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Properties of Jeffreys Mixture for Markov Sources
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Abstract—We discuss the properties of Jeffreys mixture for a
Markov model. First, we show that a modified Jeffreys mixture
asymptotically achieves the minimax coding regret for universal
data compression, where we do not put any restriction on data
sequences. Moreover, we give an approximation formula for the
prediction probability of Jeffreys mixture for a Markov model. By
this formula, it is revealed that the prediction probability by Jef-
freys mixture for the Markov model with alphabet {0, 1} is not of
the form (n,, + a)/(n. + 3), where .|, is the number of oc-
currences of the symbol .- following the context s € {0,1} and
ns = ng|s + ny|s. Moreover, we propose a method to compute our
minimax strategy, which is a combination of a Monte Carlo method
and the approximation formula, where the former is used for ear-
lier stages in the data, while the latter is used for later stages.

Index Terms—Bayes code, Jeffreys prior, minimax regret, sto-
chastic complexity, universal source coding.

I. INTRODUCTION

E discuss the properties of Jeffreys mixture for a
Markov model (a class of fixed ordered Markov
chains) in the problem of sequential prediction and universal
coding. We employ logarithmic regret (which has other names,
e.g., coding regret and pointwise redundancy) as a performance
measure and show that a modified Jeffreys mixture asymptot-
ically achieves the minimax regret up to constant order. This
provides a sense in which the modified Jeffreys mixture is one
of the best prediction strategies. Moreover, it implies that the
modified Jeffreys mixture achieves the stochastic complexity
[17] for the class of Markov models, which has various statis-
tical interpretations.
The primary motivation for this investigation is to provide
a stochastic model that achieves the universal coding and pre-
dictive objectives, including the determination of a sequence of
priors for which the corresponding mixtures (for coding) and
posterior (for prediction) achieve the approximate minimax re-
gret. This improves understanding of the exact minimax regret
procedure (normalized maximum likelihood) as identified by
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Shtar’kov[18], which seemingly lacks such interpretation. The
normalized maximum likelihood distribution and our asymp-
totically minimax regret mixture distribution are close to each
other in total relative entropy. We are extending a line of work
in [6], [7], [27] and [28] which were for i.i.d. models, the work
in [21] which was for exponential families, and the work in [1]
which investigated the regret of Jeffreys mixture for Markov
sources for sequences for which the maximum likelihood esti-
mates (MLESs) (the relative frequencies of transition) are located
away from zero. This study extends these conclusions to obtain
results for regret that are uniformly valid over all sequences.

Although in the i.i.d. case, the Jeffreys mixture corre-
sponds to the Dirichlet (1/2,...,1/2) prior which pro-
duces a Laplace-like Jeffreys prediction rule (also called the
Krichevsky—Trofimov estimator), in the Markov case the
Jeffreys prior does not correspond to independent Dirichlet
priors on the transition probabilities for each context, so the
corresponding rule is more complex.

The secondary motivation of our investigation is the calcula-
tion of the predictive probabilities needed for sequential pre-
diction and universal coding algorithms. We propose an ap-
proximation formula in the form of a corrected Laplace esti-
mator. The error of the correction is of order 1/n4, where 7
is the number of past occurrences of the current context (state)
5. Moreover, we propose a method to compute approximately
our minimax strategy, which is a combination of a Monte Carlo
method and the approximation formula, where the former is
used as long as . is not large for earlier stages in the data, while
the latter is used once 7, becomes large.

Coding regret is defined as the difference of the loss incurred
and the loss of an ideal coding or prediction strategy for each
sequence. A coding scheme for sequences of length » is equiv-
alent to a probability mass function ¢(z™) on A™ (the n-fold
direct product of an alphabet X'). We can use ¢ also for pre-
diction, i.e., its conditionals ¢(x;11|z") provide a distribution
for the coding or prediction of the next symbol given the past.
The minimax regret with respect to a family of probability mass
functions S = {p(-|n) : n € H} is defined as
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where 7} is the MLE of n given ™. Restriction to a subset X C
H is used in some developments. Our main results are for the
case that the maximum is taken over all strings 2™ ,i.e., K = H.

Here, the regret log(1/q(z™)) — log(1/p(x™|7)) in the
data compression context is also called the pointwise re-
dundancy: the difference between the codelength based
on ¢ and the minimum of the codelength log(1/p(z™|n))

achieved by distributions in the family. Also, log(1/¢(xz™)) —
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log(1/p(z™|n)) is the sum of the incremental regrets of pre-
diction log(1/q(z;41|7%)) — log(1/p(xiz1|z*,n)). For our
Markov setting, the regret is defined conditionally on an initial
state.

When S is the class of discrete memoryless sources, Xie
and Barron [28] proved that the minimax regret asymptotically
equals

élog oy log/ vdet J(n)dn + o(1)

2 27 "

where d equals the size of the alphabet minus 1 and J(7) is
the Fisher information matrix with respect to 7. This evaluation
is not for a subset of sequences =™ but for the whole set of
sequences. To obtain this asymptotically minimax regret, they
use sequences of Bayes mixtures with prior distributions that
weakly converge to the Jeffreys prior. The reason why one needs
such variants of the Jeffreys prior is as follows: if we use the
Jeffreys prior, the risk is asymptotically higher than the minimax
value, for ™ such that 7} is near the boundary of H. They use
priors which have higher density near the boundaries than the
Jeffreys prior, to give more prior attention to these boundary
regions and thereby pull the risk down to the asymptotically
minimax level.

In this paper, we generalize the results of [28] to the case
where S is a class of the kth-order Markov chains with alphabet
size d+ 1. In particular, we give an upper bound on the minimax
regret, using variants of the Jeffreys mixture, as

(d+1)kd

5 logl+log/ Vdet J(n)dn +o(1). (1)
H

2

Note that (d + 1)*d equals the number of the parameters of
the class S. In [21], we showed that similar mixtures are min-
imax for (i.i.d.) exponential families and certain near exponen-
tial families that permit dependence, but in general those bounds
are for the restricted set of sequences for which the MLE lo-
cates in a compact set interior to the parameter space. Our re-
sult is a generalization of [28] to Markov models and that of
[21] to the set of all sequences. (Strictly speaking, the first-order
Markov chain with alphabet size 2 is treated in [26]). Con-
cerning Markov models, Atteson [1] obtained both pointwise re-
gret and expected redundancy bound for Jeffreys mixtures with
parameter values away from the boundary. Also, Gotoh et al.
[8] gave an asymptotic upper bound on the regret, which holds
almost surely.

It should be noted that the normalized maximum likelihood
p(x™|7)/ > .n p(2"|7), proposed by Shtar’kov [18], provides
the precise minimax procedure for pointwise regret. In [18],
Shtar’kov introduced the pointwise regret and gave upper
bounds on the codelength of normalized maximum likelihood
for classes of discrete memoryless sources and finite state
machines (FSMX model [24], which is an extension of Markov
chains). His bound for the FSMX model yields a bound for
Markov chain as ((d + 1)¥d/2)logn + C, where C' is a con-
stant depending only on 4 and %&. More recently, Jacquet and
Szpankowski [11] evaluated it more precisely and determined
the constant term of the minimax regret for the Markov chains.
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Modified to condition on the initial state (or initial string
T_p...xp), their evaluation coincides with the form (1) in
terms of Fisher information as explained in [20].

Rissanen’s stochastic complexity [17] is the codelength
having the minimax coding regret. It is used as the main part
of model selection criteria by the minimum description length
principle. A consequence of this study is that this criterion is
approximately a Bayes criterion with modified Jeffreys prior.

To summarize, 1) we show that our modified Jeffreys mix-
ture is asymptotically minimax; 2) consequently, the divergence
between this mixture and the normalized maximum likelihood
tends to 0 as n goes to infinity; 3) it provides the expression for
the stochastic complexity exhibiting the role of the Fisher in-
formation; and moreover 4) the expression (1) for the minimax
regret holds, even though we do not put any restriction on the
sequences.

The Jeffreys mixture for the Bernoulli model induces the
Laplace-like estimator (k + 1/2)/(n + 1) where n is the data
size and k is the number of occurrences of the symbol 1. While
the Laplace estimator is in a very simple form, the Jeffreys
mixture for a Markov model is not, even when the model is
the first-order Markov chain. Hence, we give an approximation
formula for the prediction probability of Jeffreys mixture for
Markov models. This is an extension of the approximation for-
mulas of the Bayes estimator for (i.i.d.) exponential families,
shown in [19]. We can see the behavior of Jeffreys mixture by
this formula. In particular, the prediction probability by Jeffreys
mixture for the first-order Markov chain with alphabet {0,1}
is not of the Laplace-like form.

II. PRELIMINARIES

Define an alphabet as X' def {0,1,..,d}, and let X’ denote

{1.2,...,d}. In this paper, we employ the class of kth-order
Markov chains on the alphabet X as a parametric model. Let
L denote X* and let # = |L|. Listing the elements of L by
dictionary order, denote L = {s1, 59, ..., S(d+1)k} (e.g., 51 =
00...0). Wereferto s € L as acontext. For each contexts € L,
let 7|, denote the probability that y € A occurs after s € L. So
it is assumed that er;v Tels = 1 and 7., > 0. Let 0, denote
the vector (71, - - - -, a5 )" and 7 the vector (n% . 0%, ..., n%,),
where ¢ = (d + 1)*. Here, £ denotes the transposition of a
vector €. Define the range of 17, as

H, det {n,:Vz e X’,nm‘s > 0and Z Nps <1}
zeX’
. . . def
Likewise, the range of 9 is H = [],., Hs. Let 2], denote a

SEqUeNce Ty, Tym41 - - - Tpn, (M < n)and z™ a sequence 7. Note
that 770]& =1- Z:EEX’ nnga

Assume that we have an initial context so = %, in ad-
vance. Let n,|, denote the number of occurrences of x as a di-
rect successor of the context s in the sequence =] given sg, and

define n, &' > wex Ma|s- Denote the probability mass function
for the sequence z", determined by #, by p(2"|so, 7). Let S de-

note the family of probability mass functions S f {p(:|-,m) :
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n € H}. We usually omit 5o = 2%, from p(z"|s0,n) and
simply denote it p(«"|n). Then, we have

n—1

log p(x"|m) = Y 108 7a, . (et )

t=0

= Z Ty|s 10% Nx|s

sel, xeX

2

where we let “log” denote the natural logarithm and 7 denote

. def
the context function 7(z*) = xf , | (the last k symbols of

wt ) fort =0,1.....n — 1. Let#) = 92", ) denote the
MLE of n given 2™, , ;. We have

na:ls

T

ﬁmls = ﬁl"b(‘l’ik-‘rl) =

Here, we introduce the minimax and maximin regret in the
Markov setting, where we fix the initial state s = :L'(ik 41~ Let
P(W,|X*) denote the set of all conditional probability mass
functions on W,, C X" given zY k1

The conditional maximum regret given sg of g € P(X"|X*)
with respect to a family of conditional probability mass func-
tions S = {p(z"[2% ;. m) : m € H} and W,, C A" is defined
as

fn(qa VVn |50>

def
= sup (log
zneWw,

).

