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Abstract—The MDL estimators for density estimation, which
are defined by two-part codes for universal coding, are analyzed.
We give a two-part code for mixture families whose regret is
close to the minimax regret, where regret of a code with respect
to a target family M is the difference between the codelength
of the code and the ideal codelength achieved by an element in
M. Our code is constructed using a probability density in an
enlarged family of M (a bundle of local exponential families of
M) for data description. This result gives a tight upper bound
on the risk of the MDL estimator defined by the two-part code,
based on the theory introduced by Barron and Cover in 1991.

I. INTRODUCTION

We consider estimators for a mixture family and give a
new method to construct minimum description length (MDL)
estimators [2], [4] for which the risk bound in terms of Rényi
divergence is tight.

Given a data string ™ = z122...z, drawn from an element
pe- of a parametric family M = {py(x)|0 € ©}, we call the
following estimator as an a-MDL estimator in this paper.

p=p(;2") = arg min (— logp(z") + aLn(p)), (1)
pEM

where M is a countable set of densities and the function
L,(p) is a codelength function defined over M satisfying
the Kraft’s inequality. Note that oL, (p) is called parameter
(model) description length and — log p(z™) is called the data
description length given by the model p. The right hand side
of (1), denoted as L, op(2™) is called the codelength of the
a-two-part code associated with this a-MDL estimator. Note
that L, 2., satisfies the Kraft’s inequality over X™. Define

Pazpla") = e Faar @) = (g T D),

Then, p, 2., is a sub-probability density over ™. Here, the
extra factor « is a certain real number not less than 1. Since
this codelength function is determined by «, M and L,, we
call the a-two-part code with this codelength function as «-
two-part code (M, L,,). When o > 1, the following inequality
is known to hold [2], [4] for any A € (0,1 — 1/a).

- .. 1
Epe* d)\(pe* ||p) S an (pG*vpa,Q—p)- (2)
Here
R,(p,q) = By [—logp(X™) — (—logq(X™))].

is the redundancy and d is Rényi divergence [5], [10] of order
A. Note that p and ¢ in the definition can be densities of non
i.i.d. (sub) processes.
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The fact means that the smaller the redundancy of a two-
part code is, the smaller the risk of the MDL estimator induced
by the two-part code is. It motivates us to pursue the two-part
codes with as small redundancy as possible.

Though it is not well known compared to (2), the following
holds provided X™ is drawn from p* [3].

_ 1] 1 p* Xn
Pr{d\(p*||p) — - log#(X)n)
o, 2-p

If p* € M, then log(p*(X™)/pa,2-p(X™)) is bounded upper
by regret of py 2., with respect to (M, z™) defined as

REG(pa,Q—p7 Ma 'Zn) = - lnga,?—p(wn) + logf)(x”)

>el <e M/ (3)

where p is the maximum likelihood estimate in M.
Hence, (3) motivates us to pursue the minimax regret
min, max,» REG(q, M, z™) and the stochastic complexity.
For various parametric families, the asymptotic evaluation of
the minimax regret as below is known [6], [8], [9]:

K n
“log — +1 1/2 1 4
5 108 5 + og/@lJ(G)\ df + o(1), “)

where K is the number of parameters, J(6) is the Fisher
information matrix of 6 and |.J(#)| is its determinant.

In particular for exponential families, the value (4) is
achieved by slightly modified Jeffreys mixtures, whereas for
non-exponential families, usual Bayes mixtures cannot achieve
it. For this problem, it is known that mixtures of enlarged
families of the target M using local exponential family bundle
[1] achieve (4), in particular for mixture families [8], [9],
which are typical examples of non-exponential families.

The minimum worst case regret of two-part codes is larger
than the minimax value, but it is shown in [4] that a sub-
probability density pyo.p,(2™) is shown, whose regret is
asymptotically bounded upper by

K
a(—logn —Hog/ |J(0)*/%d0 — K log a + c)
2 B

Ka?
5
3 &)

when M is an exponential family. Here a and c are arbitrary
positive constants. Note that the quantization of M here is
related to Fisher information of 6. In fact, Griinwald shows
it only for o = 1, but this generalization is straightforward.
Whether we can generalize this proposition to non-exponential
families or not, was an open problem.

