they are generally not the same for p outside the

family.
The relative entropy has the decomposition
pe(X")
D(P"||M,) =nD(P|P, )+ Elog (X7 (2.9)

The following theorem provides a bound on the second
term of order log n. When p = p, is in the family,
Elog p(X")/m(X")
is the same as D(P;'||M,), and the following provides
weaker assumptions for asymptotic upper bounds of the
sequences in Theorem 2.1.
Theorem 2.3: 1f Condition 2 is satisfied, then
pe(X") d n
e log—
m(X") 2 °2=m
1
w(6,)

If log p,(X) is also mean-square differentiable at 6,
(Condition 4) then

Pe,,( X") d n
log—-—— — =log

limsup | E log

n-—owc

flogdet (J ). (2.10)

m(X") 2 °2mw
1 1 I
< log@ + Elogdet(Jgﬂ) =5 Sule, Su o(1)

(2.11)

where o(1) tends to zero in L'(P) as n >, and conse-
quently

. pe(X) d n
l1nmjgp(Elo (X ) Elogzw
1 1 B
510gw(60) +Elogdet(lgv)— —z—tr(leo.lgu ) (2.12)

Here §,=(1/Vn)L/_i,(X,) is the standardized score
function, which by the central limit theorem, is asymptoti-
cally distributed as N(0, 7, ).

Note that the posterior consistency condition is not
needed for the upper bounds in Theorems 2.1 and 2.3.
This is because the mixture m(X") = fop(X"|0)w(0) d8 is
reduced to my(X") = [ p(X"|0)w(8)df when obtaining
these bounds, where N; is a neighborhood of 6,. How-
ever, if the posterior distribution is not consistent,
Elogmg(X")/m(X"), which is the expected logarithm of
the posterior probability of the neighborhood of 8,, does
not tend to zero for some § > 0, and a nonzero gap exists
in the limit of the difference Elog p,(X")/my(X")—
Elog po (X™)/m(X"). In this way, it is secen that poste-
rior consistency is necessary for the limit in Theorem 2.1.

Our final conclusion gives a strengthened form of the
Bayesian central limit theorem on the asymptotic normal-
ity of the posterior distribution, which is shown to be
equivalent to our L' convergence result in Theorem 2.1.
Let T=Vn(8—9,) for 6 distributed according to w,
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which has the posterior density function

(1/vn ) ' w(, +t/vn ) p(X"16, +t /v )
m(X")

w1 X") =
(2.13)

and let ¢,(¢) be the normal density with mean Jg"S” and

covariance J; '.

Theorem 2.4: Assume that Conditions 2 and 4 are sat-
isfied. The convergence given in (2.5) is then equivalent to
the following. For every ¢t in RY, the difference in the
logarithms of the posterior density and the normal density
converges to zero in L'(P), i.e.

lim Ellogw,(t|X")—logd,(t)]|=0. (2.14)
In particular, this convergence (2.14) is implied by Condi-
tions 1-3.

This shows that the posterior distribution of 6 is ap-
proximately normal with mean 6 =6, +(1/\/17)J6‘015” and
covariance (nJ, )~ !. Related results, showing convergence
in probability rather than convergence of the logarithm in
L' are given on p. 111 of Hartigan [25] and on p. 456 of
Lehmann [42].

In the applications we develop below, it is the infor-
mation-theoretic asymptotics, i.e., the asymptotics of
D(PJ||M,), that we use most directly, rather than the
asymptotic normality of the posterior.

Further extensions of the theory, showing that the
approximation to D(PJ'||M,) in Theorem 2.1 holds uni-
formly on compact subsets of the interior of ® and giving
conditions such that the approximation can be averaged
with respect to the prior to yield an approximation to
Jow(0)D(PS|iM,) d6, are obtained in Clarke [18] (in the
case that /,=J,) and will be developed in a subsequent
paper by the authors. As shown in [18], a consequence of
these extensions is that the prior w(#), which is propor-
tional to det(,)'/? leads to a minimax value of the
relative entropy.

III.  AppPLICATIONS

We consider implications of the asymptotics of
D(Pg'||M,) for density estimation, universal data com-
pression, tests of composite hypotheses, and stock-market
portfolio selection.

For simplicity in these applications, we focus on the
case that the true density is in the given parametric family
and that the two information matrices coincide. Conse-
quences may also be formulated in the more general
context.

A. Implications for Density Estimation

The relative entropy has several mathematical proper-
ties that make it a natural choice as a loss function in a
decision-theoretic framework for the estimation of a den-
sity function. Chief amongst these are the following: It
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induces convex neighborhoods; it satisfies Pythagorean
relations even though it is not a metric; it satisfies a chain
rule expansion for densities of jointly distributed random
variables; in smooth parametric families, it locally approx-
imates squared error loss; it is nonnegative and it equals
zero only when its arguments are equal.

Suppose we are in the case described earlier. In partic-
ular, we are given a parametric family indexed by 6 and
that 0, is the true value of the parameter. However,
suppose that it is not the parameter per se that interests
us. Rather, we are using the parametric family to identify
the true density, which is p, . One natural estimator of
p(x|6,) at any given x is the mixture of the densities with
respect to the posterior distribution

Pl X" = [ py(x)w(6]X") db (3.1)
)
that is, the posterior mean of the density. Observe that
this estimator is the predictive density

pAn(x) = m(Xn+l = XIX")

where m(X,,,|X") is the conditional density of X, .,
given X" according to the Bayesian model.

We use the relative entropy as the loss function for
parametric density estimation and examine the behavior
of the cumulative risk. Let 8, for k=0,--,n—1 be a
sequence of density estimators. Each 6, estimates the
density of X, ., given the data X*. Here, §, is a fixed
density function not dependent on the data. When 8, is
true, the risk associated with 8, = 8,(X*) is

E, D(p,,)I3;)-

We denote the cumulative risk of n uses of an estimator
3, for k=0,---,n—1Dby C(n,6,,6). It is the sum of the
individual risks:

0

n—1
C(n,6,.8) = L E,D(py,J15:)-

k=0
The sum of the (relative entropy) risks plays an important
role in the other applications as well (see, e.g., case D
forthcoming). It is natural to expect that the individual
risks £, D(p, [|8,) could be made to be of order 1/k,
and henEe, the cumulative risk would be of order log n.
We obtain an order log » result for the cumulative risk of
the Bayes’ estimator.

Just as the posterior mean of # is the Bayes’ estimator
under squared-error loss, it turns out that the posterior
mean of p(x|#) is the Bayes’ estimator under relative
entropy loss. We have the following result.

Proposition 3.A: For each n, the estimator p, defined
as in (3.1) is the Bayes’ estimator of the density function.
Moreover, the cumulative risk of this sequence of estima-
tors is

n—1

C(H,BU,[;,,) = Z EH(,D(pH,,”ﬁk)= D(PHI:,“MH)
k=0

under the convention that j,(x}= m(x,). Consequently,
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under the conditions of Theorem 2.1, the cumulative risk
is approximated by (d /2)log 1) + ¢, and the average risk
(1/mXLE, D(p, || p;) converges to zero at rate (logn)/n.