— log A
q(x"]s0) p(x"|s0, 1)

The conditional minimax regret given sq with respect to a

family of probability mass functions S and a set of the se-

quences W, is defined as
_ def - _
TTL(WH |SO) — qE'P(II}V’%I\‘X”“) rn(qa Wn|50)

p(2" 50, 1)

= inf p log .
® 4(es0)

GEP(Wa|XK) pnew,
The conditional maximin regret given sy for a set of se-
quences W, is defined as
Z‘n(VVn|80)
def .
= sup inf
qEP (W, |xk) r€P (W, [XF)

P(fl"/n‘soaf'l)
E, o log 221501
q(-[50) 08 q(xn|50)

p(wn|5071’.")

Eq(150) log r(z"|s0)

= sup
qEP (W, |A%)

where we let E,(.|,,) denote the conditional expectation with
respect to ¢ given sy = 29 k1 AS the consequence of the
definitions, 7, (W, |sq) > r,,(W,|so) holds. For logarithmic
regret, it can be shown that 7,,(W,,|s¢) = r,,(W,|s0) holds in
the same manner as in [18] and [28].

Now we introduce the Fisher information and empirical
Fisher information. Empirical Fisher information is the Hessian
of —(1/n)logp(x™|n). We denote its component with respect
to M |s and Tyt (:L.vy € X’), by Jsm,ty('r’) = Jsm,ty($7l~,7’)~
Then, one can derive from (2) that

) 6:1:,1/ Te)s
T ty (a

(Mas)”

") = buris (3)

If/O\s )
_|_
(TIUIS)2
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where we let p, = ps (27 ) df ns/n and let é,,, and &, be
Kronecker’s delta. The Fisher information is defined as
Teoay(m) = T By oy (2" ) )
O 1
= 6stﬂs ( Y + )
M| s Ho|s

where 12, = (1) denotes the stationary probability of the state
s determined by p(-|n), and the symbol £, the expectation with
respect to p(+|n).

Define the Jeffreys prior density with respect to the Lebesgue
measure dn = [[ .; dnyjudip), - - - dig), as

seLl
ps(m) = \/det J(n)/C

S V/det J(n)dn is the normalization constant.
Let D,y (n,) ot HIEX(nx,S)*(l*“‘) be the Dirichlet function.
Then, from (4), we have

def
where C; =

[ d/2
/)J(n) — L H /I/g/2 _ HSEL /‘Lq/ D(l/z) (nb)
Cr 23 VIeew Nes Cy
(5)

Let m; denote the mixture by p; (Jeffreys mixture) which

is my(z7|sg) S p(@™|s0,m)ps(n)dn. We also define the
Dirichlet («) prior density as

/)( )(7]) déf HsEL D(Uz) (nc)
° (C(a))f
ef

where C',) 4o J D(ay(m,)dn,. This is a product of Dirichlet
prior densities, one for each context, reflecting independence a
priori between the contexts. In contrast, p s (1) is not of product
form because 115(n) depends on all of ) for each s. Note that
£(ay(M)/p.s(m) — oc holds as 7 approaches the boundaries of
H,if0 < a < 1/2 holds.

II. RESULTS
A. Minimax Regret

We establish a tight upper bound on the minimax regret for
Markov model by the following theorem.

Theorem 1: Let S = {p(:|s,n)|n € H,s € L} be a class of
kth-order Markov chains with alphabet {0, 1, ..., d}. Define a
modified Jeffreys prior density for H as

def
Pn = (1 - ’in)pJ + Enp(a)

where 0 < a < 1/2 is assumed and x,, = ((£ — 1)/n)". Let
m,, be a mixture of Markov sources as

n def ' n
m’n(m |50) = / P(T |'907 ﬂ)pn(n)d"l
H

Then, for an arbitrary b : 0 < b < (1/2 — «)/(k(2¢ — 1)), the
following bound on 7, (m,,) = 7, (Mg, X™|sp) holds for any
so € L:

Tn (mn)

. .
< %k)g 27—L + log/ vdet J(n)dn + o(1)
™ H

where o(1) converges to 0 as n goes to infinity.

(6)
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The complete proof is given in Section IV, but we give the
intuition here.

The main tool for the proof is the Laplace approximation, by
which we have the following asymptotics:

[pe"mps(mdn | /det(I@) (2m)*
p(z" ) o Jdet( iy

This is obtained by writing p(xz™|n) as the exponential of
log p(x"|n), and taking a second-order Taylor expansion for n
near ). In this way, one approximates p(z™|n) with a Gaussian
density function for 7.

When the model is an exponential family, J(%) = J(%)
holds. Then, if S were an exponential family, our task would be
to control the accuracy of approximation (7) only. Though the
stationary Markov model is not exponential type, it converges to
an exponential family, when the sample size goes to infinity (see
[29] for example). Moreover, for the Markov model, the empir-
ical Fisher information converges to the Fisher information

)

(") — T(@)] — 0. (8)
This convergence holds uniformly for 2™ with # in a set in the
interior of I7. As a consequence, it is possible to make the regret
of the modified Jeffreys mixture converge to the minimax one.

This task is accomplished by a case argument concerning
whether the MLE is near the boundary of the parameter space
or not. When we restrict the sequence =™ so that the MLE
7)(z" ;1) belongs to a compact set K included in the interior
of H, then we can prove that the convergence of (7) and (8)
is uniform for those sequences, since neighborhoods of 7 are
guaranteed to be included in . The Laplace approximation is
valid as long as neighborhoods of # of radius of larger order than
1/+/n are included in H. Consequently, it is possible to prove
the uniform convergence of the regret, even if we moderate
the restriction on the sequences. Instead of sequences being re-
stricted to have MLE in a fixed set K, we allow more generally
for sequences with the MLE in H("™ ") (0 < a < 1/2), where
we let

e déf{qu €EH,: V€ X, 5 > €}
and
e det H H.
s€L

For the sequences with j within order 1/+/n of the boundary
of H, we cannot use the Laplace approximation. The shape of
p(z™|n) becomes that of a truncated Gaussian, with reduced
value of the integral in (7). A similar reduction to the integral oc-
curs if 7 is on the boundary. Hence, the regret would be larger
by some amount. Indeed, it has been shown for the memory-
less case that the regret of Jeffreys mixture is larger than the
asymptotic minimax value by the amount (d/2) log 2, when 7
is located at a vertex of H (Lemma 3, [28]). Hence, we need the
contribution from the second term of p,,, which is n " Piay(M)-
With the help from it, for 77 on or near the boundary, we can ob-
tain smaller regret than the minimax value. For the proof, we
use Lemma 4 of [28].
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The need to consider the difference between .J (#)) and .J (%)
as in (8) makes the proof about the interior region harder (this
problem does not exist for the memoryless case [28] and one-
dimensional exponential family [21]).

B. Lower Bound

It is possible to directly obtain a lower bound on the max-
imin regret which asymptotically matches the upper bound in
the previous section. Here, we will give an outline of the proof.
Let K be an arbitrary compact subset of H°, and define for each
S0 = m(lk?Jrl

def

Kisy = {8" 502" € A"* e K}

In a fashion similar to the upper bound, by Laplace approxima-
tion, it is possible to show that

log p(rﬂ |507"7)
my(x™|so)

J ,
= élog;—L —|—log/ v/ det J(n)dn + o(1)
m H

2

(€))

uniformly for all s € & k and for all 2™ € Kn,so- Letmy is
the Jeffreys mixture of p(«"|n) for H. Define the restriction of
my to Ky, 4, as

- my(x"™|so)lg, . ("
i (4 s0) 7@ |s0)lk, ., (&™)
M(Kn,,so |3())

where

M(Kn e |50) <

Z mg(z™|sq).

T

By the definition of 7, = r,(K, s,|%0), it is at least

inf Erx(1se) 108 w
reP(Xn]xk) T VISR (e g0)
p(z"|s0, 1)

=F,  x s ]10 -
mif (s0) 108 m? (x™]s0)

which by the approximation (9) is of the form
ar¢ )
—logl +log/ v/det J(n)dn
2 27 JH
+log M (K, o, |50) + o(1),
uniformly in £,, 4, . Consequently

7Koo [90)
dl n
> 5 log o +log | /det J(n)dn
™ JH

+log M(KC,, s, ]50) + 0(1).
Now, let { K;} be a sequence of compact subsets of F7° such
that K; C K7, and lim,;_, . fK’, dn = 1 holds (KX; converges
to H). Let K,, 4, ; denote the set {z" : spz™ € X"T* € K,}.

Then, it is possible to prove lim; ., lim,, oc M (K, 4, .i|50) =
1. This implies

sl 3
7, (X"s0) > ?103; 27—7 —I—log/ Vdet J(mdn + o(1).
T H
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The right-hand side matches our upper bound on the minimax
regret. Another way is to utilize Rissanen’s result (Theorem 1,
[17]) for a compact K interior to H .

Remark 1: Theorem 1 is a generalization of the result about
the first-order Markov chain with alphabet size 2 in [26], but the
proof is not its straightforward extension.

Remark 2: A similar bound for Markov chains is obtained
in [1], but it is not demonstrated to be uniformly valid over all
X".In [17], [21] and [31], upper bounds of the same form on
the minimax regret are obtained for more general models, but
they hold under the restriction on the sequences that MLE is
located in a compact set included in the interior of the parameter
space (an exception is one-dimensional exponential family in
[21]). Under that condition, Jeffreys mixture (we do not need
modification) is asymptotically minimax.

Remark 3: 1t is possible to apply our minimax procedure
to the universal prediction problem, using the conditionals
Mn(ip1|r?) = ma(x™™so)/m,(2t]s0), which equals
fp(if+1|$t7’7)0n("7|if>d"7 = ] %Hl\w(mf_kH)Pn("Iut)d’?,

where p,, (]z*) denotes the posterior density of 5 given z*

def
(recall 7(2*) = ut +1)- The conditionals are essential also

for universal coding, since it is needed for arithmetic coding.

Remark 4: The my,(x41]2") depends on n because of the
modification of Jeffreys prior. Thus, we have to know the length
of the sequence in advance, in order to use /n, for the pre-
diction, while the Laplace estimator does not depend on the
total length of the sequence. However, it is possible to calculate
1 (2441|2") even for ¢ > n, and use it for prediction, though
the minimax property is lost.

C. Computation of Posterior Updates

Although for a product of Dirichlet priors, posterior predic-
tive densities and mixture densities are easy to compute (using
the fact that the posterior densities is also Dirichlet), there are
additional challenges in computation of the Jeffreys mixture and
its modified forms.

The general form of the product of Dirichlet densities is

Datn) = TLeslTLig vy, )/Ca.], where the normal-

izing factors are Cy, = | Hm 0 77;\5 d’r)s which are called
Dirichlet integrals (given as a ratio of products of Gamma
functions). For a Dirichlet («) prior, it is known that the poste-
rior distributions given data 2™ are Dirichlet D14 5(n), where
1 denotes the (d + 1)f-dimensional vector with all entries
are 1 and n is the (d + 1)¢-dimensional vector with entries
(ns,s € L). Its predictive distribution follows Laplace update
rules for evaluation of

7(©) = / () = et
LL|s mL«, 0/1+n n) = 7L,9+(1(d+1).

