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Asymptotically Minimax Regret by Bayes Mixtures
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Abstract—We study the problems of data compression, gam-
bling and prediction of a sequence 2" = x1x>...7, from an alpha-
bet X, in terms of regret and expected regret (redundancy) with
respect to various smooth families of probability distributions.
We evaluate the regret of Bayes mixture distributions compared
to maximum likelihood, under the condition that the maximum
likelihood estimate is in the interior of the parameter space.
For general exponential families (including the non-i.i.d. case)
the asymptotically mimimax value is achieved when variants of
the prior of Jeffreys are used. Interestingly, we also obtain a
modification of Jeffreys prior which has measure outside the
given family of densities, to achieve minimax regret with respect
to non-exponential type families. This modification enlarges the
family using local exponential tilting (a fiber bundle). Our
conditions are confirmed for certain non-exponential families,
including curved families and mixture families (where either
the mixture components or their weights of combination are
parameterized) as well as contamination models. Furthermore
for mixture families we show how to deal with the full simplex
of parameters. These results also provide characterization of
Rissanen’s stochastic complexity.

Index Terms—universal coding, universal prediction, regret,
redundancy, exponential family, Bayes mixture, Jeffreys prior

I. INTRODUCTION

We study the problem of data compression, gambling and
prediction of a string ™ = x1, x2, ..., x,, from a given alphabet
X, in terms of regret and expected regret (redundancy) with
respect to various families of probability distributions. We
evaluate the regret and expected regret of Bayes mixture
distributions and show that it asymptotically achieves the
minimax value when variants of Jeffreys prior are used. Our
results contain generalization of the results in [50], [S1], [14].
Our results provide evaluation of stochastic complexity defined
by Rissanen [37].

This paper’s main concern is the regret of a coding or
prediction strategy. This regret is defined as the difference of
the loss incurred and the loss of an ideal coding or prediction
strategy for each sequence. A coding scheme for strings of
length n is equivalent to a probability mass function g(x™)
on X™. We can also use ¢ for prediction and gambling, that
is, its conditionals g(z;,1|x") provide a distribution for the
coding or prediction of the next symbol given the past. The
minimax regret with respect to a target family of probability
mass functions S = {p(-|f) : 0 € O} and a given set of
parameters K C O is defined as
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where K denotes the set {z™ : 6(z") € K}, which is the
set of strings for which the maximum likelihood estimate
g is in K. Typically K is either all of © or a subset that
excludes points near the boundary. The maximum is taken for
all strings =" in K. The regret log(1/q(z")) —log(1/p(x"|0))
in the data compression context is also called the (pointwise)
redundancy: the difference between the code length based
on ¢ and the minimum of the codelengths log(1/p(z™(6))
achieved by distributions in the family. Also, log(1/q(z™)) —
log(1/p(x™]@)) is the sum of the incremental regrets of pre-
diction log(1/q(z;11|x%)) — log(1/p(xiy1|xt,0)), with what
is sometimes called the log-loss. This regret is also called
the pointwise regret, to emphasize the distinction from the
expected regret also discussed below.

The heart of our analysis is the consideration of Bayes mix-
tures and the use of the Laplace method to approximate them.
A Bayes mixture takes the form ¢(z") = [ p(z"(0)w(0)d6,
also called the Bayes factor or the marginal density of z"
obtained by integrating out ¢ from the joint distribution.

Though certain coding and prediction settings have a dis-
crete alphabet X', we are interested in minimax regret problems
also for continuous spaces X. Then the p(z™|0) as well as
q(z™) are understood to be probability density functions with
respect to a given reference measure.

For the case that S is the class of all discrete memoryless
sources, it was proved [51] that the minimax regret asymptot-
ically equals (d/2)log(n/2m) + log C;(K) + o(1), where d
equals the size of alphabet minus 1 and C;(K) is the integral
of the square root of the determinant of the Fisher information
matrix over K. An important point in the above is that K is
taken there to be O itself, i.e. we do not have to have any
restriction for the sequence z". To obtain this asymptotically
minimax regret, they use sequences of Bayes mixtures with
certain prior distributions that weakly converge to the Jeffreys
prior. The reason why one needs such variants of the Jeffreys
prior is as follows: If we use the Jeffreys prior, the regret is
asymptotically higher than the minimax value, for " such that
0 is near the boundary of ©. Priors which have higher density
near the boundaries than the Jeffreys prior give more prior
attention to these boundary regions and thereby pull the regret
down to not more than the asymptotically minimax level.

In this paper, we provide such regret results for more general
parametric families of densities. For exponential families of
arbitrary dimension, the Jeffreys mixture is shown to be
asymptotically minimax, if K is a compact subset included
in the interior of ©. A boundary modification is shown to
produce a variant of Jeffreys mixture asymptotically minimax
for K = © in the one-dimensional exponential family case.
For general smooth families that are not of exponential type,
we find that any Bayes mixture that uses a prior restricted
to the family is not asymptotically minimax, but a slight
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modification (enlargement) of the family allows for priors
for which the regret of Bayes mixtures does achieve the
asymptotically minimax value.

The related problem of minimax expected regret (redun-
dancy), which is defined as

)
p(z"|0)
was studied by Clarke and Barron [14]. They considered fairly
general classes of i.i.d. processes and showed that the minimax
expected regret asymptotically equals (d/2)log(n/2we) +
log Cy(K)+o0(1), when K is a compact subset of the interior
of ©. Moreover the expected regret is related to the value of
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using the target code length with 1/p(z"|0) instead
of 1/p(2™|f). It has a corresponding minimax value
(d/2)log(n/2m) + log C;(K) + o(1). Preceding work [51],
[50] evaluated the minimax expected regret for the class of
discrete memoryless sources and showed that sequences of
slightly modified Jeffreys mixtures achieve the minimax value
asymptotically for the whole probability simplex ©. As we
shall see, the answer for the minimax regret and the minimax
expected regret are similar.

To obtain the minimax regret results, we employ the Laplace
integration method, which was used by [13], [14] to evaluate
the expected regret of the Bayes procedures. Especially in [14],
they succeeded to uniformly evaluate the expected regret by
the Laplace integration for compact subsets K of ©°, the
interior of ©. To handle all of ©, careful modification of
the Laplace method is required to handle behaviour near the
boundary.

Since the Jeffreys mixture achieves asymptotically the min-
imax expected regret, one might expect that it also achieves
asymptotically the minimax pointwise regret. However, it does
not in general. Namely, we can see that for processes which
are not exponential type, the worst case regret of the Jeffreys
mixture is asymptotically higher than the minimax value, even
if strings are restricted such that the maximum likelihood
estimate (MLE) is in the interior of the parameter space.

The reason follows from examination of the Laplace ap-
proximation to the Bayes mixture density. This leads to an
approximation to the regret of the Jeffreys mixture which
converges to the minimax value, if and only if the difference
between the determinant of the empirical Fisher information
matrix and that of the Fisher information matrix at the MLE
converges to 0. For exponential families, the empirical and
expected Fisher informations are the same, hence the Jeffreys
mixture is asymptotically minimax. The situation is different
for families which are not exponential type, for then there exist
sequence " for which the determinants of these matrices are
asymptotically different.

Even though the Jeffreys mixture is not asymptotically
minimax, we can obtain an asymptotic minimax regret, by
a modified Jeffreys mixture obtained by adding a small
contribution from a mixture of an enlarged set of densities,
whose dimension is higher than the original set. The added

components deal with the strings for which the empirical
Fisher information differs from the Fisher information. When
the original set is a curved exponential family embedded in an
exponential family, we have the option to use that family as
the enlarged model. Furthermore, this method can be applied
to non-i.i.d. families under certain assumptions.

Our result about minimax regret provides an alternative way
to evaluate, more generally, the stochastic complexity in Rissa-
nen [37], where he used the normalized maximum likelihood.
Our results show that the codelength of the minimax strategy
retains asymptotically the mixture codelength interpretation of
earlier incarnations of his criterion. The work [6] shows that
in some cases the exact minimax strategy has a signed mixture
interpretation without resorting to asymptotics.

The codelength of a code based on a mixture g(z") =
Sy p(z™]0)w(0)dO has Laplace approximation (for 6 away
from the boundary of K) given by
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log o) log p(x"|é) + 5 log o + log w(é) ,
where .J (é, x™) is the empirical Fisher information, defined as
(1/n) times the second derivative matrix of the minus log-
likelihood, evaluated at the MLE 6. With Jeffreys prior in
which w(6) is proportional to |.J(6)|'/2, the Laplace approx-
imation for log(1/q(z™)) is
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Accordingly, the regret of the code based on Jeffreys prior
takes the approximation form
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Our modification of ¢(z™) by enlargement of the family with
an associated modification to the prior shows that

1

remains the asymptotically minimax regret even though in the
non-exponential family cases there are sequences " for which
1og(|j(é, :1:")|/|J(é)|) does not converge to 0.

This presents a challenge for the formulation and analysis of
our asymptotic minimax procedures with the maximum of the
regret taken over all 2™. In contrast the minimax expected
regret is easier to achieve because the expectation washes
out the effect of .J different from .J. In either formulation,
with log(1/p(2™|0)) as the target, the minimax value takes
the asymptotic form (1).

In Section II, we formally introduce the notion of minimax
and maximin regret. Section III gives keys to the bounds. In
Section IV, we give the lower bound on the maximin regret for
general smooth families in the i.i.d. setting (Theorems 1 and
2) and for families of non-i.i.d. densities (Theorems 3 and 4).
These hold for any subset K of © with finite Jeffreys integral.

d n
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Likewise, in Section V, we give corresponding upper bound on
the minimax regret for general smooth families with a compact
subset K in the interior of ©® (Theorem 5), which incorporate
the discussed innovations. In Section VI, we provide various
types of families as concrete examples, including certain
curved exponential families and certain mixture families that
are not representable as exponential families.

II. PRELIMINARIES

Let (X,B,v) be a measurable space with a reference
measure v, assumed to be sigma finite (such as counting
measure or Lebesgue measure). Let S = {p(-|f) : 0 € O}
denote a parametric family of probability densities over X
with respect to v. Assume that © C R¢. We let p(2"|6) de-
note [[1; p(x;|6). Also, we let v(dz™) denote [ v(dx;).
Here, we are treating models for independently identically
distributed (i.i.d.) random variables. (Section IV treats certain
non i.i.d. cases.) We let Py denote the distribution function
with density p(-|f) and Ep denote expectation with respect to
Py.

Define the Fisher information matrix by

0% logp(x|0
T (6) = E"(_ aeiaéj| ))'

(We let log denote the natural logarithm.) We assume that .J(6)
exists and is strictly positive definite in the interior of ©. Let

K denote a subset of ©. We let C;(K) def J5c 11(0)[/2d8,

which we call the Jeffreys integral on K. Our interest is in
cases in which C;(K) is finite. The Jeffreys prior over K is
a prior distribution with density function

[ J(0)]'2
0) = ————
wi () Cy(K)

Define the Jeffreys mixture for K as

/ p(z™|0)wk (0)do.
K

We also introduce the empirical Fisher information as a
function of z":

K (0).

mg(z") =

-1 9?logp(x"|0)

n 00° 007
Note that J;;(#) = FEg[J; ;(f)]. Moreover, in the present
iid. setting, Jij,(0) is near J;;(f) with high probability
for large n, by the law of large numbers, when .J;;(0) is
finite, if we were to have the X; distributed according to
Py. We work with the arbitrary sequence perspective, so the
empirical J;;,,(#) need not be close to .J;;(#). Nevertheless
we will find a role for the expected value formulation of Fisher
information in characterization of the minimax regret among
arbitrary sequences.

Let A(z") be the maximum likelihood estimate (MLE),
which is

Jij(0) = Jijn(0) = Jij(0,2™) =

"16).
arg maxp(a"|6)

More strictly, we define 6 to be an element of the set {6 :
p(z™]0) = maxg p(a™|0)}. For the case where this set has

more than one element, we presume there is an arbitrarily
specified rule to choose one element.