Proof: The information inequality, D(pliq) = 0, with
equality if and only if p = g, implies that j, is the Bayes’
estimator because for any other density g, the posterior
average of the risk is seen to equal

[, pCpallg)w(oix") do

= [.DCpallp,)w(O1X") 0+ D(p,llq)-

We see that the minimum is achieved when the second

term is zero, i.e., when g = p,. (A similar characterization

of the posterier mean density p, is given in Aitchison [1].)
By Bayes’ rule, p, equals the predictive density, which

is

mn+l(Xn’xn+l)

’n(Xn+l=xn+]'X”)= m (X,,)

By the chain rule for the relative entropy, we have that

n—1

D(P;IM,)= ¥ ED(P, |5 (32)
k=0

where each summand is the risk in estimating the density

using the Bayes estimate based on k observations. O

We remark that under the conditions of Theorem 2.1,
the individual risk terms ED(P, ||P,) also converge to

zero as n — . This follows from noting that
E,D(P, IB,) = D(P;IM,)~ D(F; "M, _,)

and applying Theorem 2.1 to each term on the right side.
Thus, the predictive density is a consistent estimator of
the true density in expected relative entropy.

We note that on p. 434 of Cencov [14], the author gives
conditions such that for the maximum-likelihood density
Py, the risk ED(P, ||P;) is of order d/Q2n)+00/n)*"?
(moreover, he demonstrates the optimality of this rate).
Summing these individual risks also yields a cumulative
risk of order (d /2)log n.

Parameter estimation can be regarded as a special case
of density estimation in which the estimator of the density
is restricted to be of the form p(x[f). In the density
estimation context that we consider, the estimated density
is not restricted to be in the family. By enlarging the class
of estimators in this way, the statistical risk can be re-
duced. In particular, the Bayes’ risk in parametric density
estimation lower bounds the Bayes’ risk in parameter
estimation, i.e., for every prior

igffE,,D(()]]ﬁ')w(())dﬂz ir}ffE,,D(PBHB)w(H) do
(3.3)

where the infimum on the left side is over parameter
estimators & with loss function D(8||8') = D(P,||P;), and
the infimum on the right side is over density estimators 8.
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B. Applications to Universal Source Coding

Suppose that X is a discrete random variable whose
distribution is in the parametric family {P,: § € ©}, and
we want to encode a block of data for transmission. It is
known that a lower bound on the expected codeword
length is the entropy of the distribution. Moreover, this
entropy bound can be achieved, within one bit, when the
distribution is known. Universal codes have expected
length near the entropy no matter which member of the
parametric family is true. The redundancy of a code is
defined to be the difference between its expected length
and the entropy.

Universal noiseless source coding for parametric fami-
lies of distributions was introduced by Davisson [21].
Variable-length binary codes are assigned to blocks of
data X"=(X,, -+, X,). Let {0,1}* denote the set of
finite-length binary strings. Recall that by the Kraft—
McMillan theorem (see, e.g., p. 50 of Blahut [12]) if

b: X" —{0,1}*

is a uniquely decodable code, and I(¢(X")) is the length
of the codewords, then

Q (X”) — 2—/((5(/\'”))

defines a subprobability mass function on X”. Moreover,
for any subprobability mass function Q,(X") for which
—log O,(X™) takes integer values, a uniquely decodable
code exists with those lengths. The redundancy is the
difference between the expected value of the length of
the codewords #(X"), and the expected value of the
idealized length log1/P,(X"), that is

1
Rn(d’?PB(,): E[l(d)(X”)) _log(m):l

1 1
'°g( 0,(x") )_"’g Po(X7) ”
(3.4)

=D(P;1Q,)

where the logarithm is taken base 2. Thus, the redun-
dancy is the relative entropy. We want to choose the
lengths to make the redundancy small for each P, with-
out advance knowledge of the true distribution in the
family. Among all subprobability mass functions Q, the
one that minimizes the average of D(P;'||Q,) with respect
to a prior w(8) is the mixture M,. Thus, D(P;'||M,) is
referred to as the redundancy of the Bayes’ code. The
idealized lengths log1/M,( X ") may violate the constraint
of being integer valued. Nevertheless, for Shannon code
based on M, , i.e., the code with lengths

n

=FE

1
M”( Xn) "’

the redundancy is within one bit of D(P!||M,).

The concepts of noiseless source coding of discrete
data may also be applied to the case of continuous ran-
dom variables that are arbitrarily finely quantized. In the

(X)) =[10g
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sense made clear by the following proposition, the rclative
entropy remains the redundancy for nondiscrete sources.
If a noiseless code is specified for every finite quantiza-
tion of a nondiscrete source, we define the redundancy of
that source to be the supremum of the redundancies over
all such quantizations. In the case that the random vari-
ables are discrete, this reduces to the usual definition of
redundancy.

Proposition 3.B: For any source, the redundancy of the
Shannon code based on M, is D(P;'||M,) to within one
bit. Thus, the redundancy of the Bayes code is given
asymptotically by

d n 1

EIOgZ_ﬂ-—e + Elogdet 1(6,) —logw(6,)

under the conditions of Theorem 2.1.

Proof: For any finite partition Il of X", we can
specify a code ¢ =¢, ;, by use of the Shannon code
based on the probability measure restricted to II. For the
Shannon code, we have an explicit formula for the length
of the codewords

1
l(d)n,lI(A)) = [logm], Ae I

and the redundancy is

1
RonlPo)= 5 P10, 40) g |
! T Py (A)
Now I(¢,, ;(A)) is within one bit of log1/Q,(A). There-
fore, for each partition, the redundancy R, (., P, ) is

within one bit of the discrete divergence
LienPi(A)log PI(A)/Q,(A).

Taking the supremum over all possible partitions gives
D(PS0,), by using a well-known theorem (see pp. 6-7 of
Kullback et al., [38]). If Q,, is replaced by M,,, we then get
the Bayes code, and the result is the asymptotic least
upper bound on the redundancy. a

In Rissanen [46], it is shown that for any code, (d /2)-,

log n — o(log n) is an asymptotic lower bound on the re-
dundancy for (Lebesgue) almost every 6 in the family
(assuming that the maximum-likelihood estimator is con-
sistent and asymptotically normal). In addition, Rissanen
[45] showed that for particular codes based on his mini-
mum description length criterion, a redundancy of order
(d /Dlog n + ¢, is achieved, although he did not attempt
to optimize the constant. For a discussion of the best
constants in Rissanen’s framework of two-stage codes, see
[8]. The optimum code according to the criteria of mini-
maxity or minimum average redundancy is not a two-stage
code of the type considered in [45] or 8], rather it is a
one-stage code based on a mixture M,, where the choice
of prior in the mixture is determined by the criterion.
Rissanen [47] also considers codes based on mixtures and
shows that pointwise, the codelength —log m(X") is ap-
proximated by —log p(X"|6)+(d /2)logn +O(1) uni-
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formly in X", provided the empirical Fisher information
and the logarithm of the prior density evaluated at the
maximume-likelihood estimator remain uniformly bounded.
Previous results of this type, with the empirical Fisher
information and the logarithm of the prior density incor-
porated in an almost-sure approximation, are given in
Theorems 4.3 and 4.4 in [3], together with the coding
interpretations.

C. An Application to Hypothesis Testing

It is well-known that the likelihood ratio test statistic
converges in distribution to 1/2 times a chi-square ran-
dom variable with d degrees of freedom, i.e.,

LX) 1

ng(X"lBU) ZXd
in law, where x7 is a chi-square random variable with
d degrees of freedom (see Wilks [59], Wald [56], and
Chernoff [15]). It has been proved that the asymptotic
expected value of the likelihood-ratio statistic is essen-
tially d /2 (see [19]). An analogous result requiring
fewer hypotheses can be proved for the statistic
log m(X")/p(X"|8,). We consider a centered version of
this statistic obtained by subtracting its mean under the
distribution P;'. As stated in (1.7)

m(XH)

p(X"6,)
in distribution. Conditions for the validity of this asymp-
totic distribution are given in Theorem 2.1.

