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Networks via Log-Concave Coupling

Curtis McDonald and Andrew R Barron

Abstract. This paper presents the study of a Bayesian estimation procedure for single-hidden-
layer neural networks using £; controlled neuron weight vectors. We study the structure of the
posterior density and provide a representation that makes it amenable to rapid sampling via
Markov Chain Monte Carlo (MCMC), and to statistical risk guarantees. Let the neural network
have K neurons with internal weights of dimension d and fix the outer weights. Thus there are
Kd parameters overall. With N data observations, use a gain parameter or inverse temperature
of B in the posterior density for the internal weights.

The posterior is intrinsically multimodal and not naturally suited to rapid mixing of dir-
ect MCMC algorithms. For a continuous uniform prior on the £; ball, we demonstrate that the
posterior density can be written as a mixture density with suitably defined auxiliary random vari-
ables, where the mixture components are log-concave. Furthermore, when the total number of
model parameters Kd is large enough that Kd > C(8N)?, the mixing distribution of the auxiliary
random variables is also log-concave. Thus, neuron parameters can be sampled from the pos-
terior by only sampling log-concave densities. The authors refer to the pairing of weights with
such auxiliary random variables as a log-concave coupling.

For a discrete uniform prior restricted to a grid, we study the statistical risk (generalization
error) of procedures based on the posterior. Using an inverse temperature that is a fractional
power of 1/N namely 8 = C[(logd)/N]'/*, we demonstrate that notions of squared error are on
the 4th root order O([(log d)/N]'/*). If one further assumes independent Gaussian data with a
variance o~ that matches the inverse temperature, 8 = 1/02, we show that the expected Kullback
divergence decays as an improved cube root power O ([(log d)/N]'/3).

We extend these risk results to the continuous uniform prior as well. With polynomial time
sampling algorithms for log-concave target densities, this represents a polynomial time training
method for neural networks with statistical risk control.
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1. Introduction

Single-hidden-layer artificial neural networks provide a flexible class of parameterized
functions for data fitting applications. Specifically, denote a single-hidden-layer neural
network as the parameterized function

K

Ful®) = fw,x) = Y extp(wg - x), (1.1)

k=1

with K neurons, activation function i, and interior weights w; € R?. Fix a positive
scaling V and let the exterior weights cx be positive or negative values ¢y € {—%, %}
Thus, f,,(x) is a convex combination of K signed neurons scaled by V. Constant and
linear terms cg + wo - x may be added in the definition of f,,(x) to achieve additional
flexibility, though we will not address that matter explicitly.

We are interested in potentially wide networks where K may be large. The study
of deep nets (i.e. multi-layered) nets is a separate topic not addressed in this work, as
we focus on the single-hidden-layer class.

The approximation ability of these networks has been studied for many years,
which we briefly review here. Restrict input vectors x € R as having bounded entries,
x € [—1,1]¢. The early work of [4] showed that moderately wide single-hidden-layer
networks with sigmoid activation functions can accurately approximate target func-
tions with a condition on the Fourier components of the target function. For a sigmoid
activation function and K neurons, the squared error with the target function was shown
to be on the order of O(%).

These original results put no restrictions on how large the components of the
internal weight vectors wy can be. To facilitate computation, we wish to work only with
weight vectors wy with bounded ¢; norm, ||wg||; < 1. Denote the set of signed neurons
with £; controlled interior weights as the collection of functions % : [-1,1]¢ — R

Y ={h:h(x)==xyw-x),|w] <1}. (1.2)
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The closed convex hull of ¥ includes functions f which can be written as a possibly
infinite mixture of signed neurons, and functions which are the limit of a sequence
of such mixtures. Specializing the results of [3],[4],[26], networks of the form (1.1)
provide accurate approximation for functions f with é in the closure of the convex hull
of . The infimum of such V is called the variation V¢ of the function f with respect
to the dictionary . In [26] a variant of the condition on the Fourier components of f
is also given that would allow f to have finite variation V¢ and hence to be accurately
approximated using convex combinations of elements of ¥ scaled by the variation,
with bounded ¢; norm on the weights. For target functions f of this form and any
probability distribution Px on [-1, 1]¢
there exists a network f,« of the form (1.1) with added constant and linear terms, with
K neurons with ¢; controlled internal weights such that [26]

, using a squared ReLU activation function,

x|

I fur = fII* < ==, (1.3)

where || - ||? is the L, (Px) norm.

The approximation with bound (1.3) is an existence result, a useful ingredient in
neural net analysis. Yet, by itself, it does not imply anything about the estimation ability
of training algorithms based on a finite set of N data points (x;, y;) f\i , independently
and identically distributed (iid) from a data distribution Py y. Currently, the best known
results show that for a bounded target function | f| < b, finding the set of neuron para-

meters that minimize the empirical squared error,

N

W = argmin,, | <1 ke{1.--K} Z()’i — fu(x)?, (1.4)
i-1

with a network width K = O([N/log(d)]'/?) yields a statistical risk control of the
order [8]

log(d))z)’ (L.5)

2
Elllfa - 171 = 0((=5=
provided there is sub-Gaussian control of the distribution of the response Y. The expect-
ation here is with respect to the training data, while the norm square provides the
expectation for the loss at an independent new input vector. Analogous deep net con-
clusions are also in [7], [8].

There has been much research to understand theoretically the optimization of neural
networks via gradient based methods [11,17,25,31,41]. These approaches work by
comparing the network to a certain infinite width limit under initialization and scaling
assumptions (called the neural tangent kernel, NTK) where the network becomes lin-
ear around its initialization point. They also utilize a scaling of 1/VK on their outer

3
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weights rather than the 1/K scaling we use. A consequence of this NTK regime is the
internal weights wy become random objects not dependent on the data, and then train-
ing the outer weights (which we call cy) is a linear regression problem. We instead fix
the outer weights cx and explicitly train the interior weights wy to fit the data.

When choosing network size for favorable statistical risk, we prefer to work with
K < N. Indeed, our later results will show K = O[(N/log(d))'/*] is an appropriate
size for statistical risk control. Then, even in the single-hidden-layer case, no known
optimization algorithm is able to solve this optimization problem in a polynomial num-
ber of iterations in N and d. Instead, we move away from an optimization approach to
choosing neuron parameters and use a Bayesian method of estimation placing a pos-
terior distribution on neuron parameters. Nevertheless, for statistical risk analysis of
the Bayes estimator, we retain the commonly adopted frequentist statistical learning
framework.

Bayesian neural networks have been studied for many years [12, 19,37], although
specific mixing time bounds for Markov Chain Monte Carlo (MCMC) to guaran-
tee polynomial time complexity have been a barrier to their implementation. Recent
approaches have studied the simplification of the posterior in the NTK regime, res-
ulting in the posterior being near the posterior associated with a Gaussian process
prior [22,23]. These approaches require K/N — oo to achieve that simplification of
the posterior density. The bounded K /N setting is shown in [22,23] to be distinct with
potentially more flexible non-Gaussian process behavior. Indeed, such flexibility arises
in our model where the internal weights are adapted by the posterior.

We quantify when sampling can be accomplished in polynomial time using MCMC,
as well as statistical risk guarantees for the resulting posterior distribution. We will not
achieve the optimal square root rate with our Bayesian methods, in fact we will get a
fourth root power in the most general case, but we give up some of the accuracy for
the sake of computational ability. That is, we adopt a sampling problem we can solve
instead of an optimization problem we cannot.

Say we have data consisting of N input and response pairs (x;, y;) ﬁ ,- Define a prior
distribution Py on neuron parameters and a gain or inverse temperature 8 > 0. Define
a sequence of posterior densities trained on subsets of the data x", y" = (x;, y;);_, for
every n < N by

By
pa(wh” y") o po(w)e” = TGS 030, (16)
and the associated posterior mean at a given x value

[ln(X) = EPn [f(-x9 w)l-xn’ yn] (17)
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Define the posterior predictive density as

B y-rxaw)?
pa(ylx,x",y") = EP,,[LZ—IPC",)’"]- (1.8)
1/27rE

Define the Cesaro average posterior as the average of the different posteriors,

N
1
avg N Ny _ n .n
gt (wl,y )_N“nzzop"(w'x ). (1.9)
Also define the Cesaro average of the posterior means and the Cesaro average predictive
density
|
g(x) = , 1.10
8(x) NHZ_’Syn(x) (1.10)
and "=
P
avg N Ny _ n .n
g (yle.xN .y )—N+1n2=0pn(y|x,x . (L11)

The estimation ability of these posterior densities is measured by their performance
according to a choice of risk control. We consider two classes of risk control: arbitrary
sequence regret and predictive risk control for iid data.

For arbitrary sequence regret, let (x;, y;) l]\i , be an arbitrary sequence of inputs and
response values with no assumption on the underlying data relationship between x; and
y;. Consider g as an arbitrary competitor function we wish to measure our Bayesian

posteriors against. The average squared error regret is defined as
151
RN = 5 D 5 10 = it (60))” = G = 8’ (1.12)
n=1

We demonstrate bounds on this regret of the order O([(logd)/N]'/*) for a discrete
uniform prior. This bound requires control on the maximum magnitude of the obser-
vations in the sequence max,<n |y,|, as well as a bounded function g. This is not as
good as the square root bound of optimization, but the posterior means can be com-
puted by sampling, as we demonstrate. As such, for any competitor g in the class of
neural networks, including the optimal fit for the data sequence, the sequence of pos-
terior densities achieves average performance arbitrarily close to the competitor if the
data size N is sufficiently large relative to log d.

Another form of risk control relies on further assumptions about the incoming
data. Assume (x;, y;) ,IZ , come iid from a data distribution Py y with the conditional
mean of Y being a function E[Y|X] = g(X) and having conditional variance bound
o?. Let Xy41 = X be a new data point independently drawn from the same input data

5
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distribution. We define our statistical loss function (squared generalization error) as
half the squared error averaged with respect to the distribution of the new X,

le 2l = [ 3600 - 2 Px(av). (113)

The corresponding notion of statistical risk is half the expected squared error with the
expectation taken with respect to the training data and the new observation,

Elllg - gII]. (1.14)

We demonstrate mean squared risk control of the order O([(log d)/N]'/*) for a
discrete uniform prior. This bound requires no moment control on Y higher than the
variance. These regret and risk bounds require a gain S of the order O ([log(d)/N]'/*),
which is atypical to most Bayesian posterior problems where the  would not be a value
decaying in N but rather a fixed constant. However, in this formulation we do not have
to match the 3 to the inverse variance 1/0-> and we still have the fourth root risk bound.

If we further assume the data is iid Gaussian with Y| X = x having the Normal(g(x), o%)
distribution, and the reciprocal variance of the data matches our gain 8 = 1/0°?%, we
can give bounds on Kullback risk. For the expected Kullback divergence between the
Cesaro predictive density and the data generating density, we demonstrate a bound of
O([(logd)/N]'73) for the discrete uniform prior.

Our statistical risk analysis is first presented for a discrete uniform prior on an ¢;
controlled grid. This allows explicit control on the number of points in the support of the
distribution, and control of the minimum probability of a single point. Using a coupled
Dirichlet-Multinomial distribution to link the continuous and discrete prior cases, we
are able to extend some of the discrete prior risk results to the desired continuous prior
setting. When the target function has variation not more than the specified V with
respect to the dictionary of neurons (i.e. f/V lives in the closure of the convex hull),
the continuous prior inherits risk control of the same order as the discrete prior for iid
data.

The barrier to implementing the Bayesian approaches defined above is being able
to sample from the densities p, (w|x", y") and thus compute posterior averages u, (x)
as well as predictive probabilities p, (y|x, x", y") which are defined by expectations
with respect to p, (w|x", y™). The densities p, (w|x", y") will be high-dimensional and
multi-modal densities with no immediately evident structure that would make sampling
possible.

The neural network model has K d parameters and we have N data observations. A
natural method to compute the required posterior averages would be a MCMC sampling
algorithm. However, an MCMC method is only useful if it provably gives accurate
sampling in a low polynomial number of iterations in K, d, N. Any exponential depend-
ence on the parameters of the problem is not practically useful.
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The most common sufficient condition for proving rapid mixing of MCMC meth-
ods is log-concavity of the target density [1, 2, 16, 33]. As such, we want to find a
representation of the problem built from log-concave densities, so that we may restrict
our computation task to only require sampling from log-concave densities.

We show that with the use of an auxiliary random variable &, the posterior densities
pn(w|x™, y™) can be re-written as a mixture density (also called a measure decompos-
ition in the language of [36])

(Wl y") = / Pn(WIE. X", Y ) pu (", YV dE, (1.15)

using a reverse conditional density p, (w|€) = p,(w|€,x™,y™) and an induced marginal
density p, (&) = pn(£]x", y™). When considering a fixed input and response sequence,
we will drop the x" and y" conditioning notation. For a certain choice of priors and
relationships between d, K, N, 8, we show the reverse conditional is a log-concave
density, and the induced marginal for £ is also a log-concave density. We call such a joint
distribution p, (w, &) that preserves the target marginal p, (w) and has a log-concave
marginal distribution p, (£) and a log-concave conditional distribution p,, (w|¢) a log-
concave coupling. As such, samples for w from the posterior can be produced by merely
sampling from log-concave densities: that is, we sample from the density of £ followed
by sampling from the density of w given &.

For a continuous uniform prior on the £; ball, we demonstrate the mixture is a log-
concave coupling terms when the total number of parameters Kd is large enough such
that

Kd > C(BN)?, (1.16)

for a given constant C that depends only on the range of data values and the scaling V
of the network.

We presume access to a sampling algorithm able to produce accurate samples from
alog-concave density in a number of iterations proportional to a low polynomial power
of the number of model parameters [16,28,29,32,33]. We leave the specific choice of
this algorithm in our setting (e.g. Metropolis Adjusted Langevin Diffusion (MALA),
Hamiltonian Monte Carlo, etc.) as well as the tuning of parameters as a technical study
for future work, and treat the sampling algorithm as a black box method available to
the user. Then one can sample a value for ¢ from its marginal, and a value w|¢ from
its reverse conditional, resulting in a true draw from the posterior distribution for w.
With access to polynomial time sampling algorithms for log-concave densities, using
the continuous uniform prior on the ¢; ball, and appropriately scaled choices of 5, K, d
and N, this represents a polynomial time training algorithm for single-hidden-layer
neural networks with statistical risk control of the order O ([log(d)/N]'4).

7
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The remainder of the paper is organized as follows. In Section 2 and 3 we lay out

the specifics of our Bayesian model. In Section 4 we summarize the main conclusions

of the paper. Details of the log-concave coupling are given in Section 5. Statistical risk

control is discussed in Sections 6, 7. Further discussion with existing literature is given

in Section 8, and conclusions in Section 9.

2. Notation

Here we present the mathematical notation used in the paper.

Capital P refers to a probability distribution, while lowercase p is its probability
mass or density function.

f’(-) refers to the derivative of a scalar function f.

V is the gradient operator and V? is the Hessian operator, producing a matrix of
second derivatives.

{1,..., N} is the set of whole numbers between 1 and N.

[a, D] is the interval of real values between a and b.

u - v is the Euclidean inner product between two vectors.

a”, X" refers to the transpose of a vector or matrix, so quadratic forms of a vector
a with the matrix X will be written as a"Xa.

llwl],» refers to the £, norm, [[wll, = (3 (w;)?)7.

The ¢, ball is denoted as ¢ = {w € R? : [lwl|; < 1}.

The K fold Cartesian product of this set is (Sf)K .

For variables in a sequence, superscripts indicate the set of variables X" = (X;)I,.

For a data sequence (x;, yi)f\il,

coordinates equal to the function outputs f; = f(x;). For any two vectors of length

given a function f associate it with the vector with

N define the empirical squared norm and inner product

N N
h1 = hall3 = Z(hl,i — hy)? (hi, ho)n = Z hy,iho i
i1 i=1

Logarithms in the paper are natural logarithms.

3. Bayesian Model

Consider input and response pairs (x;, yi)lﬁ | Where the x; input vectors are d dimen-

sional and the response values y; are real valued. Consider the x; as being bounded by
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1 in each coordinate, |x; ;| < 1foralli € {1,...,N},j € {1,...,d}. Further, assume
xip=1foralli e {1,...,N} so an intercept term is naturally included in the data
definition. Accordingly, this requires d > 2. Denote X as the N by d data matrix which
uses the x; as its rows.

Recall the definition of a single-hidden-layer neural network in equation (1.1).
We restrict the class of neuron activation functions we consider to have two bounded
derivatives with ¥ (0) =0, [ (2)| < ag, [¥'(z)| < aj and [ (z)| < ay forall z € [-1,1].
We assume ag, ay, ap > 1. This includes for example the squared Rel.U activation
function ¢ (z) = a(z4)? or the scaled tanh activation function (z) = a tanh(cz).

Fix a positive V and let the exterior weights ¢ be positive or negative values ¢y €

- % %}. Thus, f,,(x) is a convex combination of K signed neurons scaled by V. Note,
if ¥ is odd symmetric as in the case of the tanh activation function, the cx can be all set
to positive % For non-symmetric activation functions, we can use twice the variation
V = 2V and use twice the number of neurons K = 2K. For the first K neurons set
Cr = % and for the second set of K neurons set cj = —%. Under such a structure using
2K neurons, any size K network of variation V with any number of positive or negative
signed neurons can be constructed from the wider network by setting K of the neurons
to be active and the other K to be inactive and have weight vector 0. In either case, we
consider the outer weights ¢, as being fixed values, and it is only necessary to train
the interior weights wy of the network.