For example, in the case of Bernoulli sources, we have 0 =
>or_, x;/n, where 6 is the parameter denoting the probability
that “1° occurs. The function 6 mapping each z" in A" to the
value 0 (™) is the maximum likelihood estimator. In the above
case of Bernoulli sources, é(:c”) is defined on the whole X™.
However, in certain cases, there may exist strings for which
max p(z™|0) does not exists. In such cases, we restrict the
domain of @ to the set of 2’s such that the MLE does exist.

We introduce the notion of minimax regret and maximin
regret. Let /C,, denote a fixed subset of X™. Let P,, denote
the set which consists of all probability densities over X" with
respect to the fixed sigma-finite reference measure.

For sample size n and set K,,, define the maximum regret
of a ¢ in P, (denoted by 7,,(q,K,,)) as

p("0)
q(x™)

p(a"|0)
q(zm)

7n(q,Kn) = sup suplog

ek, 0€0

sup log
e,

and the minimax regret as
fn(lcn) = qiengn fn(qv Icn)

For each ¢ € P,,, the minimum average regret for sample size
n denoted

. " p(z"(0) n
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is achieved by ¢ = g. We define the maximin regret for the
set IC,, as

r,(q) =

where Px, is the set of all probability densities supported on
K.

By the above definitions, 7, (K,,) > r,,(K,) holds. (In fact,
n(ICn) = 1,,(ICy,) holds [39], [51].) In this paper, we usually
consider the minimax regret problem for the following form
of the set IC,,: given K C O,

Kp=X"(K)={z":0¢eK}.

Next, we remind the reader of the notions of the minimax
and maximin value of expected regret (redundancy). Let a
sample size n and a parameter set K be given. For each
q € P,, we define the maximum expected regret (denoted
by R,(q, K)) as

R, (¢, K) = sup Ey (log p(@"10) )

veK q(z")
and the minimax expected regret as
Ry (K) = inf Ry(q,K),

qEPn

where Ejy denotes the expectation with respect to p(z™[6). Let
Q(K) denote the set which consists of all prior probability
measures over K. For each prior w € Q(©), the minimum
Bayes expected regret for sample size n denoted

Ru(w) = [ o (tog 2 Yuan
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is achieved by ¢(z") = m(z") = [ p(2"|0)w(df). We define
the maximin expected regret for the parameter set K as

B,(K)= sup R,(w).
weN(K)
We also have R, (K) > R, (K). (In fact, R,(K) = R,,(K)

holds [17], [25].)

Finally, we note some terminology. We let 14 denote the
characteristic function of a set A. We write o(1) for an
expression upper bounded by a positive quantity tending to
zero. In the proofs, we denote certain positive constants by C;
(2=1,2,...), where 7 is ‘local’ in each proof.

III. THE KEY TO HANDLING WORST CASE REGRET

The notion that the worst case regret is the same asymp-
totically as an average case regret should come as a surprise.
Indeed, if one inspects the worst case regret of an average case
optimal procedure, e.g. with the Jeffreys mixture, there will be
strings for which the worst case performance of the procedure
is quantitatively different in its asymptotics than the average
case performance.

To succeed in bringing the worst case regret value down to
the average case optimum requires a sequence of somewhat
new specialized procedures. These specializations are modifi-
cations of Jeffreys mixtures that address two difficulties. One
is that Laplace approximation is no longer valid for strings
for which the MLE 6 is at or very close to the boundary
of the parameter space. That is a familiar issue, addressed
by modification of the prior to give small additional prior
weights to parameter values near the boundary. Such boundary
modification was needed in the special case of [50], [51].
Here we provide an improved near-boundary fix by using a
multiplicative correction factor for the prior. This improved
correction factor comes from the probability of K assigned by
a normal distributions that arises in the Laplace approximation.
This just-right probability correction factor from Laplace ap-
proximation is near 1 away from the boundary (by an amount
of larger order than 1/4/n), and typically approaches 1/2 as
the parameter approaches the boundary (at a rate faster than
order 1//n).

The more fundamental difficulty is the discrepancy between
the worst case and average values of the regret of mixture
procedures that can exist even when 0 is in the interior,
which, as exhibited above, is due to individual strings having
(1/2) 1og(|j(é)|/|J(é)|) not near zero when not in an expo-
nential family. We present and analyze ideas to overcome that
difficulty which were initiated by the authors as discussed in
(401, [71, [5].

For general smooth families we form a direct enlargement
by a exponential tilting using linear combinations of the entries
of the differences J(6) — .J(6). It is formed as

p(z"0, B) = p(x”|Q)e"ﬁ'(j(e)"](e))*wn(e-ﬂ) )

Where 3 - M for matrices 5 and M denotes the Frobenius
inner product (the sum of products across all d? entries).
The idea for this enlargement in addressing minimax regret
originate in preliminary form in [40], [7] as informally dis-
cussed in [5], [43]. Here ¢, (0, 8) is the log of the required

normalization factor, so that p(x™|6, 3) sums (integrates with
respect to v™) to the value 1 for every § € K and every [
in a neighborhood around 0. The prior assigns most of its
weight to a Jeffreys prior on 6 (with 3 set to 0) and small
weight on a smooth prior on (6, 3) with 3 in a neighborhood
of 0. Now demonstration of the success of this modification
is based on demonstration of increased likelihood beyond that
which is available at 3 = 0 when .J(0) — J(0) is not equal to
0. Indeed, as we show in Section V, the contribution to the
mixture from 3 with 3 (J(0) — J()) positive is sufficient to
increase the value of m(z™) to again overcome the discrepancy
in (1/2)1og(].J(8)|/]J(6)|) from Laplace approximation.

We have a somewhat different modification that can be used
in the case of curved exponential families embedded in a full
exponential family as developed in examples in Section VI.
For both of the modifications we study, there is, in the analysis,
the consideration of values of 3 in a neighborhood of a small
multiple of .J(§) —.J(#) which are sufficient to accomplish our
objectives. We see the similarity of effect. In both cases there
is opportunity to create a likelihood increase from a suitable
linear combination of these statistics.

These ideas emanate from an underlying principle. Of
importance in smooth statistical families is the parametric
enlargement

p(z"0,3) = (3)

where Vlogp(z™]0) is the score function at 6 and 1,,(6, 3)
is the log normalizing constant near (1/2)3'J(6)3 for small
(. Traditionally such a family arises in local asymptotic
expansion of likelihood ratios, evaluated at a perturbation 6+ (3
of a given 6, as used in demonstration of local asymptotic
normality [30], [33], [36]. In Amari’s information geometry it
is a local exponential tangent to the family at 6. Again, in this
setting, a prior can be put jointly on 6 and 3, where most of
the prior weight is concentrated at 5 = 0 with Jeffreys prior
on 6.

The use of the first derivative of log p(x™|6) in the exponent
would seem to produce a different sort of enlargement than
occurs with equation (2) which uses the second derivative.
Nevertheless, improvement in m(z™) still arises by suitable
characterization of the increased likelihood available with the
enlarged family. For each small 5 the maximum likelihood
value éﬁ achieving maxg p(2™|0, 3) in (3) satisfies the ap-
proximate relationship

p(z"|03, B) = (4)

to within term of order n|S[* in the exponent. This is the
desired effect, where 8y = 6 here is the MLE in the original
family and 95 is the MLE in the tilted family (3). The
likelihood is larger at some non-zero § than at 8 = 0 provided
BT(J(6) — J(6))B can be strongly positive, or equivalently
provided J(0)(J(A))~! has some eigenvalue greater than
1. Consequently, when (1/2)log(|J(8)|/|.J(6)]) is positive
(which is the only case of concern) optimization in this
tangent family is sufficient to realize similar likelihood gain
to optimization in the family tilted by second derivatives of
log-likelihood.

p(a" |9)85-V log p(ﬂﬁ“W)ﬂljn(G-ﬂ)7

p(z"|dp)e /DB (1(B0)=1(80))8
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This provides an enlargement of parametric families by
exponential tilting using score functions suitable to endow
the family with the property we need, comparable to the
curved exponential family case. Analogous conditions are in
Amari and Nagaoka [3], who use tilting by first and second
derivatives. A distinction thought is that he is considering local
families with a fixed true # whereas we are considering the
joint family parametrized by 6 and /.

For general families in the present paper we use the enlarge-
ment of the form (2) in our analysis, now further motivated
by the connections to locally asymptotically normal familiers
we have discussed here.

IV. LOWER BOUNDS

Our targets are fairly general smooth parametric families
under some conditions and some classes of non-i.i.d. stochastic
processes. First we describe our results about lower bounds.

A. Lower Bounds for General i.i.d. Families

Let § & {p(-|0) : & € O} be a family of probability

densities with respect to the reference measure v, with a d-
dimensional parameter . Assume that © C R¢ and let ©°
denote its interior. We use K to denote subsets of ©, with
particular interest in sets for which C;(K) is finite and for
which the boundary measure of K is zero. We handle both the
case of bounded sets K (Lemma 1) and more general cases
of possibly unbounded sets K (Theorem 1).

For each 0 > 0, define Mahalanobis neighborhoods of 6 &
© as

Bs(0) =1{0' € ©: (0 —0)'Jp(0' —0) <%}

We employ the assumptions described below.

Assumption 1: The density p(x|0) is twice continuously
differentiable for § € ©° for every x. Moreover, for every
0 € ©° there is a r = r(6) such that, for every i, j,

Eqy (&)

sup
0’€B,.(6)

| Jij.1(0') |1

is finite.

Assumption 2: The Fisher information .J(#) is continuous
and positive definite in ©°.

Consequences of continuity and positive definiteness are
that the following two quantities tends to 0 as § — 0 for
any 6 in ©°

78]/
sup ————7 — 1 (6)
ocBs(0) |J(0)]'/2
and
t
sup max 2 J(0)z 7

0’€Bs(0) z#0 ZtJ(Q/)Z B

Since J(#) is symmetric and positive definite it has a real
eigendecomposition with positive eigenvalues. Taking the pos-
itive square roots of the eigenvalues provides representation of
the principle square root matrix .J (9)1/ 2 and taking their recip-
rocal provides representation of J(6)~!. With .J(6) continuous

these inverses and square roots remain symmetric and contin-
uous in 6 ([28],p.411). Armed with these we can standardize
the empirical Fisher information as J(8)~1/2.J(#").J(6)~/2,
which has expectation equal to the identity matrix I at 8’ = 6.

From the continuity from Assumption 2 and the domination
(finiteness of expected supremum) from Assumption 1, it
follows by the monotone convergence theorem that for every
i, the following quantity also tends to 0 as 6 — 0, for each
0 in ©°,

Ey sup +((J(0)"V2L(O0,2)(0)7 )iy — L),

0’€Bs(0)

®)

where the + indicates that the statement is true with each
choice of sign.

Assumption 3: The maximum likelihood estimator 6 is a
consistent estimator of 6, for each 6 in ©°, so that

Po{[|0(z") = Olls(0) > 8} = o(1),

for each § > 0.

Remark: We give a demonstration of consistency under suit-
able conditions in Lemma 18 in the Appendix. Assumptions 1,
2, and 3 are related to the conditions pioneered by Cramér (see
p. 501 of [15]) for local asymptotic properties of maximum
likelihood estimators building on earlier assumptions by Wald
[47] for consistency of the maximum likelihood estimator.

Assumption 4: The set K C O has positive and finite

Cy(K) = /K 17(0)[+/2dp

and the measure of K \ K° is zero.

We remark that the zero measure condition is to make
Cy(K°) = Cy(K). Tt is clearly satisfied if K is open or
if K is a closed set with boundary measure zero.