We use this convergence to identify the critical value
and the average power of a test for composite hypotheses.
Consider testing H: P, versus K: Py, 6+6, We con-
strain the probability of a type-1 error to be less than
a,€(0,1) and examine the performance of tests in terms
of the probability of a type-I1 error averaged with respect
to a prior density w(6) over the class of alternatives K.
Let c(a) be the 1— & quantile of a centered chi-square
random variable with d degrees of freedom, i.e., P(x3 —
Ex}>c)=a. The Bayes’ optimal test is defined to mini-
mize the average probability of error. By a familiar argu-
ment, the problem is seen to reduce to a simple versus
simple test for Py versus M,; thercfore, the optimal test
compares the test statistic log m(X")/p(X"|6,) to a criti-
cal value ¢ =1(a,). The following proposition shows us
how to select the critical value in practice. Specifically,
Theorem 2.1 gives a convenient approximation to it.
Moreover, the average power of the test is shown to be
related to D(P}||M,).

Proposition 3.C: Fix a, in (0,1). Under the assumptions
of Theorem 2.1, the Bayes’ test with critical value =
D(P;|IM,)~1/2¢c(a) has asymptotic level «;, and the
optimal average probability of a type-II error is, to within
a constant factor dependent only on «,

=2 (2me) " w(6,)

ydet1(86,)

1
log = D(P;IM,) = 5 (xi—d)

—D(PY M, =

a,=e



CLARK AND BARRON! INFORMATION-THEORETIC ASYMPTOTICS OF BAYES METHODS 461

Indeed, there exists a finite interval [L(«a,), U(a,)] such
that every test with a type-I error less than or equal to «,
satisfies

liminf [loga, + D(P;|M,)] = L(a,).

n-—

(3.5)

There also exists a test with a type-1 error a, for which
the following upper bound holds:

limsup [loga, + D(Py'[IM,)] <U(e,).  (3.6)

The functions L and U can be expressed in terms of ¢(a).

Remark: This extends Stein’s lemma (see [16], [2], or
[12]) for simple versus simple hypotheses, say P, versus
P, with @ #6,, which asserts that to first order in the
exponent

. DR
a, = e DPLIPY,

Proof: We first prove the lower bound statement
(3.5). Let C,, be any critical region with P,(C,) <a, and
let A, be the “typical set”

p(x"6,)
m(xn)
where a > «,. Observe that

lim Pj'(A4,) =a.
n—ox “

1
A, = {x”|log <D(P;|M,)~ Ec(a)

Then, the average probability of a type-1I error satisfies
ay=M,(C;)=M,(C;n A,)
> e DUPLIM)+(/Delopn (e 4 )

> e*D(PH,,HM,.)H1/2)1'(01)[ng:)(c’rz)__ PH’,I,(A;)] i
Since

lim [P;;(C';;)— P,,'"/(Aj’,)] —a—a,>0

n—x

we take logarithms to obtain

linm_)igf [log a, + D(P,,’(’,HM,,)] > %C(a) +log(a —a,)
where a €(a),1). Note that ¢ is strictly decreasing in «
and ranges from — Ex2 to %, and log(« — ) is strictly
increasing. It is possible to get an implicit algebraic rela-
tion that must be satisfied by the « that maximizes the
right side, or we may choose a = (e, +1)/2 to get a lower
bound of the form (3.5).

Now we prove the upper bound (3.6). The Bayes’
optimal test is of the following form: Reject H if and only
if (X,"-+,X,)e€C,, where C, is the critical set

x"|0
C,= {X”: logu <
m(xn)
Choosing
c(ay)
t=D(PIIM,) - ——

we have that

p(X"8,)

—2l1
& (X

- D(PIM,)
converges weakly to a chi-square random variable with d
degrees of freedom. Therefore, the limiting probability of
a type-l error is

lim P,(C,) = «,.
By Markov’s inequality, the average probability of a type-11
error satisfies

_ ¢ =1 _ = D(PJ M)+ (1/2)c(ay)
y = M,(C5) e/ = e PP H1/000,

Taking logarithms and rearranging gives

1
limsup [log a, + D(Py||M,)] < Fel(e)
so that c¢(a;)/2 is an upper bound on the limit superior of
the left side. Thus, (3.6) is proved. 0

D. Application to Portfolio Selection Theory

Let X,,X,,- -, X,, - be a sequence of independent
stock-market return vectors, where the coordinates X;;
denote the multiplicative factor by which dollars invested
in stock j, j=1,--,k are increased during the ith invest-
ment period. At the beginning of each investment period,
stocks are bought or sold to result in a portfolio of stock
proportions b=(b,,"*,b,), b; >0, Z¥_,b; = 1. Beginning
with one unit of wealth, the wealth at the end of n
investment periods is S, = I17_,b7X;, where b,,b,, -+ is
the sequence of portfolio vectors. If the true distribution
P, were known, the portfolio b* = b(P, ) would then be
chosen to achieve

W* = maxFE log b”X
b

in order to achieve maximum possible exponential growth
rate of wealth (see Kelly [32]). Not knowing the true
distribution, we may base our portfolio b, = b,(P,_,) for
the nth investment period on an estimate P, of the true
distribution. In [7], it is shown that the resulting decre-
ment in the exponential growth of wealth is bounded by

12 A
; .Z] ED(PB,,”P:'—])-

i-
In particular, if we use the predictive density estimator
px)=m(X,,, =x|X,, -, X,), the bound on the decre-
ment is then precisely (1/r)D(Py!||M,,), which is the very
quantity approximated by our theorem. The Bayes’ se-
quential investment strategy, which uses the predictive
density to select the portfolio, is optimal with respect to
M,. If P, were known, the resulting optimal wealth is

S’;k — f-,n(l/l/"-ﬂ)(l))
where o(1) — 0 in probability. We can lower bound the

wealth of the Bayes’ strategy in terms of the optimal
wealth.
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Proposition 3.D: The Bayes’ strategy, investing based on

M, achieves wealth at least

w(8,)
Vdet 1(6,)
where the last expression holds asymptotically under the

conditions of Theorem 2.1. Indeed, for any a €(0,1) and
any 7> 0

n =

2me 42
n )

S Ok, —D(P)IM) = Cx
S >S”€ fol #Su

%, —D(PY M) —(1/2)c(a)—T
S, =Ske bo

n =
except on a set with probability asymptotically less than or
equal to a+e”7, as n —»x, where c(a) is the same as in
the last proposition.

Proof: By Markov’s inequality, the wealth satisfies

m( Xn)
S,z 8F———r
p(X"6,)
except on a set of probability
o {S;k m(X") _} g SF m(X")
< T ona =€ <eEy — —F———
" S, p(x716,) s, p(X"6,)
E3
<eE, <+
" S”
<e 7

where the inequality E,,S7* /S, <1 follows from the con-

ditions for the optimality of §, for the distribution M,
(see [7]). The result then follows as it does in the proof of
the proposition on hypothesis testing from the fact that
twice log m(X")/p,(X")+ D(P§||M,), asymptotically,
has a centered chi-square distribution with d degrees of
freedom. [m]

1V. PRrROOF OF THE MAIN THEOREM

To prove Theorem 2.1, we will use a lemma that gives
upper and lower bounds on the integrand of D(FPg'(|M,)
on certain sets that have high probability.