+
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In this paper, for mixture families, we establish a new two-
part code which achieves the almost same value as (5) by en-
coding the data string by a density in a local exponential family
bundle of the target M. Here, a local exponential family
bundle is a mathematical notion of enlargement of a parametric
model of probability densities to higher dimensional spaces,
by which the model M is enlarged to the direction of second
order derivatives of logpg. Our result is obtained based on
the fact that there is a density with higher likelihood in the
enlarged model than the maximum likelihood in M when
the empirical Fisher information is different from the Fisher
information. These two-part codes yield the a-MDL estimators
which enjoy tight risk and probabilistic loss bounds, owing to
(2) and (3). In our method, the given data is encoded by a
density in the enlarged family, which is outside of M for
the cases that the empirical Fisher information differs from
Fisher information. This means that the estimate by our MDL
estimator may be outside M.

II. PRELIMINARIES

Let M = {py|0 € © C RE} be a parametric family of
probability densities over a certain measurable set X', and let

po(z™) = [1;_, po(x). For given z™, we define the empirical
Fisher information J(#;z™) by
. 1 o2
Jij(0;2") = —— ———1 "
i) == 50,00, o8P0 ()

Note that J(6;2") = Y7, (9 x1)/n. The Fisher informa-
tion is defined as J(#) = E,, J(6, X).

Let M be a countable set of densities, which may be
independent of M. For n = 1,2, ..., let L,, : M = (0,00) be
a codelength function over M satisfies the Kraft’s inequality:

ZpeM e Lnlp) <1,

Since o 2.p(2") = p(a")e" ) we have
pz") .
REG(pa,2.p, M, 2") = —log +aL(p).
( 2-p ) pé(l.n) ( )

In the chapter 10 of [4], for exponential families, Griinwald
gives ©, which defines M = {py | 8 € ©}. He also gives the
codelength function L, such that for all 6 € ©,

K
Ln(0)=5 logn+log/|J 0)|'/2df — K log a + o(1),(6)

pe@”) 72
pe(l’ ) = 8 " (1)

— log ——+=
hold, where @ > 0 is a certain constant. The quantization
is done as follows, more detail is in [4]. We first construct
a partition of © with hypercubes with side length an~'/%.
Let S represent this partition i.e. © C UgesS, and for each
S € S, Os be the centroid of S N O. Then, we partition
each S € S into hyper-rectangles by using Fisher information
J(0s). Then, we take quantized points based on these hyper-
rectangles. For given 6 € ©, we take the nearest point in ©
as a quantized point for it.

The important properties of this quantization are as follows.
Forall S € S, forall 0 € S,

0 — 05| < VEKan™'/*. (7)
Forall Se Sand 0 € S,

/ T / K a2
(0" —0)" J(0s)(0 ST
where 0’ is an arbitrary point which is in the same hyper-
rectangle as 6 in quantization. This implies that, if ¢ and
0" belong to the identical hyper-rectangle, |0 — ¢'| <
CY2KY2n~12¢/2. (Recall that ¢ is a lower bound on
eigenvalues of J(6).)

Barron and Cover [2] gave a guarantee for the statistical
risk of MDL estimators. In their theory, Rényi divergence of
the order A € (0,1) [5], [10]:

1 g(X)\ 1
_17>\10ng<FX)> :

which can be regarded as a generalized version of the KL
divergence, is employed to measure the performance of esti-
mators. The following theorem is well known.

Theorem 1. (Barron and Cover 1991, Griinwald 2007) Let
o > 1. Consider an arbitrary countable set of densities M.
Let Ly, be an arbitrary codelength function of some prefix code
on M. Then, for all \ € (0,1 — 1/a], the MDL estimator p
of the a-two-part code (M, L,,) satisfies

®)

dx(pllg) =

7 * || 1 *
EX"Np*d)\(p ||p) < ERn(p 7p0t,2—p)-

This theorem is the version by Griinwald in the p. 478 of [4]
with some modification for the notation. The original version
is proved by Barron and Cover in [2]. Further, the following
stochastic upper bound for the loss of MDL estimator [3] is
known.

Theorem 2. (Chatterjee and Barron 2014) Let o > 1.
Consider an arbitrary countable set of densities M. Let L,, be
an arbitrary codelength function of some prefix code on M.
Then, for all A € (0,1 —1/a] and € > 0, the MDL estimator
p of the a-two-part code (M, L,,) satisfies
PRI | pr(X")
Pr{d\(p*||p) - log P (X7
Finally, we introduce the definition of the mixture fam-
ilies and review some properties discussed in [9]. Let
qo,q1, - ,qx be known densities on X. The mixture family
with components qg, q1,- - - , ¢k 1s defined as follows.

> 6} < e—en/a.