From the theory of finite measures, convergent functions
are uniformly convergent except in sets of arbitrarily small
measure. Consequently, as elaborated in the appendix, if
Assumptions 1,2,4 hold, then, for any ¢ > 0, there is a § > 0
and a good set G of parameters, such that for all § in G the
quantities in (6) and (7) are less than €, the expected suprema
in (8) are less than €/(2d) and the Jeffreys measure of the
complement of G, which is [, [J(0)[*/%d0, is less than
€ CJ (K)

Moreover, using a law of large numbers, it is shown in the
appendix, as a consequence of the expected suprema being
less than €/(2d), that for 6 in G,

IO, x™)z

Fs (mf ztJ(0)z

in <1- e) =o(1)
270 0'€ B (0)

(C))
as n goes to infinity.

To see the connection with the standardized empirical
information, note that the infimum here among z is the same
as

inf inf ¢'J(0)"V2J(0)J(0) /2
C:HCH:W’GBa(@)< (6) (6).7(6) ¢
as can be seen by setting ¢ to correspond to .J (9)1/ 2% divided
by its norm.

Two lower bounds related to maximin regret will be given.

The first, using Assumption 1, is a general lower bound
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showing the asymptotically validity of the (d/2)log(n/27) +
log Cy(K) expression, but it somewhat less constructive. It
uses the fact mentioned above that convergent functions are
nearly uniformly convergent, so there exists a good set GG
with the indicated properties, while having a small Jeffreys
measure for its complement. Also, as we said, it uses a law
of large numbers for a sample average of such suprema, but,
assuming only the finite expectation, there is, in general, no
assurance of rates of approach in such a law of large numbers,
and this translates to a lack of explicit rate of approach in the
general lower bound. Moreover, for the purpose of obtaining
the general lower bound on the minimax value it suffices to
appeal to an approximation argument with Jeffreys mixtures
that live on G.

The other lower bound we give is specific to the use of
the Jeffreys prior on K without modification. In that case a
stronger condition, refining Assumption 1, will be used with
finite expected square (to permit application of Chebyshev’s
inequality for control of rate of convergence in the law of large
numbers), as well as a continuity assumption of the expected
suprema, to get uniform convergence (uniform closeness to
zero of the expected suprema) within any compact subset
of K. Armed with this more refined Assumption 1’ (to be
specified later below) we have more explicit control of rates
of approach to the maximin value.

Now let A C K be a parameter set to which Lemma 1 will
appeal. This set A can be the good set GG as discussed above,
whose existence is a consequence of Assumptions 1, 2, and 4.
Or if K is compact and additional assumptions are satisfied
we may have A = K.

Define
24 J(0)z
s(A) =sup sup max —— — 1, (10)
m.s(4) 0cA 0’ cBs(0) 770 2t J(0")2
EICAIRS
M2,5(A) =sup sup ——7 —1, (11)
)= S IO

and, similarly, let ng 5(A) be 2d times the following supremum

sup By sup  +(J(0)"Y2J.(0',2)J(0)"Y2) i — Lij).
0€A  0'eBs(0)
(12)

As previously mentioned the 2d factor is so that when this
10,6(A) < € the conclusion of (9) holds.

We extract nice sets within © x X", which we will use in
obtaining lower bounds on the maximin value. Define

B ={(0,a"):0.0(z") € K, [|6 = 0(z")|| s0) < 6/4}

t7(p! m
24 J(0, x )Z21—6}.

/:{(9,17");96/1, AT
(13)

inf in
0/€Bj5() 20

Here, for any subset G of © x X", we let G,» and Gy denote
the section of G given =™ and 6, respectively, that is,
gLE" = {9 : (6‘,1‘”) (S g},
Go = {z" : (6,2") € G}.

Now fix a pair (¢,2™) € .#". We show that the section %,
is included in Bs(6). Assume 6’ € %B,n. Then,

116" — 0] 0y < /4
holds. Likewise, since (6,2") € A,
1160 — 81| 56y < 5/4.

Since 0,60" € B.n, and 6 € A we have, by the definition of
s = M,s(A),

16" = 0]156) < (1 +1.5) 210" = Ol] 50y < 6/2,
assuming 71,5 < 3. Whence
10" = 01110y < 9,

which means 6" € Bs(#) and %B,» C Bs(0). By this, if 2™ €
Ny and (6,2™) € A, the following holds,

tAG/ n
7/2‘]( » & )Z>1—6.

2tJ(0)z  — (14)

min min
0'€Bpn z7#0

We can prove the following Lemma, which is the heart of
our main results for the lower bounds.

Lemma 1: Let S = {p(-|f) : 6 € ©} be a d-dimensional
family of probability densities. We suppose that Assump-
tions 1-4 hold for S. Let 0 < € < 1 be given and assume for a
specified A C K that there is a § > 0 such that 79 s(A) < e.
Assume also that 77 5(A) < 3 and let 12,5 = 72,6(A). Define
a probability density m;s supported on the set

As = {a™: (N N B)gn £ 0} C K,

by
msa) = [ paOua@e, a9
(AN NB) zn
ma(xn):m%: : (16)
where
C’nz/m(;(x")u(dx") 17)
K
Then

p(z"[6) (1 — %20, (A)nd/?
E,.1 > ] — o1
C sy = T Ut s em?

holds as n goes to infinity.

Remark: The support of the density ms is the set of ="
such that the section (A" N %), is not empty.

Proof: We have

p(a"]6) p(a"|6)
mes(z™) mes(z™)

Note that the log likelihood ratio in the first term of the
right hand side is positive, while log(p(x™|0)/ms(z™)) can
be negative.

E,n, log +log C,,.

= Ep, log

(18)
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For the first term. we have

Epn, log (6(""9;

B ,cmé‘( Lo ,756(90'3; (da”)

~C, / / oy 21O wA(@)d@lOggEjg;JS%y(dxn)
:C 0 [/wﬂ@)g (z"16) 1o ii:gf;wdx") do.

Here, using the sections, reversed order integration is possible
by the Fubini-Tonelli theorem because of positivity of the
integrand.

Let i(f) denote the quantity in the brackets [ ]. We will
show a lower bound on (#).

Note that 2™ € (A N A)y is equivalent to (6, z™) € AN
% and to 0 € (A N B),n. By Taylor expansion of the log
likelihood ratio around f under the condition that z" € (AN
Ay, we have

mes(a™)
p(z"0)
n|p’ /
(¥B)on p(z7]0)
:/ efn(e’fé)tJA(G”,zn)(Glfé)/QwA(9/)d9/,
(AN NB)

where " is a point between § and ¢'. Since 2" € (A NAB)g,

we have 0 € (A N AB),n. Now

wA(G’)
max
0'eB5(0) wa(0)

< (1+m2,5)

and

t 70! n
. o2t JO ™)z
min m1n¥>l—e

0'€Bs(0) z#0  2tJ(0)z
hold for 0 € A, where 125 = 12,5(A). Hence we have for all
" € (AN N B,
m(;(:c”)
p(z"(0)
<(1+ 77]6)’UJA(9)/ e n(1=e)(8'=0) T (6)(8'~0)/2 59/
<(1+m 6)wA(9)/efn(lfe)(e’fé)tJ(H)(H’fé)/Qde/
_ (A +mps)wa(0)  (2m)4?
(1— )2 nd2]J(0)[1/2
(A +ms)  (2m)®?

B (1 —€)4/2nd/2C;(A)’
Hence, for all 0 € A, we have

(1 — )¥/2C,(A)n/?
(14 1m2,5)(2m)/2

i(6)>1og /W o),
NA)e

which implies

/ wa(0)i(0)d0
K

(1 — e)d/ch (A)nd/2 = (M n
2(10g (1 + 12.5)(2m) /2 )/’Cm(‘f Jv(dz")
:(log

(1- e>d/20J<A>nd/2) .
(L +me)(2m)?/2 /7"
Dividing both sides by C,,, we have
p@"f) (1= Y*Cs(An/?

ms (") ~ (14 n2,5)(2m)4/2

Now we will proceed to a lower bound on C,,. We have

=L

_ / / p(a"10)(da™ Ywa (6)d
K J(/nB)
ZAPQ((WQQ)Q)MA(H)dH

E,,s log (19)

(z"™0)wa (0)dOv(dz™)

> [ (P + Po(B0) = Dwa@)dd @0
K

:/O(PG(J%)+P9(%9)—l)wA(G)dH, @1

where the last equality holds because the boundary of K is
assumed to have zero measure. Here, because of (9),

Py(Ag) = 1—o(1)
holds as n goes to infinity, for each § € A. Now
By = {.’L‘n .0 € 35/4(9) ﬁK}.

For 6 on the boundary, the probability of this event generally
converges to number less than one. But for # in the interior,
the consistency implies that 0 is in K with probability tending
to 1. Hence for each 6 € K°, we have

Pg(ggg) =1- 0(1)

as n goes to infinity, because of Assumption 3. Obviously,
C,, < 1. Together with (20) and the pointwise convergence of
Py(A9) and Py(Ay) to 1, by Fatou’s Lemma (or the dom-
inated convergence theorem) we have that liminf,, C, > 1.
Thus

Cn=1-0(1) (22)

as n goes to infinity. Hence, with (18) and (19), we have

Emg log p(ac"|9) > log (1 — E)d/2cJ(A)nd/2 _ 0(1)7
ms(z") (1 +12,6)(2m) 4/
as n goes to infinity. The proof is completed.

Now we state the theorem about the lower bound on the
maximin regret for general i.i.d. families.

Theorem 1: Let S = {p(-|0) : 6 € ©} be a d-dimensional
family of probability densities. Suppose that Assumptions 1-3
hold for S. Let K be a subset of © (possibly K = ©) which
satisfies Assumption 4. Then the following holds

d
lunmf( 2(K) = 5 log %) > log Oy (K).

n—roo

(23)
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Remark: This theorem allows for © and K to be unbounded
as long as Cj(K) is finite.

Proof of Theorem 1: We are given K C © satisfying
the finite C;(K) assumption. Let ¢ > 0 be arbitrarily
small. We have the existence of the set A = G for which
Jr_qwk(#)dd < e and within which the properties of
convergence to zero of expressions (6), (7) and (8) hold
uniformly within G. This is an appeal to Egorov’s theo-
rem for finite measures that pointwise convergence implies
uniform convergence except in a set of negligible measure.
Accordingly, we can arrange positive ¢ sufficiently small that
Mms(A) <€ <3, ms(A) < e and 195 < e. As detailed
in the appendix, the last inequality implies the in-probability
behavior (9). By Lemma 1 we have a procedure providing a
lower bound on the maximin regret

(1—e)?2C;(A)n/?

r,(K) = log Tt ma) i~ o(1)
Accordingly,
lim inf [fn(K) —(d/2)log %}
is at least

log Cy(K) 4+ (1 +d/2)log(1l — €) — log(1 + ¢).
Now since e is arbitrarily small it implies that
lim inf [fn(K) —(d/2)log 22 > log Cy(K).
v

This completes the proof of Theorem 1.

Under the following stronger assumptions than those for
Theorem 1, we can obtain a lower bound on the average
regret for mixtures using Jeffreys prior on all of K, when
K is compact.

Assumption 1': The density p(x|f) is twice continuously
differentiable in 6 for all z, and there is a ¥ = 7(K) > 0 so
that for each ¢, j and every 0 € K,

Ey

sup 24)

07:16"—6|<r

| Jij.1 (0]

is finite and continuous as a function of 6 for r < 7.

Assumption 2': J(6) is continuous and positive definite in
©. Furthermore, the gradient Vlogp(x|f) has expectation
E[Vlogp(X|0)] = [ Vp(x|8)dz equal to zero with covari-
ance matrix

1(0) = Ep[V log p(X|0) V" log p(X|0)]

also finite and continuous in ©.
Here 1() and J(6) are the two forms of Fisher Information.
Usually I(6) equals J(0), though we do not need that here.
Assumption 3': The maximum likelihood estimator 6 is a
consistent estimator of 6, indeed consistent uniformly in K,
with tail probability tending to zero faster than 1/logn, that
is,

sup Py{|0(z™) — 0] > 6} = o(1/logn),
deK

for each 6 > 0.