Define P as a prior measure on RK¢_ with density po with respect to a reference
measure 77 (e.g. Lebesgue or counting measure). We will discuss a couple of choices of
the prior shortly. For each index i € {1,..., N} define the residual of a neural network
as

K

res; (w) = yi — Z cry (wi - x;). (3.1

k=1

For any subset of the data n < N, define the n-fold loss function as half the sum of
squares of the first n residuals

() = 5 " (resi()” (3.2)
i=1

For any gain parameter § > 0, we define the n-th posterior density (with respect to 1)
and the associated posterior mean

po(w)e_ﬁen(w)
J e B po(wyn(dw)
un(x) = Ep, [ f(w,x)], (3.4)

Pn(w) = (3.3)
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where Ep, [-] denotes expectation with respect to the indicated distribution. Note our
posterior densities p, (w) are defined by the data points x", y" we condition on, so we
will also denote them as p,, (w|x™, y"). For a given weight vector w, define the predictive
density p(y|x,w) tobe Normal( f (x,w), é). Define the n-th posterior predictive density
as

pu(ylx) = Ep, [p(ylx, w)]. (3.5

Note that these predictive densities are also conditioned on the x”, y" data that define
the posterior. Define also the Cesaro average posterior, mean, and predictive density
as in equations (1.9), (1.10), and (1.11).

3.1. Choice of Prior

We consider two priors in the paper. The first prior we will consider is uniform on the
set (S;l)K . That is, independently each weight vector wy is iid uniform on the set of
weight vectors with £; norm less than 1. This has the density function

K
1
potw) =[] (10l < I}WST’))’ (3.6)

with respect to Lebesgue measure. Note that the absolute values of each vector |wy|
are uniform on the simplex, which is also a symmetric Dirichlet distribution in d + 1
dimensions with the all 1’s parameter vector.

We will also consider a discrete version of this density. For some positive integer
M < d, consider the discrete set which is the intersection of S f with the lattice of points

of equal spacing % Define this set as Sf I

$ 0 = {w: Mw e {(-M, M}, |lwll, <1}, 3.7)

That is, each coordinate wy_; can only be integer multiples of the grid size ﬁ and we
force the £; norm to be less than or equal to 1. We consider the prior under which wy
is independent uniform on the discrete set Sf - This has probability mass function

K
1
po(w) = | (l{wk € S{{M}d—). (3.8)
Rl N

with respect to counting measure in (Sld’ M)K . When d is large one may choose a smaller
order M to arrange sparsity in the weight vector, as at most M of the d coordinates can
be non-zero. Furthermore, we have a bound on the cardinality of the support set |S 1‘\14 | <
(2d + )™ which will prove useful in future statistical risk analysis. Most notably,
log |SdM| only grows logarithmically in the dimension d of the weight vectors.
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We can also consider both of these priors as specific marginals of a joint coupled
Dirichlet and Multinomial distribution. We arrange a continuous vector w®™ € (Sfl )K

cont

and a discrete vector w4 ¢ (Sf M)K . Say the signs of each coordinate w;*" are

distributed independent Rademacher. Then, for each index k, the absolute Valués vec-
tors (|wi°m|, |w2i5°|) are independent and distributed as follows. |wi°n‘| is uniform
on the d + 1 dimensional simplex, which is symmetric Dirichlet using the all 1’s
parameter vector. Then |wfsc| conditioned on |wi°m| is distributed as 1/M times a
Multinomial (M, |w®®|) distribution. This results in w™ and w®*® being marginally
uniform on (S f)K and (S i M)K respectively, but being coupled via this joint distribu-
tion.

The continuous prior will be used to prove the log-concave coupling form of our
target density, but the finite size of the support of the discrete prior will prove useful
for statistical risk control. In the paper, we first prove statistical risk control of the
discrete prior, and then extend this to the continuous prior using this joint Dirichlet
and Multinomial construction.

4. Summary of Main Results

Our results are two-fold; demonstration of a log-concave mixture form using a con-
tinuous uniform prior, and risk control for the discrete uniform prior. We then extend
the risk control to the continuous prior as well.

4.1. Log-Concave Coupling
The log-concave coupling result is as follows:

Theorem 1. Let the neural network have inner weight dimension d > 2 and K > 2
neurons with N data observations (x;, yl-)lN |- Assume BN > 2. Define the values

Cy = max |y,|+aoV 4.1)
ne{l,N}

3
Al =2a;1 + 4\/;612 (4.2)

A = (1 + %) ZaZ\E 4.3)

As = 4\/ga2(cNV)3 [A) + A2 (ChV)?]. (4.4)

11
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Define a value

1 2 K
=min(—, /2 —— ). 4.
0 mln(300’ 11a2/3€Nv) .5)
Let d and K satisfy
K|[log(2Kd/58)] < BN (4.6)
and
Kd > A3(BN)?. 4.7)

Using a continuous uniform prior on (Sf VK, for each n < N the posterior distribution
Pn(w) can be written as a mixture distribution with an auxiliary random variable &,

palw) = / P (lE) P (E)dE, 438)

where p,,(w|€) is a log-concave density for each &, and p,,(€) is a log-concave density.
If equation (4.7) is a strict inequality, p(€) is strictly log-concave.

Further details on the proof of this theorem and choice of the auxiliary random
variable ¢ are presented in Section 5.

4.2. Statistical Risk Control for the Discrete Prior

Consider (x;, y;) ZZ , as an arbitrary sequence of inputs and response values. Let g be
a competitor function to which we want to compare our performance. The individual
squared error regret is defined as

r;quare = %[(Yn - ,un—l(xn))z = (n - g(xn))z]’ (4.9)

and average squared regret is defined as

N
1
Ry = N § i, (4.10)
n=1

Theorem 2. Let g be a target function with absolute value bounded by b and let § be
its projection into the closure of the convex hull of signed neurons scaled by V. Let
Py be the uniform prior on the discrete set (Sf M)K . Assume the neuron activation

function is odd symmetric and set all outer weights as ¢y = % For any data sequence
(xi’)’i)i]\il with all x; € [-1,1]¢, define

€n = Yn — &(xn) € =yn—&(xn). (4.11)
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Then average squared regret is upper bound by

poare . MKlog(2d +1) | agv? N (VCyas +V2a?)
Moo BN 2K M

+2B(aOV2+ bCN+ (aoV2+ b)z) ENZI:; 2 _E 4.13)

(4.12)

In particular, if g lives in the closure of the convex hull of signed neurons scaled by V
we may set g = § and € = €. With specific choice of B, M, K, we can achieve an upper
bound

a0V+b

R < a{aov ) (e 4

N

)(

2 2 N

(4.14)

Further details on the proof of this result can be found in Section 6.3. This theorem
places no further assumptions on the data sequence. For Theorem 2 all that is needed
of the g and the network functions are the vectors in R of the function evaluated at the
specified inputs values x1, ..., xy. Then the convex hull is a subset of R¥ andits closure
and the projection ¢ is taken in the Euclidean sense. Note any network could be used
in place of ¢ here, but the projection is by definition the minimizer of the euclidean
distance. In contrast, for control of risk of more general points in [—1, 1] 4 we treat the
networks and comparator g as functions and use the L, (Px) projection for g.

With more specific assumptions, we can have bounds on the risk of generalization.
Suppose (X;, ¥;) are iid from a distribution with ¥ having conditional mean g(X)
and conditional variance bounded by o->. Then we can recover the arbitrary sequence
bounds for mean squared risk.

Theorem 3. Let g be a target function with absolute value bounded by b and let § be
its L, (Px) projection into the closure of the convex hull of signed neurons scaled by V.
Let Py be the uniform prior on the discrete set (Si M)K . Assume the neuron activation
Sfunction is odd symmetric and set all outer weights as ¢y, = % Let (X;, Yi)i]\il be training

data iid with conditional mean g(X;) and conditional variance o>

., with variance
bounded by maxc[_i, 14 o2 < 02, Assume the support of the data distribution Px is

in [—1,1]9. Then the statistical risk of the Cesdro mean § as an estimator of g is upper

bounded as,
. MKlog(2d +1) aiV* (V(aoV +b)as + V?a?)
Elllg - 8lI*] < 4.1
[llg = &llI°] < BN+ 1) Ty i (4.15)
a V+b agV+b .
+28(0)2 (0 + ) g - 811 (4.16)

2

agV +b _, aVCy + afvz))i(log(zd +1) )i

13
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With specific choice of 8, M, K we can have a bound on the mean squared risk of the

form
agV + b agV + b\ (V(agV + b)as + V2ai\} jlog(2d + 1)\ }
4%V( ;o3 ))( 2 )( N )
4.17)
+llg - &lI*. (4.18)

Further assume that the data is normally distributed with constant variance, that
is p(yi|x;) is the Normal(g(x;), o) density (i.e. the typical independent Gaussian
errors model), and that the gain of the Bayesian model S matches the inverse variance,
B = 1/02. Then we can have a bound on expected Kullback divergence.

Theorem 4. Let g be a target function with absolute value bounded by b and let g be its
projection into the closure of the convex hull of signed neurons scaled by V. Let Py be
the uniform prior on the discrete set (Sf’ M)K . Assume the neuron activation function
is odd symmetric and set all outer weights as cy = % Assuming the data distribution
has Y|X ~ Normal(g(X), /lf) we bound the expected Kullback divergence as,

MK log(2d + 1) a@ﬂ+ V(agV + b)as + V2a?
N+1 2K 2M

E[D(Pyx| Q%% s yo)] <
(4.19)
+Bllg - &ll*. (4.20)

With specific choice of M and K, we can achieve a bound of the form,

log(2d + 1)

350 @) (Vo + D) + Vi (D) g - gl @2y

Further details such as specific constants and proofs for the risk results can be
found in Section 6.4. Note that ||g — &||? is the expected Kullback divergence between
normals with mean functions g and ¢ and variance 1/8. So the theorem bounds the
additional Kullback risk beyond this value.

4.3. Statistical Risk Control for the Continuous Prior

Finally, we can extend the risk control of the discrete prior to the continuous prior,
but pay a price of twice the risk. If the term ||g — &||> is not too large, then we do
not mind paying twice its cost in our final bound. For target functions g with well
controlled Fourier components, the previously discussed representation result shows
that (adjusted by a constant and linear term), it is in the convex hull of V¥ for suitable
variation V, and hence ||g — g||* is zero.
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Theorem 5. Let g be a target function with absolute value bounded by b and let g be its
projection into the closure of the convex hull of signed neurons scaled by V. Let Py be
the uniform prior on the continuous set (Sf)K . Assume the neuron activation function

is odd symmetric and set all outer weights as cj, = % Let (x;, yi)iA:/] be training data

iid with conditional mean g(x;) and conditional variance O'i_ with variance bound
2

oy, < o2, Assume the data distribution Px has support in [—1, 1]1%. Then statistical

risk is upper bound by
MKlog(2d +1) aiV* 3ayV(aoV +b) +2V?a?

Ellls - 8I°) < 2= = v (4.22)
+ap( Ly WEEDY o g (423)

1
+0(3%) (4.24)

Note with proper choice of parameters M, K, 3 this can be shown to be of the order

A - log(d)
Elllg - 811 <2lg - 212 + 0((=5=) ")
Further details on this result are found in Section 7, making use of the joint Dirichlet

and Multinomial form of the prior.

Remark 1. Note these results are stated for odd-symmetric neurons (e.g. sigmoids).
Similar results for non-odd symmetric neurons (e.g. squared ReLU) can be derived
with factors of 2 in some of the constants, but the order of dependence in d and N is
the same. The signs of the outer weights cy must also be handled more specifically.
Further discussion on symmetric vs non-symmetric neurons is found in Section 6.

5. Posterior Densities and Log-Concave Coupling

5.1. Posterior Density

Consider the log-likelihood of the posterior densities p,(w) as defined in equation
(3.3), with the continuous uniform prior on (S f)K . The log likelihood and score of the
posterior within the constrained set are

log pn(w) e« =L, (w) (5.1
Vi log pu(w) = B ) resi(w) (exty’ (wi - xi)x)- (5.2)
i=1

Denote the Hessian as H,(w) = V2 log p,,(w). The density p,(w) is log-concave if
H, (w) is negative definite for all choices of w. For any vector a € RK4, with blocks

15
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ay € RY, the quadratic form a"H,, (w)a can be expressed as

n K 5

=B (D eny e - xax - xi) (5.3)
o1 k=l
n K

+B ) resi(w) Z e (i - x0) (ax - x;)*. (5.4)
pa =l

It is clear that for any vector a the first line (5.3) is a negative term, but term (5.4) may
be positive. The scalar values cxiy”’ (wy - x;) could be either a positive or negative value
for each k and i, while the residuals res; (w) can also be positive or negative signed.
Thus, the Hessian is not a negative definite matrix in general and p, (w) may not be a
log-concave density.

The term (5.4) is capturing how the non-linearity of ¢, which provides the benefit
of neural networks over linear regression, is complicating matters. If ¢ were linear,
W' (z) = 0 for all z and we would have a simple linear regression problem. However,
since ¢ has second derivative contributions, this term must be addressed.

For each dataindex i € {1,...,n} and each neuron index k € {1,..., K} we intro-
duce a coupling with an auxiliary random variable &; x. The goal of this auxiliary
random variable is to force the corresponding individual 7, k terms in (5.4) to be neg-
ative. Define the values

C, = max lvi| + agV 5.5
c,V
o= P = P (5.6)

We will consider our posterior densities with one fixed value of n at a time. Likewise
think of K as fixed, so we will refer to these values as constants in our discussion. We
will work with p = p,, x when it is clear we are talking about a fixed n and K value.
Ultimately we will use bounded auxiliary random variables to yield the desired log-
concave coupling. But to motivate the construction first consider tentatively a simpler
unbounded construction.
Conditioning on a weight vector w, define the forward coupling as conditionally

independent random variables &; ; which are normal with mean wy - x; and variance
1

rX
1

&i k ~ Normal(wy, - x;, —). 6.7
o

This then defines a forward conditional density (or coupling)

Pn(&lw) o 37§Zi,k(§i,k*xi'wk)2’ (5.8)
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and a joint density for w, &,

Pn(w, &) = pp(w)pn(élw). (5.9)

Via Bayes’ rule, this joint density also has expression using the induced marginal on
the auxiliary & random vector and the reverse conditional density on w|é&,

prn(w, &) = pu(&)pa(w]$). (5.10)

As we will show, this choice of forward coupling provides a negative definite correction
to the log likelihood of p, (w|€) compared to what we had with p,, (w), resulting in a
negative definite reverse conditional density.

5.2. Reverse Conditional Density p, (w|£)

First, we allow for &; i to take arbitrary real values arising from the conditional normal
distribution.

Theorem 6. Under the continuous uniform prior and &; x ~ Normal(x; - wg, 1/p) for
the given choice of p, the reverse conditional density p,(w|€) is log-concave for the
given & coupling.

Proof. The log likelihood for p,, (w|¢) is given by

log pu(wlé) = = Bla(w) + Ba(£) (5.11)
n K

-2 2 S wex)?, (5.12)
i=1 k=1

for some function B,,(¢) which does not depend on w and is only required to make the
density integrate to 1. The term (5.12) is a negative quadratic in w which treats each wy
as an independent normal random variable. Thus, the additional Hessian contribution
will be a (Kd) x (Kd) negative definite block diagonal matrix with d X d blocks of
the form p 377", x;x]. Denote the Hessian as H,, (w|¢) = V2 log p,(wl|€). For any vector
a € R¥4_ with blocks ay € R¢, the quadratic form a"H,,(w|é)a can be expressed as

n K
~B Y (D0 i xa ‘xi)z (5.13)
i=1 k=1

K
+ ) > (ak - x) Bresi(w)ery” (we - %) = pl. (5.14)

k=1 i=1

By the assumptions on the second derivative of ¢ and the definition of p we have

ma}}(ﬁfesi(w)cw”(wk -x;) —p) <0. (5.15)

17



18 C. McDonald and A. R. Barron

So all the terms in the sum in (5.14) are negative. Thus, the Hessian of the log likelihood
of p,(w|¢) is negative definite and p, (w|¢) is a log-concave density. [

While this proof offers a simple way to make a conditional density p, (w|&) which
is log-concave, we also wish to study if there is log-concavity of the induced marginal
of p,(£¢). The joint log likelihood for p, (w, &) contains a bilinear term in &, w from
expanding the quadratic,

n

K d
Zzwk,j EikXij- (5.16)

k=1 j=1 i=1

We want some control on how large this term can become, so we restrict the allowed
support of &. We define a slightly larger p = p,, x value than before,

3 c,V
Pn.k = \/;ClzﬁK (5.17)

For a positive ¢ < 1/16, we also define a constrained set,

1 / 2Kd_ [n
B = {gi,k : r?’a}cxlgxi,jfi,u <n+ 210g(T)\/;}. (5.18)

We then define our forward conditional distribution for p; (é|w) = pn(£|w, B) as the

normal distribution restricted to the set B,

1 n
Ph(€ln) = pullu. B) = L PrER) (5.19)
’.”' K P2 2(flk Xi* wk)
1500 e P (27{)]6 - (520
/B nk | %)i -8 (& —xi-wi)? dé

Under this constrained density, the term (5.16) will be bounded for any choice of ¢ € B
and wy € [-1, 1]¢, which will be a useful property in later proofs.