In particular, with « = 1/2, this provides what is also called the
Krichevsky—Trofimov estimator.

In contrast, the Jeffreys posterior is more involved because
of the [, s(m)%/? factor in the prior as in (5) where (1)
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depends on all 5, (' € L). The posterior density ps(n|z™)
is proportional to ([T, 1¢5(n)%/?)D1/2n(n) as described in
Appendix A. For the computation of the Jeffreys predictive
probabilities and Jeffreys mixture, define the unnormalized
estimates

ﬁgls /nx\a(H Ns

scL

)D(1/2+n) (n)dn. (10)

Then, the Jeffreys predictive probabilities for possible next sym-
bols z € X’ given data ™ with 7(2™) = s are proportional to
these ﬁ&{\s~ That is, pj(#nt1 = zla") = [ ngsps(nlz™)dn is
equal to

od
’lw\s

Z:ﬁEX ﬁi'b .

The successive predictive probabilities ps(z,41|z") are com-
puted in the same way, where in place of » we use the vector ¢
of counts t,,, forz € {0,...,d} and s € I, based on the data
segment ¢ for each # > 0.

The Jeffreys mixture m j(z™) is computed from successive
products of such predictive probabilities.

Also, without the [], us(n)d/ 2 factor, one has the
Dirichlet(cr) mixture m() (" ). Our modified Jeffreys mixture
is thus

")+ Enmay(z™).

The associated marginals are m,,(z") = (1 — k,)ms(z%) +
KnMiq)(x') for t < n. The posterior weight it gives to the
Jeffreys mixture is

mu(x™) = (1 — kp)my(z

r(J|z") = B/ mn(x?).

The associated predictive probabilities p, (71 1]2') =
My (2tT1) /m,, (zt) are

w(J]a") pr(@e|o’) +

(1 — kp)my(z

(1 — w(J|z")pay (weg1]zh).
This method of computing the mixture needs the computation
of

/%) D1 jo44)(n)dn

= [T

seL

where t = (¢5,s € L) is the vector of context counts for each
initial segment of length ¢ < .

It lacks the explicit form of 77( /% fnm‘sD(1/2+t) (n)dn.
Nevertheless, comparison of these 1ntegra1s leads to advocacy
of a Monte Carlo evaluation. To compute r} s from data x*, one
way is to average s [,z (14:(1))?/? with a large number (a
million) of independent 7 each drawn according to the Dirichlet
D(l /2+t) distribution. A refinement to this Monte Carlo evalu-
ation is given in Section VI for the two-state first-order Markov
case.

An alternative to Monte Carlo evaluation is an approximation
formula appropriate for long strings with # € K, as developed
next.
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D. Approximation Formula

As stated in the preceding section, the Jeffreys mixture for the
Markov model is nearly a best strategy, but it is hard to calculate
it in general, because it is a multi-integral with respect to the
parameter 7). The following theorem provides its approximation
formula, which is easier to calculate than the original form.

Here, note that [ p(x|z™)ps(nla")dn = [ n..ps(mlz™)dy
with s = T(:L‘ka_,_l .

Theorem 2: Let S = {p(:|s,n)|n € H,s € L} be a class
of kth-order Markov chains with the alphabet {0,1, ..., d}. Let
K be a compact set included in the interior of H and ng be an
arbitrary natural number. Then, for all z € X and forall s € L

/"/w|sﬂJ(7'|1’7n)d77 (11)
st 0.5
g+ (d+1)/2
d'F756117'f,7;s 810'L
. /;\( ,1] Ill) agn
vearter CMaTAF Mlyls
Viogn
ny/n
holds, uniformly for all infinite sequences z_gy1...2Z122 ...
such that # € K holds for all n > nq for some ng > 1.
This represents the approximation formula as an additive

modification to the estimator (n,, 4+ 0.5)/(n, + (d + 1)/2).
Note that the following multiplicative form is equally valid:

/ 7Ix|b/)1("7|ln)d77

o Mas + 0.5
g+ (d+1)/2

Xp(g )

yeEXT teL
Viog n) )

(AVAL

n=n

+ O(

)

Nyls Oy — Tle|s) Olog s
nm|s + 0.5 07]‘3]\5

n=n

+0(

This theorem is proved from Theorem 3 given later.

Theorem 2 shows how we should correct the Laplace-like
estimator (the first factor of the right-hand side) in order to de-
crease the worst case logarithmic regret. The correction (second
term) contains the derivative of the stationary probabilities,
which are rational functions of the parameter 1 as shown in
Appendix B.

The following example is the simplest case.

Example 1: Let X = {0,1} andd = 1 (L = {0,1}). We

have 11 = 110/ (M1j0 + 70j1) and o = noj1 /(11170 + M0j1)- Let
s = 0 and « = 1; then, the sum in exponent in the third line of
(11) equals

7’y|5(5wy - 77%\8) Jlog
Nals +1/2 on

>

yeX’ tel
ol — n1jo) dlog
nyo +1/2 9o

yls

tel
o1 —m1j0) <L - 2 )
no +1/2 \myo Mo + 1o
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Let z, = 0 (7(z™) = 0); then, by Theorem 2, the approxima-
tion of the Jeffreys mixture for this case is given by

/”11\0/)](‘7)|5L'n)d"7 (12)
! ni 0.5
- ng + 1
1 (1 — o Fge(l - ”71\0))
ng+1 2 fitjo + ot
~ nyo + 0.5+ (1 —i0)(0.5 — jir)
N ng+ 1

where the error term is O(y/logn/n\/n) and fi; denotes
Mo/ (ojr + Mjo)-

Note that this depends not only on 7|y but on 7|, and that
the difference between this and the Laplace-like estimator is
of order 2(1/ng) (wWhere “Q2(x)” denotes negation of “o(x)”).
It is known that the Jeffreys mixture for the i.i.d. case induces
the Laplace-like estimator (Krichevsky—Trofimov estimator),
which is widely used in many data compression or predic-
tion methods, e.g., in the CONTEXT [16] and the CTW [25]
method, even though these methods are for non-i.i.d. sources.
The reason is that it is in a very simple form and is believed
to have good coding performance. Theorem 2 shows that for
Markov sources, the Laplace estimator is different from the
minimax strategy in terms of second-order efficiency. More-
over, the theorem suggests that we may have to calculate the
derivative of stationary probabilities every time a datum is
input to achieve the minimax regret in sequential prediction or
data compression with Markov models. If we employ a naive
algorithm to calculate them, the computational cost is of order
O(#?), since it includes the eigenvalue problem. Note that it can
be reduced to O(¢%) by making use of the Sherman—Morrison
formula (see [15] for example).

We can show a more general approximation formula (The-
orem 3), from which Theorem 2 is obtained as a corollary. To
state it, we need some preliminaries. First, we introduce another
parameter @ than 5. Note that p(x™|n) is rewritten as follows:

p"lm) = [[ () (13)
seL.xeX
— H ((,,]w‘s)nm‘s/ns)nS
seL.xeX
= H GXp(’ILS( Z 01\51’7“5 - w(oﬂ)))
seL reX’
where we let 0., = O..(n,) = 10g(as/M0)s)> 0 =
05(775) = (9”8,....,96”5)"’, and 1/)(04;) = 7103’7}0'5 =
log(1 + > cy expfys). Recall that 7, = ng./n,,

where n, |, denotes the number of occurrences of z at

. def
T
the state s in the sequence z", and n, = > .1 Nys.

Define 6 = (65,00 ,....0%)" similarly as 9. Let
0, ¥ {6.(n,) : n, € H°}; then, ©, = R*'! holds.

Let © [[.c.©: = R It is known that the map

1, — 8.(n,) on H? is one to one and analytic (see [3]). Note
that (0/90,5)1(05) = 1,5 holds. Define functions g,., as

qef 0%(85)

Gey(0s) =

= — . 14
00,00, (14)
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Then, we have 97,5/00,; = g.y(8). Let g(8) denote the
matrix whose (z,y) component is g,,(85). Note that g(8,) is
positive definite for any 8, € ©. Let I(5,) denote the inverse
matrix of g(85). Then, the following holds:

1

O
I;m ns) = A + —.
J( ’ ) Nxls No|s

(15)

That is, I.,(n,) equals the Fisher information matrix for
the multinomial Bernoulli model. Note that pu.I. ,(n,) =
Joz,sy(n) holds. Since 0., = log(n.s/M0s)s Nels =
eP=1: /(1 + 3y €%1+) holds. Hence, we have

Myls B y|s"he|s Oaylyls

ae'll" B (1 + ZZGX’ 692‘5)2 1+ ZZE,X” 60:|5
= = Nx|sTlyls + (Swyny\s = 77$\s(5w;y - nylb)

Therefore, we have
o)

T (16)

g
D Mals(Bry = hte) 5 —

yeX’ vl

Given the prior measure p(1)dn, denote the prior density func-
tion with respect to df as

w(®) = pm)]dei (1)
= p(m) [] det(9(8:)) =pm) [T s

s€L seLycX

For the Jeffreys prior and the Dirichlet prior, let

d/2
w0r(8) = ez 452Dy (0) Tl e hyls
J o,
d
_ [Ler /Ls/2D(3/2>(m)
Cr
er. Diay(m) 11 Nyl
w(m)(O) _ HsGL ( )(’ )glyEX ly|
(Cla)
_ILer Doy (ny)
(Cay)*

The following is our assumption for a prior density .

Assumption 1: For a compact set K included in H®, there
exists a certain integer iy, such that for all 4’ € K, for all
r € X' and foralls € L

dlogw(8)

aatb H (ny\t)mn”nl"ylt . fw(g)

teL yeX

is integrable over ©.

Suppose that Assumption 1 holds for a prior w. Then,
dlogw(8)/00, s - w(l) [Lcp yea ()™ =" ¥t is integrable
for any » such that for all s € L, ng > tniyi,. This assumption
holds for Jeffreys prior (see Lemma 5 in Appendix C).

The following theorem provides an approximation formula
for a general prior density.

Theorem 3: Let K be a compact set included in the interior
of H. Suppose that the prior density w satisfies Assumption 1
for a certain 711, . Then, the following holds, uniformly for all
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infinite sequences #_j41 ... %122 . . . such thatf € K holds for
all 2 Mpin:

/nw\sw(n\w")dn (17)

- 1 Ologw(6) n O(\/logn

N N VD )
Alternatively, the following holds uniformly for all sequences
7172 € K holds for all n >

such that 7
O L (0, +0.5)/ (n + (d+1)/2)

$,k+1 B A R 12, BN
Mmin, Where we recall f)

xS

/ et (nla™ (1)
_ by 1 dlog(w(B)/w(y)(6))
|s ne + (d + 1)/2 00¢|s ‘r’:‘fl(%>
Viegn
o( )-

n\/n

The proof is givqn in Section V.
Noting |7 — i](l/z)| = O(1/n), Theorem 2 is easily derived
from (18) and (16).