M = {pe ’ 0 €0, py(x) = igk(ﬂc(x)}v
k=0

K
o— {9: (61, ,05) € [0,1]K ‘ 3 0k < 1},
k=1
where 0y = 1 — Z,If:l 0r. We assume that each ¢; is

different from one another in terms of KL-divergence. Then,
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the minimum eigenvalue of J() for all # € © is bounded
below by a certain constant { > 0.

Let 0 < 7 < 1/2. To avoid parameters on the boundary of
©, we introduce a subset O, € ©. ©. is a set of §# whose 0,
are in [1,1—7] for all 0 < k < K. We also introduce a subset
of the model M, = {pg |6 e @T}.

The matrix J is always positive-semidefinite. It implies that
—logpg(z) is convex as a function of 6. Further, for all § €
O, zand 1 <i,j <K,

A 1
| i (0;2)] < = )

and hence, for all 61,60, € ©, and all 2", the following two
inequalities hold.

T .
VROl o 2 IOz avRiear ()
2t J(0g;2™)z
e~ 2VE|[01 62|/ - M < 2VEK|01—0s/7 (1D
- ZtJ((gg)Z -

ITII. TWO-PART CODES FOR MIXTURE FAMILIES

In this section, we fix a mixture family M with its compo-
nents qo,q1,- - ,qK. Let éT(x") be the maximum likelihood
estimate of # in O, given z™. Then, the regret related to M.,
is given as REG(pa,2.p, M7, 2") = La,2.p(2")+logpg (z™).
We will prove the following theorem.

Theorem 3. Let a >0, a > 1, 7 € (0,1/2) and 6 € (0,1).
Then for the mixture family, there exists an a-two-part code,
such that the following uniformly holds for all x™,

REG(pa,2-p, M+, 2"™)
K
< O‘(? logn + 108;/ |J(9)|1/2d9 — Kloga + c)
o,

+f(n) +o(1),

where ¢ is an arbitrary small constant and

Ka? _
o = 2 1y Kyt VROT,
Remark. If p* € M., the following inequality holds for all
™.
pa,Q—p(xn)
—log = ey S REG (pa,2.p, M-, ™).

Therefore, Theorem 3 together with Theorems 1 and 2 implies
the risk bound and the stochastic loss bound as follows.

. 1—
EXHNp*d)\(p ||p9(X")) S EREG7

_ 1
Pr{dA(p*Hpé(Xn)) — HREG > e} <emenle

where REG is the right side of the inequality in Theorem 3.

The code is designed by the quantization of ©., we wrote in
the previous section and using the idea of model enlargement
via a local exponential family bundle. The idea of using a local
exponential family bundle to design codes for non-exponential

families in the MDL context was introduced in the literature
for Bayes codes [9]. This idea allows us to achieve a small
loss for the data description by encoding with a density in
enlarged models. Let O, be the quantization parameter space
O., L, be the codelength function on @T which satisfies (6).
Define

V(0;2) = JY2(0)J(0; )T V2(6) - T
and the enlarged model M. as
M ={poe |0 €O, £ REKY,
where

Po,e(x) = po (l‘)ef'v(a?m)—we (E)’

00(€) = 10g [ pa(a)es O,

Note that if £ = 0, pg,¢ corresponds to py and that since
V(0;2™) = >, V(0;2,)/n for a data string 2",

Do) = po(qu)en(f~V(9;I")—w9(f)) :
For fixed 6, the form of py ¢ can be regarded as an exponential
family with the natural parameter &. This definition enlarges
the original model M, at each points # € ©, with an
exponential family pg¢. Since V(0;x) consists of second
derivatives of logpy, this enlarged model is an example of
local exponential family bundles [1].

A. Proof of Theorem 3 for beco,

We use py,¢ to encode z". This means that the estimate of
our MDL estimator may be outside M. We need to encode
¢ similarly to 6. Since ¢ € RF*¥ is a real matrix, it seems
that we need large codelength to do this. However, indeed, we
use only & = 0 or £ with single non-zero value using some
constant u. It gives a particular quantization for £, which we
denote as Z. Using it, we can encode ¢ with small codelength.
Let L(£) be the codelength function for ¢ and included in the
parameter description length. .

We first give a proof for the cases 0(z") € O,. Let f(z") €
O, be the quantized point for . Let ||A|, be the maximum
absolute value of eigenvalues of a matrix A, similarly, || Al
be the maximum absolute value of elements of a matrix A. It
is known that following inequality holds. For A € RE*XK,

Al < VE|Als < KVE]| Al u- (12)

Using ¢ € (0,1), we define the following two sets of data
strings G and G°.