The denominator of this fraction is the normalizing constant of the density as a
result of the restricting set B. Denote the log normalizing constant as Z(w) = P, (¢ €
Blw)

Z(w) —log/l_”_[ )28 (Gnmniw)’ g, (5.21)

i=1 k=

An equivalent expression for the forward coupling is then

P (Elw) = m(s)(—)* =% Lia (Gogmxiwn) =2 (w) (5.22)
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This construction also yields for ¢ € B the induced marginal density p;, (£¢) with respect
to Lebesgue measure,
15(¢) [ pr(w)e™? Zik(Gin=xi-w)?=Z(W)p( gyp)

./B / Pn(w)e—% Zik(Ermxiowi)?=Z W)y ( gup) dg ’
(5.23)

PiE) = / pa(w) Pl (Elw)n(dw) =

and the reverse conditional density p}, (w|&) with respect to reference measure 7,

Pu(pn(wlE)  pa(w)e” s Bax ik —xew) - Z(w)
Pn(€)) /Pn(w)e—§Zi,k(-fi,k—Xf-wk)z—Z(w)n(dw)'

pn(wlé) = (5.24)

Note these densities differ from the p,, (w|€) and p,, (¢) defined before without restrict-
ing to the set B due to the presence of the Z(w) function. We then show that for & € B
the density p; (w|€) is a very similar density to p,(w|¢) and also log-concave.

The restriction of & to the set B is the restriction to a very likely set under the
unconstrained coupling, in particular we have the following:

Lemma 1. For any weight vector w with ||wi||1 < 1 the set B in (5.18) has probability
under p(w|&) at least

)
PweB|lf) <l - —————
\21og(2Kd/6)
Proof. See Appendix, Section 10.1. |

Furthermore, the function Z(w) is nearly constant, having small first and second
derivative. Therefore, the function has little impact on the log-likelihood.

Lemma 2. For any specified vector a € RX?, define the value

52 = 1 Z/If:;(ak 'Xi)z. (5.25)

For positive values 6 < 1/16 with Kd > 4, we then have upper bounds,

5 6
la-VZ(w)| < lp 7 (5.26)
- T
and
2~2 S ,025-2 S
"(v2Z <P _° (2/210g(1 L 27
@' (Vz)al < &2 (2 210e(170) + £ = ) (5.27)

Note both bounds go to 0 as § — 0, and thus can be made arbitrarily small for a certain
choice of 6.

19
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Proof. See Appendix, Section 10.1. [

Thus, with restriction to the set B, whose size is determined by ¢, and a slightly
larger p, we can give a similar result to Theorem 6. Note this result is for p} (w|¢£)
which is distinct from p, (w|¢) due to the presence of the Z(w) function in the log
likelihood and the restriction to ¢ € B.

Theorem 7. Define the notation

2 0 2
Hi(6) = —-——=/2log = 5.28
1(0) I F (5.28)
BC,V\2 1 &2
H(6) = ( ) > : 5.29
2(0) = \a2— 7 (10 (5.29)
Assume a sufficiently small § < % that satisfies
Hi(5) < — (530)
"= 100 '
1
Hy(6) < — (5.31)

10
For the continuous uniform prior, with & restricted to the set B defined by o, and p as

in equation (5.17), the reverse conditional density p; (w|&) is a log-concave density in
w, for any & in B.

Proof. See Appendix, Section 10.2. [

Corollary 1. A positive 6 which satisfies,

1 2r K
5 <min(——, = —— ), 5.32
= min (300 11 azﬁCNV) (5.32)

will satisfy conditions (5.30), (5.31).

The pairing of a normal forward coupling to p;, (¢|w) with a target density p, (w)
to produce a reverse conditional p}, (w|&) which is log-concave is not a new idea. As we
will later discuss, the same concept is used in proximal sampling methods and diffusion
models. However, in this work we go further in stating that the induced marginal on
Py () is itself log-concave, which we call a log-concave coupling.
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5.3. Marginal Density p; (¢)

Lemma 3. The score and Hessian of the induced marginal density for p}, (£) foré € B
are expressed as

0¢  log pr(é) == péix+pxi- Ep; [wil€] (5.33)
Ogi, 1y Eirky 108 P (8) = = pL{(i1, k1) = (i, k2)} (5.34)
+ p*Covpy [wi, - Xiy, Wiy - Xy |€]. (5.35)

Equivalently in vector form using the n by d data matrix X,

Viogp; (&) = p( - €+ Eny [ " I¢]) (5.36)
V2logpi(é) = p( — I+ pCovp; [;{ZE]) (5.37)

Proof. The stated results are a consequence of simple calculus, but we will derive them
using a statistical interpretation that avoids tedious calculations.

The log likelihood of the induced marginal for p} (£) is equal to the log of the joint
density with w integrated out,

tog (&) = tog ( [ pa(wip} Elwrn(au). (5.38)

Rearranging the log likelihood of the Gaussian forward conditional, this can be expressed
as a quadratic term in ¢ and a term which represents a cumulant generating function
plus a constant. Recall Z(w) as defined in equation (5.21). Denote the function

n K
h(w) = ~ply(w) - § 2, w0 = Z(w) (5.39)
which is the part of the log likelihood of the joint density which does not depend on &.
The marginal pdf can then be expressed as

log p,(¢) = =S I¢11 (5:40)

+10g(/ p()(U))Eh(w)epZtr'L:IZ:f:l §i,kwk'xin(dw)) + C’ (541)

for some constant C which makes the density integrate to 1. Note that £ is restricted
to have support only on the set B, so there is an indicator of the set B we do not write
in the expression for simplicity.

Itis clear the term (5.4 1) is the cumulant generating function of the random variable
u(w) defined by

u(w) =¢- (X~l-‘~” ) (5.42)

XwK

21
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when w is distributed according to the density proportional to po(w)e”®). Thus, the
gradient in £ is the mean of the vector and the second derivative is the covariance, as
are standard properties of derivatives of cumulant generating functions. The density
being integrated is a tilting of the log likelihood defined by /(w), and this tilted density
is the reverse conditional p}, (w|£). |

We highlight two important consequences of this result.

Corollary 2. The score Vlog p;, (&) is expressed implicitly as a linear transformation
of the expected value of the log-concave reverse conditional p; (w|£).

Proof. This is a simple consequence of (5.33) or (5.36). [ ]

Remark 2. Therefore, while we do not have an explicit closed form expression for the
score of the marginal density, it can be estimated using an MCMC method and thus
is readily available for use. In particular, to run an MCMC algorithm such as MALA
on the marginal density p; (&), the score is needed. Any time the score needs to be
evaluated, it can be computed via its own MCMC algorithm for p},(w|&) as needed
and then utilized in the sampling algorithm for & itself.

Corollary 3. The density p(€) is log-concave if for any unit vector a € R™K, with
blocks ay € R", the variance of a particular linear combination of w, namely

K

v(w) = Z at Xuwy, (5.43)
k=1

with respect to the reverse conditional p},(w|€) is less than 1/p ,

Varp; [v(w)|é] < 1/p, (5.44)
for & in the convex support set B.
Proof. This is a simple consequence of (5.37). |

Therefore, to show that p; (¢) is log-concave we must provide an upper bound on
the covariance of w using the reverse conditional density p;,(w|£). Note that such con-
ditional expectation and conditional covariance representations would also hold using
pn (&), which is defined without conditioning on the set B and thus does not include
the Z (w) in the joint likelihood. However, the restrictions imposed on maximum inner
products by the definition of B will prove useful in upper bounding the reverse condi-
tional covariance.
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5.4. Conditional Covariance Control

The log-likelihood for p; (w|¢) is the log likelihood of the prior density plus an addi-
tional concave term. Under a log-concave prior, one would expect that adding a concave
term to the exponent of an already log-concave density should result in less variance
in every direction. Thus one can conjecture the prior covariance would be more than
the conditional covariance for any conditioning value,

Covp,[w] = Covp: [w|é] V¢ € B. (5.45)

Under a Gaussian prior, such a statement would follow easily from the Brascamp-Lieb
inequality [10, Proposition 2.1]. However, a the uniform prior on a convex set, this
method does not directly apply.

The covariance matrix of the uniform prior on (Sf)K is diagonal with entries
Varp, (wy, ;) = m < % which follows from properties of the Dirichlet dis-

tribution. Thus, under conjecture (5.45) we would expect a bound of the form

pVarr, o(wle] < |20, PSY ZZZ(al i (546)

=1 k=1 i=

3 BCV &
s\[ £ 2 el (5.47)
=1
K
s\f o Z| 2 (5.48)
=1

3 Bn
4
\/;“ZC "WVka (549)
3 CyVBN
<\|2a NPT 5.50
<\ 392y (5.50)

Thus for Kd > C(BN) for some value C we would have log-concavity of the mar-
ginal. However, we are unable to prove this conjecture is true. Instead, using a different
approach we will conclude for a specified C,

Kd > C(BN)? (5.51)

results in log-concavity of the marginal density.
Instead of recreating an inequality like (5.45), we must take a different approach
to upper bound the variance in any direction. Denote the function,

Wi (w) = —Bln(w) = ZZ (€ = wi - x;)” = Z(w). (5.52)

i=1 k=1
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Denote the function shifted by its mean under the prior as
W (w) = Hg () = Ep, [Ig (w)]. (5.53)
Define its cumulant generating function with respect to the prior as
[ (1) = logEp, [eTﬁz’(w)]. (5.54)

Lemma 4. For any integer € > 1 and for any vector a € RK? we have the upper bound

l - n L n
Varp, (a - wle) < (Enyl(a-w)*]) e PHEE T (s55)

Proof. The variance of the inner product a - w is less than its expected square. The
reverse conditional density p} (w|£) can be expressed as

P (wlg) = "W po (). (5.56)

We then apply a Holder’s inequality to the integral expression with parameters p and
qsuchthat%+ é =1

Varp; (- wlg) < Ep,[(a - w)?e"s ) TEW) (5.57)
< (EPO[(a : w)zp])%(Epo[eqﬁ's““’)‘qr?“)])é. (5.58)

Letp=~{and g = /T] The second factor can be written as
(5.59)

We then study the moments of the prior density and the behavior of the Fg (1)
function separately. ‘

Lemma 5. For any unit vector a € R™§, with blocks a; € R",

K
4¢n
E al Xw )|t < —~. 5.60
po[(kz_; Ko™ < = (5.60)
Proof. See Appendix, Section 10.3. |

Lemma 6. Denote the constants

A =2a1 + 4\/%&2 (561)
1 3
Ay = (1 + ﬁ) 2a2\/; (5.62)
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Assume positive 6 < 11—6, d > 2,K > 2. For any positive integer £ > 1 and any & from

the constrained set B, we have

-1, ¢ " C,VpBn \C,VBn \/ 2Kd
— e ~Te() S A== + Ay (1og(T)\/f). (5.63)

Proof. See Appendix, Section 10.3. |

We summarize the conclusions of Lemmas 4,5,6 as follows. Ignoring certain con-
stant factors, we have an upper bound on the variance in (5.44) for any choice of ¢,

pn + /BnK log(¥)
Fe"p( ¢ )

Ignoring for now the integer constraint, the optimal continuous choice of £ to minimize

(5.64)

the expression is the numerator in the exponent. With this choice of £, we would have

bound
3
Bn* + n%/,BKlog(%) 565
p . (5.65)
Multiplying this by p « % and upper bounding with n < N, we would have the bound
2Kd
N 2 KlOg (T) 1
(BN) (1+] |): (5.66)
Kd BN
If Klog(2Kd/6) < BN, then we have a O( (ﬁK]\QQ) bound. With a choice of d and K

large enough, we can make this expression be less than 1. We make this statement more
precise in the following theorem.

Theorem 8. Assume 6 < 1—16,

d>?2,K>2,BN > 2. Further assume that
2Kd
K log (T) < BN, (5.67)

which is essentially a condition than K not be too large (that is, K is less than some
multiple of BN ).
Define A1, Ay as in (5.61), (5.62) and define the constant
3
A; = 4, /2_a2(cNV)% [A) + A (CyV)2]. (5.68)
e
Let d and K satisfy
Kd > A3(BN)>. (5.69)

Then for alln < N, the marginal density for p;, (£) is log-concave under the continuous
uniform prior. If equation (5.69) is a strict inequality, the density is strictly log-concave.
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A relevant 6 may be 1/Kd or a power thereof, though a small constant value such
as say 1/300 is also acceptable (to satisfy Corollary 1 for example).

Proof. Fix any n < N. By Corollary 3, the Hessian of log p}, (¢) is log-concave when
for any unit vector a, we have

K
pVarp: [Z atXwlé] < 1. (5.70)
k=1

By Lemma 4, 5, 6 we have an upper bound for this variance for any scalar £ > 1 and
¢ € B. Recall Ay, A, as defined in expressions (5.61), (5.62). Fix the choice,

. 2K
€ = A1C,Vn + Az\/CnVK,Bn 1og(Td). (5.71)

This gives upper bound on p times the variance,

3 BC,V 4n
\/;az X \/_d{’ (5.72)
2
4\/27 JPRCAL L (5.73)
+4\/gA (Ca Vﬁ”) VR o (5.74)

[3 (BN 2 3 (K(log(#54)\4
<4y [AZ(CNV) +A1(CNV)2(B—N) ] (5.75)
By assumption,
K log(2kd
Klos5) . (5.76)
BN
so we have upper bound on (5.70),
[3 N)?
4 —az(CNV) [A] + Ax(CNV)2 ]('B ) . .77

If K d satisfies condition (5.69), then p times the variance is less than 1 in expression
(5.70). By Corollary 3, this implies log-concavity of the induced marginal density on

£. ]

Remark 3. Note that € as used in the proof via the Holder Inequality must be an integer.
Whereas the €* in equation (5.71) is the optimal continuous value. We would have to
round up or down to the nearest integer. This would result in £* + € for a number |€| < 1
in equation (5.72) instead of €*. This would give an additional term BN /(K d) in the
expression (5.77), yet this is a lower order dependence that (BN)*/(Kd), so it would
still be controlled.
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Remark 4. Note the interior weight dimension d can be made artificially larger by
repeating the input vectors. Say the original input vectors x; have a default dimension
of d. Define new input vectors by repeating the data L times

%= (x;,- - ,x) € RIL, (5.78)

We can then consider X as our data matrix with row dimension d = Ld.

The span of the new data matrix under €| controlled input vectors, {z = Xw, ||lw|l; <
1}, is the same as the original matrix. So we have the same approximation ability
of the network. This can also equivalently be considered as inducing some different
prior on the original wy, weight vectors of dimension d that is more concentrated than
uniform. However, it is more convenient to consider a uniform prior in a higher d =
Ld dimensional space. This is introducing even more multi-modality into the original
density p,(w) as multiple longer weight vectors yield the same output in the neural
network. Yet by our proceeding theorems we have shown the density can be decomposed
into a log-concave mixture.

6. Risk Bounds

6.1. Introductory Concepts in Risk Control

For risk control, we want to compare the performance of our Bayesian posterior to the
best possible approximation in the model class. Note our previous sampling results
are for the continuous uniform prior on (S f)K . When bounding posterior risk, we will
first provide bounds for the discrete uniform prior on (.S f’ M)K . To recall, the discrete
prior forces coordinate values to be whole number multiples of ﬁ for an integer M.
The finite size of the support of the discrete prior makes it easier to analyze under our
approach, which relies on the prior probability of any single point being not too small.
In Section 7, we will extend these risk results to the continuous uniform prior as well.

Consider (x;, y;) f\:] , as an arbitrary sequence of inputs and response values. Let
pn(w|x™, y™) be the posterior density trained on data up to index n with gain 3. Recall
the definitions of posterior mean and predictive density

pn(x) = Ep, [f(x, w)|x", y"] (6.1)
Palyle,a”, ") = Epn[\%e_g(” (D |y ). (6.2)
Vs
Let g be a competitor function we want to compare our performance to. Define its
predictive density ¢(y|x) as Normal(g(x), ’%). The individual squared error regret is
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defined as

e = 2 = ) = O = g2 (6.3)

We also define the randomized regret and log regret as

r;and — % [EPnfl [(yn = [ (xn, w))Z] —(yn— g(xn))2] (6.4)

1
708 _

1 [ 1 1
oz _ 2 og ~log —] (6.5)
B pn—](ynlxn,xn_]yyn_]) Q(ynlxn)

We then have the following ordering of the regrets [34].