E. Simulation

Concerning the simplest case (Example 1), where the target
model is the first-order Markov chain with binary alphabet, we
evaluate the coding regret of the strategy using the algorithm
described in Sections III-C and III-D.

In the following experiments, we used the Monte Carlo
method when n, < 20 holds for the current state s, and other-
wise we used the approximation formula (12), when computing
the successive factors of m y(2™) and g(z™).

We generated data sequences of length n = 107, which was
according to Markov sources with various parameter settings.
The parameter settings are « = 0.019 and b = 0.16 (x,, =
n ~9-16) which satisfies the assumption of Theorem 1. Note that
b must be smaller than (0.5 — «)/3 < 0.5/3 = 0.16 - - -; hence,
the setting b = 0.16 is nearly optimal for rapid convergence of
fn. In fact, we have n 016 = 0.0759 .- when n = 107. We
set Monte Carlo sample size to 1000 000. Table I here shows
the results of our experiment. In each line, we list the MLE for
(770‘1, 171‘0) and the computed values of the regret of the proce-
dures based on .y and q. The regret of ¢ is 7*(q) = 7(q, 2" ;1)
defined by

o def 1 1 n
< Jog —log ——— — log ——.
Ma:aThp) = log rmr —y ~ o8 Sy 8 2n

The column heading 7(im ) lists the regrets by the genuine
Jeffreys mixture and the column heading #(¢) lists the regrets
by the modified Jeffreys mixture computed by the proposed
method. Here, the m(z™) and ¢(«™) are computed by as a
product of successive factors required for prediction and for
arithmetic coding. If ¢ is the minimax strategy, (g, ", )
converges to log C'y, which approximately equals 1.2985 (see
Appendix D). The regrets by ¢ in Table I are approximately
0.08 nat larger than this value. It coincides with the fact that
—log(1l — k) = —log(1 — 0.0759) = 0.078 - - -. For the ordi-
nary (nonextremal) cases, we see that the regrets of the genuine




TAKEUCHI et al.: PROPERTIES OF JEFFREYS MIXTURE FOR MARKOV SOURCES

TABLE I
REGRET (ORDINARY CASES)

Mo[1 o || Flmy) | 7(9)
0.0999 | 0.0998 1.297 1.376
0.0999 | 0.3002 1.300 1.378
0.0999 | 0.5004 1.300 1.378
0.1000 | 0.6997 1.298 1.377
0.0999 | 0.8998 1.300 1.376
0.3000 | 0.3000 1.303 1.382
0.3002 | 0.4999 1.301 1.379
0.3002 | 0.7001 1.299 1.377
0.3000 | 0.9000 1.298 1.376
0.4998 | 0.5004 1.299 1.378
0.5000 | 0.7001 1.297 1.376
0.5000 | 0.8998 1.299 1.377
0.7001 | 0.7003 1.302 1.380
0.7001 | 0.9001 1.303 1.382
0.9000 | 0.9000 1.300 1.378

Jeffreys mixture (the case of x,, = 0) are between 1.297 and
1.303. For each line, the data zfj are generated according to a
Markov source with 7791 and 179 equal to the two digit values
which the reported 7jg|1 and 7)o clearly estimate. While the ex-
pected regret depends only on the 7o and 7)1 based on the
whole sample, our approximation uses the ¢(z;,1|2*) based on
partial samples of sizes ¢ < n. Consequently, different realiza-
tions of g of the same Markov types 7)1 and 7j;)o will have
slightly different computed regret.

Here, we used a Monte Carlo sample size of 1000000 for
near three digit accuracy. A Monte Carlo size of 10 000 would
be sufficient for two digit accuracy.

IV. PROOF OF THEOREM 1

In this section, we give the proof of Theorem 1. As described
in Section III-A, a key of the proof is the convergence rate of
the determinant of empirical Fisher information to that of Fisher
information. Comparing (3) with (4), we realize that our main

. . . . def
task is to evaluate the ratio p;/us(f) for s € L where pj =
ns/n. Hence, we first give a lemma about this item in the next
section. After that we will prove Theorem 1.

A. Convergence of State Frequency to Stationary Probability
We can show the following Lemma.

Lemma 1: Letr = k(£ — 1). Foralle € (0,1], if f§(z™) €
H®) is satisfied, then the following two inequalities hold:

ns >n(e/2)"
ﬁs | Cl
PRGN

(19
(20)

| log

where (1 is a certain positive constant independent of € and n.

Remark: When the model is the first-order Markov chain
with alphabet {0, 1}, the proposition which corresponds to
Lemma 1 is easy to show, since the explicit forms of u, are
very simple.

Let ¢, = n™%, where we assume

0 .
Ses 2r + k

Then, we have neltF > pl=(+R)/Crtk) o6 a5 1 goes to
infinity. Hence, by Lemma 1, we have g, /15(f)) — 1 uniformly
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forallz™, | suchthatfy € I (e») Hence, Lemma 1 implies that
empirical Fisher information converges to Fisher information,
uniformly for all ", , | such thatf € H (n),

In the remainder of this section, we describe the proof of
Lemma 1.

The sequence of states of ™, | ;| are the successive overlap-
ping segments of length % shifting by just 1. Thus, there is a
length n sequence of states arising from x™ after the initial state.

Define n,,|; for every pair of strings ¢, « € L as the number
of transitions from the state ¢ € L to the state w € L in the
sequence x™, , ;. Likewise, for s € L, we let n,|, denote the
number of occurrences of an individual symbol x € X after the
state s in the sequence " . Then, n., equals 7, (5|5

Similarly, we are to define the parameter 7,,), for every u,t €

L. First, define dof

D, = {r(sx) v € X}
The set D consists of the states which are reached by one tran-
sition from the state s. Note that for v € D, there exists a
unique = € X such that u = 7(sz). Let £(s, u) denote such x
for every s € L and u € D;. Then, for every w.* € L, define

7 s u)|sr
Ms = {015( )

Then, let IT be a matrix whose (¢, «) component is IT;,, = Ml
then, it is the state transition probability matrix, and let II* be
its kth power.

First, we will show the following.

when w € D,
otherwise.

Proposition 1: Let ¢ be anonnegative real number. If 7, > ¢

holds foreacht € L = X¥* andeach« € &', then st > €* holds.

Proof: Note that the stationary probabilities px (¢t € L)
satisfy the following linear equations:

Hi = Z e pry .

t'elL

ey

Foreach{ € L and x € X, we have 7,; > ¢ by the as-
sumption. Now 7(#'t) = ¢ holds for each pair (¢,') € L?. This
implies that it is possible to get to any state from any state by &
transitions. Further, 7, > ¢ holds for all (¢,z) € L x X,

This implies that each element of II* is larger than €*, i.e.,
each i, is larger than €* . This completes the proof of Proposition
1.

Proposition 2: There exists a certain positive number C1,
such that Cy
< =

= e

’ dlog s
a%\t

holds forall s € L, forallt € L, forall z € X, foralle > 0,
and for allp € H(®), where r = k(£ — 1).

fine a matrix A as A;; < (IT*),,,, and a vector p as p ‘=
(Jisy s+, s, )t By Lemma 4 in Appendix B, we have

JAVY
1A
7

(22)

pi =
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and A;; > “~ U foralln € H( and forall s € L, where A;;
denotes the (7, j)th cofactor of I — A, where I is the identity
matrix. Hence, we have

OA;; 1
PIFFATH
Note that the derivative of Aj; is bounded from above when

n € H'9_ Therefore, we have forall t € L, forall z € X/, and
forallyp ¢ H®

dlogp, 1

9, Ajj
ANy O '

a/’]w\t

arlw\t

C
— Ek(!’.fl) :

‘810g Ihs

This completes the proof of Proposition 2.

Remark: By using Lemma 4 in Appendix B, which gives an
explicit form of the stationary probabilities /5(n), we can write
down the Jeffreys prior as

Ajj

1
ps(n) = C_I H (m

where A;; denotes the (i, j)th cofactor of the matrix whose
entries are 6;; — Hs,-sj, and C'; is the normalization constant.
Now, we can prove Lemma 1.

def

Proof of Lemma 1: Let sy ‘= 7(x ) be the initial state,

def
and s, ‘= 7(x") be the final state. First, we treat a special case

in which sy = s. holds. In this case, we have

vsel, Yo=Y u

teL tel

d/2
> D(1/2)(77sj)

(23)

since the number of all transition from the state s equals the
number of all transition to the state s. Hence, we have

N Mgt Ny Nsjg My A
E 7ls|tpt—E ——E — = = Ds-
Ty N T T

tel teL tcL

24

This implies ps = (7).

When so # s., let 2,1 { be a minimum path from state s. to
50 (c does not exceed k). By adding a sequence Tﬁi‘f to the se-
quence ™, we have (2" T%) = 50. Then, we have p; (") =
ws(n(z ”“‘“)). Let ¢, denote the number of transition from
state s to state £ in the sequence z,, ... .Tp 4, and let ¢, =

>+ $4)s- Here, ¢, = 0 or 1, since zj; , is the minimum path

from s. to s9. We have iy, (2" T) = (n4)5 + ¢115)/ (05 + ¢s).
Hence My 77 | (Tn) ﬁ | (T"’) €
~ 7‘,n+oz > "t|s _ IAEAN > ts\ b s ©
s () 2 e T T T 2 2 2

where we use the fact that ny, = ), ny, > 1 for sufficiently
large n. This can be shown as follows. If n;, = 0 holds for
all t € L, thenn,, < 1 forallt € L. Since there exists
one u € L at least such that n,, > n/{, we have 7, (") =
Ngju/ M < £/n, which is smaller than e for sufficiently large 7.
This contradicts the assumption #(z™) € H(®).