We introduce the following notation. Let

N;={6:16—6, <38}
where, for convenience, the norm of vectors in RY is
taken to be |¢|= [€],, defined by

€15, = €705 ¢
For 0 <e <1 and § > 0, define the events

A (8,€) = {fop(X”w)w(&)d()

SE] p(X”|8)w(9)d9} (4.1)
N,
and
B,(8.€)={(1-€)(6-8,)"J,(6-0,)
<(6-9,)"1x(6-9,)
<(1+e)(8-6,)'J,(0-6,),
forall 9, § € Né} (4.2)
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where
Jp=I7(0) = =[(1/m)d*(log p(X"10)) /36,06, ] ,_, .,
is the empirical information matrix. In addition, let

C(8) ={1:(8,)" 45, 1(0,) <87} (43)

where we have denoted the average score function by

1
1,(6,)= ~Vlog p(X"6,).

A closely related quantity is the standardized score S, =
(1/vn )V log p(X"|6).

The set A, contains those points x” for which the
posterior probability of the neighborhood N is at least
1/(1+€); the set B, allows us to bound an empirical
estimate of the Fisher information by its true value; the
set C, is the set where a norm of the average score is
near zero. We bound the behavior of the prior by the
modulus of continuity of its fogarithm on a neighborhood
of the true value:

w(6)

= log ———
p(8,60,) = sup ng(oo)

8e N;

In the motivation for the result outlined in Section I we
used the maximum-likelihood estimator. We find that
weaker hypotheses can be stated if a different estimator is
used. In what follows, we will use an analog to the
maximum-likelihood estimator, which we denote by 6. Its
definition is

6=6,+7,'1,(6,).

It amounts to a stochastic perturbation about the true
value of the parameter. Note that # is not really an
estimator since it depends on the estimand. The quantity
6 is used on p. 11i of Hartigan [25] and on p. 456 of
Lehmann [42], in proofs of the asymptotic normality of
the posterior density.

We next state and prove tight upper and lower bounds
on the density ratio. In accordance with Laplace’s method,
the proof will use a second-order Taylor expansion about
6, to lead to an approximation by a normal integral.

Lemma 4.1: Suppose Condition 2 is satisfied so that
w(8) is continuous and positive at §,, and J, is positive
definite. On the set 4, N B,, we have the upper bound

nr
m(xn)

< (14 €e)w(8,) e
p(x"16,)

e/l »em,;(s(,)"/,;)'//,w,,;( 21) d/2

)-1/2

~det(n(1-€)J, (4.4)
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On B, NC,, we have the lower bound

m(xn) (0
—_—
p(x78,) ="

(12472 My det (n(1+€)J, )",

Ye PP Hgln /21 e ))/,’,(H,,)’./,;"/;,m,,)( 27) ds2

(4.5)

Proof of Lemma 4.1: In both cases we apply Laplace
integration to the mixture density. For the upper bound
(4.4), we have, by restriction to A, and then to B,, that

m(x")
p(x"16,)
”|9)
p(x"1,)

_ Trr _ _ T ke __
=(1 +€)[ OO 1i80) (1 /200~ IF 00,1, (9 dg
Ns

<(1+e)[ w(8) do

< (1+€)w(B,) e

f e —0T1(8) = (n /201 —eX8—0,)Ty (0-6,) gp
Nﬁ
< ’ Ty=1y
= (1+ €)w(8,) P bt/ 2X1 =0, 15 11,06,
/ e~ (/0 =exs - 1,8 -1 g
Ns
- ’ Ty—1lgr
< (1+€)w(8,)er® -0t /2X1 =oli(6,)" 1y 13¢6,)
1/2 ~1/2
(2m)* det(n(1-€)J, )
where we have used a second-order Taylor expansion
(with 6 a point in N, that depends on 8 and x"), u = 0, +
p

(1/(1-¢e)X6 - 6,), and we have used the following 1den-
tity, which may be verified by completing the square

(6-96,)"1,(6,)— %(1 —e)(0-6,)"7,(0-9,)

(1 -
= (0 -u)'J, (0—u)
( ) n(eu) Jﬂ ‘1"(00) (46)
For the lower bound (4.5), we have

m(x") >f p(x"10)
p(x"6,) ~In, p(x"18,)

w(8)de

— Tre _ _ kg
:f OO0 —n /20015000y, (9) B
N

&

where 6 € Nj. Again, we use the identity previously stated
(4.6), but we now replace (1—¢€) with (1+¢€) and let
u=0,+(/(1+e))h - 6,). Because of the restriction to

B,,, we can continue the inequality

"

N Ty _ _g 7 _
Zw(gﬂ)e—pm.s,»f o= 10~ /X +eX8=8,) 1 (6-0,) 19
Y

— w(B, e POBptn /AL NI 1ix6,)
o

[ o —(1+Xn /20— 1,0 =1) g
N,

s

= w(B,)ePO-0ln /A1 + (B, DI 18,
O

. [f 67(] +e)(n/2)(97u)71,,”(9*11) de
R(/

7/ e~ (IFeXn /20— Ty 0-uw) gg | (4.7)
N§

Since we have restricted to C, and the norm is with
respect to J, , we have, by writing a = 1/(1+ €) and using
the definition of u and 6, that for 8§ € N

10— ul=|6-6,-a(6-0,)]
=16 -6, —aJ;';(6,)

>0 - 6,|— a|J; '1:(6,) |
€d
(1+¢€)”

Consequently, in the second integral of (4.7), the inte-
grand is not greater than

>(l1-a)d=

e—n5282/4(1 +e). gl +e)n|0—ul? /4

Therefore, expanding the domain of integration in the
second integral of (4.7) and rearranging, we have the
lower bound (4.5). This completes the proof of Lemma
4.1. O

We now have some control over the logarithm of the
mixture density over the true density. The integrand of
the relative entropy approximated by the theorem uses
the reciprocal of that density ratio. Thus, when obtaining
upper bounds on it, we will be concerned with the proba-
bility of B, N C,, and when obtaining lower bounds, the
probability of A4,N B, will be important. It will be
demonstrated that the probability of the complements of
those sets converges at a fast enough rate to suit our
needs. The expected supremum Condition 1 is used to
control the probability of B; and of C;. The posterior
consistency Condition 3 is used to control the probability
of A4,.

Proof of Theorem 2.1: Denote the error in the ap-
proximation we seek by

Do (X™) dl n | 1
= | = — 4+
T a(xmy T\ 2 %2 T %%(e,)

1 1
+ Elogdet(ng) - ES,,TJ,,’OIS,,

where S, =Vn1/(6,). Our task is to show that lim E(R,)
=0 and, moreover, that lim E|R,| =0. This we do by
upper bounding R, by a positive quantity, which tends to
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zero in L', and lower bounding it by a negative quantity,
which also tends to zero in L',

First, we obtain the lower bound. From Lemma 4.1 and
the positivity of S ] 'S, we have

no

d
S’Z B-ISII+7
2

1
I
®h-o

Rex =5

+log(1+¢€)+ p(8, U)) (4.8)
Pe,,(X") -
l(A”mB“)f(lOgm) (4.9)
d n 1
—1ea,n B, EI 85— +log——— (60) logdet(] BIE
(4.10)

Since each term is negative, this also provides a bound on
the negative part of R,, denoted (R,)” = max{0, — R,}.
First, we examine the term in (4.9). Define the event
G,=(A4,Nn B) n{m(X") = p,(X")} and note that
lim P;(G,) = 0 if the probabilities of A4, and B, tend to
zero. The expected value of this term is bounded by use
of the concavity of the logarithm and Jensen’s inequality
to obtain

Po(X")\ m(X")
El flog—=2——| =FE1, |[log——~
(4,0 8,) ( g m(xn) G, ngﬂ,,( Xn)
(610 MG
<Py og————
PG

o

1
< P;(G,) 10gWG—)’
8, n

(4.11)

which tends to zero as Pg(G,) - 0.