Lemma 7. Assume f,, g are bounded in absolute value by by, bs. Define

bf + bg 2
€n=Yn—8gxn) b= 7 A, = ble,| + b~. (6.6)
Then we have
rpé < e (6.7)
piquare o yrand o log | Hpa2 6.8)

1 . . .
Proof. ry™™ < rfnd and r,® < 4 by Jensen’s inequality. Consider

[(yn = f(xn, w))2 -~ (Yn— g(xn))z]’ (6.9)

| =

as a random variable in w. Then ™ is its expected value and r, ® is + times its

n B
cumulant generating function at 5. Note that by a difference in squares identity,

L0 = )2 = (5~ 2] = (8(50) — o (o)) -+ S0 =S o)

(6.10)
< 2b (€| + b) 6.11)
=21,. (6.12)

By second order Taylor expansion, the cumulant generating function of a bounded
random matches the mean to within half the range squared. Thus, we have

r;and < rLOg + 2[3/131 (6.13)
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Define the averaged quantities as

N N

. 1 $ a_ 1 d
R;\clluare _ v Z r;quare Rgf;“ = I Z r;an (6.14)
n=1 n=1
1 1 1 N
og 0g L E— 2
Z Av=v ;/ln. (6.15)
The average regrets follow the same ordering as the pointwise components,
squz 1
R;\c;uare < Rg\a]nd < R:,g + 2ﬂA?\/’ (6.16)

The easiest of the regrets to bound is the log regret as it has a telescoping cancellation
of log terms.

Lemma 8. The average log regret is upper bound as

0, 1 w 2
R < o Tog Ep,[e”8 T on =/ ou)) Z(yn g’ (6.17)

Proof. Denote the Bayes factor as

o5 T i f (xiw))?

Z,=E m . (6.18)
et
The predictive density for p,,_1 is then the ratio of Z,, to Z, 1,
1 - Z,
Pt (vl 2y = 2= (6.19)

Note this result requires reciprocal variance in our predictive density to match the 8
gain used in the definition of our Bayesian model. The sum of logs then becomes a
telescoping product of canceling terms.

N
1 _ _
—Nzllogpn_l(ymn,x" Lymh (6.20)
N
1 Zn
=——1 6.21
5 ogﬂ 7 (6.21)
1 ZN
=— —log— 6.22
N 7, (6.22)
1 g\ 1 BN o 2
= — 5 log (E) — N log EP()[e 2 Zn:](Yn f(xn,w)) ] (623)

The B/2n terms appear in both p and ¢, and cancel. u
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The key term for bounding risk performance will ultimately depend on a cumulant
generating function of loss using the prior,

_BLN log Ep, [e_gZnN=I(Yn_f(Xn,w))2]' (6.24)

Providing upper bounds on this term is the main driving force of risk control. With this

key expression controlled by a choice of prior, various notions of risk such as expected

Kullback divergence, mean squared risk, and arbitrary sequence regret can be deduced.

One way to upper bound this cumulant generating function is through the index

of resolvability [5] approach, which relies on the prior probability of a set of good
approximators.

Lemma 9 (Index of Resolvability). Let the prior distribution Py have support S and
let A be any measurable subset of S. Then we have upper bound

—log Po(A) N
BN

— L log EP() [e_g Z,[:/:](Yn—f(xn,w))z] S

N
11 )
N max Zl 5 O = (o).

(6.25)

Proof. The proof of this approach is quite simple. The integral on the full space is
more than the integral on a subset, thus restricting to a set A upper bounds the negative
log integral,

1 1
5N logEPO[e—ézyzl(yn—ﬂxn,w»?] < _Mlog/ e—%zﬁl(yn—f(xn,w))zpo(dw).

A
(6.26)
Multiply and divide by the prior probability of the set Py(A).
—log Py(A 1
2108 Po(d) _ 110 e 20N On sty ¢ 4], (6.27)
BN BN
Then upper bound the conditional mean by the largest value of the object in the expo-
nent for w in A. |

This philosophy makes risk control quite clear. First, there must exist at least one
point in the support of the prior which produces a good fit for the data. Second, the
prior must place enough probability around this point (or rather, at this point in the
case of discrete priors) so that the prior probability of the set A is not exponentially
small in N. Then both terms of the index of resolvability are controlled.

Note that our finite width neural networks can approximate functions well when the
target function lives in V times the convex hull of signed neurons. For a given input data
xN = (x; l]\i , and for each weight vector w € S¢, consider the vector in RM of a single
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neuron evaluated at the w - x; points fori € 1,--- , N. Let the subset of RYN denoted
Hully (V'?) be the closure of the set of convex combinations of V times signed neurons
in W evaluated at x"V. This is (the closure of) the set of single hidden layer neural
networks with variation at most V, evaluated at the given data. For a vector of target

function values (g(x[))ili |» or more generally any vector of values g = (g1, , gn),
we denote its projection as

g = argmin ey, vy llg = flin. (6.28)
Note § is the vector of numerical values § = (g1, -- ,&n) € RY, which may be inter-

preted as the vector of outputs of some network evaluated at the x; points, not the
network itself that would give rise to these outputs.

We will also have consideration of Hull(V'¥) defined as the L, (Px) closure of the
set of convex combinations of V times signed neurons in ¥ as functions on [—1, 1]¢.
The L,(Pyx) projection of a function g defined as g, the corresponding minimizer of
llg — fII> within Hull(V'P), is then a function itself not a vector of specific output
values.

For the arbitrary sequence regret bounds the best comparator ¢ is the Euclidean
projection into Hully (V'¥), and for the statistical mean square risk bounds it is the
L, (Px) projection into Hull(V¥P).

We now review results for functions g in V times the convex hull of ¥, concerning
how well a finite width network can approximate them.

6.2. Approximation Ability of Single-Hidden-Layer Neural Networks

First, we recall some known results about the approximation ability of neural networks.
We have the following established approximation result from previous work [26].

Lemma 10. Let xy,--- ,xn be given, with each x; € [—1, 1]". Assume h is a target
Sfunction with variation V, that is % lives in the closure of the convex hull of neurons with
{1 controlled weight vectors evaluated at the x;. Then there exists a finite width network
with K neurons and some choice of continuous neurons weights wy, - -+ ,wy € (S‘li)K
and outer weights c1,- - cg € {—%, %}K such that

N a2v2
2, (f G w’) = b)) < N=—. (6.29)
i=1
We can slightly modify this result to focus on discrete neuron weight vectors in
Sf s as opposed to the full continuous space.

Lemma 11. Let xy,--- ,xn be given with each x; € [—1, l]d. Assume h lives in the
N

closure of the convex hull of signed neurons scaled by V. Then for any sequence (y;);\,,
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there exists a choice of K discrete-valued interior weights (wy, - ,wy) € (SﬁM)K

and signed outer weights cy € {—%, %} such that the regret compared to h is bound
by

> ’ aiv?  (VCnay +V3a7)
2 ch‘”"f'w}i)) - (= h)? < N 4 N

i=1
(6.30)

where ag, ay, a, are the bounds ony and its derivatives, and Cy = maX,,<n |vn| + agV.

Proof. Fix x1,---,x, and h(xy),---, h(xpy) (or more generally hy,- -, hy). Since h
lives in the closure of the convex hull of signed neurons scaled by V, for every € > 0
there exists some finite width neural network with continuous-valued weight vectors
we € Sfl and outer weights ¢, with Y, |c¢| = 1 such that

N
) =V ) cap(x-we), ) (h(xi) =h(x)) <e. (631)
£ i=1

Let L be a random draw of neuron index where L = £ with probability |c,|. Define

w = y; as the continuous neuron vector at the selected random index L, and s

sign(cr) as the sign of the outer weight.
cont

cont -

Given a continuous vector w of dimension d, we then make a random discrete

vector as follows. Define a d + 1 coordinate, wé?™ = 1 — [lw™||;, tohave ad + 1 length
vector which sums to 1. Consider a random index J € {1,---d + 1} where J = j with
probability |w;.°“t|. Given w®™, this defines a distribution on {1,--- ,d + 1}. Draw
M iid random indices Ji, - - - , Jps from this distribution and define the counts of each
index

M

my= > 1{J; = j}. (6.32)

i=1

We then define the discrete vector wdis¢ e Sf M with coordinate values

wi = 51gn(wC°m) TR (6.33)
Consider then K iid draws of random indexes L, --- Lk, as well as corresponding
signs s = sign(cy, ). For each Ly consider M iid drawn indexes Jk, .. ,Jllf/l. This also

cont

defines continuous vectors w A and discrete vectors wzlsc. Denote the neural network

using a random set of weights and signs,

K

\%

fx,w,s) = Z E w(x - wy). (6.34)
k=1
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Recall the empirical norm and inner product definitions || - ||3;, (-, -) 5 from the notation
section. Consider the expected regret using random discrete neuron weights.

E|lly = £Cu™, )13 = lly - 1% | (6.35)

Note this expectation is with respect to the previously defined distribution for wdisc,
wn, and s. The data (x;, y,-)l.’\:’ , are fixed.

Add and subtract the norm using continuous weight vectors, noting that the discrete
and continuous vectors of the same index are dependent via the construction,

E|lly = £Cu, )13 = lly = Al (636)

+EIly = (™ )% = lly = £ w91 |- (6.37)

Note that using continuous weight vectors the expected value of the random neural
network is exactly A,

K N
Vv -
El > sudr(xi-wi™)] = 3 hlx). (6.38)
k=1 i=1
Thus using a bias variance decomposition we have the bound on expression (6.36),
E|lly = £ )R, = lly = Al | (6.39)
N
= > Var(f (xi, ™™, )% + lly = &}, = lly = All% (6.40)
n=1
cl(z)V2 - - 5
SN——+2lly = hllnllh = Ay + 117 = Rlly (6.41)
a’v?
=N—— +2VNCyVe +e. (6.42)

Where we have used that f(x, w*™, s) is an average of K iid terms each bounded by
a,V, so its variance is less than aéVz/K.

For expression (6.37), perform a second order Taylor expansion of ||y — f (-, w®¢, s) ||§V

disc

as a function of w®*° centered at w°®™. For any other vector @, denote the expressions

K

%
res; (w,5) = yi = ) skt (xi - wi) (6:43)
k=1
2V
ajx=-— skfresi(wco“t, Y (x; - wP™ (6.44)

B 2V ~ , B
bi gk (W, s) =— sk ?resi(w’ W (xi - W) Ok=k’

V2 ’ ~ 7 ~
+ 2SkSk'F¢ (xi - W)Y (x; - Wper). (6.45)
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cont and discrete-valued vector wdsc, there

Then for any continuous-valued vector w
exists some vector i (in fact along the line between w¥*® and w™) such that the

second order expansion is exact using that @ in the second derivative terms,

Iy = £Cw™, )1 (6.46)
N K
=lly = F )R+ DD ai ke - (i —wg™) (6.47)
i=1 k=1
1 n K
300 D bidr @) 0 = wf™) (i @ — ™). (6.48)
i=1 k,k’=1

Expanding the terms we have the expression,

E|lly = 1w, 913 = lly = £ 05 9) 13| (6.49)
N K
=D D kL - (W = wf™)] (6.50)
i=1 k=1
N K
% p ZE[resi(‘I” W (i - ) (i - (W™ = wp™)) ] (6.51)

N K )
+ Z E [( Z Sk—tﬁ () (x; - (WS — w;‘mt))) ] (6.52)

By construction of the distribution, £ [wiisc|w2°m] = wi"m so the first order term (6.50)
is mean 0. Note that for each i, |res; (@, s)| < Cn, ¥’ (*) < a1, ¥"” () < as so we have
upper bound

= (VCyay +V2a}) Z Z < E[(x - (™ = wi*™))?] (6.53)
i=1 k=1
= (VCnay +V2dd) Z E[Var[x; - w¥*w™]], (6.54)
i=1
since the distribution of (wdlsc iom) isthe same fork = 1,--- , K.
For a fixed choice of continuous wfom, let x; 4+1 = 0 and consider x; asa d + 1

dimension vector. Then x; - w

‘lﬁsc is the inner product of x; with a vector defined by

counts of the independent random indexes J N 1]\/1 Therefore, the inner product



Rapid Bayesian Computation and Estimation for Neural Networks via Log-Concave Coupling

can equivalently be written as an average of M iid random variables using these indexes,

M
. 1
Var[x; - w{wsM] = Var[ﬁ quru lw§o™] (6.55)
t=1
1
= MVar[x[’Jll lw§o™] (6.56)
1
< u (6.57)

since the |x; ;| are all bounded by 1.

The support of the product measure on discrete weights and outer signs is (S’ i M)K X
{=1,1}X. There must be at least one element of the support that has a regret equal to
or lower than the average regret. Then taking € — 0 completes the proof. |

Remark 5. We make a note here about odd symmetric activation functions, such as as
the tanh function, and non-odd symmetric functions, such as the ReLU squared. For
our established approximators in the convex hull, the signs of the outer weights c, are
not known to us in defining our model. Yet in our Bayesian model we fix the signs of
our outer neuron scalings cy as specific signed values, and they are not modeled as
flexible in the posterior distribution.

For odd symmetric activation functions, we can consider all signed outer weights
to be positive, and any negative outer scalings could be equivalently generated by using
negative inner weight vectors. Thus, we can consider all c;, = % in our model and the
signed discussion in the previous proof becomes irrelevant.

For non-odd symmetric activation functions, if we use double the variation V = 2V
and double the number of neurons K = 2K, fix the first K outer weights to be positive
and the second K to be negative. Then by setting half of inner the weights to be the zero
vector, any selection of K inner weights and K signed outer weights can be generated
by the model twice as wide. In essence, a non-odd symmetric activation function uses
twice the variation and twice the number of neurons to ensure any signed network of
size K and variation V can be generated by a certain choice of interior weights alone
and fixed outer weights.

6.3. Arbitrary Sequence Risk Control

We now apply these results to a specific choice of prior. The discrete uniform prior
on (Sil M)K is a uniform distribution with less than (2d + 1)MK
such, the negative prior log probability of a single point only grows logarithmically

possible values. As

in the dimension. By Lemma 11, for any target function of the given variation, the set
(S;l M)K contains at least one choice of parameters that is a good approximation to the
function. This yields the following result.
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Theorem 9 (Odd-Symmetric Neurons). Let g be a target function and let h be any
element of the closure of the convex hull of signed neurons scaled by V. Let Py be the
uniform prioron (S f, M)K . Assume the neuron activation function is odd symmetric and
set all outer weights as cy = % For any data sequence (x;, yi)i]\:’1 withall x; € [-1,1]9,
define the terms

€ =Yn—g(xn) &, = yn — h(xy). (6.58)

Then the average log regret of the sequence of posterior predictive distributions is

upper bounded by
MKlog(2d +1) a2V? (VCyax+V?%a?) 11 &
log g 0 1 ~2 2
R < i - . .
N — ﬁN + 2K + M + 2N;(6n En) (6 59)

In particular, h may be the Hulln (VW) projection of g, which is denoted g.

Proof. Recall the definition
N N
a1 — hall3 = Z(hl (xi) = ha(x)* (M1, ha)n = Z hy (x;) ha(x;), (6.60)
n=1 [

i=1

for functions of the x; sequence. By Lemmas 8 and 9, for any set A of discrete neuron
values, we can upper bound the average log regret as

log Po(A) 1 ) 5
AN TN max((lly = fully = Iy - gllx) (6.61)

_ logPy(A) 1 ) 5 1 5 )
===y * oy max(ly = Full® = lly = AllR) + 55y = Al =y = sl})-

(6.62)

By Lemma 11, there exists a single discrete point with bounded regret from . Select A
as the singleton set at this point. We then consider the number of points in the support
of the prior.

Let w be a vector of length d with £; norm less than or equal to 1. To make a vector
with only positive entries, use double the coordinates and set @; = w; if w; > 0 and
Wq+; = —w;j else. Then add one more coordinate to count how far the £; norm is from
1, Wp4+1 = 1 = ||w||1. Thus, each w vector can be uniquely expressed as a 2d + 1 size
vector of positive entries that sums to exactly 1.

Consider the entries of @ as having to be multiples of ﬁ Each o vector is then a his-
togram on 2d + 1 locations where the heights at each location can be {0,1,--- ,M}/M.
An over-counting of the number of possible histograms is then (2d + 1) . The product
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prior on K independent weight vectors gives an additional K power. Since the discrete
uniform prior support set has less than or equal to (2d + 1)MX points,

—log Py(A) < (MK)log(2d + 1). (6.63)

Combined with the bound from Lemma 11 this completes the proof.
]

In general, for a non-odd symmetric activation function (e.g. squared ReLU) we
use twice the number of neurons with fixed outer weights to ensure any choice of signed
neurons of half the width can be generated. Thus, we can prove the same order bounds
but with slightly different constants. Here, we give the explicit changes, but all future
theorems will be given for the odd-symmetric case and the non-odd symmetric version
can be similarly derived.

Corollary 4 (Non-Odd Symmetric Neurons). For a neural network with non-odd sym-
metric neurons, use twice the number of neurons K = 2K neurons and twice the vari-
ation V = 2V. Set the first K outer weights as positive cy = and the second K outer
weights as negative cy = _E' Then we have the bound of

2~2 (7 72 2
log _ MK log(2d + 1) agV:  (VCyax+V=aj) 11 b 5
R _ —— - 4
N BN g 2M "2 Z( &) (6:64)

Proof. By Lemma 11, there exists some signed neural network of width K that achieves
the given regret bound with target function g. Our chosen network of width K of fixed
signed neurons has the flexibility to generate arbitrary signed (i.e. any number propor-
tion of positive or negative signs) networks of width K = % The proof then follows. m

Theorem 10. Let g(x) be a target function bounded by a value b and let h be any
element of the closure of the convex hull of signed neurons scaled by V. Let Py be the
uniform prior on (S ‘11’ M)K . Assume the neuron activation function is odd symmetric and
set all outer weights as ¢y, = For any data sequence (x;, yl) withall x; € [-1,1]4,
the average squared regret of the posterior mean predictions is upper bounded by

RSquare MKlog(2d + 1) N a%Vz . (VCnay + Vza%)
Moo BN 2K M

N
1 agV+b CloV+b2
%5 2 A+ () )+ e
* BN; 7 el + 7 2N

Proof. Apply Lemma 7 and Theorem 9 to upper bound squared regret by log regret
and an additional § term. Note that f,, is bounded by agV and g is bounded by b. =

(6.65)

(& -€2).  (6.66)

Mz

n=1
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Using |€,| < Cn provides the proof of Theorem 2. We next derive the choices of
B, M, K which optimize the bounds in Theorem 2.