By is(2"T*) > €/2 and Proposition 1, we have
Ps(2™T) = pa (™)) > (¢/2)F, i, (ns +ds)/(n+a) >
e®. Therefore, ns, > mn(e/2)* — 1 holds, which means
ns > n(e/2)*. This is (19).
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Hence, we have

77t|s('7;n)

it Tie)s (27)
)z 1+ 28 /(nek)’

~ 14 1/ng

Wt\ (

Hence ok
g (") < g (2" TN + m)
2/<

’ILEk

1)/my = iha(a”) +

Also, we have (= te) < (n4)s +
Therefore, we have

|ﬁt|s(”7n+a) - 77t\s('7"n')| <

1/n.
2
nek’
By Taylor’s theorem, we have
log (™)) — log ps (A(a™))

O log 1 R .
= 3 SR () i)
teL, zeX’ Nzit 1=

where h is a point between #H(z"t*) and #(z™). Since
flz"t),f(z") € H h € H holds. Hence, by Proposi-
tion 2, we have

dlog s
877941

c2r
<

e

n=h
Hence, we have

2k Okt
etk =

2kC ke
~ pe2rtk’

g 12" ))

25
37”)) ( )

Aq( n-l—a) > s — ﬁs(‘l’n) Ps (wr
) n+a l+a/n = 1+k/n
and
- n+o Ns + 1 s mn l
bs(a"™) < — ps(a™) +
(@)1 + ——) = pu(a)(1 + —)
= pslx ” = P -
P nps b s
Hence
1 D (4 :
b (=") 1+
1+ 1/n, = ps(znt®) n
that is
L g Pl K
T ps(ant®) — n

holds. Together with (25) and P (2" T) = ps(f(z"t*)), we
have

Cy 2°Cike 1
nertk ne"tk g
ps (2" POkt k C
< log PA(T ) < v‘1 A ‘2
ps(M(z™)) = nertk T op T opertk

where we use (19) and let Cy = 2max{2¢C k¢, k}. This
completes the Proof of Lemma 1.
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B. Proof of Theorem 1
Now, we can prove Theorem 1.
Proof of Theorem 1: Let a denote a certain constant which
satisfies
1/2 — «
2r+ k-
There exists such a, since b is smaller than
1/2—a 1/2-a
k(26 —1) 2r+k

b<a(l/2—a)<

by the assumption of the theorem (recall » = k(¢ — 1)). Define
€, = n~". Suppose that f} € H{¢) holds. Then, by Lemma 1,
we have

‘17k/(r+k) -1
Mg > n(en/Q)’C n o

when n goes to infinity.
Since r = k(£ — 1), we have » > 1 and
11
2r +k  k(20-1)

Since r > 1, it follows that @ < 1/(2 + %) holds. This implies
(1—-ak)/2 > a.
In this proof, let #,, denote ((£ — 1)/n)®.
Part I (interior points): First, we treat sequences with 7) €
H() Note the inequality

mn(fﬂ") > (1 - Hn) ][)( 7L|"))/)J( )d’i’)
pla" i) ~ p(z"|n) '
(

We evaluate the ratio [ p(x"|n)p.s(n)dn/p(z"|).
We can write

p((L"LM) = H eXP(nm\s log nm\s) (26)
SEL, x€X
Ny
= H exp(n— ‘ log Nals)
seLl, reX
= H exp(nﬁs Z ﬁTle IOg nm\s)'
s€L 2EX
Therefore, we have
[ " 1m)ps(n)dn
pla™|n)
e"j)s Zmex Na|s lOg N2
= dn.
/(H B Y el 108 Tl )p"(n) K
Here, recall
1
pr(n) = o, 1T s> Dy sy (m,)-

We evaluate this integration (denoted as V') by Laplace approx-
imation. We define a neighborhood B,, ; of 7}, as

where /(1)) is the same one as (15). We show that for sufficiently
large n, B,, s is included in (SE"). Note that all eigenvalues of

4dlogn
n

B’nu,S = {77@ 13@(779 - ﬁs)tl(ﬁq)(ne
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I(n,) are larger than 1 for arbitrary n, € H ) Hence, the min-

imum eigenvalue of pI(#), ) is larger than p,, which by Lemma
1 satisfies

~ ~ 1
s > s (M) exp(— ——
Bs > ps (1) exp( mw)

. C1

= i () exp(— nl-a(rk) )
R Cy

> 115 (1) exp(— ik )-

The second inequality here follows from
l—alr+k)>1-(r+k)/2r+k)=r/2r+k)

(recall a < 1/(2r + k)). Then, by Proposition 1, the minimum
eigenvalue of psI(#,) is larger than e /e for all n such that
MAGRLIES (. Therefore, with Lemma 1, the diameter of
B,, s is smaller than

Videlogn
ek
Its ratio to €,, = n~“ converges to 0 as n goes to infinity, since

(1 — ak)/2 > a. Hence, B, def [I, By, s is included in Hen)
for sufficiently large n. Hence, we have

= 0417,‘(1‘“’“)/2\/10@; n.

@7

nps erx flz|s 108 72| s

VZ/B pJ('r))l_[e - - —dn

. ; enmzrﬁ, Nz)s 108 T2 |5

>
g [, 10

n g

R Zme(,{ 1y log s

R Z e Tlels 10875

np Z cx els 10872

=B, H / dn,
s s cx Mels 1087z

>4, [1 / o rhae™ (m—ﬁs)/I(ﬁs)(ns—‘fls)/de
B,

where we have used Taylor’s theorem in the manipulation from
the third line to the fourth line, and we let

def .
Bn = nlean,, /)J('rl) (28)
N OpyTipls 7
def Uxy LL\& /0\&
Loy(ms) =
ST (s (0)s)?
def j j
oo et Sup( 1,)" 1(n.)(n, —9,) 29)

(e = 7)1 (0, — 9)

In (29), the supremum is taken for all x” 9 € H() | for
allm, € B, \ {n,}, and for all y, € DB, ,. The quanti-
ties I;y (n,) provide the empirical Fisher information for the
Bernoulli sources. Note that I, (f,) = I,.,(1,) holds.

We are going to show that the following two inequalities uni-
formly hold for all z™ ,, : fj € H{):

Brn > (L —o(1)ps(n)
/ ¢ mheeT g ) TG0 /2 gy
B,,s

(27r)d/2
> (1- 0(1))nd/QMS(md/QD(l/g)(ﬁs)

(30)
€2))
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where o(1) converges to 0 as n goes to infinity. These inequal-
ities imply V' > (1 — o(1))(2r/n)¥/2/C;.
As for (30), note that we have

D
if g Dz
fEH(=n) NEDB,, D1/z(‘77<)

r}.L-S
= inf iInf H \/ |
fEH(=n) C By,

’LLI&;
\/2€n

> - Y v
- H V26 +d(B, )

(32)

where we let d(B, ;) denote the diameter of B, . Since
d(By, s)/€n converges to 0 (recall (27)), the last expression
converges to 1 as n goes to infinity. We can also show

Con—(1=ak)/2

iy
E'VL

ps(n)

L — C57L7(17ak72ra>/2
(1)

in the same way as we obtain (25). (Recall that Cyn—(1—k)/2

is an upper bound on the diameter of B,, ,.) Hence

inf MS(?) > exp(—Csn~ 179k =200/2) 1 (5 — 0)
nEBn f1s (1)

since a < 1/(2r + k). Together with (32), we have (30).
As for (31), first we are going to show y,, — 0 as n goes to
infinity. Note that

(e —2) L) (n, — ) = Y ( o

(”w|s rA/.L\s)Q
2
TEX 7]/.7:\5)

holds. Let a, < Najs/ (1 1s)? and by, = 1/777, s~ Then, we can

write

: 5 : Zme,l’ aT(nL\a - ﬁa,la)z
("75 - ﬁs)tl('f)s)(nb - lf)a) Z;I:EX b*(nT‘g - ﬁT‘g)Z

Zzex a’w(nmls -

e ba e

holds, we have

77;1:\5)2 < (47

- max —
— lajs)? T @EX by

e’ < sup

HEH (e

sup
)N, E€B s

< ﬁL\b )2
max .
TEX 7},1\5

In a manner similar to the evaluation of (32), we have
20

P ) <
VAe2n, T \/46%’”5.

This converges to 0 as n goes to infinity. Next we will show

¥, < 2log(1

/. e~ mhae™ (0, —0) (0, (0, —1)/2 4y (33)
B

n,s

e 4 (2m)4/2(1
nd/2\/det(p

—d/2)
«1(n,))
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The integral over B,, 5 is equal to the integral over the whole
space minus the compliment B, ;. Thus, the integral on the left-
hand side is equal to

d
\/detwfgv 08 M 39
which is
o —dy, d
T 6)
where
Iy o / e o nbs(n, *’”7.5)"1(1‘75)(175fﬁg)/Zdns. (36)

Abbreviate Q(ﬂb) = [A)ﬁ‘ (7’.5 71?’3)]‘1(7?’5)(7’3 71?).5)/2 In B;,s » WE
have Q(n,) > 4dlogn/n and hence the exponent in the inte-
gral (36) satisfies e nQ(n,) > €™ Q(n,)+(n—1)e"4dlogn,
where we have reserved the e (}(,,) part to preserve integra-
bility. Accordingly, we have

e’ (n —1)2dlog n)
n

/ e P, ) TR, )/ gy

I < exp(—

Bounding it further by enlarging the last factor, integrating over
R4, yields

e’ (n — 1)2dlogn
n

e 4 (27)d
det(peI(9,))

Iy < exp(—

)

Since -y, = o(1), the inequality e™(n — 1)2d/n > d holds for
sufficiently large 7, and hence

e~ (27)1

IZ nd det(ﬁbI('fh))

IA

ni/2

holds for sufficiently large 7. Therefore, (34) yields

/ ¢ e exp (), 0, 1) 0,272 gy
B

_ __d/2 exp(—d'yn)(Zﬂ')d
=(1-n d/ )\/m

This is (33) as desired.

Since /det(psI(R,)) = P> D2y (#1,), (33) yields

/ s (0 =0,) T, ~7,)/2 gy
; ,

n,s

_ et emy

n—d/?)
”d/Qﬁ;l/ZD(l/z)(m)

By Lemma 1 and since ,, — 0, this implies (31).
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Since (30) and (31) hold, we have

e L)

where o(1) converges to 0 as n goes to infinity. Therefore, we

have
ndt/2

P ) ¢ |
= = oM)((1 = ka) )72

sup
wnie Hen) Mo (2™)

This implies
plz"[n)

1 -
08 My, (2™)

sup
on e Hien)
e

< ?Iog% +log Cy + o(1).

(37

Part Il (near boundaries): Now, we consider the case in
whichf) &€ H (¢n) We use the second term in the mixture m,, as

_ tin J ol ) TT, Deay () dm,
p(a”(n) Cfa)

KnMia) (™)

ple"(m)

my, (™)
plz™m) —

With the prior of product form, this becomes a product of inte-
grals. Use

exp(ts Yy x Tals 108 M)
(/Xp(n? Zme Y ﬁﬂ log ﬁx\a)

= H exp( Ny Z Tz)s l0g Zj g)

seL zeX

Then, we have

J o™ IL, Dwy(n,)dn,

_HL

([1",”"!7) C(éﬂ) s€R
where
e r s D x s
Ls d:f eXP(_77s Z 777 s 100 TI ) (Cf) (nk ) d"k
(o)

gt nr\
J exp(3, e x Nafs 108 1121 ) Doy (0, ),
eXp(X e els 1087)s) - Cray

and F is the set of states such that n, > 0.

Split the states in E into subsets Fy1 = {37, € HS(E")} ng
and Fy = {55, € H,Ef”)} N E.Forf) & H) we are assured
that F; is not empty.