G={a"|0(") €O, |V(0:;2")|lm <5},

G® = {a" | 0(z") € O, |V(;2")||ar > 6}
Here, 2™ € G implies that J(6;z™) is close to .J(f). For this
case, we let £ = 0, i.e. we use py to encode the data. In the

case 2" € G°, we let f = 0 as follows. First note that we can
prove the following, similarly as in [9],

5
2KVK'

NCERINE (13)
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if 6 and 6 is sufficiently close. Precisely, (13) holds under the
conditions; 1) the norm [[V/(0;2")|s is given by a positive
eigenvalue of V(#;2") and

oT
8(K + VKo)’

or 2) the norm ||V (6; z™)||, is given by a negative eigenvalue
of V(f;2™) and

10 — é\ (14)

oT
8(K — VES)

10 — é\ (15)

Since |6 — 6] is bounded by O(n~1/2), these conditions are
satisfied when n is sufficiently large. Let (7,7) be the index
which satisfies |V;;(6;2™)| = ||V (6;2™)|[rr. We let & =
0 for (k,I) # (i,7), and let &J = u or f” = —u so that
£-V(B;2™) = ul|V(B;x™)||ar, where u is a certain positive
constant. To encode f we first indicate whether 2™ € G or
™ € G°. When 2™ € G, we need only this codelength to
encode f When 2" € G¢, we, next, encode the index of
non-zero element (4,j) and the signature of 52] Since wu is
a constant independent of the data, we need not describe its
value. Hence, we can define

L) = {:

over =, where r is an arbitrary value in (0,1). We can denote
the MDL estimator of the code as

0.8 =arg min (~logpoe(e™) +a(La(0) +1(9)))

log 7,
log(1 —r) + log K2 + log 2,

when & = 0,
when £ # 0,

Note that, even if the estimate does not achieve the minimum,
Theorems 1 and 2 hold, and the risk and loss are bounded
upper by the achieved redundancy.

Denoting & - V(x";6) — ¥p(&) as go(§), the regret of our
code is given as follows.

REG(pa,Q—pa M: In)
= —log “0—= —ng;(€) + a(La(6) + L(€)).

ps(x")
Note that the regret related to M, is not larger than the above.
From (6), we have already obtained the L,, term with the form
in Theorem 3. We will give an upper bound for the other
terms. Since (6, &) minimizes the codelength, it is sufficient to
evaluate an upper bound for —log(p;(2™) /pg(™)) —ng;(§) +

aL(g).

First, we give the proof for the case 2" € G. From the
Taylor expansion of —logp é(:x") around 6, there exists a

(16)

dividing point 6’ between 6 and 6 such that

py(a™)

og Pa@) = J(O";2™) (0 - 6).

0—0)T

a7

|3

We want to bound the right hand side. For z € R \ {0}, let

2 = J'/22. By definitions of V(;2™) and ||V s, we have
2TV (0;2™)7

(14 T,

(L + 1V 9 127)|ls)-

T J0;2™)2 = 2T ()2
<2TJ0)2
Therefore, from (17), (10) and (11), denoting é— 0 as Z, We
have
o8 p;(z")
pa(z™)
ge%ﬁ‘z‘sz(é;x”)z

IN

IN

ReRVEELT 1(6)2 (1 + |[V(O)]s)

geg\/?(|z|+\é—9s|)ZTJ(95)Z(1 +VO)s),

IN

where S is the hypercube used in the quantization with bes
and V() is an abbreviation for V' (¢;z").
Therefore, from (7), (8) and (12), for 2™ € G, we have
Pé(xn’) < Ka?
pa(z™) 8
This is the form in Theorem 3. Since £ = 0, i.e. g({) =0 for
2™ € G, we have for 2" € G,

VKON (1 4 K5).  (18)

REG(me_p,M,.%'n)
K
< a(; logn + log/ |7(0)|/2df — K loga — logr)
e

Ka? . .
+ Ta(l + K6)es VRO 4 o1y, (19)

Next, we give the proof for ™ € G°. In this case, since
|[V']]s is larger than §, we can not use the same method as the
previous case. However, similarly to (18), we have

pg(xn) < Ka?
pg(z™) 8

e 2VEO(n/4) (1+ KHV(é; "))
(20)

—log

(0;2™)|| s may be large, but in that case —ng;(§)
in (16) can help. We evaluate the lower bound on g3 (5)

E-V(z" ,0) é(g), and prove that the term —ng; (€) defeats
the ||V ||as term in (20).