Corollary 5. Replace the residuals €, with Cy in expression (6.66). Denote the value

By = (Cy + a0V2+ by (6.67)
Let
. log(2d + 1)\ 1
B =n(=5—) (6.68)
. N i
K= 72(1og(2d+ 1)) (6.69)
N i
M =y3( 6.70
73(1og(2d+ 1)) (6.70)
where
(a V) (anCN+a 4 )Z
= Vb 3 (6.71)
2(%Y*b)3(B)i
_ (apV)? 67
2= agV+b L 1, aVCn+a?V2 1 :
2(252)2(B) i (——=——)¢
a,VCn+a2V? 3
(—5——)¢
V3= T aVib L gl (6.73)
(agV)2( 3 )21(By)?

Then we have a bound on the squared regret of the form

( oV (

aoV + b)) 3 (B](a2VCN2+ a%Vz))i(log(zli + 1)) ENZIZ; 2_g

(6.74)

In particular, if the function g lives in the convex hull scaled by V and h is chosen to
be g, then €, = €, and we have an upper bound of

log(2d + 1))%)'

R = 0((Cn)F (5

(6.75)

In the algorithm M, K must be integers. The closest integer values to the stated con-
tinuous values achieve a similar bound.

Remark 6. Equations (6.68), (6.69), (6.70) represent the choice of modeling para-
meters that optimize our derived bound in Theorem 2. However, we do not advocate
plugging in these specific parameter choices directly into the model and training only
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one model based on these values. If for example, the dependence on say K in equa-
tion (6.65) was an improved % rather than % the given bounds would not provide the
optimal choice. We instead advocate adaptive modeling by putting a prior on a number
of possible M, K, B values, say 100-1000 possible values each.

Corollary 5 shows one choice of B*, K*, M* that can achieve bounded regret. If
we include these values in our prior set, by a further index of resolvability argument
we can show using a uniform prior on a finite number of M, K, B possible values, we
would pay a log number of possible values divided by BN price in the bound, which can
be easily controlled. We note that computationally, all different M, K, B combinations
result in different models that can be sampled in parallel and independently on different
cores at the same time and the results combined at the end. Thus, such an approach is
amenable to GPU usage and distributed computing from a practical perspective.

6.4. 1ID Sequence Predictive Risk Control

In the previous section, we studied risk control for arbitrary data sequences with no
assumptions on the data. We compared performance in terms of regret to a competitor
fit. Here, we assume training data iid from a data distribution and prove bounds on
predictive risk for future data pairs.

Suppose (x;, y[)il\:’ , are independent with y having conditional mean E[Y[X =
x] = g(x) and conditional variance Var[Y|X = x] = 0')%, with bound on the variance

max, o2 < 0%, Recall that our neural network is trained with a gain 8. In a typical set-

X
ting with assumed independent Gaussian errors, o2 = o2 for each x value and 8 would

be set as a constant matching the inverse variance 8 = ﬁ However, we would also
. . . . . 1 .

like to consider gains decaying in N, such as 8 = [log(d)/N]#. Using such a 8, we can

reproduce the arbitrary regret results above and show for the Cesaro mean estimator g,

log(d) ) 5. (6.76)

N+1

Note that this statistical risk bound makes no assumptions about the distribution of ¥

Elllg - 811 = o((

given X aside from its mean and variance. In particular, the distribution of the data need
not be Gaussian even though we use quadratic loss to define our posterior densities.
Additionally, our sampling gain 3 does not have to match any data specific value exactly
(that is 8 does not depend on o-? which may not be known).

If we further assume the conditional distribution is independent normal with con-
stant variance, Y|X ~ Normal(g(X), 0?), and the gain j accurately represents the
inverse variance 8 = # We can give a similar bound for Kullback risk which has
an improved 1/3 power

log(d)

E[D(PyixlIQpf s )] = O(357) ). (6.77)
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We first bound the mean squared risk without any assumptions on 8 and no normality
assumptions.

Theorem 11. Let g(x) be a target function with absolute value bounded by b and let
g be its L (Px) projection into the closure of the convex hull of signed neurons scaled
by V. Let Py be the uniform prior on (Sf’ M)K . Assume the neuron activation function
is odd symmetric and set all outer weights as cy = % Let (x;, Yi)i]\i | be training data

2

iid with conditional mean g(x;) and conditional variance o, with variance bound

0')% < o%. Assume the data distribution Px has support in [-1, 1]%. Then the mean

squared statistical risk of the averaged posterior mean estimator g is upper bounded
by

MKlog(2d +1) aiv? N (V(aoV + b)as + V2d?)

Ellle — 81121 < 6.78
s = &I} < 0=+ S = ©79)
agV + b agV + b -
+25(— ) (o + )? +llg - &II*. (6.79)
Let
. (log(2d + 1)\ i
N+1 \i
K =plr) 6.81
72(1og(2d +1) (6.81)
N+1 i
M=y ()", 6.82
73(1og(2d +1) (6.82)
where
(ag)} (KLl 683
a 2( ao‘;+b)%(0_ + a0‘£+b)% :
y2 = (a0 )’ (6.84)
2( ao\£+b)%(o_ + ao\;.;.b)%(V(a0V+b2)a2+V2a%)%
- (V(aoV+h2)a2+V2a%)% 655
P (V) (Altl) (o 4 @Veby ) '
Then we have a bound on the mean squared risk of the form
agV + b agV + b \3 (V(aoV + b)as + VZal\} (log(2d + 1)\ #
4aov( A ) 2 J'( N )
(6.86)

+lg - &% (6.87)
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Proof. Note the following expectations are with respect to training data (X;,Y;) l]\i , and
a new input and response pair (X,Y) = (Xny+1,Yn+1) all iid from the data distribu-
tion Px y. Note that since there are many expectations with respect to different random
variables in the proof, we will make explicit use of subscripts to indicate which random
variable each expectation is with respect to. The initial expectation is for the data dis-
tribution Py y for the training data as well as the new X point which we are evaluating
at. Bring the average of the Cesaro mean outside the square to upper bound

N

1 1
FEP e [(€(X) = 2(X))] < 22 mEPXNH,YNH [(2(X) = un(X))?]
(6.88)
1 O (8(Xns1) = tin(Xns1))?
=5EPXN+1’YN+1 [nZ:O N+ 1 ] (6.89)
1 Oy Vst = tin(Xns1))? = Vns1 — 8(Xns1))?
_EEPXNH yN+1 [Z N+1 ]’ (6.90)

where we have added the Y in using the fact that ¥;,+; — g(X,,+1) is mean O under Py y.

41

This is then exactly the expectation of a squared regret. Define notation R10g (X N+L y N+l

R;(}ialre XN+ yN+1y as the log and squared regret relative to g at the random (X;,Y; )N *

values. Then by Lemma 7 we have,

Eponor yno [R‘q““”(XN“,YN“)] < Epyat o | R (XN YN“)] (6.91)

N+1
aoV +b a()V
V2B, sy [P Z( s =gl + (252 (6.92)
1 aoV +b ., agV+b
<Ep syt | Ry (XY, YN“>] (T 0+ IR (693)
Then by Lemma 8,
1
1
Ep nvar yrvwr [RN5 (XL YYD < 12 P et yrer (Yot = 8(Xni1)?]
(6.94)
1 B yN 2
- _ =5 Lo Ynr1—f (Xns1,w))
+,8(N " I)EPXN+1,YN+] [ log/ e 2 Zn=0tintl ! Po(dw)]. (6.95)
Use the || - ||? ~+1 and (-, )y notation defined earlier. Note the outer expectation in

(6.95) is with respect to XV !, YN+! from the data distribution and the inner integral is
for w using the prior, as a consequence of our index of resolvability bound. Recall that
our prior Py is absolutely continuous with respect to a reference n with density po(w).
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In this proof, n can be considered as counting measure on (Sf’ M)K for the discrete
uniform prior, but in other instances it could be considered as Lebesgue measure.

Add and subtract g(X,,+1) inside each of the terms in the exponent of (6.95), expand
the terms and note the cancellation of the first quadratic term,

1 1
_EmEPXN-H‘YNH [”Y_g”?\H.]] (6.96)
1 BV —ono £ 112
D) F v (2108 / po(w)e” 71V =&+&~fullvain (duw)] (6.97)
1

— log / po(w)e_% ”g_fw”%\/_H -BY-8,.8— fw)N+ n(dw)] .
(6.98)

:mEPXNH’YNH [

Inside the log, multiply and divide by f po(w)e_g”g_f"’”%wln(dw), which acts as the
normalizing constant of a density with respect to 7,

B .12
p()(w)eijllgifw”NH

Epyes ot [=Tog [ e B gty (dw)]

[ po(wye™ T8 Fwliva ()
B(N +1)
_Bio_ 2
EPXN+1,YN+1 [—logfpo(w)e 2 lle f‘"””*‘n(dw)]
+ .
B(N +1)

Interestingly, the density in equation (6.99) can be viewed as a pseudo posterior p, (w|g)
using the g(x;) data points in place of the y; to define the likelihood. This cannot be
used for actual training since the function g is not known to us, but is a tool for risk

(6.99)

(6.100)

analysis.

We can then bring the —log, which is a convex function, inside the integral to get
an upper bound in (6.99). This brings the inner product in the exponent down. Then
switch the order of the inner w integral and outer YV*!| XN *! expectation. Note in
this analysis, the distribution of w is the prior distribution Py and is independent of
the XN+, YN+! values. Under the data distribution, YV*! conditioned on XVN*! is
independent of w and mean g(X™*!), thus the expected value of the inner product is
0 for any choice of w. Thus expression (6.99) is less than 0.

~Blg-fuwl,,,
E —lo ( po(w)e 2 N+ )efﬁ<Y*g,g*fw>N+1 dw
Pxnvetyn [ g/ fPo(w)e’gug*f-'””%\“ln(dw) 77( )

6.101
BN +1) ( )
E po(w)e” 218 Tl E v N
v (B i [ = 80 = fadv X )]
<
- N+1
(6.102)

=0. (6.103)
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Then consider expression (6.100). This term can be bounded by the logic in Lemma
11. Add and subtract ||g — g||%v 41 in the exponent and we have the expression

Epy., [-log [ e~ 30e=Fulbr-le=8150) py(dw)] 1 Ep ., [12 - gl%,,]
+

B(N +1) 2 N+1
(6.104)
Ep . [-log [ ¢~ 5 g1l ~lg=211x ) Py (dw)] Ep [(s(X) - 2(X))2]
B B(N +1) " 2 '
(6.105)

To bound this further, think of g(x;) as the “y;” observations in Lemma 11, and take
the & to be the L, (Px) projection g of g into Hull(VW) evaluated at x,--- ,xp. The
result of Lemma 11 would then apply. However, our g(x;) are now bounded which
offers an improvement. Each instance of Cy 41 = maxj<,<n+1 |Va| + aoV in the result
of Lemma 11 can be replaced with

max |g(x,)| +aoV < agV + b, (6.106)
1<sn<N+1

which is not y dependent. Thus, the random variable y can have unbounded range, yet
its mean function is bounded and the range of the mean function is the relevant term
for the bound. An expression like Theorem 9 then follows replacing Cn with agV + b.
Returning to expression (6.93) and applying this bound, we have our final expression,

MKlog(2d +1) ajV? (V(aoV + b)as + V?a?)
+

6.107
BN+1) 2K oM (6.107)
a V +b ., a V+b 1 B
+2B(———) (0 + =)+ S E[(8(X) = 2(X))’]. (6.108)
Plugging in the stated 5%, M*, K* gives the more specific bound. ]

A corollary of this result is not only is the risk of our estimator g close to the risk
of projection g (which is the minimum risk attainable by any network), but also by a
Pythagorean inequality g is close to g itself in squared distance.

Corollary 6. Let g be the target function and g its L, (Px) projection into the closure
of the convex hull of signed neurons scaled by V. Assume the risk of the Cesaro mean
estimator is bounded by

log(d)) ) (6.109)

Elllg - I < llg - 2112 + 0(( ==
Then the distance from g to the projection g is bounded by this error term decaying N,

log(d)) ) (6.110)

Elllg - &1 = 0((=
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Proof. The closure of the convex hull of signed neurons is a convex set, thus g being the
projection of g into the set provides a separating hyper-plane. This means for all points
inside the closure of the convex hull, of which g is a member, we have a Pythagorean

inequality,

lg = 217 + 112 - 811> < llg - &11%, (6.111)
and thus

12 - 811> < llg - &1* = llg - &II°. (6.112)
The conclusion follows by taking the expectation. |

For a target function g, consider the distribution for Y| X as Normal(g(X), /lg). Con-
sider XV, Y™ as training data used to train our Bayesian model independent according
to Px,y and a pair Xn+1, Yn+1 as a new data input and response pair from the same
distribution not in our training set. We then bound the expected Kullback divergence

avg
between Py, |xy,, and QYN+1|XN+1,XN,YN'

Theorem 12. Assuming the data distribution is Y|X ~ Normal(g(X), llf) we bound
the we bound the Kullback risk of the posterior predictive distribution as

—logEp, [e‘% T (Xiw) -8 (X)) ]

avg
E[D(PYNHIXNH ”QYNH|XN+1,XN,YN)] <E N1

(6.113)

Proof. The proof of this theorem follows much the same as the arbitrary log regret
proof, with a few changes using the iid nature of the data.

The Cesaro average predictive density is a mixture of N + 1 predictive densities
P (Vn+1lxn+1,x", y™). Since Kullback divergence is a convex function, this is less than
the average of individual divergences

N
1

m Z E[D(PYN+1 [XN+1 ”PYN+1 IXN+1,X",Y")]' (6.114)

n=0

We assume the training data and new data come iid from the same distribution. There-
fore, the predictive distribution for any Py, |x,. x» y» is the same distribution for all
i* > n. That is, if a Bayesian model is only trained on data up to index n, all data of
higher index is predicted the same. Thus, we have

N

1

N+ 1 Z E[D(PYN+1|XN+1 ”PYN+1|XN+1,X",Y")] (6.115)
n=0

N
1
Vil D EID Py 13 1P 3 x3)]- (6.116)
n=0
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Note that at this point we can recognize via chain rule expression (6.116) is equal to the
total Kullback divergence [5] of the product measure Pyn~+ixn+i from the Bayes joint
distribution Qyna xv+1(-) = [(TTALg Oy w,Xun () Po(dw) Where Qy,.,jw. Xy, 18
Normal(fy(Xn+1), 1/8),
1
N+1

However, we will derive this result directly as well. Consider each individual term in
(6.116), we will see a similar telescoping cancellation as in the log regret proof. Denote
the Bayes factor,

EPXN+1 [D(PyN+llxN+] ||QyN+l‘XN+I)]. (6117)

o5 Zh i f (xiw))?

7Z =E - (6.118)
O R
Then the predictive density p, (yu+1|%n+1,x", ¥") is the ratio of Z,1| to Z,,,
Zn
PVt e, 27,y = 22 (6.119)

Zn
For each individual Kullback term we have

Zy
E[D(Py,, 1%, 1Py, X1, x7,77) ] :E[_Ig(ynﬂ — 8(Xn41))? — log Z—H] (6.120)

n

1 2n

Use notation || - [|y+1, (-, -)n+1 as before. The sum of Kullback risks divided by N + 1
is

N
g W-gl,,. 1. 2« 1 Zone 1
~PE[——— N og(T) - ——E[log [ | 22 122
Pl ! 2°g(/3) N+l [Ognzo Z, ) (6.122)
”Y_g”%\/_,_] 1 2 1 ZN+1
=P e ey L DT E[l . .
Pl ! 20g(ﬂ) N1l -l (6.123)

We now proceed with an argument similar to bounding equation (6.95). Consider the
negative log of Zx 1. Recall the prior is absolutely continuous with respect to reference
measure 77. Add and subtract g inside the exponent and simplify

- N+1 2
E[~10g Zys1] = E[~log Ep,[e”21Y~fulkr] + ; 1og(£) (6.124)
N+1 2
= El=log Ep[e” 8] + 1Y — gl ] + S5 log(=)

(6.125)

(w) -Slg-fully,,
+ E[~log / poidye e BY=88=fu)na1p(dw)]. (6.126)
Epy[e~ 518 folka]
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The second and third terms in (6.125) will cancel with the first and second terms in the
Kullback risk (6.123). Term (6.126) is the same expression as (6.99), and was shown
to be less than 0. |

Theorem 13. Let g(x) be a target function with absolute value bounded by b and let g
be its L,(Px) projection into the closure of the convex hull of signed neurons scaled by
V. Let Py be the uniform prior on (Sﬁ M)K . Assume the neuron activation function is
odd symmetric and set all outer weights as cy = % Assuming the data distribution has
Y|X ~ Normal(g(X), Ilf)’ with Px having support in [—1,1]¢. We bound the expected
Kullback divergence as

MKlog(2d +1) | ajv? +IBV(aoV +b)ay + Va2

E [D(PYIX“Q;I/\]&;(,XN’)/N)] <

N+1 2K 2M
(6.127)
+Blig - 2l*. (6.128)
In particular, with the choice

Byayi o 2y2 |

2V*i3i(az)3 1
K* = (2 ) ( 0) 1( (N+1) )3 (6.129)

(V(aoV + b)as + V2a3)s \og(2(d + 1))
aoV + b)as + V2a2)3 (B)s 1 1
M = (((ao )az D3(3) ( (N+1) )3, (6.130)
log(2(d + 1))

(V)3
we would have a bound of

log(2d + 1)

1
3 _,,2
) +Blg -z’ 613D

3(/53)%(a0V)%(V(aov +b)as + vzaf)%(

Proof. Add and subtract ||g — g||§v .1 in the exponent of equation (6.113) to get the

expression

E[~log Ep, [~ Is~fulR=ls=2l})1] i Elg -2l
(N+1) 2 N +1

(6.132)

This is the same expression as (6.104), scaled by a 8. Doing the same analysis gives
the bound

MKlog(2d +1) _ajV? . ﬁ(V(aov +b)ay + V?a?)