Note that — log L, is in a form of regret of the mixture by the
Dirichlet prior with v < 1/2 for the memoryless case. Since the
Dirichlet prior with o < 1/2 has higher value than the Jeffreys
prior near boundaries of H, the quantity — log L, for s € FEj
is smaller than (d/2)logn. Indeed, if s € FE1, then there is a
symbol = such that 7,1, < 1/n* < 1/n2, 50 ny, < ni=®,
Consequently, adapting Xie and Barron’s Lemma ([28, Lemma
41]) for the present case and for s € E;

d

—logLs < (— -

5 (3%)

1 1
(— — oz)u) logngs + K4log —
2 2}

holds, where K ; is a constant depending on only d.
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As for s € Fs, we use the following bound, which holds for
all s € K

d
— ]og L, < 5 log ng + Cy. (39

This inequality (39) is derived by Lemma 1 of [28]. The lemma
is a uniform bound on the regret of the Jeffreys mixture for
memoryless case, and can be applied to our case by noting

D((v) (ns)dns = D(I/Q) (nb)dﬂa and then

vex Me|s 108 M.:) D12y (0, )dn,
exp(Y,cx Mals 108715 )Cray
_ Cryzy [ exp(Xaex afs 108 7215) D12 (1, )dn,
- Cl exp(Dper Mals 108 72)s)Cl1/2) )

LS > fCXp

Here, D1/2y(n,)/C(1/2) is the Jeffreys prior for the multino-
mial Bernoulli model.
Hence, we have

log P11
7 myey (a™)

= Z(_ log La)

sEE

d 1 1
< E : ((5 _ (5 —a)a) logns + Kqlog E)
1
_|_§ (%logns—FCb)

scEs

which is not more than

d
Z ( >lognb + Z log ns + Cio, (40)
s€Fy s€F,
where
Cm = (max{Kd log Cg}
= (1/2 — a)a.
We claim that (40) is less than
¢
1 Cho-
(2 )og(72/d+ 10 (41)

Since (40) is maximized when |F;| = 1 for any configuration
of {ns}, it is the worst case. Then, the maximum of (40) is
achieved when n, = n(d/2 — )/(|E|d/2 — 1) for s € F4
and n, = (nd/2)/(|F|d/2 — 1) for s € E5. This provides an
upper bound which is no more than

(g—b) log n(d/2 — 1) +d|E2|

|Eld/2 — 2
whose dependence on | F| is of the form

(é_L> log 1 d(|E| — 1) on dn/2
2 S1E[d/2 — . 2 S1Eld/2 .
_dIE[ =20, 1 d(|E| — 1) dn,

1 log 2.
5 BlEd2—.T 2 %%

nd/2
1 N
*®1Eld/2 -

+ Cho
[

Its derivative with respect to |E| is positive when

2
L>€|E|*%
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Whence for n > ef, the largest | /| = £ is the worst case, which
provides the following upper bound on (40):

d n(d/2—1) d(f—1),  nd/2
(5 - ”) log =i 2 8 iy

which is less than (41) by (d€/2—+)-log(d/(d—2¢)). Therefore,
we have

+ Cro

wup  log p(="[)
e My (2™)
< ((M ) lo L +lo —l— C
=15 2 7— / 8 10
dt n
< b) 1
= ( 7 ) gt

< (42)

df¢
< (7 —L+b) logn + C11

where 011 = 010 — (d//? -+ b) log(l/ — 2l/d)

Since b < + = (1/2 — «)a is assumed, the expression (42) is
smaller than the right-hand side of (37), when (v — b) log n ex-
ceeds the constant (d¢/2) log = — log Cy 4+ C11. This completes
the proof of Theorem 1.

V. PROOF OF THE APPROXIMATION FORMULA

In this section, we give the proof of Theorem 2. For the pur-
pose of abbreviation, we define two functions £ and G as fol-
lows. Define F on R x O, x H, as

def
F(mosn:) = exp(m( Z aap\cn/.Ll.s -

reX!

= H (77m|s)m/n,z‘s

zeX

“(65))) (43)

where 1) and 8, are the same ones as in (13). In particular, recall
0z)s = log(nz|s/Mo1s). Note that the following holds: for each
s € L, let m, denote a real number and m denote a vector
(Mg, ..., my,). Define G on RY x © x H as

G(m7 9"’7/) d:ef H F(7n57057n;) = H (7)$‘S)77ls”l,m\,s.

s€L selL,zcX

. def
Then, definingn = (n,,,...,ns,), we have

p(mn|$ofk+17 77) = G("’? 07ﬁ)
Since (9/38,,)%(0s) = 1., and
dlog Gi(n.6.7) _ dlog F(m,.8,,1.)
30| B 00y

we have
dlog G(n. 0, 7)

9., = ms('r"m‘s — Tels)- (44)
Also, recalling the definition of ¢g(14), we have
52
——log G(m,0,1) = —m,g.,(0,). 45
56,99, (m,0.1') = —m.gey(8:).  (45)

Then, since g(8,) is positive definite, log G(m, 8,7’) is strictly
concave with respect to 8, whenever each m is positive.
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Finally, we let

w(@)G(m,0,1)

(w) def
W (m.0.0') = Tw(8)G(m.0,7)d8"

Then, we have
g(x|z™) = / Nelr (amy W (12,8, ) 8.

Note that w need not be normalized in this expression, since it
remains unchanged when we multiply w by a positive constant.
Hence, we assume that w does not have to be a probability den-
sity hereafter.

First, we prove the following lemma.

Lemma 2: Let K be a compact set included in the interior of
H. Let W) be the function defined as (46). Suppose that w in
W) be a positive-valued function, which is integrable over ©.
We assume that w satisfies Assumption 1 and thatmingez, my >
Maumin holds. Then, for all s € L and for all z € X', the fol-
lowing holds, uniformly forn’ € K:

/ nm\swf(w) (m7 97 n/)da

et 1 9dlogw(d) +O(\/log7n .
ms 00y Mg/

=6’

Proof: In this proof, we let W denote W ("), omitting (w).
Partial differentiating G:(m, 6, 7’ )w (@) with respect to 4., we
have

O[G(m, 6. 7")w(8)]

e 47)
= 777/3(77,1\5 - nr\s)G(m»0» "7,)7“(9)
+ %’l‘ma(m,a,n’)w(())

xls

where we have used (44). The second term on the right-hand
side is integrable because of Assumption 1 and the first term
on the right-hand side is integrable because |7,,,| is bounded.
Therefore, the left-hand side is also integrable. Integrating both
sides over ©, and doing some manipulation, we have

/ 77,7:|s G(ma 9, 77,)71)(0)(10

= [ Glm.b.1/)w(6)d8
1/’810gw(0) (

(48)

G(m, 0.n')w(8)dd

mg af)m‘s
1 [9G(m.0,n")w(8)
B my / aar\e .

We can show that the third term on the right-hand side is zero.
Indeed, by the Fubini’s theorem, we have

" 9(w(0)G(m.8,7'))
I

=/[w>wnonm“wd0—o
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where 8 is £ - (d — 1)-dimensional vector which is obtained by
removing the element 6, from the vector 8. Hence, dividing
both sides of (48) by [ w(8)G(m, 8,1 )df, we have

/7,w|sW(m,0,'r)')d6

1 [ dlogw(8)

=1 yps + W(m.8.n')db.
Ms |

Therefore, it suffices for obtaining the claim of the Lemma to

show that

dl%ww)vv(m, 0.7)do (49)
xz|s
dlogw(8) Viogm
= PBul)) -y o Em,
C)HJ,I.S 9—0' \/m

holds uniformly for n” € K. We use Laplace integration to
prove this. Let

det Ologw(8)
h(g) & S

( ) 89m|5
Since w(8) > 0 for @ € © and since w(h) is of class C? in O,
log w(#) is of class C? in ©. Therefore, h(8) is of class C'! in
0.

Define a neighborhood of &/, (0

as

def .
= log(n),,/m,)) in R

Ns(8.]s) = {8, : (8, — 6.)'9(8.)(8, —0.) < 62}

Further define

N = Ns(8

P | ROCAD

seEL

where we assume
d-Llogm
2= =
m

From (46), we have

W(m,0.n')
w(8)G(m.8,7) w(8

)G(m,8,7')
[ w(8)

(m,8,n')do

G
Jw(8)G(m,08,q)d8 G

where we let

G(m,8.0) < G(m,0,4')/G(m. 6 7).

Then, we will evaluate [ h(6) and
[ G(m, 8.7 )w(8)ds.
Let v(6) denote a function h(@)w(f) or w(#). Assume

v(8") > 0 without loss of generality; then, we have

G(m, 6, 7/)w(8)do

(50)
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Using Taylor’s theorem, we have

log G(m,8.,7)

_ Zl Fmg, 65.79))
Fm, 0&»"75)
_ 72 ns(0: —8'.)9(q,)(0: - 8')
2
whereq, = 8. +(1—¢)8. withe € [0,1] (s = 51,. .. s S(d4 1)k )
Hence, we have
>, ms(8s — 8'5)'9(q,)(8, — 6))

Gi(m.0.1) = exp(~

) )

Since {#(n) : n € K} is compact

1y < 2™l = 0'.)' 9(6.)(6 0//_5)
Ym0 —8',) g0, )(0, —0,)

holds for sufficiently large m (small &), for all ' € {8(n) :
n € K}, and forall @ € Ns(6'), where C is a certain constant.
(Hereafter, let C; (: = 1,2,...) denote a certain positive con-
stant.) Hence, we have

<14 C1é

G(m,8,7")

o . o / t I o /
< exp(— (1—C10) >, ms(Bs . 0 )g8, )0, — 0 q))
G(m,6,7) (51)

1+ C16) >, ms(0s —0'5)tg(8,)(0, — 0,
NWRIELU) RIS AV USLAY
Using these inequalities, we evaluate the second term of (50).
Let 1 denote the £-dimensional vector (1,..,1) and m Lef
m — My, 1. Noting that log G(m., 8, %) = log G(m,0,1) —

log G(m, @', 1) is strictly concave with respect to € ©, we
have

sup G(m.0.7)

6cO\N!
= sup G(m,8,%)
0661\7&’
< sup e Y M (1-C16)(0,—8',) 9(8,)(8.—0',)/2
6coN]
Zq(nls - 7n‘min)(1 - Clé)é2
— exp(— 2 : )
< exp(—(m — mund)(1 — C18)8%/2)

< Cyexp(—mb?/2).

Hence, we have

’/0\\'
‘/O\’V

< Cyexp(—mé?/2)

‘/(‘)\A/I

< Cy - exp(—mé?/2).

G(m, 0,7 )w( dﬂ‘

G(Muinl, 0,7)G(m, 0,7 )w( de‘

G(Mminl, 8. 17) dG‘

(52)
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Next, we evaluate the first term of (50). We have

/N (0(8) — U(al))@(m,a,n’)dg‘

< sup [v(8) —v(8)| [ G(m,8,79')d8
6CN] N}

=0(8) | G(m,6,7")d6.

12
. ]\,’5

Hence, we have

/ v(8)G(m. 0. 7')d8

-
&

_ (p(o’)+0(5))/ Gi(m. 6.7')db.