Next, we note that the expccted value of (4.10) tends to
zero if P(AS) and P(BY) are both o(1/log n). Now A,
the event that the posterior probability of Nj is less than
1/(1+ ¢€), and so, P(AS) = o(1/logn) by Condition 3. It
will be seen by an appllcatlon of Chebyshev’s inequality
that Condition 1 implies P(BS)= O(1/n).

For the first term in (4. 8) we use E(S]J;'S,)=
r(J; 'ES,ST) = wr(J; 1, ). Therefore, collecting’ these

n=n

bounds, we have that for every 0 <e<land 6>0
1

liminfE(R,) > — S
(R,) e

n—x

€ . d
—72(1 9 tr(Jeu 19“) + Elog

+log(l+e)+p(5,6“)).

Letting € and 8 tend to zero shows that liminf E(R,) > 0.
In the same way it is seen that, moreover, lim E(R,)” = 0.
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Next we obtain the upper bound. We use Lemma 4.1,
as before, to get

€ ; d 1
R, <——SI's + =1 +p(5,8
;132(1+€) nve,, H 2 Og(1+€) P( (,)
—log(1- 24/26751;153/x)
170,,(X”) '
+1(B”MV”Y(IOg_m(—X”T (4.12)
d n 1
g ncy Elog2 log———~ w(6.) Elogdet(J‘,“)

(4.13)

Now, (4.12) and (4.13) are the terms that are examined by
methods different from those used in the lower bound.

For (4.13), note that by the central limit theorem, S,
converges in distribution to Z ~ Normal(0, I;”'). There-
fore, S! Je 'S, is uniformly integrable since it converges in
dlstrlbutlon (to the distribution of the random variable
Z'J;'Z) and it has convergent, indeed constant, expected
absolute value (see p. 100 of Chung [17]). By uniform
integrability, lim £(S)J;'S,1 5 ~p,)) =0 if the probabil-
ity of B; and C,, tend to zero.

Now, for the term (4.12), an adequate upper bound
may be obtained by restricting the integral in the defini-
tion of m,, to a neighborhood of 8, and using a first-order
Taylor expansion to get

Py, (X ) -

log—%—~—< ) sup (6-
m(X") i=16,6eN,

—log W(N;)

Tr—1
+ Snja,, Sn](B”ﬂ(‘”)‘ .

8,)Vlog p(X,6)

from which we have

X +
El 10 Po( )
(B, NC,) (X )

n
SE](B”P('”)‘(Z sup (990)TV10817(X1|0))
i=10,0€N;

+P((B,NC,) )|logW(N;)]|. (4.14)

Adding and subtracting the expected value of the supre-
mum from each term in the sum and then using the
Cauchy-Schwarz inequality yields

El(B,,mC,,)‘(Z sup (9—90)TV108P(X,‘|0~))
i=18,6€N,

<nP((B,NC,))E sup (6-6,)'Vlogp(X|6)

6.6 N;

wL(P((B,,r\C,,)"))'/2

1/2
sup (e—e(,)TVIogp(Xlé))) :

N nvar(
6.6 € Ny

(4.15)
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Now, sufficiently small 8, the expected suprema are finite
by application of Condition 1. (Condition | assumes that
the second-order derivatives are locally dominated by
square integrable functions; then, by application of Tay-
lor’s expansion, lower order derivatives are also locally
dominated.) Consequently, these upper bounds tend to
zero as n — 0, provided P(BY) and P(CY) are o(1/n).

In this case, incorporating these bounds in (4.12) and
(4.13), we obtain limsup E(R,) <0 and, moreover,
lim E(R,)” = 0. We remark that a different proof of the
same upper bound on the limit superior, by a somewhat
fancier argument, is given in Section V.

Combining with the limit inferior result, we have estab-
lished our main result (2.4), which is equivalent to the
convergence to zero of the expected value of R,. More-
over, as a byproduct of the analysis, we also have conver-
gence in L', that is, lim E|R,| = 0.

The probabilities of B, and C, must still be examined.
Bounds on P(B;) are needed for both the limit inferior
and the limit superior in this proof. Bounds on P(C¢) are
used for the limit superior.

In controlling the probability of B,, we will use the
fact, based on Chebyshev’s inequality, that for the sample
average Y of i.i.d. outcomes of a random variable Y with
finite variance

_ 1 ,
P(|Y— EYl > E) < n—ezEn(Y* EY) 1(!377EY\>5)

1
= —2€(n,e)
ne

where c(n,e)= En(Y — EY)zl“y,fEYDE) tends to zero as
n -« for any fixed € > 0. To see that ¢(n,e)— 0, note
that n(Y — EY)* is uniformly integrable since it con-
verges in distribution and has convergent indeed constant,
expected absolute value.

From Chebyshev’s inequality, we will obtain bounds of
the form

c(0,,n,¢€,6)

P(B;(6,¢)) < ——F—— (4.16)
ne

where the function ¢, tends to zero as n increases for any

fixed 6 and e. By Markov’s inequality, we will show that

we have

C2(007n75)

P,(Ci(8)) < s

(4.17)
where ¢, tends to zero as n increases for any fixed 5. We
proceed with proving that ¢, and ¢, exist as we want.
To show the existence of ¢, it is enough to examine the
probability of sets of the form
> e'}

where J;, and J*% denote the entries of the information
matrix J(6,) and the empirical information matrix J*(8),

{ sup 770~ 7,.(0,)
e N,

465

respectively. This is suggested by noting that B,(3,¢€) can
be written as

€156 - 1(6,))¢|
¢t |

where £ =6 —6,. By the Cauchy-Schwarz inequality, the
quotient in this set is not greater than the square root of
the sum of the squares of the entries in the matrix
J*(O-)—J(B,)), which, in turn, is less than d times the
maximum absolute value. Then, by the union of events
bound, setting €' =¢/d

P(BS) < ZP{ sup [J%(0) = J, (8,)]> e'}.
J.k € N;

B,(8,¢€) ={ for all 6, éeNé}

For each of the finitely many terms in this sum, the
probability is upper-bounded by adding and subtracting
J%(8,) to get

¢
P( sup "Ij*k(e)_‘,j*k(00)|>5
16, — 0| <8

’

+ P(\J/,*k(ﬂn) = J;.(6,)[> %) (4.18)

By Chebyshev, the second term in (4.18) is upper bounded
by

4
n(el)z Ee(,lqj,ﬁ(e,,)—J,‘k(s,,>|> e'/z)(‘/'T(ijkk(ao) - Jj,k(ao)))

2

(4.19)

For the first term in (4.18), we choose & so small that

82 82
E sup log p(X16) — log p(X16,)
60, 0/<5| 98,0, 36,6,

6/
< J—
4

and set up another application of Chebyshev’s inequality.
Let

2 2

Y, = log p(X;[6) —

i

lOg p( Xiwu)

sup

16, — 6] < 99,00,

36,06,

Now, the first term in (4.18) is upper-bounded by
P,(IY - EY|>¢'/4)

16
n(e')’
Adding the bounds (4.19) and (4.20) for the terms of
(4.18), we sce that we have an expression for ¢, of the
form desired for (4.16).