N+ Pk M +Bllg—&lI>.  (6.133)

Note now that g, being the inverse variance of the data distribution, is not a design
parameter we can choose. However, M and K are modeling choices. Setting M* and
K* as given yields the final expression. [
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7. Risk Control for the Continuous Prior

Our approach to risk control relies on the log regret being an upper bound on other
forms of regret, and statistical risk being interpreted as an expected regret. The log
regret can be upper bound via the index of resolvability, which utilizes the prior prob-
ability of a good set of approximators. Our approximation results show for any element
of the closure of the convex hull of signed neurons, there is one set of neuron weights
from the discrete lattice (S i M)K that is a good approximator. Also, there are not too
many points in the lattice so under the uniform discrete prior, the probability of any
one point is more than (2d + 1)~™X (importantly, not exponentially small in N).

However, our sampling results are for the continuous uniform prior on (Sfl )X, under
which any single point has 0 probability. Additionally, approximation set A such as
those that arise from small balls around any point may have probability exponentially
small in the dimension d, which we cannot afford. Thus, we would like to utilize the
finite state space of the discrete prior in an index of resolvability bound on the log
regret, but apply these results to the continuous prior.

The key to connecting these two results is recognizing a joint distribution on dis-
crete and continuous weight vectors which couples the vectors to be close together, but
the marginal prior for each variable is uniform on (§¢)K and (Si M)K respectively.
Then the continuous and discrete priors can be considered as different marginals of
this joint distribution.

Consider Py as a joint distribution on (Sd)K X (S M)K with the continuous ran-

dom vector w" € (S i’ )X and the discrete random vector w%¢ e (S M)K . Consider

cont cont

the marginal distribution on w™™ as treating each w;°™ vector as independent uniform

COIlt

on S d_Consider an additional coordinate for each w”™ vector to track it’s £; distance

cont  _ d cont
froml,wk,d+1 1- Z] 1|w . ‘
Then define the cond1t10na1 dlstribution on wi‘sc | wz"m
dm:)

as follows. Force the signs of
the coordinates to stay the same, sign(w; %) = sign(w“oj?t), and have the absolute values
be distributed as 1/M times a Multlnomlal(M |w°°rlt S |wz‘fi‘;+ \|) distribution. That
is, the conditional probability mass function of the absolute values of the discrete vector

can be written as

d+1
- M w7 |
PoClw™| [ Twi™) = 7 (Ml de,l_[l sont M1 (7.1)

Note the discrete vector’s coordinates themselves are whole number multiples of 1/M,

thus M times the discrete vector coordinates are whole numbers between 0 and M.
disc

k,d+1
other coordinates. Then the overall joint distribution Py has a density (with respect to

the product of Lebesgue measure on (Sf )X and counting measure on (Sﬁ M)K ) of the

There is also a w coordinate in this construction which is 1 minus the sum of the
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form
po(wcont dlSC) _ 1_[ Po (wcont)po(wdlsC|wcont (72)
K d+1
= l—[ Uniformga (w°")Multinomial uson (M |wd=|) 1—[ 1{s1gn(wC°nt) = s1gn(wd15°)}
k=1 j=1

(7.3)

This results in the marginal distribution for w%*° to treat each wd“c

as uniformon §¢
This is a special case of the Dirichlet-Multinomial dlstrlbutlon using the all 1’s vector

in the parameter vector of the Dirichlet distribution [38, Chapter 6].

Lemma 12. Consider the joint distribution outlined in expression (7.3). The marginal

disc

distribution on w%¢ treats each w " as uniform on S¢
1,M

Proof. The signs of the continuous vector coordinates are independent and equally
likely to be +1, which is inherited by the discrete vector. The different k indexes are
also clearly independent due to the product structure.

Focus then on the vectors of absolute values. Note the form of the Dirichlet dis-
tribution. For a vector of positive values vy, - - - , vg4+1 Which sum to 1, the Dirichlet
distribution with parameter vector « is written as

d+l d+1

4a0) = — d+1 )]_[( 0,)% . (7.4)
I

Note the Gamma function is equal to factorial at integer values, I'(z) = (z — 1)!, for
Z€N.

The absolute values of the continuous vector |w$*™| are uniform on the simplex,
which is also the symmetric Dirichlet distribution in d + 1 dimensions with all ones
parameter vector. Then, the marginal probability of the absolute values of the discrete
vector is found by integrating out this Dirichlet distribution times the Multinomial
distribution, which turns out to exactly cancel and give a constant value. This is a
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special case of the Dirichlet-Multinomial distribution.

po(|wf™)) = / Po(l§™ ) po ™™ ™ (1.5)
d+1 d+1
=/ F(d ll[(l Cont|)l 1 F(M+ 1) li[| Contl(M|wdlbL+l) 1dlwcontl
d+1 F(l) d+1F(M| d1scl+1) k
(7.6)
d+] di d+1
@y PG (Mw T+ 1) & cont (1w +1)-1 g con
= L ]_[| d|w™™ (7.7)
(d+M)! [152) F(M|wd“°|+1)
1
:(M+d)' (7'8)
M

The integral is equal to 1 as it represents the integral of a properly normalized Dirichlet
distribution in d + 1 dimensions using parameters M |wfsjc| + 1. |

Then we can relate expectations using either the continuous marginal or the dis-
crete marginal as integrals with respect to the same joint distribution with one variable
potentially marginalized out. The object which is used in our regret bound is the cumu-
lant generating function of the loss function using the discrete vector,

—log EPO[6—§||Y—fwdisc II%,H]. (7.9)

This object has been controlled in our previous proofs. The object we must understand
is this same expression with the continuous vector in place of the discrete,

—log Ep, [e~ 21 ~Fusont ] (7.10)

If we can upper bound the continuous version by an expression using the discrete
version and additional terms, we can upper bound continuous risk by an expression
using discrete risk. We have the following upper bound.

Lemma 13. Using the joint distribution defined above, the cumulant generating func-
tion using the continuous vector is less than twice the cumulant generating function
using the discrete vector plus an additional term,
~B1Y ~fpeon I3
—logEp,[e” 2 wort N1 ] (7.11)
<2 (_ log Ep, [e—gur—fwdixnzm,]) +log Ep, [~ 21V~ R+ 5 1Y = fueom 311,
(7.12)
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Proof. We show that (7.11) minus (7.12) is less than 0. Collecting all log terms under
one expression, (7.11) minus (7.12) is written as

EPO [e_g 1Y = fyeont ”12V+1 ]EPO [e_g ”Y_fwdisc ”%\/4—1*’% 1Y = f,cont ”%\IH] )

—1og( (7.13)

2
(Epo [~ 511 =T e ||3VH])

Note the square in the denominator is due to the factor of 2 in (7.12). Distribute one
of these factors in the denominator to each expectation in the numerator and separate
into two log expressions,

o= SNV = Feon 1%, o= SNV = F s I3y o + 51NV = Fcom 13,
] —logEp,[

—log Ep, [

B 2 B 12
EP() [e_fny_fwdlsc ”N+1] EP0 [e_fny_fwdlsc ”N+1]

(7.14)

We wish to consider the expectation in the denominators as the normalizing constant

2
N+1

Then treat each term as an expectation using a properly normalized density,

of a density. In the first expression, add and subtract §||Y — frise| in the exponent.

=B - f s 13
2 disc v 41 . .
~ log / ¢ N Ep e S fuson Rt R IV = Fyaise R | 8501 Py (a5

EP() [€—§||Y—fwdisc ”?V”] PO[
(7.15)
~B 1Y~ ise I3y - i
~ log / — Epy L5 1 =Fuson st |5 Py (). (7.16)
Ep,le”? Y = fydise ||§v+1]

Apply Jensen’s inequality on each term twice to bring the negative log into the inner
most expectation. This will bring the terms in the exponent down with a negative sign,
so we have upper bound

B - 2

_*”Y_f disc”

e 2 w N+1 IB IB . .

[ = En 51 = fusmliyns = 517 = fyse By 1 Po 0
Ep, [e_jlly_fwdisc IINH]

(7.17)

B 2

-2 ”Y_f disc ”

e 2 wdise 141 B 2 @ &

+/ 5 5 Epo[—§||Y — furont ||y 41 W1 Po (dw ise) (7.18)
EP() [e_j ”Y_fwdisc “N+l ]

These expectations are then with respect to the same distribution, so we can collect

into a common integral. The norms with f,cn are of opposite sign and cancel, while

the norm with f, 4 remains with a negative sign. Thus we have,

i e~ S =faisc 3y

Y— isc 2 P dwdiSC S0 719
2 Epo[e—élly—ﬁ,,disc||§w]” Jusise iy 41 Po(dw™) (7.19)
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Since the loss function is always non-negative, this expectation is always positive, and
the negative in front makes it less than or equal to 0. ]

For iid data, we can use this result to relate the square risk using the continuous prior
to the risk using the discrete prior which we have already controlled. An unfortunate
consequence of this method is it does not take into account the distance of the target g to
its projection into the closure of the convex hull g. Thus our risk for the continuous prior
will pay a price of twice the risk of the discrete prior, plus an additional 1/M term. Thus
the risk of the continuous prior can only be shown tobe 2||g — || + O ([log(d)/N)'/*]).
For large data sets, this is twice the loss of the projection g, whereas for the discrete
prior we have shown our Bayes estimator arbitrarily close to the projection. If g lives
in the closure of the convex hull, this term is O and we perform arbitrarily close to the
projection. Future work hopes to fix this gap.

First, we show the additional term in Lemma 13 has an expected value of O(1/M)
when the expectation is for iid data.

Lemma 14. Let g be the target function bounded by b and assume the data distribution
Py is iid with data with support in [=1,1]%. Then we have the upper bound

-4 (ug—f,,,,h-u-||%V+1—||g—ﬁ,,mm||§v+l)

Ep, ., [log Ep [ 1l (7.20)
|
<2aV(b + aOV)% (7.21)
N+ DK (445" V(b +agV)
o ( I —dap— ) (1.22)
(N + 1)K 4a ﬁv(b+"0V> V(b + aOV)
ULLIP (e -1 - dapp ) (7.23)

Note for K of smaller order than N the first term (7.21) is dominant and this bound is
approximately equal to 2a,V (b + agV)B(N + 1)/ M.

Proof. See Appendix, Section 10.4 for a full proof. The proof follows from a Taylor
expansion to focus on quadratic terms in the exponent, independence in random vari-
ables to simplify the sum in the exponent into a product, and then a Bernstein inequality
to control the individual moment generating functions at each index i and k. ]

Combining these results, we can upper bound the mean squared risk of the estimator
with the continuous prior by twice the mean squared risk of the estimator based on the
discrete prior plus an additional 0(%) term.

Theorem 14. Let g(x) be a target function with absolute value bounded by b and
let g be its Ly(Px) projection into the closure of the convex hull of signed neurons
scaled by V. Let Py be the uniform prior on the continuous set (Sf)K . Assume the
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neuron activation function is odd symmetric and set all outer weights as cy = % Let
(xi, ¥4) Z | be training data iid with conditional mean g(x;) and conditional variance

o2 with variance bound 0')%[ < o%. Assume the data distribution Px has support in

Xi
[—1,1]9. Then statistical risk of the Cesaro average of the posterior means estimators

is upper bound by

MKlog(2d + 1) aXV? 3axV(agV +b) +2V%a?

Elllg-2lI*] <2 BN+ D) e )y (7.24)
#ap( 020 4 DY ol - g (1.25)

1
oL, (1.26)

Note with proper choice of parameters M, K, 8 this is shown to be of the order

, . log(d) 3
Efllg - &I1°] <2llg - glI” + 0((=5=) .
Proof. This proof will follow much the same as the proof of Theorem 11. Note we
are considering our posterior means as utilizing the continuous uniform prior in their
definition, which is one of the marginals of the joint distribution we have defined for
disc jnside the integrals

to indicate which variable is arising in the expectation, even though all expectations

cont and w

continuous and discrete values. Thus, we will write w
with respect to Py are really joint integrals for both variables at the same time, with
one potentially marginalized out.

The initial stages of the proof of Theorem 11 makes no explicit reference to the
prior, so we can follow the same steps up to equation (6.93). We then apply Lemma 8
but explicitly note we are upper bounding using the continuous marginal of the prior,
as this is the prior used to define the posterior means,

N
1 1
EPXN+I,yN+] [R]?/il(XNH’ YN+1)] < _EN 1 ZEPXN-HnyH [(Yn+1 - g(Xn+1))2]
n=
(7.27)
1 e—% Z,’:’ZO(YnH—f(Xn+|,w°°"‘))2]]. (7.28)

+ MEPXNH,YNH [—log Epy[

We can then again upper bound by placing g in the exponent instead of Y, dropping
the resulting linear term via a Jensen’s inequality, which makes no explicit use of the
form of the prior. This gives us the upper bound

Ep ., [~1og Ep, [~ 5 I8~ Fusom 3]
B(N +1)

(7.29)
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By Lemma 13, we can upper bound this expression by twice its discrete counterpart
plus an additional term,

_Blo_f .
(EPXNH[—wogzhh[e 2llg ﬁwm'%ﬂl]) 230

B(N+1)
EP N+l [10g EP0 [e_gllg_fwdisc Il%\/+l+§”g_fwmm”%\l+l]]
+ —= :

B(N +1)

Equation (7.30) is then twice the object we study in the remainder of Theorem 11

(7.31)

and thus inherits twice its final bound. This has the unfortunate effect of depending
on twice the minimum achievable error ||g — &||>, meaning for large N we are not
arbitrarily close to the projection. However, if the target function g does live in the
closure of the Hull of signed neurons, this term is 0.

For the term (7.31), apply Lemma 14 to get a bound of the form

2Cle(a()V+b) +0( 1
M MK

). (7.32)

We have incorporated this term into the similar error term appearing in the analysis of
the discrete object. This gives the factor of 3 in (7.24). u

8. Discussion

The use of an auxiliary random variable to create log-concavity is not a new idea, and
has connections to existing methods. The critical structure of our sampling problem is
that our target distribution of interest can be expressed as a mixture distribution with
easy to sample components,

zmw:/ﬁwmmmﬁ. 8.1)

The structure of a mixture distribution has been recognized in a number of recent
papers. For spin glass systems (Sherrington—Kirkpatrick models) of high temperature,
[9] expanded the range of known temperatures under which a Log Sobolev constant can
be established by using such a mixture structure. For a Bayesian regression problem
with a spike and slab (i.e. multi-modal) prior, [36] used the mixture structure to perform
easy MCMC sampling. Thus, it is clear this approach of a mixture distribution can be
applied to a number of sampling problems of interest. However, the posterior densities
in these problems where much simpler than ours, making explicit use of the quadratic
terms of their log-likelihoods which simplifies the analysis. Our view of a log-concave
coupling as a mixture distribution applicable to more complex target distributions via
a forward coupling is more general.
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Our method of creating the mixture is via forward coupling with a Gaussian aux-
iliary random variable ¢ whose mean is determined by the target variable w. This
has connections to proximal sampling algorithms and score based diffusion models. A
proximal sampling algorithm would sample from the same joint distribution for p (w, &)
as we define here. However, the sampling method would be the Gibb’s sampler altern-
ating between sampling p(w|¢) and p(&|w) which are both log-concave distributions
[13], [24]. The mixing time of this sampling procedure must then be determined. If
the original density of interest satisfies conditions such being Lipschitz and having a
specified Log Sobolev constant, mixing time bounds can be established for the Gibb’s
sampler. It remains unclear what the mixing times bounds would be for a more dif-
ficult target density such as the one we study here. We instead explicitly examine the
log-concavity of the induced marginal density p},(£) and propose to sample & from its
marginal, followed by a sample of w|¢ from its conditional.

We highlight that the score of the marginal density V log p;, (€) is not given as an
explicit formula, however it is defined as an expectation with respect to the log-concave
reverse conditional for p}, (w|&) noted in Corollary 2. Thus, the score of the marginal
can be computed as needed via its own MCMC sub-routine.