Sy

For the upper bound on [, G(m, 8,7/ )d8, from (1) we have
e

/ G(m.,0,7')do
. Z\/T/

< ' o3, ma(1-C18)(8.-8'.)9(6'.)(0.8.)/2 4

1%
f\/é

< / o2 s (1-C18)(8. ~8'.)a(8.)(8. ~0.)/2 4p
C}

1
=11
weL /(2. (1 — C16)) det(g(6)))
1+ O(6)

ey /rma) det(g(8)

For the lower bound on [, G(m,8,7)df, from (51) we have
s

/ G(m,0,7')d0
N

’
é

= / o (1HC18) 3 ma(8.-0'.)" 9(8.)(6.~0.)/2 4
[G]

B / (O 3 . (8.-6'.) 9(6.)(6.~0'.)/2 4
Jevw;

1
Ly @rm (1 + C18))1 det(g(6)))

- / o (1HC18) Y7 m.(8:—6'.)"g(6.)(6,—0'5)/2 g
JO\N}

In the same manner as obtaining (52), we have

/' o (1HC18) Y m.(8.-6'.)"9(6)(6.-0".)/2 49
JO\N,

< Cyexp(—md?/2).

S / o (1HC18) S (8. -8'.)"9(6,)(6.-0'.)/2 g
I
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Hence, we have

/ G(m,0,7')do
Iy

> 1 _ C4e—rnéz/2

L/ 2rm. (1 + C18)) det(g(6L)
_ 1+ 0O(8)
T, \/ (2rm. ) det(g(8)))
1+ 0(6) — O(exp(—ms?/2)) - TT, V'ms?
(53) 1. \/(2wm.) det(g(62)

_ 1+0(5) + O - exp(—m?/2)) (55)

1. \/ (2mm.) det(g(6}))

— Cy - exp(—mé?/2)

Hence, with (54), we have

/, Gi(m., 8, 7')d8
ﬁ _ 1+ O(8) + O(m™/2. exp(—m(52/2)).
1. /(2w ) det(g(0)))

From this and (53), we have

/ o(6)C(m. 0.1')d0

54 N |
Y (v(@) + 0(8)) - (1 4+ 0(8) + ()(7nd'5/267m§2/2)

[T, /(2rm.) det(g(6.))
v(8') + O(m@ /2 . exp(—mb2/2)) + O(6) .
L. \/(2rm. )1 det(g(6.))

By this equation and (52), we have

/O o(8)C(m. 0, 7)d
v(6') + O(m@*/% - exp(—mi?/2)) + O(8)
Mer \/(2rm.)? det(g(6.))
_ v(8") + O(5)
Mer \/(2rm, ) det(g(6)))

The last equality is obtained since m®*/ 2g-md/2 =

m~%¢/2 < § holds for large m. Recall that this has been
proved for v(@) = h(#)w() and v(f) = w(@). Hence, we have

' , Jo h(@)w(8)G(m,0,7')db
/@ hB YW (m, 0,9 )d8 = T w(8)Cm. 6,m)d0
ICATICARRIE)
 w(@) + 05)

— (') + O(6).
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This completes the proof of Lemma 2.
Proof of Theorem 3: First, we will prove (17). In Lemma

2, plug in n and 9 into m and %', respectively. Then, since % €
K holds for large n by the assumption, we have O(1/n,) =
O(1/n) for all s € L. Hence, we obtain (17).

Next, we prove (18). Let @(8) = w(8) /w1 /2(8). We can
prove that the density « satisfies Assumption 1, provided w
satisfies it. In fact

Olog w(8 o N
8{2 @ H (ny[e)™ ™" w1 - ()
z|s teELyeX
_ 9(logw(f) — logw(i/)(8))
I @yemoe @)
yir wey/2)(8)
teL yeX (1/2)
_ 9log w(B) — logwq,y(0))
- 005
I ™22 w(8)

teL,yeX
= 01327’0(0) H (ny‘t)"”fy\t*l/Q -w(B)
el el yex
dlogw2y(6) H F e
- (1 )™ =2 0(8)
de””‘s teL,yeX

and both terms in the last line are integrable when

1

1
M > Mmin + = max

2seLyex 0y,

(For the second term, see the proof of Lemma 5 in Appendix C.)
Note that

log( T (mys)"=w(8))

seL.yelX
- z Nsflyls L0g 1y|s + log w(f)
seL,yeX
? ‘ w(0
= Z (nrsny\s + 1/2) 1Og77y|5 +1Ogﬁ
seL yeX (1/2)
= Z ﬂs(ﬁy\s + I/ZTLS) logﬁms + logww)
seLyeX
d+1, fys +1/2n
= Z (l’LS ‘I’ ) = log 'f]y‘s
sELyEX 2 71+ (d+1)/2n,
+ log w(#)
d+1, nys+1/2
= D (m+ ) log .
sCcLycX 2 e + (d + 1)
+ log w(#)

=log [ (ny) " tCrO/2mi (0
seL yeX
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where we have defined Laplace estimator as

'fL def ”’yls+1/2
/‘,ll\s - 7lb+(d+1)

This implies

G(n.8.7))w(8) = Gln+ (d+1)/2-1.0.7")i(6). (56)
Hence, we have
/ Dot W) (1,8, 7)d8 (57)

= / el W (4 (d+1)/2-1,8,7")d6.

By assumption, f7L € K holds for all large n. Hence, by
Lemma 2 and (57), we have for all s € L and forall z € X’

/ 1)z w(@]a™)dl

_ / e W (4 (d+ 1)/2-1,0,7")d6

1 dlogw(8 log
it Ly PO oV
ns + 5 d();r,\s n=n" n\/ﬁ

This completes the proof of Theorem 3.
VI. REFINEMENT FOR THE TWO-STATE FIRST-ORDER

MARKOV CASE

As we have seen, the Jeffreys prior differs from a product of
Dirichlet (1/2,...,1/2) priors by the factor

1

s€EL

where p, is the stationary probability of the state s associated
with p(-|n). In the two-state first-order Markov chain case, these
stationary probabilities are

(10, p1s) = (aL-i-b’ (fﬂ)

where ¢ = 7)1 and b = 7,9, which yields the Jeffreys factor

Vab
a+b

Accordingly, the Jeffreys mixture probability m (™) =
mg(x™|x) takes the form

1 _
ol g™ 70‘5[)n1|0 b 70'5(],(1([[)
C'] . [0’1]2 a + b

where @ = 1 —a = andb =1 b = nojo- The factor
1/(a + b) prevents the integral from decoupling as a product of
integrals for a and for b.
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A. Refined Approximation to m y(z™)

The following lemma obtains tight upper and lower bounds
on m y(x™) for this two-state first-order Markov case. The idea
of the lemma is to obtain approximate decoupling of ¢ and b in
the integral.

Lemma 3: For (a,b) and (&, b) in (0,1)2

a — _bfl;> (58)

1
a+60_&+ aTBAA
<< =3"®"

where fig = 6/(d + b) and i, = b/(a + b).
Consequently, we have the upper bound on . s{x™) of

&ﬂt’l[}ﬁ'l R o
(A IS)C /anouf;todn”lf(].Sbnl‘o7ylbn,0‘of().5dadb
a+ v
dﬁ'ui)ﬁl ( )
= ———B(ngy + 1 — jig, 11 + 0.5
((} + b)C] 0]1 0,711

. B(’Illl‘o +1-— ;ll, TI,()‘O + 05)

where B(mi,mz2) = I'(m1)l'(m2)/I(my + ma) is the Beta
function. This upper bound is valid for any (a,b) in (0,1)2.
Moreover, we have the lower bound on m j(2™) of

1
S — (59)
(a+5)Cy
: a—a b-b e
. (1_ _ A>(],n0‘1(1,n1|1 O.anlmbnom O'Od(ldb.
a+b a+b

With the choice & = (ngy + 1)/(n1 + 1.5) and b = (n1j0 +
1)/ (np 4+ 1.5), the @ — G and b — b contributions to the integral
vanish, yielding the lower bound on m j(z") of

1

7AB(7’L0 1 + 17 n11 + 05)3(7’[,1 0 + 1, oo + 05)
@+bCs " | | |

These upper and lower bounds hold for all nonnegative counts
To|1; 1|1+ Mojos 71 jo and the ratio of the upper and lower bounds
tends to 1 when these four counts get large.

Proof of Lemma 3: The function 1/(a + b) is convex on
2 and so it is greater than or equal to the left-hand side of (58)
which is its first-order Taylor expansion, tangent to the function
at (@, b). Likewise, interpret 1 /(a4b) = e9(*?) with g(a, 8) =
—log(e® + e?) and @ = e®, b = €”. The function g(«, 3) is
concave on R? and so it is less than or equal to its first-order
Taylor expansion, tangent to it at (¢, 3), which yields the right-
hand side of (58).

From Sterling’s formula, the Gamma function has the prop-
erty that the ratio R, () = T'(n + 1+ z)/(n"T'(n + 1)) con-
verges to 1 for each z as n — o (see, e.g., [10, p. 80] or [9,
p. 886]). The ratio of the upper bound of 1 (z™) to the lower
bound at the chosen @, b is seen to equal

R"’0|1 (7[‘())R"1\0 (7:&1)
Ry (= f10) Ry (—fi1)
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which accordingly approaches 1 as ng|1, 11)0, 71, 70 get large.
This completes the proof of Lemma 3.

Remark: The variance of a Beta(myg, mq) distribution is
moma /((mo +ma +1)(mo +m1)?) near moms /(mo +m1)*
which is typically of order 1/(mq + mq). However, if either
mg or mq stays bounded and the sum mg + m1 gets large, then
the variance is of the smaller order 1/(mg + m1)?.

In the integral (59), the remainder of the Taylor expansion
1—(a—a)/(a+b)— (b—b)/(a+b) is of order (a — a)?/(a +
b)? + (b —b)2/(a + b)2.

Neglecting effects from a and b far from a, b which do not
contribute substantially unless ny and n; are large, it reveals
that m 7 (z™) matches its lower bound approximation to within
a factor of order

B. Improved Monte Carlo Calculation of Predictive
Probabilities

The Jeffreys predictive probabilities m j(z, 1 = 0]z™) in
the s = z,, = 1 case arise as the ratio of integrals. As we have
seen, the numerator integral is

/ (&) %(Lno‘l amn —O.Sbnl‘ognom —0.5(1(1,(]%
a2 @

and the denominator integral is the same but without the factor
(o). If we multiply and divide in the integral by the expression
(& + b)(a/a)™ (b/b)™, then these integrals can be expressed
via expectation forms of appropriate Beta densities. For the nu-
merator, we use

Num,, :/[Z’Ii(g)/lb(%yﬁ}

.Bn0|1+27[m ,71.1“4_(],5(@)
Buyjo+1-i 7nom+0A5(b)dadb

(60)

where By, m, denotes a Beta(mg,mq) probability den-
sity function. For the denominator Dc¢n,,, we use the same
expression but with the 2 replaced by 1. Here, we have in-
corporated the normalizing constants of these Beta densities.
Accordingly, when we compute the predictive probabilities, we
compensate for the ratio of the normalizing constants which is
B(’Ilo‘l + 2 — /:LQ,7L1|1 + 0.{’))/B(Tlr0‘1 +1 - ,&0,71/1'1 + 05)
equal to (ngy + 1 — fip)/(n1 + 1.5 — jip). Consequently, with
zn, = s = 1, the Jeffreys predictive probability is

ng1 + 1 Num,
n1 4+ 0.5 + (11 Den,,

my(zpe1 = 0fz™) =

where we have used 1 — fip = fi1.