Similarly from Markov’s inequality, we can identify an
expression for ¢, for use in (4.17):

<

E((\/;()_/ - EYl)Z)lﬂr’*EY|>E'/4)' (4.20)

1 ,
PH (CI(I) = _BEI(" nl"l(e()) rJH_ [1,11(60)
o n n o

1 .
= El(‘l S/{J(; 1Sn .
né " v
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Again, the expectation goes to zero as n—x= by the
uniform integrability of S7J,1S,. Thus, P(B¢) and P(CY)
are of order o(1/n). This con.pletes the proof of Theo-
rem 2.1. O

V. Urpprer Bounps UNDER WEAKER CONDITIONS
AND ASYMPTOTIC NORMALITY

In this section, we prove Theorems 2.3 and 2.4. Condi-
tion 2 on the twice continuous differentiability of the
relative entropy and Condition 4 on the mean square
differentiability of the logarithm of the density are the
two key assumptions used here.

Proof of Theorem 2.3: First, we show that Condition 2
is enough for lim sup (E log p,(X")/m(X")—
(d /2)log n) < ¢ but with a constant ¢ somewhat larger
than identified in Theorem 2.1.

Fix K> d,set 6,=yK/n, and let the norm |# — 6, | =
|6—6,l, be taken with respect to J, as in Section IV.
We staft by reexamining log(w(6, )pe(X”)/m(X"))
restricting the integral to a sequence of neighborhoods
of the form N ={6: 16 -6, <§,}, multiplying and
dividing by a truncated normal density ¢,(8|N;) =
(1/c,)e=n/P0=0Fy . where c, = Jn e~ /P08 gg,
and applying Jensen’s inequality as follows:

w(8,)p, (X")
m(X")

Po(X™) w(0)
=l wa)

[ PAXT) w(O)
= °gf~n.,,p0,,(x"> w(6,)

(Xn) e(n/Z)\G 8,° W( )

= —lo 0N, )do
ef, e oy PN
Pe(X") m (6)
< lO ;—-‘——0—0 2—10
fN( 8k 210 Ol loe s
“¢,(6IN;,) d6 —logc,. (5.1)

Then, taking an expected value inside the integral, which
is valid by an application of Fubini’s theorem, and
using the second-order Taylor approximation
Elog p,(X)/ py( X)=(1/2)|0 - 6,|* + 0(]6 — 6,]*) and the
positivity and continuity of w(6) at 6,, which are valid
under Condition 2, we obtain

w(8,)p, (X")
ElOg m(;‘n) S*lOgC”‘FO(l).

[

(5.2)

By comparison with a multivariate normal integral, we
bound c, = . e“”/z"" %5 46 as follows

(1—d/K)(2m)"*n~4/2 det J; 1/?

<c,<(2m)*n=4/2det J; 1? (5.3)
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where the d /K term follows from the use of Chebyshev’s
inequality to bound the normal(@,,(x/, ) ~') probability of
the event that |6 — 6,| > 8,. From (5.2) and (5.3), we have

p(X") d  n
limsup | E log a

2007 7 log—
m(x") 2 %2n

1 d
<log +510gdetj,,”—10g(l—E).

1
w(0,)

Let K - to complete the proof of inequality (2.10) in
Theorem 2.3.

Next, we use mean-square differentiability (Condition
4) as well as Condition 2 in a refinement of the previous
proof to obtain a bound on the limit superior, which is the
same as in Theorem 2.1. X

Here, given K > d, let N, ={6: |6 — 6] < 5,) where §,, =
vK/n, and

1

WJB_’)IS 1(9”7," I
Let 6,(0)=(1/c,)e /D~ 9'1 <X, be the truncated
normal centered at § instead of 6,. The normalizing
constant c, is the same as previously stated. Note that for
6 in Né, we have |8 -6, <|0— 0|+10 0,|<2yK/n =
26,. Then, by the same reasoning as in (5.1), we have

0=00+ < K}*

n=

w(6,) Paf X")
& (X"

o

where p(25,,8,), obtained from the modulus of continuity
of log w(#) at 8,, tends to zero as §, — 0. Now expanding
the square, we have for 6 in N;

—IOgCn + p(25n’ o)

po(X")

n ol

log

1
_Sr'zr‘,(;,, lSn

n N n
—16—6>=—=16—6,>+Vn (6,—-8)'S,+
2|0 | 2\ ()l n((} ) n 2

r
- ‘/IT(G() - H)TSII + ESIZJGT,IS!I I(S,Z.I,Z)‘S,, > K}

n
=516 - 6,2 +Vn(6,-6)'S,+= 571 'S,

3
SIS sty s> ke (5.5)

2

The last inequality follows from observing that in the
event {S) J lS > K), we have = 8,, and by the Cauchy-
Schwarz mcquallty J_((el, ~ 6)'s,| <Vn|6 -
oS!, 'S )'/2, which for 6 in Nj, is not greater than

l/Z(S Jy 'S,/ < $7J; 1S, Incorporating (5.5) into
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(5.4), we have

W8Py (X7
g m(xn)
Voo
—logec, — ES"JH” S, +p(25,,0,)
At X o, -0)"s,~ 1o, o
(X” o " 2 [
'¢”(0) a6

3
+ ES,{JB_,, lSnl(S,,TJ,;"S" > K)* (5-6)
We now show that the integral in the second line of
(5.6) tends to zero in L'(P). Toward this end, we bound
its absolute value by

e Pe( ")
I_—W/NN" lOg (X" \F(@ —6) S” 9 —0[
~dx(0)de (5.7)

where ¢(6) is the Normal (6,,,(nJ, )™ ") density. Here, we
have used the bound

¢,(0) < (1/Cn)eZKei(”/z)w‘B"r1(\&—9{,1<25,,)

<(1-d/K) 'e*$¢x(8),

which follows from the bounds on ¢, as in (5.3) and from
the inequality (n /2)|8 — 0]2 >(n /2)\9 6,)>—2K from 8
in Nj,. Thus, the density $,(8), which is centered at the
random point 6, is bounded in terms of the density ¢*(6)
centered at the nonrandom 6,,.

Taking the expected value of the integral in (5.7), we
obtain

e’k P (X")

- * _ —_a\"
T=a/K hy, O E| o8, Gy~ (0, =0)'S,

n
— 516, =012 |d6 (5.8)

where the exchange of integral and expectation is valid by
the Fubini-Tonelli theorem for nonnegative functions.

Thus, it is enough to show that the following expecta-
tion converges to zero, uniformly for € N,

P X") n
E|log—-———Vn(6,-6)"S,— =6, - 0]*|. (5.9
This we bound by
PofX") Po(X")
Ellog—-——~Vn(6,~6)"'S, ~ nE log—=
po(x7) V8= B (X
(5.10)
Po(X)
+ n|E log— — =8, —81*|. (5.11
&, (%) 5 I°]. (5.11)

Now, given any € > 0, (5.10) is bounded by

E(lo

X”) - (X”)
LD e ), nElogL) )

pe( X") Po(X")
1/2
PofX) i
< nE(log 2 (X) —(6,-9) 1‘,”(X))) (5.12)
<Vneld,— 0| (5.13)

for all 8 near 6,, by the mean-square differentiability of
log p,(X) at 8,. Here, we have used the fact that the
expected square in (5.12) is the variance of the sum of
independent CO};]CS of the random variables log p, (X )/
peX)=(8,— 0)'i,(X). (Note that S, =(1/Vn)Li, (X))
has mean zero since as a consequence of the mean- square
differentiability, Ei, (X) must be the gradient of
Elog py(X)/plX) at 6, which is zero under Condition
2)

In addition, from the second-order Taylor expansion of
E log pB(X)/pB(X) which is valid under Condition 2,
the expression in (5.11) is bounded by ne|, — ]* for all 0
near 6,. Together with (5.13), this shows that the expecta-
tion in (5.9) is bounded for all large n, by (4nd?+
2Vn 8,)e < (4K +2yYK e, uniformly for 6 in N, .