Score based diffusions propose starting with a random variable w’ from the target
density p(w’), and then defining the forward SDE dw, = —w, dt + V2dB,. At every time
t, this induces a joint distribution on p(w’, w,) under which the forward conditional
distribution p(w,|w’) is a Gaussian distribution with mean being a linear function of
w’. Paired with this forward SDE is the definition of a reverse SDE that would transport
samples from a standard normal distribution to the target distribution of interest. The
drift of the reverse diffusion is defined by the scores of the marginal distribution of the
forward process V log p(w;). If these scores can be computed, the target density can
be sampled from.

As is the case in our mixture model, the scores of the marginal are defined by
expectations with respect to the reverse conditional p(w’|w,). For some thresholds
71, T2, for small times ¢ < 7; the reverse conditionals p(w’|w,) are log-concave and
easily sampled. For large times ¢ > 7, the marginal density p(w,) is approaching a
standard normal distribution and thus will become log-concave. If 7, < 71, these two
regions overlap and the original density p(w’) can be written as a log-concave mixture
of log-concave components p(w’) = / p(w'|wy) p(w;)dw,. Thus, the entire procedure
of reverse diffusion can be avoided and a one shot sample of w; from its marginal p (w;)
and a sample from the reverse conditional p(w’|w;) can computed. A variation of this
idea is the core procedure we use in this paper, simplifying the processes of a reverse
diffusion into one specific and useful choice of joint measure with an auxiliary random
variable.

Here we briefly review sampling literature for log-concave densities. For each n,
our density p; (w|€) is a weakly log-concave density constrained to a convex set, while
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Dy (€) is a strongly log-concave density also restricted to a convex set. For p; (w|£),
the log likelihood only depends on the weight vectors w through their interaction with
the data matrix Xw. The vectors w are d dimensional with d > N, thus for any direction
orthogonal to the rows of the data matrix the density is flat and has O Hessian, hence
weakly log-concave. Nonetheless, [33] shows Ball Walk and Hit and Run algorithms
mix in polynomial time for weakly log-concave densities on a convex set. Recent results
in [29] improve upon these mixing time bounds. We also note, with different construc-
tion of the auxiliary random variable &, it may be possible to force strict log-concavity
in every direction of pj (w|¢) using a normal with a different mean and covariance
matrix for the forward coupling.

In terms of sampling the marginal p(¢), we have a strictly log-concave distribution
restricted to the convex set defined by B. The score V log p(&) is expressed as a lin-
ear transformation of E[w|£] and thus can be computed as needed. If the support set
was not restricted, we could use Metropolis Adjusted Langevin Diffusion (MALA) and
achieve rapid mixing [16]. Instead, to deal with the boundary conditions we must use
techniques such as a barrier function [40] or other adaptations of sampling algorithms
to restricted support such as Dikin Walks [28] and Hamiltonian Monte Carlo in a con-
strained space [27].

While in this work we focus on a Bayesian approach and use MCMC for sampling,
there have been a number of positive results for training neural networks by optimiza-
tion in specific instances. For classification problems with well separated classes and
with rather large (potentially overfit) single-hidden-layer networks, [11] shows that
gradient descent with large step size converges quickly to an interpolating solution on
the training data (i.e. O training loss). [41] demonstrates this solution still has good
generalization risk via a form of “benign overfitting”, however this comes at a cost
of being susceptible to adversarial perturbations in specific directions that flip model
outputs [17].

Another approach to understanding optimization in very large neural networks is
to compare them to certain infinite width limits via the Neural Tangent Kernel [25].
With restrictions on the initialization distribution, at an infinite width limit the network
is approximately linear around its initialization point with a fixed Gaussian kernel rep-
resentation. Gradient methods quickly converge to a near interpolating solution. These
methods generalize well for functions approximated by linear combinations of the large
weight eigenfunctions of the kernel. The authors in [14] call this linearization of the
network the “lazy regime” of training, and demonstrate models trained in this regime
can have poor generalization, compared to models trained in the more difficult non-
lazy regime. Our network with the chosen scale of parameters adapts the directions of
the internal weights to provide a more flexible span.

For very wide networks K > N, [31] shows neural networks satisfy a Polyak-
Lojasiewicz (PL) condition proving convergence of stochastic gradient descent to a

55



56 C. McDonald and A. R. Barron

global minimizer of the loss function. This is an interesting phenomenon, however
without suitable parameter controls (such as £} controls), it is not clear if generaliza-
tion properties will be favorable in this setting for general function learning.

There are also several negative results [15, 18,20] showing that training a single-
hidden-layer network to interpolation (0 training loss) is an NP hard problem. For
example, [42] shows that for a network of width K, interior weight dimension d, and
using the step activation function, there does not exist a polynomial time algorithm to
achieve average squared training error less than ¢ (K d)‘% for an absolute constant £.
It does not rule out in the noise free setting the possibility of computationally feasible
algorithms to achieve average squared error less than a constant times 1/K.

In this paper, the authors have presented posteriors p, (w) that sample all K neuron
weights wy, - - -, wk jointly. However, the problem can also be constructed as a Greedy
Bayes procedure sampling one neuron weight at a time based on the residuals of pre-
vious fits. The authors discuss these results in [6, 34, 35].

9. Conclusion and Future Work

In this work, we study a mixture form of the posterior density and statistical risk guar-
antees for single-hidden-layer neural nets. For a continuous uniform prior on the ¢;
ball, we show the posterior density can be expressed as a mixture with only log-
concave components when the total number of parameters Kd is large enough that
Kd > C(BN)? for a constant C where 3 is the inverse temperature and N is the num-
ber of data points. For a discrete uniform prior on the ¢; ball (that is, restricted to a
grid), we show notions of risk are on the order of O ([(log d)/N]'/*). We extend these
statistical risk control to the continuous prior as well, with a factor of 2. When the target
function is itself in the closure of the convex hull of signed neurons, the continuous
risk control is also of the same order as the discrete.

There are a number of future directions for research. The further details of sampling
must be worked out. The choice of sampling algorithm, hyper-parameter choices such
as step size and the number of MCMC iterations, as well as technical details such as
condition number have not been addressed in this work. The choice of p we make
is in a sense the “smallest” p that forces p(w|¢) to be log-concave by canceling out
any positive definite terms in the Hessian arising from non-linearity (that is, terms
dependent on the second derivative of the activation function). Larger choices of p can
result in stronger log-concavity for the reverse conditional distribution p (w|&) that can
have sampling benefits.

The Holder inequality approach to upper bound the covariance Cov[w|£] is most
likely not a tight bound. It is conjectured, for a constant A, the covariance of the prior
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could upper bound the conditional covariance ACovp,[w] = Cov[w|¢]. This would
require a lesser condition Kd > CBN to achieve log-concavity of p(¢).

Finally, in the risk results we prove, we have assumed the V we use in defining
our neural network matches the variation V of our target function. However, we would
have no way of knowing what this value would be. In practice, we would place a prior
on V from a finite set of possible values (Vi, ..., V). The log prior probability in
the index of resolvability will have an additional M, in the numerator, for small M
relative to N this will not change the risk bounds much. We would also place a prior
on a finite number of 8 and K values to consider multiple different models.

For each choice of hyperparameter V, 8, K, we can demonstrate the mixture decom-
position of p(w) as studied in this paper. Therefore, we would run the sampling separ-
ately for all choices of V, 8, K and get a different posterior mean for each choice (note
this can easily be done on different machines simultaneously or on a GPU in parallel
as there is no interaction between the different samplings at different hyperparameter
choices). Our estimate would then be a weighted average of these different means. The
weight of each choice of V, 8, K would be the associated posterior probability, pro-
portional to the normalizing constant (partition function) of p(w) for that choice of
V, B, K. These would have to be computed, which amounts to computing the partition
function for a density we can sample from.

10. Appendix

10.1. Proofs for Near Constancy of Z (w)

In this section, we show the restriction of £ to the set B is a highly likely event under the
base Gaussian distribution, and Z (w) has small magnitude first and second derivatives.

Proof of Lemma 1:

Proof. We show that the set B is likely for conditionally independent Gaussian dis-
tributions for each variable. This proof follows from standard Gaussian complexity
arguments.

The object we must bound is P(¢ € Blw). If the &; x given w are independent
Normal(x; - wg, 1/p) we may arrange a representation using independent standard nor-
mals Z; of dimension #,

1
‘fk = Xwy + %Zk. (10.1)

Each mean x; - wy is in [—1, 1] due to the weight vector having bounded ¢; norm and
the data entries having bounded value. Consider the complement of the event we want
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to study, we wish for this event to have probability less than .

S 2Kd [n
P i & >n++/2log——_ [—), 10.2
(Hjl’ﬁ}(x| ;:1 xijéikl =2 n \/ < log 5 ‘,p) ( )

where P is the probability using the normal distribution of ¢ given w. The max is upper
bound by

n n
1
max Xiiéikl <n+max|— > x;;Z; | (10.3)
x| D vl S e max |2 D Zi

Thus we can bound the larger probability event uniformly for w € (Sf)K ,

" oxiiZ; 2Kd 0
P(max M > 4/2log ) < . (10.4)
J-k \Vn 0 \210g(2Kd /5)
Where the conclusion follows from a union bound and Gaussian tail bound.
]

Proof of Lemma 2:

Proof. We provide upper bounds on the magnitude of the first and second derivatives of
the function Z(w) as defined in equation (5.21). Denote ® as the normal CDF and ¢ as
the normal pdf. Throughout the proof recall that p (w|€) treats each &; x as independent
normal with &; ; ~ Normal(x; - wg, é) conditionally independent given w. The gradient
of Z(w) inner product with a vector a with blocks ay is

1(&)

n K
la - VuZ ()| = [oELY " (ax - x0) €k =i " P& € Blw)

i=1 k=1

|w](. (10.5)

By Lemma 1, the set B has probability at least 1 — §/+/210og(2Kd/5). We note the
following upper and lower bounds on the Gaussian CDF provided by the classical
results of Gordon [21], we have bounds on the Gaussian CDF

e0) | ) < EW.

+l X
X

(10.6)

Consider then the value

§* = ®(—/210g(1/9)). (10.7)

For our problem, Kd > 2 by construction. Then for all positive § < 1/e, it can be shown
that 6™ is larger than the term which defines the probability of our set B,

0
<6 (10.8)

2log(2Kd/5)
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Then consider the collections of all measurable sets D ¢ RVX such that P(¢ € D) >
1 — 6*. This collection contains our original set B as an object in the class. Then, the
absolute value of the expected inner product in (10.5) is less than the maximum for
any set D in this class,

. |E[X) Siei (ax - x0) ik = xi - wi) 1p (€) |w]]

max (10.9)
D: 1-96
P(&£eDw)>1-6
Define the value
n K 2
- _ar - X
&z\/ izt Zim1 (k%) (10.10)
e

Under the normal distribution for &, the integrand in question is a scalar mean ( normal
random variable with this variance,

n K
Z Z(ak -x;)(€x — xi - wg) ~ Normal(0, 72). (10.11)

i=1 k=1

The set D which maximizes expression (10.9) is then the set which controls the size
of this integrand,

SR (ak s xi) (Eng = xi - wk)

o

D* = {&:

<7}, (10.12)

for some choice of 7. We can also equally consider the set D* where the object in the
expression being more than some negative 7, due to symmetry. The proper choice of

T is 4/21og(1/8).We then have upper bound

pa_ ‘/\/Zlog(l/ﬁ) pa.é‘
z20(2)dz| = ——,
1_5 —00 V27T1 -0

using the fact that —z¢(z) = ¢’(z) and fundamental theorem of calculus. This yields

la - VyZ(w)| < (10.13)

an upper bound on our expression of interest,
po 0
-VuZ < ——. 10.14
@ VuZ(0)| < 5= (10.14)
Which notably goes to 0 as 6 — 0.
The Hessian is then a difference in variances,

n K
ad"[V2Z(w)]a =—-p Z Z(xi ap)? (10.15)

i=1 k=1

n K
+p2Var[Z Z(x,- - a)é xlw, B]. (10.16)

i=1 k=1

59



60 C. McDonald and A. R. Barron

Note that &; ;. is independent normal with variance 1/p, so if we did not constrain the
set B, expressions (10.15) and (10.16) would cancel to 0. That is, (10.15) is the variance
of the linear function of ¢ given w if we did not condition on the set B, and (10.16) is
the variance conditioned on the set B.

Note that the object whose variance we are taking in (10.16) is a linear function of
¢, and ¢ is a normal random variable given w with diagonal covariance matrix %} Byan
application of a Brascamp-Lieb inequality, see for example [10, Proposition 2.1], we
would have an upper bound on this variance by the norm of this linear vector divided
by p, which times p? is exactly expression (10.15). Thus, the term (10.16) is less than
or equal to the absolute value of term (10.15) so an upper bound on the quadratic form
is 0, that is a"[V2Z(w)]a < 0.

We then compute a lower bound on the variance term in (10.16). Note a Cramer-Rao
lower bound is not applicable here since restriction to a compact set makes integration
by parts inapplicable due to boundary conditions. In particular, the expectation of the
score of a constrained distribution is not always 0.

Using a bias-variance decomposition, we can write the variance as a non-centered
expected squared difference minus a bias correction,

n K
Var[ > 3" (xi - a)éi klw, B] (10.17)
i=1 k=1
n K 2
= E[( ), ) (6 an) € —xi - wo)) lw.é € B] (10.18)
i=1 k=1
n K ’
(D Dtk xi) (Eléi sl & € B - xi - w)) (10.19)
i1 k=1
Shy 2 1p(8)
> E| (xi - ar) (Eip —xi - wp) )| =——=—|w] (10.20)
(i=lkz=; ) P({ € Blw)
R
- mﬂ (10.21)

where we have applied the previously derived bound on the score to expression (10.19)
to deduce expression (10.21), which is the square of the previous bond.

If we did not condition on the set B, the expression (10.20) would be the variance
of a simple normal variable with variance 2. We will show restricting to B still results
in a value very close to 2.

The set B has probability at least 1 — §/+/210g(2Kd/6). Define the value

5 = 20(—+210g(1/9)). (10.22)
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If Kd > 4, for all positive § < 1/16 we have that §** is larger than the term which
defines the set B probability,

# <6,

\21og(2Kd/6)
Then, the expected value of the variable in question restricted to B is lower bound by
the minimum for any set D with P(¢ € D) > 1 — §**,

E[(Zn:i(x-a)(f- i w) ) (10.23)
£ L i k i,k i k P(§€B|w) .

2
E[( Py ket (i - ar) (Eik = xi - wk)) Lo O]
> min . (10.24)
ol 1-¢6
P(£eDlw)>1-6"

The integrand in question, as before, is the same normal variable now squared. The
minimizing set D* is then the set placing an upper bound on that expression,

n K .. . — ..
D* = (& -7 < 2z i1 (i a;)(f"" Xi - W) <1}, (10.25)

for some value 7, the proper choice being 7 = /21og(1/6).
Note this set D* can be deduced from the Neyman-Pearson Lemma [30, The-

orem 3.2.1], comparing the distribution where each &; ; is independent normal with
mean x; - wy and variance }), to the distribution which has this normal density times
(X Zle(xi cap)(Eik —xi wy))?.(Likewise, the previous D* in (10.12) can be
deduced by a generalization of the Neyman-Pearson lemma in which the alternative
. . . . . K
is a signed measure measure with the normal density times the factor 3."" | >\, (a; -
wi) (i k — Xi - wi)).

We are then integrating a squared normal on a truncated range and have lower
bound,

2
E[( S (i an) (g = xi - w")) o (@)lwl
min (10.26)

D: 1-96
P(£eDlw)>1-6
5_2 /\/2105;(1/6)
1 =6 J_\210g(1/9)

To evaluate this integral use its complement set and symmetry of the normal pdf,

V2log(1/6) -2log(1/6)
/ Ze(z)dz=1- 2/ 2o(2)dz. (10.28)
—V2log(1/6) —c0

22o(2)dz. (10.27)
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Then apply integration by parts,

/\/ZIOg(l/é)

[ee]

2o(2)dz = z0(2)|_Y 20 _o(\2log(1/5)).  (10.29)

This gives a lower bound for the expression in (10.27)

(1 - —(\/210g(1/6) +

(10.30)

\/210g(1/§)))

which converges to 52 as § — 0. We then combine expressions (10.16), (10.21), and

1-

(10.30) to give a lower bound on Hessian quadratic form,

aT[VZZ(w)]a > —p25-2 +p25-2(1 16 — a _zéé)m(\IZIOg(l/é) + m))
(10.31)
42 2
prF° o
a —6)2ﬂ (10.32)
2~2
ey p*Ft 6
«/ﬂ — ( V27 +2y21og(1/6)(1 + 3 (1/5)) =17 ) (10.33)
p*a?r 6 p*a?r 6
2= 1—( 210g(1/6 = 1_5) (10.34)
which converges to 0 as 6 — 0. |

10.2. Log-Concavity of p;; (w|¢) with Conditioning on the Set B

In this section, we show the conditioning of & given w to the set B does not affect the
log-concavity of the reverse conditional much.