To interpret this expression, the (120|141 ) /(71 +0.54 /1) is
the approximation to the predictive probability, which is asymp-
totically equivalent to the approximation formula (12) given by
Lemma 3. It is accurate when the counts are very large, and then
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TABLE 11
REGRET (BOUNDARY CASES)

ﬁ0|1 ﬁl[O Tlow Tup 7(my) 7(q)
0.00001 | 0.00001 1.2996 | 1.3133 1.292 -0.068
0.0001 0.0001 1.2986 | 1.3001 1.300 1.059
0.0010 0.0010 1.2985 | 1.2987 1.298 1.337
0.0099 0.0100 1.2985 | 1.2986 1.299 1.374
0.0001 1.0000 1.6448 | 1.6449 1.657 -3.510
0.0010 0.9990 1.3054 | 1.3055 1.307 0.763
0.0100 0.9900 1.2985 | 1.2986 1.297 1.353
0.0001 0.5175 1.2988 | 1.2994 1.297 1.092
0.0010 0.5037 1.2985 | 1.2987 1.303 1.349
0.0100 0.5005 1.2985 | 1.2986 1.300 1.375
0.9900 0.9900 1.2985 | 1.2986 1.302 1.377
0.9990 0.9990 1.2985 | 1.2986 1.299 1.336
0.9999 0.9999 1.2986 | 1.2987 1.299 1.058
0.9901 0.4999 1.2985 | 1.2986 1.298 1.376
0.9990 0.5000 1.2985 | 1.2986 1.299 1.375
0.9999 0.4999 1.2986 | 1.2987 1.300 1.369
0.99999 0.4997 1.3000 | 1.3001 1.304 1.353

Num,, and Den,, are near 1. When the counts are small or to im-
prove the precision when the counts are moderate, evaluation of
Num,, and Den,, is appropriate.

We suggest Monte Carlo evaluation in which the exact inte-
grals Num,, and Den,, are replaced by sample averages of the
quantity in brackets (see the first line of (60) for Nuin,, ) using
independent draws from the respective Beta distributions. The
expression [(G+b) (a+b) 1 (a/a)" (b/b)"1] in brackets is al-
ways less than or equal to 1 and it is near to 1 when the Beta dis-
tribution has sufficient counts to make the distribution peaked
near @ and b. This expression [(G+b) (a+b) * (a/a)f (b/b)]
arises as the exponential of the remainder of a first-order Taylor
expansion used in the proof of Lemma 3, so its drop from 1 is
of the order (@ — a)? + (b — b)%. The crux is it has consid-
erably reduced variance compared to the previously suggested
Monte Carlo. As a result, one does not use as large a Monte
Carlo sample size to produce accurate computations.

Table II here shows computation results for the regrets
using my(z") and ¢(x™) including cases with sequences
with very small numbers of transitions. We report values of
7(m) = #(m, z™) given, as earlier, by

. 1 n
8 o) S

log m(x™|xg)
using either the Jeffreys rule or its modification ¢. The column
heading 7y, refers to lower bounds on regret of the procedural
obtained from the upper bound on m;(z™) in Lemma 3; the
heading 7, refers to upper bounds on regret obtained from the
lower bound on m y(z™).

The total sample size as earlieris» = 107. Each Monte Carlo
calculation is performed by the improved-precision version de-
veloped here. The objective is to render these digit accuracy on
these regrets. For initial sequence of length less than 100, the
Beta distributions are not so peaked and we used Monte Carlo
size of 100 000.

Once all four counts ng|y, 71)9, 71)1, and ngo reach at least
100, we switch to the approximation formulas (12). For moder-
ates size counts (not all at least 100) the Monte Carlo refinement
to the A.F. with Monte Carlo size of 10 000.

This scheme allowed sensible precision of computation over
a broader range of cases than before.
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VII. CONCLUDING REMARK

We have shown that the modified Jeffreys mixtures asymp-
totically achieve the minimax regret for Markov models without
any restriction on the sequences. The obtained regret is of the
same form as that for the multinomial Bernoulli models. Then,
we consider the computational aspects of the minimax strate-
gies, and we have obtained an approximation formula of Jef-
freys mixture for Markov models.

APPENDIX A
JEFFREYS POSTERIOR UPDATING
Here, we derive (10) and explain the Jeffreys posterior and

its relationship to the Dirichlet posterior. Note that the Jeffreys
posterior given ™ is proportional to

pla"mws(m) o< pl="|m) [[ n¢*D
seL

(1/2) "'ls)

Since p(z"|m) = [I, [1,(n=s)"=!*, it is proportional to

(TT #272) TI T (e )t 272
sel sel =

where . = (ny)scr is a collection of counts from z™. Since
the posterior for the Dirichlet (1/2,...,1/2) prior, denoted by

D(1/2+n) (), is proportional to [],., Hm(nm‘s)m\ﬂrl/{ we

have
wy(nlz™) H pdl YD1 /240y (m).-
sel
APPENDIX B

EXPRESSION OF STATIONARY PROBABILITIES OF A
MARKOV MODEL

Here, we will prove Lemma 4, which gives an explicit for-
mula of the stationary probabilities for Markov chains and de-
scribe a certain property of it.

For its proof, we utilize the following theorem given by
Chaiken and Kleitman [5].

Theorem 4 (Matrix Tree Theorem): Let M ({x,}) denote a
squared matrix of order v, whose entries are

M{{wq})i; = { Zj{‘j’f:q ,,klk‘ i # 7,

Let f(41,...,48) (¢ < n) be the determinant of the matrix
obtained by omitting the j;th row and column of M ({z,}) for
all 4 : 1 < ¢ < k. Let S be the set of all arborescences on
vertexes v, v, ..., v rooted at v;,,...,v;, . Foreach a in S,
let w, be the product of M;;z; over all directed arcs (§ — 4) in
a. Then, the identity f(j1,...,Jx) = > ,cg Wa holds.

See [5] for the proof. Here, an arborescence is a graph in
which every vertex other than roots has in-degree one, there are
no cycles, and the roots have in-degree zero. The matrix tree
theorem is well known in circuit theory and graph theory and

t=71<5<y
1<12,7<y.
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several variations exist (see, e.g., [4], [12], and [14]). Theorem
4 is a fairly general one.
We have the following.

Lemma 4: Let A be a state transition matrix of a first-order
Markov chain with alphabet {1,2,...,+}, i.e., A;; is a condi-
tional probability of 7’s generation after j’s. Let u; be the sta-
tionary probability of the symbol z defined by the Markov chain.
Lete & min; ; A;;, and let A;; denote the (7, j)th cofactor of
the matrix / — A. Then, we have the following.

1) Foreach j, Ay; = Ay; = --- = A,; holds.
2) Each A;; is a sum of products of v — 1 certain components

of A, in particular, not less than ¢ -1

3) When ¢ > 0, the following equalities hold:

i = Ay
’ 21121 Ay

Pi"OOf.‘ Let Bi]‘ = (I — A)” Since Z?:l Ai]‘ = 1, w¢e
have ./ B;; = 0 (j = 1,2,---,7). Hence, adding the ith
line of B to the first line for « = 3,4,...,, the first line of
the resultant matrix is equal to minus the second line of B. This
implies Ag; = Ay (j = 1,2,...,7). Since this argument holds
for any pair of lines by symmetry, we have item 1.

In order to show item 2, we use Theorem 4, assuming z; = 1
forj =1,...,~.Then, B;; satisfies the property of M ({4 }) in
Theorem 4, where we have M;; = A;; (¢ # j)and A;; = f(4).
Hence, the following holds:

(i=1,2,...,7).

A“‘ = f(l) = Zwa.

agS

This implies that A;; is a sum of products of ¥ — 1 certain non-
diagonal elements of A. Hence, A;; > ¢!, By item 1, this
holds for every A;;.

Now, we will show item 3. Let AdjB denote the matrix
with (i, 7) entries are Aj;. Then, we have (I — A)AdjB =
BAdjB = (det B)I = 0. This implies that the vectors
(Aj1,DNja, ... Ay ) (§ = 1,..., ) are the eigenvector of A
with eigenvalue 1. Here, note that A;; > 0 when € > 0. Then,
we have obtained

Ay Ay
S A X Au

This completes the proof of Lemma 4.

Hi

APPENDIX C
LEMMA FOR JEFFREYS PRIOR

Lemma 5: There exists a certain integer m,in, such that
for all p € K, for all z¥ € X%, forall z € X', and for all
s e L

dlogw;(6)

G min']-- ’ ORK
o0, (Mmin - 1,0,9") - w;(8)

is integrable over O.
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Proof: Recall that

1

wr(8) = o II #2 D12y (my).-
J
sEL
We have
d
logws(8) = 5 Z(logus +log D(1y2y(n,)) — log Cy.

sel

Therefore, recalling (16), it is sufficient to show that the fol-
lowing two are integrable for all f/ € K and for all y € X’

dlog D
wa(mm 21,8, 9 )ws(0) (61)
Oy
dlog s ,
P G(m'min * 13 0 7 )7”,7 (9) (62)
dnt/\t
Now let s be miny ¢ i, minger mingex 77’y\5~ As for (48), note
that
810?;1)(1/2)(775):_lazmexk’gnﬂs :_l( 1 . 1 )
377‘;/\5 2 any|s 2 Nyls No|s .

Recall that G(mmin - 1,8,%") = [[,cp  en(mys) ™™= vl
Hence if mmim > 1/k, we have G(mminl.0,9) <
[icr vex Mujs for all @ € ©. Hence, for all § € ©, we
have

dlog D1/2) (n,)

G(mmin -1,8,7")| < 1.
D1y« ( )

Hence, when m,y,i, > 1/k, (48) is integrable.
. def .
Now, we examine (62). Let fuin = minger yex 7ys; then,
by Proposition 3, we have
C
< 1

- Tmin "

‘ dlog s
Oyt

where r = k(£ — 1). Hence, if m,i, > 7/k, we have

L <0

‘ dlog pus

. /) S Cl”}min’r
dnylt

G(7nlr1i11 : 17 07 n

Nmin

Hence when myin > /&, (62) is integrable. This completes

the proof of Lemma 5.

APPENDIX D
THEORETICAL VALUE OF THE MINIMAX REGRET FOR THE
SIMPLEST CASE
For the simplest case (Example 1), since o = mo1 / (770|1 +
Noj1) and 11 = nyjo/(Mojr + Moj1), we have

¢y = /H Vdet(I(n))dn
_ Vi,
B /H S4_0[71}(\/ 770\,9(1 - 770\5)) K

d771|0d770\1

/[0.1]2 (o1 + m10) /(T = 10j1)(T = moj1)
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The last expression equals four times the Catalan constant (see,
e.g., [2]), which equals 4-0.915965594 - - - &~ 3.66386237. (See,
e.g., [9, p. 1036].) Hence, we have log C; = 1.2985.
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