Recall that (4, j) is the index of the non-zero element of £
Then ¢ - V(0;z) equals &;V;;(6;x). By definition of (),
we have

Oy (€) _E, V.(6:X
8&]‘ £15=0 Po,0 ( ’ )
= (EPHV(97X))” = 07
825”;2(_5) Ep,  Vij (0; X)? — (Ep, Vis (6; X))
iJ
< Ep, . Vij(0; X)*.
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Therefore, by Taylor expansion around &;; = 0, there exists
& € REXK such that
u2
1/)0(5) < ?Epeﬁg/ Vz‘j(X;Q)z-

Recall that the minimum eigenvalue of J(¢) is not less than
¢ for all # € ©. Then, from (9) and (12), we can prove that

. KVvK
\|J—1/2(9)J(9;x)J—1/2(0)|\Mg C\T/;
for all x and 0 € ©.. This implies that
KVK

Let B = (KvK /(% 4 1)2. Then, we have vy (¢) < u’>B/2.
Therefore,

. N B
95(8) = u|[V(0;2")l|ar — Su?

= B
> ulV@ialae (1~ ————u)
2[|V (6 2) || v
s B
> ul| V(02" (1 = KVE <u)
holds for sufficiently large n, where the last inequality follows

from (13). Now assume 0 < u < §/K\/EB. In particular, let
U = 5/2K\/fB. Then we have,

0
> J—
4KV KB

Therefore, we have the following inequality for sufficiently
large n and all 2™ € G°.

g;(€) 1V (8:2™) |- @1

_ n
pé,é(x ) < Ka2e%mo(n71/4)
py(z™)

=V (B2 e

—log

5 Ka2 gﬁo(n—l/4))
— — —e" .
4KVKB  8n
Since the right hand side of this diverges to negative infinity
as n — oo, the codelength for £ # 0, which equals L(§) =
—log(1 —7) + log K2 + log 2, is negligible for an arbitrary
r, when n is large. It implies that the term L(0) = —logr in
(19) can be set to an arbitrarily small constant c.

B. Proof for the case of 0 ¢ 0O,

In thi§ case, we can not use the technique using (10) and
(11) at 0. However, from the fact that — log pg(z™) is convex,
when 6 ¢ 0, 0, is always on the boundary of ©.. In this
paper, we prove only for the simplest case K = 1. When
K =1ie ©, = [r,1—-7], éT is 7 or 1 — 7. Therefore,
in this case, we first indicate the fact that 6(z") ¢ ©,, then
describe either éT is 7 or 1 — 7, and finally encode the data
using —log p, (2") nats. The codelength to indicate the fact
9 ¢ ©, can be an arbitrary small constant ¢ similarly to
L(0) for the case 6 € O, and the codelength to describe 6,
can be designed to be log 2 nats. Therefore, the regret of this
case is a constant ¢/ + log 2. Comparing to the regret of the

case " € G, this is negligible for large n. We have proved
Theorem 3 for K = 1.

For general cases K > 2, we give only the outline. Similarly
to the case K = 1, we fix to 7 each elements of 6 and
0y, which are smaller than 7. We can indicate these fixed
elements with (K + 1)log2 nats. Let K’ be the number of
elements which are not fixed. Then, the rest part of 0 is on a
K’-dimensional subspace of ©.. By quantizing this subspace
with the same way for ©,, we can encode the data with
the regret related to M., whose main term is («K’/2)logn.
Since K’/ < K, the regret for z™ such that 0 e ©.,, whose
main term is (oK /2) log n, is dominant for large n. Therefore,
we have Theorem 3.

C. Parameters used for the code

We use parameters 7 and § to design a code. We want to
make these parameters small, since large § makes the regret
bound loose and since large 7 makes the range of the true
density small.

These parameters can be designed to decrease as the data
size n increases. Let 1,79 > 0and 7, = n~" /2, §, =n~"2.
In (19), consider O(n~'/%)/7, in the exponent, this have to
converge to 0 as n — oco. Hence, we should design 7,, to be
larger than n='/%, i.e. 0 < r; < 1/4. Further, in (14) and

(15), 8,7, have to decrease slower than |6 — 6] = O(n~1/2).
Therefore, we should let 7o < 1/2 — r1. Moreover, from (21),
since ngé(f) have to diverge, we should design 7,, and J,, so
that nd/B diverges. Therefore, we should let 7o < 1 — 4r.
In conclusion, we should design 7, and ¢, as 0 < r; < 1/4
and 0 < 7y <min{l/2 —rq,1 —4ri}.

IV. CONCLUDING REMARK

There still remains a problem of proving the upper bound
of the regret related to the original model M for all z".
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