Proof of Theorem 7

Proof. We prove the reverse conditional is log-concave when restricting & to live in
the set B. This proof follows much the same way as Theorem 6. The log likelihood for

P (w|é) is given by

log p}, (wlé) = - Bt (w) +H() (10.35)
- Z Z (Ers = wi - x;)? (10.36)

i=1 k=
- Z(w), (10.37)

for some function H (&) which does not depend on w and is only required to make the
density integrate to 1. The term (10.36) is a negative quadratic in w which treats each
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w as if it were an independent normal random variable. Thus, the additional Hessian
contribution will be a (Kd) x (Kd) negative definite block diagonal matrix with d X d
blocks of the form p }./", x;x]. Denote the Hessian as H, (w|¢) = V2 log pj(w|€).
For any vector a € RK9, with blocks a; € R?, the quadratic form a"H,,(w|¢)a can be
expressed as

n

Z (Z W' (wy - x;)ax - x,)z (10.38)

WX | Bresi(wiexy” (wi - xi) = p) | (10.39)

k=1 i=1
+d"(V*Z(w))a. (10.40)

By the assumptions on the second derivative of ¢ and the definition of p in equation
(5.17) we have

3 BCh V
maX(ﬁreSz(w)thﬁ (Wi - x;) —p) < =({/5 - Daz X (10.41)
so all the terms in the sum in (10.39) are negative. Recall the definition of a2,
K n 2
— o \afg - X
52 = Skt Zizi (k)7 (10.42)

P

Therefore, expression (10.39) is less than

3 3 BCVN2_,
—( 3 1)\/;(512 e ) . (10.43)

By Lemma 2, the largest the Hessian term from the correction function Z can be is

2=2

p*F* 6 po° O
T(v2Z <——221 1/6) + —.
@ (Vz)a < L (V2 Toe1/) + £ = 1)
Thus term (10.39) plus (10.40) is less than

S SINERINE

(10.44)

+&2(a2ﬁigv)2(\/§)2\/%_ﬂ%6 210g§ (10.46)
(2 (B e (1047)
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Recall the definitions of H; and H; in the theorem statement,

H,(5) = \/i_li ZIOgg (10.48)
(. BCV\2 1 8P
Hz(a)_(az - )5(1—5)2' (10.49)

Simplifying expressions (10.45) to (10.47) by dividing out common terms, to have a
negative expression for the Hessian we require yields,

\/7( 1+H1(6))+(\/7) Hy(6) < -1. (10.50)

By the assumptions H; (8) < =, and H»(6) < 1—10. Under these conditions, the inequal-

100’
ity is satisfied

3 333 3 3,3
\/;(—1 + Hy(9)) + (\/;) Hy(6) < \/;(——19090) + (\/;) 1Lo (10.51)
21 (3
= —g\/; <-1. (10.52)

10.3. Holder Inequality Proofs

In this section, we bound the two terms in the Holder inequality. First, we need a
supporting lemma.

Lemma 15. For any vector x € [—1,1]% and any integer € > 0, the expected inner
product with random vector w from the continuous uniform distribution on Sf raised
to the power 2¢ is upper bound by,

1 (20)!
Ep, (Zx w;)] < @ (5') . (10.53)

Proof. The sum Z;lzl xjw; raised to the power 2¢ can be expressed as sum using a

multi-index J = (jy,- - , jo¢) Where each j; € {1,---,d} and there are d* terms,
d
E[(ijwj) Z ]_[(x,,)E ]_[wJ, (10.54)
Jj=1 Jiseesjae 1=

For a given multi-index vector J, let r(j, J) count the number of occurrences of the
value j in the vector, r(j,J) = ?51 1{j; = j}. Then for any multi-index we would
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have,
20 d
. 7
[ [w=]]w;"". (10.55)
i=1 j=1
Abbreviate rj = r(j, J) for a fixed vector J also note Zd j = 2¢. Consider the expect-

ation £ [Hd L w ’] Due to the symmetry of the prior, if any of the ; are odd then the
whole expectatlon is 0. Thus, we only consider vectors 7 = (r1, - -- , rq) where all
entries are even. If we fix the signs of the w; points to live in a given orthant, then the
distribution is uniform on the d + 1 dimensional simplex. Define w4+ = 1 — Z;fl:] |w;|
then (|wy], - - , |wal, wag+1) has a symmetric Dirichlet (1,--- , 1) distribution in d + 1
dimensions. Note a general Dirichlet distribution in d + 1 dimensions with parameter
vector @ = (a1, - ,@q+1) has a properly normalized density as

r(Ze

Hd+1 F( ]) 1_[( ])aj—l(l—zw ) @1 = 1 (10.56)

pa(wi, - wq) =

Thus the expectation of Hd | w ’ with respect to a symmetric Dirichlet has the form
of an un-normalized D1r(r1 +1,---,rq + 1,1) distribution. Thus, the expectation is a
ratio of their normalizing constants,

d Td+DT1 ., T(ri +1
El| [w}1= @+ )H"ld(r"Jr ) (10.57)
jol I'id+1+ Zj:l rj)
d' 14
i, (10.58)

T @20
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The number of times a specific vector 7 appears from the multi-index J is n(dz f)r! thus

we have,

d ) (2{,) d
B = %[22 e[y aos
j=1 /

Zreven Jj= J 1 ] j=1
201)(d! d '
:% Z l_[(xf)’-’ (10.60)
2
20)(d!
Ed +)g5))v 2 ﬂ( Ht (10.61)
Z:ﬁjvi%f]
Q20)(d) (d + €~ 1)!
= @+20! t(d=1)! (10.62)
_d+l=1)---(d) (20)!
T @d+20)---(d+1) (0! (10.63)
1 201
T (10.64)

where inequality (10.62) follows from each x? < 1 thus each term in the sum is less

(d+€ 1)

than 1 and there being terms in the sum.

Proof of Lemma 5:

Proof. We bound the first term in the Holder inequality depending on the higher order
moments of the prior. We have unit vector a € R™X with n dimensional blocks ay.
Define vectors in R? as vy, = X"ay and the object we study is

K
E[O v wi)¥]. (10.65)
k=1

Use a multinomial expansion of this power of a sum and we have expression,

20 K 4

j .
X k=2 lek =2¢
(10.66)

since the prior treats each neuron weigh vector wy, as independent and uniform on Sf .
By the symmetry of the prior, if any ji are odd the whole expression is 0 thus we only
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sum using even jj values,

2. (211 2JK)]_[E[<vk we) 1. (10.67)

JisJK
2 k=t

Each vector v is a linear combination of the rows of the data matrix,

n

be= ) k. (10.68)
i=1

% ‘We can then interpret the above inner product

as a scaled expectation on the data indexes,

Define sy ; =sign(a,;) and oy ; =

v - wi = (laxllr) Zak,isk,i Xj - Wk. (10.69)
i1

The average is then less than the maximum term in index i,

. . n 2
El(we - w1 = (laxl)™ EL( ) aniswixi-we) ] (10.70)
i=1
& 2Jk
< (lalln® Y Bl (- wn) (1071)
i=1
< (llagll)®* max E[(x; - wi)*] (10.72)
2 L (2!
< el = (10.73)

where we have applied Lemma 15. We then plug this result into equation (10.67),

1@ ¢\~ 10 & ¢
a0 (Z (jln.jK)B(“aklll)Ql ) = ﬁT(;“ak”%) . (10.74)

Jis s JK
2 jk=C

For each sub block ay, of dimension n we have ||ay || < n||ax ||§ and ||a||* = Zszl llaxll? =

1 is a unit vector which gives upper bound

nt(2¢)!
dee!

(10.75)
Via Stirling’s bound [39],

¢ ¢
Vart(2) e < 00 < N2rb(=) ez, (10.76)
e e
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Taking the £ root we have

n" QO _ o Lo 417
(df’ el ) Sﬁ(z Q) e 12“) (o7
2+
_ 2 ;ﬁnfeﬁ—ﬁ—l (10.78)
S% St (10.79)
4nt
< . 10.80
Ved o
]

Proof of Lemma 6:

Proof. We bound the second term in the Holder inequality determined by the growth
rate of the cumulant generating function. By the mean value theorem, there exists some

value 7 € [1 such that

’51]
M—)=I2()+T)/'H[—— -1 10.81
‘f(f 1) f() (f)()[f 1 I (10.81)

Rearranging, we can express the difference

-1 ¢
_[‘"(

7 le(g—p) ~Te() = )7 ) F'g(l). (10.82)

By construction, Fg (1) is an increasing convex function with I'; (0) =0. Thus Fg (1) >
0 and we can study the upper bound

-1 ¢
—— e (—) - T < (I ) (f )— (10.83)
¢ -1

Recall F" (1) defined in equation (5.54) is a cumulant generating function of 71” (w).
Thus, its derlvatlve at T is the mean of h” (w) under the tilted distribution. The mean
is then less than the maximum difference of any two points on the constrained support
set,

(I)(7) = Ez [Rg(w)l¢] < max  (Rg(w) = I (wo)). (10.84)

e

w,wp € (S

By the mean value theorem, for any choice of w, wg € (Sf)K there exists a i € (Sf)K
along the line between w and wy such that

g (w) = W (wo) = Vil (@) - (w = wp). (10.85)
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For each k, the gradient in wy is

L (w)—ﬂZuesl(w)ckw (wy, - xl)+a2\/§ ch

\/75C nV Zgl 1Xi + Vi, Z(w). (10.87)

The scalar terms in the sum in (10.86) satisfy

)x: (10.86)

3.C,V
|res; (W) cxp” (wy - xl)+az\/7—|_(a1+a2 5)7, (10.88)

for each i. The vector wyx — wy x satisfies ||wx — wo k|l1 < 2. Since each x; vector has
bounded entries between -1 and 1, the inner product with the first term is bounded as

C o C,V \/’ CaVpn.
[,3 ;(resz(w)cklﬁ (wr - x;) % —)x ] (wr —wo,x) < 2(611 +as 2) e
(10.89)
As for the second term,
n n
| 2 6] - (e = wo,) < 2max] Y el (10.90)
i=1 i=1

Our original restriction of £ to the set B is specifically designed to control this term.
By definition of the set B, for all £,

& 2Kd n
ma | ;gi,kxi,ﬂ <+ A /210g(T) /; (10.91)
2Kd | [2 nk
- 21 z . 10.92
e \/;az,BC,,V (1052)

For the final term, Z(w) is shown to have small derivative. By Lemma 2,

1)
Vi Z(w) - (wg —wo,x) < ((wr —wox) - ) — (10.93)
> s JZZ L

i=1 k=

3 1
4a2\/7C V,Bn\f_ (10.94)
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Summing using index k for terms (10.89), (10.92) and combining with term (10.94),
we can upper bound the difference in the CGF as,

3\ C,Vpn 3 BCV 2Kd \/3 nk
2(a1+a2\/;)7+a2 57(71+1/210g : §azﬁCnV) (10.95)

+ 4a2\/§C Vﬁnj_li (10.96)
_G Vﬂn \/’ \Co Vﬁn 5
2P (2ay +dar2) + \/ \/‘(1—5))
(10.97)

By assumption d > 2,K > 2,6 < 1. For all values 0 < z < we have the inequality

2Kd
\/_(1 5 < \/_,/ \/_ «/_ (10.98)

This gives the final upper bound

C,VpBn 3 4/C.VBn 1 \/? 2Kd
T(2al+4612\/;)+T(1+$)\/2az 5( 1ogT«/E). (10.99)

10.4. Bounding Additional Continuous Risk Term Lemma 14

Proof. Bring the log outside the outer expectation to provide an upper bound, since
log is a concave function,

llg = fydise Iy 41 =18 = Frucont 134 )

_B
Ep y. [logEp[e * ( 11 (10.100)

llg = fise Iy 41 =18 = Frucont H,ZVH)

_B
<logEp y., [Ep,[e 2< 11 (10.101)

cont

Then recall the Taylor expansion for ||g — f;disc , centered at w™, using some

2
v+
vector @ in the second derivative terms. Note the outer weights of the network cy are
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i%, which will will write as ¢ = sk% using a sign s € {-1, 1}. Define
5 v
res; (w) = g (xi) = ) skt (xi - w) (10.102)
k=1
2V cont ’ cont
ajk == Sk ;resi(w S (xg - wy (10.103)

B 2V N B
b k(W) =~ Skfresi(w)lﬂ (x; - Wi )O=kr

v2
+ 2sksk»ﬁ1//(x[ Y (x; - ). (10.104)

cont and discrete-valued vector w9s¢, there

Then for any continuous-valued vector w
exists some vector @ (in fact along the line between w9 and w™) such that the

second order expansion is exact using that i in the second derivative terms,

B é(“g — w9 N8 = w9 ) (10.105)
N+l
ZZ“I xi - (™ — ™ (10.106)
'BV N disc conty\ 2
3% Z sres; (@, )y (x; - Wr) (x; - (WP — wso™)) (10.107)
i=1 k=1
N+1 K
v, . )
_153 (25 s (@) Cx- wf™ —w™)). (10.108)
=1 k=1

This last term (10.108) is always negative, so we can upper bound by ignoring this
term. Then each |res; (@)y” (x; - Wx)| < (b + agV)ay by assumptions on bounded g
and the activation function. This gives upper bound on the difference in loss functions,

- é(||g S D~ llg = S, ) (10.109)
ﬁ N+1 K
Z Za, g - (wdse — yeon (10.110)
i=1 k=
N+1 K
+——(b +aoV)as Z Z(x, (wdise — yont))?2 (10.111)
i=1 k=

Note the a; i are functions of the continuous vectors, not the discrete. Switch the order

cont

of the expectations to have the outer expectation be with respect to w®™, and the inner

expectation with respect to w9s¢ and XV+1,

log EP [EP EP [ezl . at KXi (wdlsc Lont)+ﬁ “2V(b+“0V) (x;- (wdlSC com))Z
0 0

|w00nt]]] .
(10.112)

xN+1 [
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Under the prior, the wf“ are conditionally independent given w*™, and by assump-
tion of iid data the data distribution Py treats each index i as independent. The inner
expectation can be written as a product of individual moment generating functions for

each i and k, conditioned on w®°™,

disc _

(x; - (w! wio‘"))zlwcont]]].

disc _conty, B 92V (b+agV)
W) +3 K

B xi(w
logEPO[E[EPX[EPO[e 2 i geXi (W
(10.113)

For simplicity and to avoid odd power terms, use a Cauchy-Schwartz inequality to
upper bound the cumulant generating function of the linear and quadratic terms with
two separate expectations with a factor of 2

. V(b \4 i
Epo [e_%i’ai,kxi_(wilsc_wionl)+g%(xi»(wilsc—w}iom))z Iwi"m] (10.114)
1
By (apydisc o cont cont @Vb+agV) ., disc_, contyy2 contq | 2
< (g [P ) font [ R a2 o
(10.115)

We then can upper bound these moment generating functions with a Bernstein inequal-
ity using the first, second, and fourth conditional moments of the random variable
dise — yeonty conditioned on wi®™. This bound is useful for small inputs to the
moment generating function, and can be considered a concise statement of a sub-

x; - (w

exponential random variable. This utilizes the Multinomial conditional distribution
which defines our prior. Note that this random variable is bounded by 2, and is mean
0. Thus with m, being its second moment and my4 its fourth moment we have upper
bound via Bernstein inequality [43, Lemma 7.26] for any scaling ¢,

isc con 2t _ 1 - Zt
EPO[ezxi-(wi —w! t)lwiont] < eXp(ﬂmzeT) (10.116)
isc con 4 1 - 4[
E p, [ (il =™ ) yeont) exp(tz(m4 —mg)eT)e’mz. (10.117)

Note that the Multinomial distribution inner product with the vector x; can be con-
sidered as a normalized sum of M iid bounded random variables. Consider a random
index J € {1,...,d + 1} where J = j with probability |w2‘j;?‘|. Given wi™, this defines
a distribution on {1, ...,d + 1}. Draw M iid random indices Ji, ..., Jy/ from this
distribution. We can construct the Multinomial distribution with these random index
selections and write

M
. 1
xi s @ = ™) = =0 > (xi, = Elxig, ) (10.118)
t=1
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This is then an average of M mean 0 iid random variables, each bounded by 2. One
can bound the moments by expanding the expectations,

m| = EPO [xl (wdlsc cont)lwcont — (10.119)
4
my = EPO[(xz (deSC cont)) |wc0nt] < i (10.120)
1
ma —m3 = Ep,[((x; - (¢ — w$™)? — mo)? |ws™] < 325 (10.121)

Looking back at expression (10.115), we have the bound |a; x| < 2%. Thus

for any x; € [—1,1]¢ and any wso™ € Sf with

t = Z“IW th = aZW’ (10.122)

we have the upper bound

B (12V(b+a0V)

EP [e_fal KXi (wdlsc com)+ (x (wdmc com))Z |w20nt] (10123)
1 —1-2t 1 A _ ] — 44
Sexp(—mzeél—l)exp(z(m4 - mg)el—“)e%’m (10.124)
1 2t
<exp( (€ = 1=20) + —5 (e — 1= dn) + ﬁz) (10.125)

This bound holds for all x; and w(*™ in their relevant support, thus the product in
(10.113) can be upper bounded by this object to the power (N + 1)K. The outer expect-
ation is then irrelevant and we have the final upper bound,

1 | 2%
(N + I)K(ﬁ(ez“ —1-20) + (e~ 1 dn) + ﬁz) (10.126)
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