We can now finish the proof of Theorem 2.3. Denote
the error in the approximation we seek as

w(6,)p(X") d_

R, = log 5 og;

§ m(X")

1 1 Ty—1
- E1ogdet(/6“) =5 Sude, 'S
Using (5.6), collecting the bounds on the terms from (5.3)
and (5.8), and setting € =e X, we have that for all
large n

E(R,) " <—log(1-d/K)+p(25,,6,)

7K

+————( d/K)(4K+2f)

3
+ ZES .] Sle(éTJH”’S,,>l\’)' (5.14)
Now S/J, 'S, is uniformly integrable; therefore, we may
let n -, and then K — in (5.14) to conclude that
lim E(R,) " =
Thus we have bounded R, above by a function that
converges to zero in L'(P). Consequently, limsup E(R,)
< 0. This completes the proof of Theorem 2.3. a

Proof of Theorem 2.4: Here, we show that if Condi-
tions 2 and 4 are satisfied, then the result of Theorem 2.1,
(2.5) is equivalent to the L' convergence of the difference
of the logarithms of the posterior density of T =
Vi (6 — 00) denoted w,(r|X "), and the
Normal(J, 'S, J, ) density, denoted ¢,(1).

n*



468

For =0, we evaluate logw,(t|X")—log¢,(t) and
see that it is

tog ((1/vi ) 'w(6,) p(X"10,) /m(X"))
—log((2m) 2 detJ,}72) +(1/2)S]4;.'S,.,

which tends to zero in L'(P) if and only if (2.5) holds.
For any fixed ¢+# 0, we have that logw(8, +
t/vVn)/w(8,) tends to zero by the continuity and positiv-
ity of the prior at ,. Note that log(s,(1)/¢,(0) =S, —
(1/2)t7J, 1. Now, log(p(X"|6, +1t/Vn)/p(X"8,)—1'S,
+(1/2)'d, ¢ converges to zero in LY(P), as is shown for
(5.9), assufning Conditions 2 and 4. In this case,
lim E|log w(t| X")—log ¢,(¢)| = 0 if and only if this limit
obtains at t =0, which is equivalent to (2.5). This com-
pletes the proof of Theorem 2.4. a

V1. PoSTERIOR CONSISTENCY

The posterior distribution is consistent if it converges to
a degenerate distribution at the true parameter value.
Posterior consistency is traditionally used as a key step in
showing the convergence of Bayes’ estimators. The study
of asymptotics for the posterior distribution began with
Laplace and has been subsequently examined by many
including Le Cam [40], [41], Schwartz [48], Von Mises [55],
Walker [58], Berk [9], [10], Johnson [30], [31], Bickel and
Yahav [11], Ibragimov and Hasminskii [29], and Hartigan
[25]. We use here the techniques of Schwartz {48], based
on the existence of uniformly consistent tests of hypothe-
ses, to derive the sufficiency of the soundness condition
for posterior consistency at a given rate.

Formally, by posterior consistency, we mean that when
6, is taken to be true, then for every neighborhood N of
6, the posterior probability W(N|X") converges to one
in probability, i.e., for every a > 0

lim P, {W(N|X")>a}=0.
By posterior consistency at rate O(f(n)) we mean that for
each neighborhood N and « > 0, there exists ¢ such that

P {W(NIX") > a} < cf(n)

where f(n)— 0 as n — . Posterior consistency with rate
o(f(n)) is defined similarly.

As is defined in Section 11, the main condition we use is
the soundness of the parametric family. Other conditions
may be used for posterior consistency. For instance, the
conditions of Wald [57] are sufficient. In particular, the
conclusion of Wolfowitz [60] readily yields a uniformly
consistent test (see also Strasser [51] and Le Cam [40]). In
some cases, however, Wald’s conditions (especially the
condition that E, sup ., log p(X|8) <o for some r > 0)
are not satisfied or they are hard to verify. We find the
soundness condition to be more fundamental and in some
cases easier to verify.

A test of composite hypotheses is said to be uniformly
exponentially consistent (UEC) if the type-1 and type-II
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error are uniformly upper bounded by e " for some
positive r (see [6]).

The next three propositions amount to a proof of
Theorem 2.2. Proposition 6.1 shows that analogs of the
soundness condition for certain metrics on probability
measures imply the existence of UEC tests. Proposition
6.2 shows that metrics with the desired consistency prop-
erty exist. In Proposition 6.3, we use the existence of a
UEC test to guarantee the consistency of the posterior
distribution at the desired rate.

Consider metrics d(P,Q) on the space of probability
measures on X with the property that for any € > 0, there
exists r > 0 such that

Pr{d(B, P)> )<

" (6.1)
uniformly over all probability measures P, where 13,, is
the empirical distribution. Examples of metrics that sat-
isfy (6.1) include the Kolmogorov—Smirnov distance, as is
shown by Kiefer and Wolfowitz [33], the distances of
Vapnik and Chervonenkis [54], and as shown below in
Proposition 6.2, certain metrics constructed to imply weak
convergence. The idea for the following proposition is
from Hoeffding and Wolfowitz [28].

Proposition 6.1: Suppose d is a metric satisfying (6.1)
and

d(P,,P,)—0 implies 6—86,. (6.2)

Then, for any § > 0, there exists a UEC hypothesis test of
6 =8, versus {6: |10 — 6, > 8}.

Proof: From (6.2), given § > 0, there exists an €' >0
such that |6 — 6,) > & implies d(P,, P, )> ¢'. If we have a
UEC test of

H:P=P, versus K: P€{Q:d(Q,P, )> ¢}
then we have a UEC test of
H:6=0, versus K: 0 {6':16'—0,|>5}.
The identification of a UEC test for the nonparametric

class of alternatives remains. Let P, denote the empirical
distribution, choose € = €' /2, and let

C,= {x": d(ﬁn, P{)) > e}
be the critical region. By (6.1), we have that the probabil-
ity of a type-I error satisfies
By ( C,)<e™

and for any choice Q in the set of alternatives, we want to
show that the probability of a type-1I error

Q(C:x) = Q{d(ﬁn’ Po) = 6}
is uniformly exponentially small. From the triangle in-
equality, we have that for X" in C;,

2e<d(P,,Q)<d(P,,P,)+d(P,, Q)
<e+ d(ﬁ", )
Therefore, again by (6.1)
0(Cy) < Q(d(P.Q) =€)

S e—ﬂl'
uniformly for Q in K. )
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For the following proposition, the probability measures
are assumed to be defined on the Borel subsets of a
separable metric space X.

Proposition 6.2: For probability measures on a separa-
ble metric space, there exists a metric d;(P,Q) that
satisfies (6.1) and such that convergence in d implies
weak convergence of the measures. Therefore, in particu-
lar, for measures in a parametric family

di(Py, P, ) = 0 implies P, — P, .
Consequently, if the parametric family is soundly parame-
terized, there exists a UEC test of #=46, versus {6:
10 —6,|> 8).