Demonstration of consistency, indeed with tail probability
tending to zero at rate O(1/n) is given in the Appendix under
sensible conditions.

Assumption 1’ differs from Assumption 1 because of the
presence of the square of the empirical Fisher information in
(24). With Assumption 1’ using Chebyshev’s inequality we
can obtain the following property which strengthens (9)

2LJ(0, 2™)z

maxpg(lnf Z(0)7

in
0eK 270 67:16'—0| <6
= O(1/n).
Lemma 2: Under Assumptions 1/, 2/, 3', \/nJ(0)'/2(0—0)
converges in distribution to a mean zero normal random vector

and there is a constant ¢ such that the following inequality
holds for any positive b,

max Py (vl 7(0)'/2(6 = 0)]| > by/Togn)

g1—e) (25)

c
< .
~ b2logn * 0(1ogn)

The constant ¢ equals maxge g trace(J(6)~11(6)) which is
the dimension d, the trace of an identity matrix, when I(6) =
J(0).

This Lemma 2 is proved in the Appendix.

Let K5 = {0 € © : B(0,5) C K} be the § interior of
K, where we are using the ordinary Euclidean ball B(6,r) =
{0/ € R?:||¢’ —0|| < r} and let K \ K be the corresponding
0 shell of K. (Here we could have used the ellipses based
on J(0) in place of Euclidean balls in defining an analogous
shell.)

Assumption 4': The set K C © has positive and finite

Cy(K) = /K 17(6)[/2d6

and, with §,, of order v/logn//n, the contribution of the shell
fK\K% |J(6)|'/2d6 is of order o(1/logn).

Note that, if the boundary of K has finite surface measure,
then the measure of the § shell is of order ¢, which is of order
V1ogn/+/n with the chosen d,,, so the shell measure vanishes
at rate much faster than the required o(1/logn).

The asymptotic lower bound of Theorem 1 was established
by using a code distribution (16) analogous to the Jeffreys
mixture code, but with modification by restriction for each
2" to 0 in (BN AN )yn. It is of interest to know whether a
Bayes mixture using Jeffreys prior on all of K has the same
asymptotic lower bound. The next result (Theorem 2) shows
this to be true for compact K with slightly more stringent as-
sumptions. Indeed with these assumptions the Jeffreys mixture
provides a lower bound which is as good as the asymptotically
maximin value.

Theorem 2: Let S = {p(-|f) : 6 € ©} be a d-dimensional
family of probability densities. Suppose that K is a compact
subset of © for which Assumptions 1/, 2/, 3/, and 4’ hold.
Define a density mg over K = X"(K) as
my (:Z?n)

Ch

mic(a) = 1) [ o By (0)as

mg(z") =
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where C,, is the normalization constant and wg () is the
Jeffreys prior on K. Then the following holds

liminf(fn(mK) - glog %) > log Cy(K).

n—oo

Remark: The code distribution mg (™) here differs from
code distribution ms used in Theorem 1 because here we do
not make the restriction to Z N A",

Proof: We examine the value r,,(mg). We have
p(a"()
E . log (@)
p@f) o n
/mK )1ong( o) (dz™)
p(z"19)
/m 1ong( o) v(dz") +log Cp,
:—// x"|0)wg (0)do log 7( (|0)) (dx™)
+ log C,,.

We proceed to lower bound it as follows, where m;s is the
same as in Lemma 1 and lgyn 4 = lygn s (6, 2™),

_C // lynyp(z”|0)wk (0 )d@log&

+log C),

_ Gy 1o PE"16)
_Cn/lcm(;(:zr )1ong(xn)u

Cy p(z"|9)

=G /’Cm(;(:zr ) log (@) v(

C p(="|0) C
ZC—nE log ma (@) C_n
p(z"]0)
mes (™)
where the first inequality in the above manipulation follows
from p(x"|f)/m (™) > 1, the second inequality follows
from the positivity of Kullback divergence of m; from mg,
and the last inequality follows from C;, < 1, which implies
log C,, < 0.

We appeal to Lemma 1 using A = K. By Assumption 1/,
the expected supremum in (8) is continuous in 6 and by the
monotone convergence theorem it converges monotonically to
0 as § — 0, so by Dini’s Theorem (see e.g. ([38]), p.150)
the convergence is uniform on the compact K. Accordingly,
10,6(K) tends to zero as 6 — 0. Likewise, by compactness,
M,s(K) and 12,5 = n2.(K) tend to zero as 6 — 0. Given
e > 0, pick § such that 19 5(K) < € and my 5(K) < 3.

By Lemma 1, the expectation in the last line above is lower
bounded as

v(dz™)

(dz™) +log Cy,

Y

")+ (1 — g—Z)logCn

+(1—-=")logC,

ms
ZCnEmg log +lo

gC’ﬂu

p(a"(9) (1= *2C, (K)n/?
2lo az
m(z") (14 n2,5)(2m)%/
Picking 6 > 0 and e > 0 sufficiently small, the above lower

bound is sufficient for our purpose, provided C,, and C,,
converges to 1 at a rate sufficiently fast. In fact, noting that the

Ep s log

lower bound contains the term (d/2)logn, we need to prove
Cn =1—0(1/logn) and C,, = 1 — o(1), which imply the
claim of Theorem 2.

First examine C,,. Here, we already have C,, = 1 —o(1) in
the proof of Lemma 1, but it is not sufficient for our purpose.
However, using Assumptions 1’-3’, we can show C,, = 1 —
o(1/logn). Indeed, by (20), we have

Coz [ (Po(H) + Po(#) ~ Duk (0)d6. 20
Here, by (25), we have
géi}I{ng(J{g) >1—o0(1/logn).
Hence
/ Py(AM)wk (0)d8 > 1 —o(1/logn). (27)
K

For evaluation of Py(%y), we employ Lemma 2. Let 6,, =

v/blogn/y/n. Then by Lemma 2,

gél%Pg(@ € B(0,0,/2)) >

4c ( 1 )
-0 )
"~ blogn logn

Provided 0 € Ks,, 6 € B(0,6,/2) implies § € K and 0 €
B;(0) for sufficiently large n, that is, " € %By. Then, we
have

min Py (%9) >

1 4c _O( 1 )
0€Ks, b2logn logn/

Hence we have

/K P9 (939)’(0}( (9)d9
P9 (%9)’(0}( (9)d9

2,
Ks,
(1 B2 focgn B O(loin))'

C;(Ks,)
— Cy(K)

Here, by Assumption 4/, C;(K5,)/C;(K)=1—0(1/logn)

holds. Hence, we have

4c 1
> _ — .
/K Po(#Bo)wr (0)d6 2 1 b2logn O(log”)

Together with (26) and (27), we have
_ 4c 1
Cp>1- —o(—).
- b%logn © logn
Noting that b can be arbitrarily large, we have C,, > 1 —

o(1/logn).
Next, we will examine C,,, for which we have

o= ff et

:/ P9(9 S K)wK(H)dH
K

(x"[0)w (0)do (28)
(29)

By the same way as for C,, we can prove this is 1 —
o(1/logn). The proof is completed.
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B. Lower Bounds for Stochastic Processes

Here, we consider the case in which the model consists of
non i.i.d. stochastic processes.

Let S = {p(:|0) : 0 € O} be a parameterized family of
joint densities of a stochastic process, i.e. p(x™|6) satisfies

zﬁﬂm:LMﬂ“mwmmn

and

/ p(x1|0)v(dxr) = 1.
X

We introduce the following notation

def

Jno = Jn(0) E EgJ(0,2").

In this subsection, define the Jeffreys prior for each n over K
as
- | Jn,(-)|1/2

Cyn(K)

where Cj,,(K) is the Jeffreys integral

wy) (0)

Crn(K) = / | T 0]/2d6
K
based on the Fisher information indexed by n.
With the use of .J,, 9 we modify the definition of Bs(f) as
Bs(0) = Bns(0) ={0' € ©: (0 —0)'J,0(0 —0) <5}

We use the following assumptions.
Assumption 1": For each 1, j, for each § € K, and for each
€ >0, there is a 0 = §(0, €) > 0, such that

sup  (F(Jn,ij (0) — Jii(0/,2™))) < €
0"€B;5(6)

(30)

holds, with P, probability converging to 1 as n — co.

To define Bs(#) properly, the smallest eigenvalue of .J,,(6)
must be lower bounded by a positive constant. Hence we use
the following assumption, which is used in the upper bound
results, too.

Assumption 2”: The matrix J,,(0) is positive definite, and
the collection of functions J,,(0), n € N is equicontinuous for
0 € O, with a continuous A(¢) > 0 serving as a lower bound
on its smallest eigenvalue, uniformly for n € N.

It follows from these two assumption that the assertion of
Assumption 1” can be refined. Indeed, it follows that for for
each 0 in K and for any € > 0, there is an € = €(¢,60) > 0
such that at § = §(¢, 0),

(j:(Jn(H)*l/Q(Jn(G)—j(H’,x”))Jn(G)*l/Q)ij) <<

sup Sg

0’cB5(0)
with Py probability converging to 1 as n — oo, and conse-
quently,

LI, 2m)z
2t (0)z
as n goes to infinity. This corresponds to (9) for the i.i.d. case.

From Assumption 2”, we also have

Py (inf inf

<1- e) = o(1)
270 0"€ B5 (6)

€19

minmin min z'J,(8)z > 0. (32)

neN e K z:|z|=1

10

for compact subsets K of ©. This is because A(f), being
positive and continuous, is therefore strictly positive on any
compact set.

Sufficient condition for Assumptions 1” and 2" are given
in the appendix for Markov processes.

Define two nice sets as

% ={(6,a"):0.0(a") € K[| = 8(z")||s,, < 5/4}

(33)

A= {(9,:5”) : 9/6111315(9) ;20 % z21- 6}' (34)
Further define

s S O

No,j5 = SUp SUp max 2 n(0)z -1 (36)

0K 0'c By () 270 21Jn(0)2 ’

and 775 = max{n. ss,7m2,76}. By equicontinuity of .J,,(0)
and compactness of K, this 7775 converges to 0 as ¢ tends to
zero, uniformly for n € N.

For ¢ > 0, let § = 6. > 0, with (1 +7;4)"/? < 2, be
sufficiently small that (31) holds for each # € K, and §. — 0
as € — 0.

As before, when (30) holds we have

, 2O, 2"z
min min ————
0'cB,n 2#0 2t J,(0)z

>1—e (37)

Assumption 3" : For each 0 in ©°, the maximum likelihood
estimator f(z™) is consistent. Namely, lim,, |6(2") — ] = 0
in Py probability, where Py is the distribution determined by
the =™ with densities p(z™) for n > 1.

Assumption 4": The Jeffreys integral C,,(K) is finite.

We can prove the following.

Lemma 3: Let S = {p(-|f) : 6 € ©} be a d-dimensional
family of stochastic processes. We suppose that Assump-
tions 1”7, 2”, 3", and 4” hold for S. Define a density mg
supported on the set

(2" (N N B)gn £ 0} C K,

by
ma(@) = [ pla o)l 0)as,
(N NB) o
ms(z") = %fn),
where
Cn = /}Cm(;(x”)u(d:c”). (38)
Then

né 1— d/2CnK d/2
E,,; log p(z"[6) Zlog( 2 sn( d)z —o(1)
ms(z") (14 nus)(2m)
holds as n goes to infinity.
Proof: Similar to the proof of Lemma 1.
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The following result, under the stated assumptions in the
non i.i.d. setting, states that log C';,,(K) provides control on
the minimax regret from below. It corresponds to Theorem 1
in the i.i.d. setting.

Theorem 3: Let S = {p(-|f) : 6 € ©} be a d-dimensional
family of stochastic processes. Suppose that Assumptions 17,
2", 3", and 4" hold for S. Let K be an arbitrary measurable
subset of ©. Then the following holds

n—oo

lim inf (ZH(IC) - glog % — log CJ7n(K)) > 0.

Proof: The conclusion is a consequence of Lemma 3 and is
shown in the same fashion as Theorem 1.

V. UPPER BOUNDS

For the upper bound we handle both i.i.d. and stochastic
process cases at once. We need strength Assumption 2", which
is a certain equi-continuity of Fisher information. Similarly as
for the lower bound results, we use a compact subset K of ©°.
In this section, K denotes a convex set which is the closure
of an open set.

We employ the following stronger assumption than Assump-
tion 2.

Assumption 2"": The matrix J,(6) is positive definite, and
the collection of functions .J,, ;;(#) is Lipschitz continuous in
K, uniformly for all n € N and for all i, 7,

| Jn.i5(0") —

with a continuous A(f) > 0 serving as a lower bound on its
smallest eigenvalue, uniformly for n € N.

The main theorem gives the upper bound which matches
the lower bound we have obtained.

To obtain the upper bound, we will construct an enlarged
model of probability densities from the model S.

Define a matrix-valued random variable V' € R4*9 as

V(2"0) =
We also use the notation V;; ,(6) to denote the (7, j)-entry of
Vo(0). Let B = (—=b/2,b/2)?4 for some small b > 0. We
consider the case where the following assumption holds.
Assumption 5: For every compact set K included in ©°,

there exists a b > 0 and a C1 = Cy g > 0, such that the
following holds.

Inij ()] < M|6" — 6|

Vi, (0) = Iy 2 d0,am) gy L

vneN, Voe K, Vi e B,
1/n
([ a0y explnvia(®) - Bn(a@am) " < 01 39

where V (2"]0) - 8 denotes the matrix inner product of Frobe-
nius
Z ‘/Z] n /B’Lj

0,5) as
%log/p(:v"w) exp(nVy,(0) - B)v,(dz™).

Note that Assumption 5 is the boundedness of (6, 3).

trace

Define a function ), (

11

We define the enlarged family S by
={pc(z"0,8) : 0 € ©,5 € B},
p(a"16) exp (n(V(8) - = ¥u (6, 5) ).

S
pe(2"0, B) =
B)and U = {u=(0,8) : 0 € ©,8 € B}. We

Let u = (0,
have
o, (0,8) .
Tohy By, 5Vijn(0)

and
(6, B)
01108

=n (Ee,ﬁvkz,nw)vij,n(@) - EH,BVkl,n(e)EG,[}Vij,n(o));

where Ey g denotes expectation with respect to p.(z"|6, §).
The latter is the covariance of \/nV;;,(0) and /nVi,(6)
at pe(z™]0, 8). Correspondingly, let Cov, (6, 3) denote the
matrix whose (ij, kl)-entry is
(0, )

0BiiBr
We let A} denote the maximum of the largest eigenvalue of
Covn(G,ﬂ) among (6,5) € © x B.

When the model is i.i.d., the enlarged family can be single-
letterized as

[COVn(ea ﬂ)]ij,kl =

S={pc(xl0.8) : 0 € ©,5 € B},
pe(al6, 8) = p(l6) exp(Vi(0) - 58— (6, 9)),

where (39) is reduced to

/p(ac|9) exp(V4(0) - B)v(dx) < Cy,
and

(6.5) =log [ p(alt) exp(Vi(6) - H)v(do).
Note that the enlarged family p.(z™|0, 8) is still i.i.d., that is,
pe(2™0, 8) = [1j— pe(:|6, B). Further we have
pe(a"16, 8) = p(x"16) exp (n(Va(6) - B — (0, 5)) ).

where the following holds.

(2"0) = Z V(4]6).
Then, 024(0, 3)/0BridB;j is the covariance of V;;(z|f) and
Vi (x]0) at pe(z|0, 5), and we have

o 0%(0,B)
[Covn (8, B)]ijm = ZMT[)B”

In the iid. case, [Cov,(0,8)ijm = 0%(0,3)/0Br0B:;
dose not depend on n, A}, also does not depend on n. Hence,
we use the symbols Cov(6, §) and \* for i.i.d. cases.

For a given compact K included in ©°, define subsets G, 5
and G¢, 5 of K as follows.

Gn(;:{l'

c
n,8 —

mihe K, [VE o), <6,
L0 e K, [[V@E"0)ll, > 6},
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where ||A||s for a symmetric matrix A € R?*? denotes the
spectral norm of A defined as
[|Alls = max [|Az|| = max [z'Az|.
zi|z]=1 zi|z|=1
Note the following relation between the spectral norm ||A||s

and the Frobenius norm || A|| (which is the Euclidean norm of
the associated vector with d? elements).

141 _
N
We call elements of Gy, 5 and G, 5 good strings and not good
strings, respectively.
We also define the two kinds of neighborhood of 6 as

B(0)={0": (0 —0)'J0(0 —0) <},

B(0) = {0 : (0/ —0)'J()(0 —0) < €2},

[1Alls < [|A]]-

(40)
(41)

where the latter depends on z”.

We further put the following assumptions.

Assumption 6: Let w, () be the prior density function we
use for p(x"|f). Assume the following equi-semicontinuity,
that is,

wn(0') = (1 = np)wn(0)

holds for all large n, for all small » > 0, for all § € K, and for
all ¢’ in B,.(0), where n,. = n(r) is a positive valued function
defined on (0, c0) with lim, o7, = 0.

Assumption 7: There exist a positive number hrx > 1 and
a small positive number ¢ = ex such that the following
inequality holds for all large n, for all ™ € K, for all
0 € B.(§) N K, and for all z.

24J(0,2™)z < hgztJ(0,2")z. (42)

This assumption does hold for the mixture family with
compact K C ©°. However, there are other families for which
we cannot show it holds. To treat those cases too, we use the
following weakened assumption. In fact, we prove Theorem 4
under this assumption.

Assumption 7': There exist a positive number hrx > 1 and
a small positive number ¢ = ex such that the following
inequality holds for all large n, for all 2" € K, for all
0 € B.(§) N K, and for all z.

21J(0,2™)z < hg max{z'J(0,2")z, ' a7} (43)

Assumption 8: There exist a number x; = r;(K) > 0 and
a small number 6y = do(K) > 0 such that the following
inequality holds for all large n, for all 2" € Gy ,, for all

small € > 0, for all § € B.(#) N K, and for all z.

200,22 < (1+ kye)2tJ(,2")z. (44)

Assumption 9: There exists an € > 0 and a ¢ € (0, 1), such
that,

YneN, Va" € K, inf [[V(z"|0)]s > ¢V (2"[0)]]s.
0eB(0)NK

_If the collection of empirical Fisher information matrices

J(0) = J(0,2™) for all ™ and all n, is equicontinuous as

functions of ¢ in K, then Assumptions 9°, 10, 11 hold. For

Assumption 9, if also the minimum of the smallest eigenvalue

12

of .J,,(6) for all n and for all 2" € K is lower bounded by a
positive constant, then it holds.

The following is used to control the behavior of the ideal
prior for stochastic processes. Note that it holds automatically
for i.i.d. cases.

Assumption 10: For each § € K, sup,cy||Jn(0)|]s is
finite.

Under this assumption and Assumption 2"/, we can show
that sup,,cn Supge i ||Jn(6)||s is finite, similarly as (32).

Hereafter we use the symbol ® to denote the probability
measure of the d-dimensional standard normal distribution.

Lemma 4: Let m,, be the mixture of S with respect to a
prior density w,, (#) over a convex and compact set K included
in ©°. Suppose that Assumptions 2"/, 6, and 8 hold. Then, for
an arbitrary € > 0, and for all 2" € G,, 5 with § < §p, the
following holds

n N\|1/2
log p("10) < élogﬂ + log JJn(9)| ~
d/2 /2
+log (1+rye)7=(149) ’
1—n
where

Uk,en(0) = N\/ﬁe(o) N (an(e))l/z(K —0),

and
N, (0) ={z:|z| <r}.

Ignoring the restriction to N . (0) the ®(Uk e n(0)) may
be interpreted as the probability that a Gaussian variable of

mean 6 and covariance (n.J,(6))~! belongs to the parameter
set K. When @ is sufficiently in the interior this ®(U . . (6))
is near 1 for large n. Whereas, for 0 at the boundary or within
order n~'/2 of the boundary, it provides the modification
for the classical Laplace approximation to account for the
fact that the near boundary case makes the normal integral
approximation be an incomplete normal integral.

Proof of Lemma 4: By a Laplace integration for the mixture

., restricted in B.(6), we have
M, (ffAn) > / e~ (O=0)TOO=0)/2y, (5)dp
p(@®0) — JB.o)nk

> (1 = ne)wn (0)
/ (14,0 (O0=0) T(6)(0-0)/29.
B.(O)NK

by Assumption 6. . Since z" € G, 5, by Assumption 8§,

Moy, (™) N
— = > (1 —n)wy(0)
p(x"|0)
/ o n(L4r ) (148)(0—0) T (0)(0-0))/2 g
B.(O)NK
Noting

(nJn(0)"?(Be(0) = 0) = N /z.(0),
by change of variables

12,0 &

z= (14 rse)(1+ 5)an(é)) (60 —0),



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. X, NO. X, XXXX 201X

the integration in the last line is transformed as

/ o~ n(1+r1e)(148)(6—6)" 1. (6)(6-0))/2 g9
B.()nK

—|z 2
ff(H—NJE)1/2(1+6)1/2UK,6,7L(0)e [217/2 0
(14 kye)d/2(1 + 5)d/2nd/2|Jn(é)|l/27
which is larger than
(27T)d/2(1)(UK,e,n(9))
(14 Kye)¥/2(1 + §)4/2nd/2| J,, (6)[1/2

since Uk ., (0) is included in

(L+ 1721+ 8)Y2 (N e (0) N (00 (6))/2(K - 6))

because K is a convex set. Hence we have

Moy, (") (1 —ne)wn (é) (27T)d/2(I)(UK-,€-,n(9))
pan(0) ~ (1+ k€ H2(1+ 8)/2nd/2|.T, ()12

which yields the claim of the lemma. This completes the proof
of Lemma 4.
Lemma 4 suggests the following choice of a prior density:

EACIES
CK,e,nq)(UK,e,n(e)) ’

where C'k ¢, is the normalization constant. This idea is that
the prior proportional to |J,,(6)["/?/®(Uk ...(#)) provides
the approximate modification to Jeffreys prior to equalize the
regret in accordance with Laplace approximation, not only in
the interior, but also for 0 near the boundary of K.

However, unfortunately this prior wg, ., does not satisfy
Assumption 6, as seen below. Recall that the assumption
requires that the prior density w,(0") keeps its value over
the range B.(f). We can make a counter example as follows.
Assume that ¢ is at the boundary of K and that ®(N . (0))
almost equals 1. Then, ®(Uk . (0)) is smaller than a half,
which means that wg ., (0) is larger than twice the value
of Jeffreys prior. Note that there exists ¢ in B.(#) such
that B.(0') C K, provided e is sufficiently small. For that
0, ®(Uk,n(0)) almost equals 1. Hence, wg n(0') <
Wk en(0)/2 holds.

To overcome this problem, we employ the slightly modified
prior than wg ., which we call the ideal priors for the good
strings. To this end, we define a modified region of Uk ¢ »,(0)
as below.

WK ,en (9) =

ULE) L (0) = Nz (0) N ((n/a?)J(0))/2 (K — 6)
where « is a positive real value.
Remark: If J,,(0) does not depend on n, i.e. J,(0) = J(0),
then
Ul({ajz,n(e) = []K,oze.,n/oc2 (9)
holds.
Note that
Ui(gz,n(e) C UK,e,n(e)
holds for o > 1, since K is a convex set, which means
BULEL,(0)) < DUk en(0)). (45)
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Definition 1 (The ideal prior for the good strings): Define

the prior density w?ln over K as
Jn 0 1/2
wg?)e 'n,(o) ) | ( )Lf) )
CK,E,n(I)(UK,E,n(e))
where ()12
O(a) — n
K,en ()
K DUk (9))

where we assume ne2 — oo, a/y/ne — oo and e« — 0 as n
goes to infinity.