Proof: Let G ={F,, F,, -} be the countable field of
sets generated by balls of the form {x: dy(x,s)<1/k}
for j,k=1,2,---, where here, d, denotes the metric for
the space X, and s,,s,, - - is a countable dense sequence
of points in X. Define

dg(P,Q) = Z 27|P(F) = Q(F)|.
i=1
Here, d; is a metric on the space of probability measures
with the property that if d;(P,, P,)— 0, then P, con-
verges weakly to P, (see pp. 251- 253 of Gray [24])
Now, for any € > 0

k
do(B,.P,)< L 27

i=1

—i

i=k+1

< max |P,(F)=P(F)|+e/2
=i <
for k > 1+log2/¢€. Then
Pldo(F,. P,) 2 €} < P max |P(F)~P(E)|>e/2}
I<i<k

< LR{IE(F) = PE)[>e/2)

< 2ke /2
= 2ke </

by Hoeffding’s inequality [27]. This verifies (6.1) and com-
pletes the proof. 0

The third proposition uses the conclusion of the pre-
ceding proposition as its hypothesis and obtains a poste-
rior consistency result as is required for Theorem 2.2.

Proposition 6.3: Suppose that Condition 2 is satisfied by
the family, that is, D(P, ||P,) is twice continuously differ-
entiable at 8 =46,, with J(6,) positive definite, and the
prior w(8) is continuous and positive at 6,. For any
neighborhood N of 6, if there exists a UEC test of § =6,
versus 8 € N, then there is an r > 0 such that

Pe”([,vw(())p(x"lé)) de < e”"[N‘w(e)p(x"w) de)
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and consequently
1
P, (W(NX")>2e ) = 0(—).
o n

Proof: To make use of the existence of a UEC test,
we will first want to show that for any given r'> 0, the
probability of the event

05 = { [#(8)p(x"16) do <e-""p(X”\00)}

is O(1/n). Set N;={6: |18 —6,| <8}, where the norm is
taken with respect to J, as in Section IV. Since Nj is
contained in N for all small 8, it is enough to show that
the following event has probability of the desired rate

g ={ [ @0 o < p(x71,)
N;
This set may be rewritten as
{ p(X"6,) }
log————<>nr,
m( X"|N;)

where m(x"|N;) = [y w(8)p(x"|6)d6 / W(N;) is the mix-
ture of distributions with respect to the prior conditioned
on 8 € N;, and

Us =

n

1
rp=r'——logW(N;).
n

By Condition 2 and the second-order Taylor expansion
of D(P, |P,), we see that for all small § > 0, the points in
the set N; satisfy D(P, I1Py) < 8%, and w(8)>w(6,)/2.
Then, by evaluatlon of the volume of the ellipsoid N; and
setting 8 =1/vn , we have for all large n

W(N;) =/Nw(o)d9

w(go) —-1/2 1 42
e, de(3,) (]

where ¢, is the volume of the unit ball in R“. Conse-
quently, (1/n)[log W(N;)| = O((log n)/n), which tends to
zero; therefore, r; converges to r’, and hence, r,>r'/2
for all large n.

Now by Markov’s inequality, we note that

P, (U < P, logMgo—) >nr'/2
o\ )= Fal o8 i)
2 X",
<2k |iog PLE"1).
nr' e m(X"lNa)

2
< — (D(PLIM"(IN;))+2¢7")  (63)
nr °
where we have used the fact that the negative part of the
integrand in the relative entropy is always bounded below
by ¢! since xlog x> —e~ . It is enough to bound the
relative entropy in (6.3). Noting that M, (-|N;) is an
average of measures Py for 6 in Nj, we have, by convex-
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ity and the choice of 6 =1/Vn , that

D(FIM,(IN,)) < [ nD(P, 1Py, ) do

<né’=1. (6.4)
Consequently, for all large n
2

P,,”(U,,‘)s;(HZe“) (6.5)

which is clearly O(1/n).

At last, we use the hypothesis on the existence of a
UEC test. By an argument due to Schwartz [48], in the
proof of Theorem 6.1, the existence of a UEC test implies
the existence of r,,r, > 0 so that

o’

P‘,”{p(X"|00) < e[ w(®)p(X"6) da} <emm. (6.6)

We can now obtain a bound on the probability of con-
cern. Let r €(0,r,) and set r'=r, — r. Then, by use of U,
to set up (6.5) and (6.6), we have that

Pen{wa(G)p(X"W) db < e"’fN(w(B)p(X”|0) de}
< P,,O(U,, N {[Nw(a)p(xnw) de
<er| w(o)p(X"10) de}) + P, (Uf)

< Pgo{p(X"IBU) < e""+")fNLw(9)p(X”]0) dB}

+ P, 9,,( U”l')

1
Se*””+0(—)
n

which gives the desired result. ]

These previous two propositions use mild hypotheses to
guarantee posterior consistency at a good rate. Here, the
key assumption was soundness. We conclude this section
with a brief demonstration of soundness of exponential
families.

Soundness of Exponential Families: As in Section 1I,
consider famllles of probability densities of the exponen-
tial form e~?"**)g(x)/c(@) with the natural parameter
space © ={# € RY: c(0) <}, where ¢(6) is the normaliz-
ing constant. Setting z = ¢#(x) and choosing the appropri-
ate dominating measure v(dz), the family is expressed in
standard exponential form as p(z|8)= e‘e O for
9 €0, with ¢(8)=logc(#) and ()= fe *"*v(dz). The
assumption that 87¢(x) is nonconstant, unless 6 =0,
means that in the terminology of Brown [13], the standard
exponential family is minimal.

Let 6, be a point in the interior of ©. By direct
evaluation, the relative entropy between densities in the
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family is seen to equal D(p, ||p,)=u(0)—¢(8,)+(6 -
6,)'E, Z and Vy(8,) = — E, Z From the continuity and
convexnty of s, it follows that D(p, ||p,,) — 0 if and only if
6—06,. Now, D(p, ([p,)— 0 implies P, — P, . . It remains
to be shown that in exponential families,‘the reverse
implication is also true.

Here, we assume that EQHZ is in the interior of the
support of Z, as is the case, in particular, if this support is
convex. (In general, E, Z is in the interior of the convex
hull of the support of Z, see Theorem 3.6 of Brown [13].)
To prove soundness, we show that given any sequence of
#’s that stays bounded away from 6,, the sequence P,
does not converge to P, . Given such a sequence of s,
fix an orthant occupied mfmnely often by 6 —6,, and let
A be the event that Z— Ey Z is in that orthant Then,
restricting to the subsequence in the orthant, we have that
0-6,)(z-E, Z) is positive for z in A, from which it
follows that p(z|0)<p(z|0 Ye~DPoIP0 for z in A. Con-
sequently, P)(A) < P, (A)eP'PalPo), Since P,(A)is posi-
tive, it follows that if 8 does not converge to 0 , then P,
cannot converge weakly to P, . This demonstrates the
soundness condition.

We note also that since D(p, || p,) is a strictly convex
function of 6, which is minimized at 6,, the sets {6:
D(pg || py) < r} are compact. Therefore, if 8 diverges from
the family O, i.e., if the sequence of 8’s is eventually
outside any compact subset of @, then D(pj ||p,) tends
to infinity. By this reasoning, the weak limits of such
sequences must assign zero measure to the set {Z — E,Z
€ A} for some orthant A, whereas the P, measure of
the set is nonzero. As mentloned in Section 1I, this
degeneracy of divergent sequences provides another
demonstration of the soundness condition.
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