Remark: As for setting of € and «, we may let € =
V/logn/n and o = logn for example.

For this prior we can show that Assumptlon 6 holds under
Assumption 2" and that C'j,,, (K )/Cé?e o — Lasn goes to
infinity. First, we will show the latter.

Note that the following holds.

Proposition 1: For all n > 0 and € > 0,

ne> d o 7’L62)+d)
ne? 87 2/’

DN 7(0)) = 1= exp( (1 -
(Nye) > 1 - exp(~"=(
which is larger than

ne? d)

1-esp(=T g

when ne?/d > 2.
See Appendix H for the proof.
Using this proposition, we have the following lemma, where

P (e,0) = DU, (9))
and
(@) () = i (@)
(€)= jnf py¥(e,0).
Lemma 5: Let K be an arbitrary compact set in ©°. Sup-

pose Assumption 2"/ holds and let A denote a lower bound on
the smallest eigenvalue of .J,, 9 among n € N and 6 € K. Let

K.=1{0:B.(0) C K},

Then for € such that ne?/d > 2 and €2a? < ), we have

« C]n(K) OJn(K \ Kéa)
Con(K) < CRL, < e ,
1 — e—ne?/4+d/2 sz )(E)
where

Cyn(A) = / (0|28,
A

The proof is in Appendix I.

We have a lower bound for p{ (€) as follows, where vol(A)
denotes the volume of A € RY, diam(A) the diameter of
A € R?, and V4, the volume of the k-dimensional sphere of
radius 1, that is,

k/2

Tk/2+1)
Lemma 6: Assume that K is compact, convex, and the

closure of an open set in R?. Then, for all ¢ such that
vol(Ne(0)) < vol(J)7K)/2, the following holds.

Vi =

vol(J,/7 K)

(o)
Py (€,0) =
2(diam(J/; K))4Vy

(N /7(0))-
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Since Assumptions 2’ and 10, the minimum eigenvalue of
Jn 6 has a positive lower bound and the maximum eigenvalue
has an upper bound, which are uniform for § € K. Hence,
by Lemma 6, pﬁﬁ) (¢) is lower bounded by a positive constant
when /ne/a is not small.

Noting this fact, we can show the following lemma.

Lemma 7: Suppose that Assumptions 2"’ and 10 hold. If
¢/a — 0 and ne?/a? — 0o as n goes to infinity, then

(log CK —log O‘]’n(K)) =0.

Proof: Since supge i sup,, |J,(0)|'/? is finite under As-
sumption 10, Cj,, (K \ K. ) converges to zero uniformly for
all n, as € tends to zero. Noting that pg{l) is lower bounded by a
certain positive constant, since Lemma 6. Hence by Lemma 5,
which is shown under Assumption 2"/, we have the claim of
the lemma. This completes the proof.

To show that Assumption 6 holds for the ideal priors, we
will show the following lemma.

Lemma 8: Let A\, denote the maximum of the largest
eigenvalue of J,,(f) among 6 € K. For a certain ¢ > 0, for
all » <e, forall ¢ € B.(0) N K, and for all § € K,

lim
n— o0

S(ULL,(6)

S(UL,(9))
<1+ VT Cq diam(K)v/nA, max{gp,,0}
 pale, ) pn(€, 0)a

holds, where Cy = 2'~%/2T(d/2) and
1(8) /2 10(6") /2] — 1.

max

go,r =
0'€B,.(0)NK

The proof is 1n Appendix K.

Note that p{*) (e, 0) is lower bounded by a positive constant,
since y/ne — oo when n goes to infinity because of Lemma 6.
Since gy, is of order r uniformly over K by Assumption 2",
we have

(U (0)
sup

p 2UEen®) oy (7
'€ KNB,.(0) 0 K <I>(U(a) 6))

)
)
«

(46)

when /ne/« tends to 0. From this, we have

Keal® ) ()

. . wK € 77,(9/)
inf inf ——————F->
0K 0/€B,(0) w?l () Q

Since we assume /ne/a tends to 0 as n goes to infinity,
this means that w%) satisfies Assumption 6. Hence, we can
immediately show the following lemma from Lemma 4 and
(45). In fact, for the ideal priors, Assumption 6 holds under
Assumption 2"’ on Fisher information.

Lemma 9: Let m&?)e ,, denote the mixture of S with respect

to the prior density wl(,?)en Suppose that Assumptions 2", 7,

8, and 10 hold. Then, for all 2" € Gp,s and for all € > 0, we
have
ar
o 210

mi) (@)

d
log— —i—logCKen

(1+ kye)¥2(1 4 6)4/?

+ log 1=

14

Here, we treat the strings 2™ € G7, ;. We use the mixture
of the extended model S. Define a pr10r density w(6, 8) over
S as

(0, 8) = wi™ (O)p "

Note that this is the direct product of the Jeffreys prior wl(,?) (9)
and the uniform probability density over B.

Recall that A’ denotes the maximum of the largest eigen-
value of Cov,,(0,3) among (0,53) € © x B. We have the
following Lemma.

Lemma 10: Let m denote the mixture of S with respect
to the prior w. Suppose Assumptions 6, 7', 9, and 10. Set
@ =min{1/2\*,1} and 6 = ¢5/+/d. Then for all 2" € G 5
we have

ﬁl(InA) (1 - né)ﬂd/zq)(UK,e,n)
p™10) ~ (hic(1+ [V (@10)||s)n) > Crn(K)
Vi (@0)® n||V(z"]0)||sad
) N T R

Remark: The key factor in this expression is the exponential
in n||V(2]0)||6, which makes the coding distribution 77(z™)
large when the empirical Fisher information deviation V(x"|é)
is not small.

Proof: Note that

m(x™)

p(a"16)

[ pe(a” |9, B)(6
p(z"16) ;

_ n(V,(0)-B—1n(0,8)) ( 9) (n)

=b- / / apBr %) T T (6)do.

First, we will evaluate the integral with respect to 3 assuming
6 € Bc(6), which implies ||V,.(6)[|s > ¢[[Va(0)|ls > ¢J, by
Assumption 9 and 2" € Gy, 5. Hence, ||V, (0)[| > ¢5/Vd=46
holds. Below, We will find a certain region where the integrand
e"(Vn(0)-8=vn(0.8)) i exponentially large in the polynomial of

,B)

dodp

n.
By Taylor expansion of 1, (0, 3) with respect to /3 at (6, 0),
we have
:v ( )-8 — ﬂtnCovn(
>V (0) - 8= N 1811% /2,
=t with a certain t € [0,1], and

> BijnCova (6, B")ij.ki Bri-

ij,kl

BB/2
(48)

where 3’
B'nCov, (0,838 =

Let (/) denote the last side of (48). Introduce new parameters
(v,51) € R x B by

_Va(0)
[Vl

Vo (0) = 0 is assumed. Then, we have

FB) =V (O)llv -

B: +BL7

where (3 -

)\*
S0+ 1182
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Now consider the region N~5/2(B) with 3 = (3,8.) =
(ad,0). Note that a,, < 1/2holds since @ = min{1/2\}, 1}.
For all 8 in Ng5,,(5), we have
f(B)
A x e
=[Va(@)llv — 5 (a0 +v — @0)* + [|B.*)
=[[Va(0)[]v

—A—; (@%202 + 2a0(v — ad) + (v — ad)? + ||BL|%)

. < - 52952
|V (O)llo — 3 (a225° + 2880 — ad) + )
. = 3N 2262
= (V@) ~ Nab)o — Pl 2
* ~20 52
Va@Il, - 3Aa%20
> - =
_IVa@)lad  35a220°
> .
a 3\5ad
;(HV( i -=3=)
3
25 (IO - z)
> |Va 6)]1
a 16

To derive the first inequality above, we have used (v — &5)2 +
18112 < (@6/2)? for 8 € N~6/2(ﬁ). The second follows from

M\:a < 1/2 and 6 < ||V, (6)]]. The others also follow from
them and v > s /2. In this evaluation, we used the condition
aX;, < 1/2,but we actually defined @ = min{1/2);,, 1}, since
too large @ may cause the problem that N5 /2(ﬁ) is beyond
B.

From this, the following lower bound provided 6 € B.(6)
is obtained.

/en(V(m"|e>~57wn<w>>dﬂ

-
aa/2(5)

Ay

(V@™ 10)B=6.(0.8)) g3

- Qd? 16
Ve (ad)® nC||Vi (0)]]sad
>
> e ), @)

where we have used Assumption 11 and the inequality
1A]ls < [IA]].

Next we will evaluate the integral with respect to . Since
the bound for the integral with 3 is uniform for § € B.(0), it
suffices to evaluate

/ p(
B (0)

For that purpose, we make use of (42) in Assumption 7’. We
need a case argument depending on which one is the maximum
in the right side of (42). For § € B.(f), first assume (6 —

P00,
p(z™0)
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0)!.J, (0 —0) < (6 —6)".J(0)(6 — 6), then we have
n _ O\t T(p! )
p(z"[6) > exp( n(6 —6)"J(6")(¢ 9))
p(zn]0) 2
—nhg (0 —6)'J(0)(6 — 0)
>
= eXp( 2 )
where 0’ = t0 + (1 — t)0 with a certain ¢ € [0,1]. The last

inequality follows from Assumption 7’. Since
1(7,,0)" 2T 0)(T,,.0) 2115 < IV (@"(0)]] + 1
holds, we have

(60— 0)'J(6)(6 — )

<[VIls +1,

where V' denotes V("o ). Hence for any 0 € B. (6) with

(0 —0).T, 5(0—0) < (0 —0).T(0)(0—0),
p(z"[0) > o~ (H[VI)O=0)"1, o0=0)/2 (50
plan|) ~

Next assume (6 — H)tJn_’é(H —0) > (0 —0)'.J(6)(0 — 6) for
0 e BE(HA). Then, directly from Assumption 7/, we have

p(a"(6)

e—nﬁK(e—é)me
plan|f) ~

a(60-0)/2

Hence, (50) holds for any 6 € B (6).
Then, in a manner similar to the proof of Lemma 4, by
Laplace approximation over B (6), we have

/ p("|0)wicn(0) ,,
B.(6)  p(a"]f)
(1 n) 2m)*Y?®(Uk c.n)wil ()

> i
R Pndl2(1+ ||V]]5)4/2|J,, 4112

(1 - 776)(27T)d/2(I)(UK,e,n)
RIPnd/2(1 + [|V]]5)2/2C., 0 (K)

Together with (49), we have (47). This completes the proof of
Lemma 10.

Theorem 4: Let S = {p(-]0) : 0 € ©} be a d-dimensional
family of stochastic processes. Suppose that Assumptions 7,
8, 9°, 10, and 11 hold. Further, we assume that .J,(6) is
equicontinuous for all n and that

A= lim \f
n—oo
is finite. Fix a sequence €,, which converges to 0 slower than
1/y/n. Define a mixture m,, over S as
(I—=n"" ™)+ n""m(z").

mn(xn) = )mK75713n(x

Then, the following holds.

p(x”|é) d n
—Cog L _log Oy (K
my (™) 2 %8 or 08 Cn( ))

<0.

lim (sup log

N—>00 \pn e

(51
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Proof: In this proof, we use Lemmas 5 and 8, plugging in
6, = n~Y/2t7 in place of §, which means that § is replaced
by

When 2" € G, 5,, by Lemma 9, we have

p("0) _d
1 < —log— +1logCk e, .m
Ogmn( ny =3 Og2 +1ogCk e,
(1 + Jen)d/2(1 + 5n)d/2 -
+ log —log(l—n"").
T (en) e
Here, 0, n~" and |log Ck ., n — log C,(K)| converge to

0 as n goes to infinity (the last one follows from Lemma 7),
hence we have

— p(z"0) d n

1 { — Slog o= — log Cyn(K))

S, 8 o)~ 2108~ B )

<0.

Next, we move to the case that z" € Gy, ; . Since
my(z™) _ n”"m(z™)
p(nl0) — p(a"|0)

we evaluate the lower bound of m(z™)/p(z"|f) using

Lemma 10. When n is large and € is small, the right side
of (47) times C',,(K) is not less than g(||V]]s) with

).

where A is a constant which does not depend on V]ss m,
and 0,,. The first derivative of log ¢g(€) is

A(ad,)™ (gngasn

9(§) = (1 +§)d/2nd/2 ex 16

_d (nady,
2(14¢)

(nady,

> —
+16’

6 = 2

which is positive when n is large, since ndy, diverges to infinity
as n goes to infinity. Hence, g(||V'||s) is not less than

A
1+ 0,

gn)d2 (ndpady,
RETE eXp( 16 )
A(ady, ) *nad?
T (1+0, )fl/2nd/2d”l2/2 ( 16v/d )

g(Sn) =

for large n. Therefore, we have

Crn(E)my(z")
p(z"]0)
rAad2 d2 —1/247) (<2dn2'y)
ex
(1 ¥ 6,)42nd2q® 2 P\ g g
which diverges to infinity as n goes to infinity. It means that

the regret for not bad sequences is negative and can be ignored.
This completes the proof.

(52)
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VI. REGRET BOUNDS FOR SPECIAL CASES

In this section, employing the main theorems for general
cases, we will show asymptotic minimax bounds on regret of
some special models: exponential families, curved exponen-
tial families, models with hidden variables including mixture
families (with fixed components), and contaminated Gaussian
location families. Concerning the mixture families, we show
a stronger upper bound than that obtained by Theorem 5, that
is, we show that the same form of the asymptotic upper bound
is valid without restricting the strings to /C.

In the first subsection below, we describe the formal defini-
tion of exponential families and review their basic properties.
In the remaining subsections, we discuss regret bounds for
each example.

A. Definition of Exponential Families

Define the exponential family, following [12], [2].

Definition 2 (Exponential Family): Given Borel measur-
able functions T : X — R and U : X — R, define the
natural parameter space

0= {9 eRe: /Xexp(G ‘T(z)+Ulx))v(de) < oo}

a subset of R, assumed to have a non-empty interior ©°.
Define (0) = log [, exp(f - T(x) + U(z))v(dr) and a
probability density on X with respect to v by

p(z|0) = exp(é‘ “T(x) —(0) + U(:v))

Let K denote a subset of © such that K = K°. We refer to
the set S(K) = {p(x|0) : 0 € K} as an exponential family of
densities on X.

The class of exponential families includes many common
statistical models such as Gaussian, Poisson, Bernoulli sources
and so on. The following familiar case expresses how the
Gaussian family is an exponential family.

Example 1 (Gaussian distributions): Let X = R and v(dz)
be the Lebesgue measure dx. The density of N (u,0?) is

1 ( (z — u)z)
exp| ———=—

V2mo? 20
B ur T 1 log(270?)
= exp( 207 > )
Let 0 = (u/o?,—1/(202)), T(z) = (z,22), U(x) = 0 and
W(0) = pu?/(202) + (1/2)log(270?). Then, we see that the
Gaussian is an exponential family, where © = R x (—00, 0).

Hereafter, we absorb the factor exp(U (x)) into the reference
measure v(dx) (that is, we change exp(U (z))v(dz) to v(dx)).

It is known that © is a convex set. Let 7 denote the range of
T'(z) for z in the support of v and let conv(7) be the closure
of its convex hull. We can assume that the model is arranged
to be full rank such that dim(hull(7)) = dim© = d holds
without loss of generality [12]. An exponential family which
satisfies this condition is said to be minimal. We assume S(O)
is minimal in this paper.

It is known that v () is of class C'*° and strictly convex on
©°. We refer to 0 as the natural parameter (or f-coordinates).
We define the expectation parameter (or 7-coordinates) as 17; =
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Ey(T;). It is known that the function on ©° mapping 6 +— 7
is an injection and of class C*°. Let H = {n(f) : ¢ € ©°}
be the range of this map. We also assume that S(©) is steep:
that is Ep(|T'(z)]) = oo holds for any § € © — ©°. It is
known that # is the interior of conv(7") for steep exponential
families. Further, if © is open, then S(©) is said to be regular.
Note that any regular family is steep automatically (vacuously)
since © — ©° is empty.

Note that 9v/30° = Eo(T;(x)) = n; and 0% /06706" =
Eo((T;(x) — n;))(Tj(x) — n;)) hold on ©°. Here, this
Eo((T;(x) —n;)(T;(x) —n;)) is the Fisher information matrix
with respect to 6 denoted .J(0). We let I(n) denote the Fisher
information matrix of 7. This I(n) is known to be the inverse
matrix of J(#). It is known that .J(6) is strictly positive definite
in ©°.

Given the string ™, we have p(z"|0) = []'_
[I7_i exp(6 - T(x-) —9(0)) = exp(n(0 - T —

(xr)

T = T = 2= L),

1 P(z7]0) =
( ¥(0))), where

These yield
0dlog p(z"|0) -
oo, T
9 log p(z")

00,00
The latter implies that log p(z™|6€) is strictly concave in ©°,
hence, the former implies that logp(z"|¢) takes the unique
maximum at = T under the condition that T € H. Let 7
= 7(2™) denote the maximum likelihood estimate of 7 given
x™. Then, we have f(z"™) = T(a™) for " with T'(z") € H°.
The identity (53) also implies

J(0,z™) = J(6)
for all 6 € © and for all 2™. Therefore, Assumptions 1, 1/, 2,
and 2’ hold for the natural parameter 6 of exponential familes.
For the expectation parameters (7),7) € H?, corresponding
to p(-|#) and p(-|6), let D(j||n) denote the Kullback diver-
gence from p(-|0) to p(-|#). Then, we have

ool s .
D(illn) = B3 (log 2 5) = 0= w(8) = 071+ 4.(0)

We extend the domain H? to R? x H, following [12]:

_ni)a

D(il|n)
lim lnf{D(T]lHn) : 77/ € H? |ﬁ - 77/| < E}a
e—+0
= for (7,n) € OH x H,
00, for (7j,n) € H® x H,
where OH is the boundary of 7 and #° is the complement
of the closure.

We have the following relation between differentiation with
respect to 77 and differentiation with respect to 6:

00; 0 )
Z = Zj:lij(n)a—ej-

8771 377i 89]

This holds for 6 € @° (equivalently for € #H). Thus 6 and
1(0) are infinitely differentiable with respect to 7 as well as
with respect to 6. Hence, D(7j||n) is of class C> on H2.
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The following is a large deviation inequality.

Lemma 11: Suppose that n € H. Let A be a closed half
space of R (i.e. A = {x € R?: x- £ > ~} for any specified
¢ € R and v € R). Then, the following inequality holds

Py(T(a") € A) < exp(—n inf D(7ln)-

See [16], [12] for the proof.

B. Lower and Upper Bounds for Exponential Families

From Lemma 11, Assumptions 3 and 3’ hold. We continue
to assume finiteness of C;(K) (Assumption 4’). For the
regular exponential families, all the remaining assumptions for
Lemmas | and 2 automatically hold. Hence, Lemmas 1 and
2 and Theorems 1 and 3 can be applied to show the desired
lower bound indeed holds for the maximin regret for regular
exponential families.

Next, we consider the upper bound. For the natural param-
eter 0 of exponential families, J(6,z") = J(6) holds for any
0 € ©° and for any z". Hence, if we use the natural parameter,
we do not need the fiber bundle of local exponential families
to obtain the asymptotic minimax regret. In fact, we can prove
the following theorem, where we suppose only Assumptions
about K. (K is compact, convex, and included in ©°.)

Theorem 5: Let S = {p(-]0) : 0 € ©} be a d-dimensional
exponential family. Let K be a compact and convex subset of
O°. Let mg ¢, n be the same one as in Theorem 5. Then, the
following holds.

_p@o) oy, ﬁ)
MK,e,n(z?) 2 2
<log C;(K).

lim ( sup log (54)

n—oo (:EnGIC

This theorem immediately follows from Lemmas 5 and 7,
which hold in much simpler forms then the original ones,
since any string z" is in the good set G, ; by the fact
J(0,2") = J(0),

C. Lower and Upper Bounds for Curved Exponential Families

As a more general case than exponential families, we
consider curved exponential families. It is defined as a surface
in the natural parameter space of an exponential family. If
the surface is a hyperplane, the surface forms an exponential
family again. Hence, we are interested in cases that the surface
is curved. Below, we give a formal definition of curved
exponential families.

Definition 3 (Curved Exponential Families): Let
S = {p(-|u) : w € U} be a d-dimensional steep exponential
family, where p(z|u) = exp(u - T'(x) — ¥ (u)) denotes the
density with respect to a measure v(dx) and w its natural
parameter. Let © be an open subset of R (d < d) and
¢ = (¢1,...,07) be a function from O to U. Assume that ¢
is twice continuously differentiable in © and that the Jacobian
of ¢ is of rank d for every 6 in ©. Further, we assume that
¢ is an injection. Let p(-|#) = p(-|¢(0)). Then, the family
M = {p(:|0) : 0 € K} with densities

p(]0) = exp($(0) - T(x) — P(4(0)))
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is referred to as a d-dimensional curved exponential family of
densities embedded in the exponential family S.

In the above definition, let 77 denote the function which maps
u to the corresponding expectation parameter of S, that is,
n(w) = [ T()p(alu)v(de).

For the curved exponential family M, the score function is

Ologp(|0) _ 9¢(9) - T(z) 3 09(6(6)) 9k (9)
691' 691 6uk (991
_90(0)-T(x)  96(0)
00; 00;
_ 99(9) - (T'(z) —n)
= 08, . (55)

Then, by the chain rule of differentiation, we have

9 log p(x(6)

00,00;
_ 200 (T() ) 5~ 9610) O 0616)
897691 691 Buk 69J
_9%9(0) - (T'(x) —n) dpi(0) - 0 (6)
- 90,00, -2 g0, (W5 =+ (6

k,l

where Ji; (u) is the Fisher information matrix of the exponen-
tial family .S. Taking the expected value, we have

1 0) = = 30 2000 5, (0 200)
Kl v J

By this we have confirmed that the Fisher information exists
and is finite. Further, since ¢ is twice continuously differen-
tiable and its Jacobian is of rank d for every 6 € O, the Fisher
information is continuous and is positive definite for all § € O.
(That is, Assumption 2 holds.) Further (56) yields

_9%9(0)
9000,

Jij (0, ) = Ji; (0) (T() = n(6(0))). (57
This shows how the empirical Fisher information differs from
the Fisher information in curved exponential families. Since
T'(z) and its covariance matrix with respect to p(-|u) for all
u € U is finite, Assumptions 1 and 1’ hold. Assumption 2’
also holds because of (55). Further, note that the maximum
likelihood estimator for curved exponential families is consis-
tent uniformly for § € K, when K is compact and interior
to ©. This can be easily confirmed by Lemma 9 (the large
deviation theorem). Hence, Lemmas 1 and 2 and Theorems 1
and 3 work for curved exponential families and we have the
validity of the desired lower bound.

Next, we consider the upper bound. By (57), we have

_9%9(0) (
9600,

Ji(0,2™) = J;5(0) T—n(6©).  (8)

Let H* denote the Hessian of ¢ (6) (the Hessian of the kth
component of ¢(6)). Then we can write

J(0,2") = J(0) = Y (T = i (6(0))) H" (0).

k

(59)
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By this, we have

V(@"0) = = > (T, — m(6(0)) Ty 2 H (0)J, 2. (60)
k

Since the exponential moments of 7T'(z) exist for u € U°
by definition of the natural parameter space of exponential
families, Assumption 7 holds for a certain b > 0. Further, note
that, if 7'(x) is bounded, then T'(z") is uniformly bounded for
all n. Hence, if T'(z) is bounded, the collection of functions
V(z™0), 2™ € X™, n=1,2,...is equicontinuous uniformly
for § € K. Then, Assumptions 8 to 11 hold. As for the ideal
prior, Assumption 9 does hold. That is, we can use Theorem 5,
and the general minimax strategy works. On the contrary, if
T(x) is not bounded, it is not clear whether the assumptions
hold or not.

However, to deal with such curved exponential families
with unbounded T'(z), we can establish another minimax
strategy. In this alternative strategy, to deal with the string
™ whose empirical Fisher information differs from the Fisher
information, we mix in small measure component living in the
full d-dimensional exponential family S instead of the fiber
bundle of local exponential families.

Let K be a compact set included in ©° such that K = K°.
Let U, be a compact set included in 2/° such that U2 D {$(0) :
6 € K}. Our asymptotic minimax strategy is established in the
following theorem. Note that we do not assume the boundness
of T'(z) here.

Theorem 6: Let S = {p(-]0) : € ©} be a d-dimensional
curved exponential family of densities defined in Definition 3
and let

m"(xn) = (1 - nir)mK.,e,n(xn) + n-" /f)(xn|u)w(u)du,

where w(u) is the uniform prior over U,. Then, the following
holds.

p(z"d) d
) "33 1)

n
2w
< log Cy(K).

lim sup( sup log

n—oo ekl

Proof: Define a set of good strings:
Gy ={2" : 0 € Kand[f) —1(¢(9))| < 6.}

(recall that 1) denotes the expectation parameter and that 7) =
T), where we let §,, = n~'/2*7 (0 < < 1/2). Define also

G¢ ={a":0 e K and |ij — n((¢(0))] > 6,}

We can prove the usual asymptotic bound for regret when
2™ € Gy, while for 2" € G, it turns out that the regret of
our strategy becomes negative, that is, the code length becomes
shorter than — log p(z"|f).

For 2" € Gy, from (59) and the Cauchy-Schwartz inequal-

ity, we have for each (i, j),
(i (0,2™) = Ji5(0))* < |T = n(¢(0))* > _(HE(6))*
k
< 6n > (HE(9)).

k
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Since H*(#) is continuous and K is compact, Zk(Hfj (0))?
is bounded by a constant C% 1 i+ Accordingly, for 2" € Gy,

Jij(0)] < Ch K On

maxmax|Jw 0,z™) —
17 OeK

holds, which implies

(0, z") — < .
gleal)glltf(&ir )= J(O)|| < dCh kb

Therefore, uniformly over " € G,,,

max||j(9,x") —J(0)||s <dCh kdn
0eK '

which means, for all unit vector z, we have

t 7 ny __ <
%163}?"2 (J(0,2"™) — J(0))z] < dCh K.

Since J(0) is continuously differentiable, for ¢ > 0,

W (02 — 21 J(0))2] < dCh k6n + O(e).

max  max |2 (J,
0'€B.(0)NK 9K
Now since 6, = n~'/?*7, the right side is O(e) for n >
(1/€)?/(0=27) Therefore, for such n, we have the following
two inequalities holding uniformly for ™ € G, and uniformly
for all unit vectors z,

280 (6, 2")z — 2" J(B)=] < O(e)

_ max
feB(0)NK

and A
1280 (0, 2™)z — 2t J(0)z] < O(e).
Since 2'J(f))z is lower bounded by a positive constant
(even when we take a minimum over all unit vectors z), for
sufficiently small e, the z(J(6,2™)z is also lower bounded
by a positive constant, uniformly over unit vectors z and
2" € G,. Consequently, for all n > (1/€)?/(1=27) and all
2" € G,,, we have
t7(0 ~n
max M <14 0(e).
deB.(0)nK 2t J (0, 2™)z

This is the last inequality in Assumption 9 and is sufficient to
obtain the same bound for good strings as in Theorem 5. To
show that, we have the condition that e must converge to 0
slower than 1/4/n. Now, we face the new condition € > §,, =
n~1/2+7 which does not contradict the previous condition.

Next we consider 2" € G¢. Let Ns(u) denote the ¢
neighborhood of w and let I, a compact set included in /2.
Now we will prove that the following holds for a certain x > 0.

Vn eN, Vz" € G¢, Ju e U,
1 7 ’ﬂ
inf  —log (7|u) > Oy 62 (62)
’U,ENM;TL (ﬁ) n (In|9)

Indeed, by Taylor expansion with respect to u at gb(é), we
have

1 gzi(ﬂv"ltf
7
o <xﬂ|¢<é>>
=(u—(0)) - T — (u) + (5(0))
=(T —n(¢(6))) - (u — &(
— (1/2)(u— ()" T (/
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where v/ = &u+ (1 — €)p(f) for some ¢ € [0,1]. Let
T — (6
2/{571#%))
1T — ¢(0)]
Then, for all u € Ny, (1), we have kd,, < |u
Hence, we have

1., P@" )
p(x™|0)

i =¢(0) +

K02 — 92N 62 /2

ue Nﬁgn (12) n

= k(62 —9kA*62/2),

where A" denotes the maximum value among the maximum
eigenvalues of J(u) for u € Uc. Let k = 1/9)\*, then the
above implies (62). Hence we have for all n € N and for all
™ e Gf,
n~" [ p(a"|u)w(u)du
p(z"]0)

e )
Z/NWm p(z[6)

> C3n_r/ exp(Cynd? )du
Nys,, (@)

> Csn " (kd,)? exp(02n52)
> Cyn~"n~ 4 exp(Can?7).

This means that the regret of m,, is negative for all large n
and can be ignored. This completes the proof.

Lastly we give a comment about the case of stochastic
processes. Though Theorem 6 above is for the i.i.d. case only,
it can be extended to the case of Markov sources. It is known
that some parametric model of Markov sources approaches an
exponential family as n goes to infinity, in the sense that the
difference between Fisher and empirical Fisher information
matrices converges to zero as n goes to infinity. We call
the model of stochastic processes with that condition as an
asymptotic exponential family. In particular, the Markov model
defined by a context tree [48] (a tree model) is interesting.
When the context tree satisfies a certain condition, the model
is called a finite state machine X (FSMX) model [49]. It is
shown that the tree model is an asymptotic exponential family
if and only if the model is an FSMX model [45].

As a special case, consider the model of kth order Markov
chains, which is an example of an FSMX model. For this case,
it has been shown that the Jeffreys mixture asymptotically
achieves the minimax regret [44]. Note that any tree model
can be regarded as a sub family (a surface) of the model of
a certain order Markov chains. It means that a tree model
can be regarded as a curved exponential family embedded
in an asymptotic exponential family. It suggests that we can
establish a similar theorem as Theorem 6 concerning tree
models. In fact, such a theorem is in [42].

D. Lower and Upper Bounds for Models with Hidden Vari-
ables

The contents of this section was presented in part in 2014
IEEE International Symposium on Information Theory [41].
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First we introduce the notion of models with hidden vari-
ables below, where (), B,,v,) is a measurable space.

Definition 4 (Model with Hidden Variables): Let q(y|0) be
a density of a d-dimensional exponential family over ) with
natural parameter §. Define a class S of probability density
functions over X’ by

S = {plalt) = [xtelp)atuloiny (@) : 90} (63)

where s (z|y) is a fixed conditional probability density func-
tion of = given y. Then, S is called a model with a hidden
variable y.

For the above definition, we will assume that the Fisher
information is positive definite over ©°. (Assumption 2.)
Whether this holds or not depends on the property of s(z|y).
Later we will see that if x and y are not independent random
variables with respect to the joint density x(y|z)q(y|6), then
J(0) is positive definite. This is reasonable because we can
draw information about # from z, if x and y are not indepen-
dent.

If ¢(y|#) is the multinomial model over the finite set ) =

{0,1,...,d}, then p(z|) is in the following form:
d
p(z|0) = Z k(z|y) + (1 - Z@ ) (x]0). (64)
Here, 6 denotes a d-dimensional vector (61,...,04) € R?

satisfying 0 < Z?:l 0; <1 and 6; > 0 for all 7. This model
is called a mixture family in information geometry [2], [3]. The
mixture family is the dual object of the exponential family in
information geometry [2], [3]. Note that this mixture family is
a simpler object than the more general class of mixture models
such as Gaussian mixtures, binomial mixtures, etc., which are
used in many settings.

Typically, models with a hidden variable are examples of
non exponential families. But note that if it is the mixture
family and if X is a finite subset of an Euclidean space and
each £(-|y) is a point mass at an = = z,, in X, then it is also
an exponential family. That is the case of the multinomial
Bernoulli model.

In this section we first argue the general case of models
with hidden variables, assuming T'(y) is bounded, for which
Theorem 5 gives the minimax solution for the set of strings
K = X"(K) for a compact K interior to ©.

After that, for the mixture family case, we show a minimax
strategy for the problem without restriction to the set of strings
X". The shown strategy is different from the one used in
Theorem 1.

1) Lower Bound for Models with Hidden Variables: Here,
we consider the lower bound. We examine Assumptions for
Theorems 1 and 2. Here, we assume 6 in ¢(y|6) is the natural
parameter of exponential family ¢(y|6):

q(yl0) = exp(0 - T'(y) — ¥(0)).

Below let 1 denote the expectation parameter: n =
J T(y)q(y|0)vy(dy) and let G(6) denote the Fisher informa-
tion matrlx for g(y|#) with respect to 6.
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We will show some nice properties of the score function,
the Fisher information, and the empirical Fisher informa-
tion. Let Covy[T(Y™)|z"] denote the covariance matrix of
/0T (y™) with respect to the conditional probability distribu-
tion p(y™|z",0) with a fixed 2", where T = Y"1 T(y;)/n.

Further, define
| X / COVg

Then, we have the following lemma.
Lemma 12: For the model with hidden variable (63), the
following equalities hold.

1 0logp(z "|9) -

COV9

zlp(x(0)v(dz).

- i, (65)
n 00;
j(@,x")zG(@) Covg[T(Y™)|2"],  (66)
J(6) = G(6) — Cove[T(V)|X]  (67)
and dJi;(0,2™)  8Gy;(0)
ij(0,2")  0Gi;(0) . "
89k - 89k \/ﬁwmk(eax )a
where
=46, = [Tl O (")
and

Wiji = Wi (0,2™)
2 [ (@~ )1

Proof: Note that

— ) (Tk — ti)p(y™|z™, 0)vy (dy™).

Op(z™|0 -
% = /“($n|yn)”(Ti —n:)q(y™|0)v(dy™). (68)
Hence, we have
logp(x"(0) _ [ (=" [y")n(T; = n:)a(y"|0)v(dy") )
9 p("[6)

N /”(Ti —n:)p(y"[a", 0)v(dy™)
= n(fz - 771')7

where p(y"|z",0) = r(«"[y")q(y"|0)/p(
(65). To further differentiate, we need (9/06;)p(y
the product rule of differentiation

x™]0). This yields
"[z",0). By

ap(ynm.n,@)
00;
_ k(" y™)n(T; = mi)q(y"10)
p(x |9)
k(@ [y")q(y"|0) Op(x"|0)
 (p(2"0))? 90;
=n(T; — ni)p(y"|z",0)
_ k(@"[y")q(y"|6) 9log p(x"[0)
p(x"0) 00;

=n(T; — n;)p(y"|z",0)
—mwuﬂw/Mﬂ—mm@ﬂﬂﬁwuw>

=n(T; — n:)p(y"|z"™,0) — n(t; — ni)p(y™|z",0)
=n(T; — t;)p(y"|z",0).
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Using this formula, we have

% log p(x™]0)

90,00,
- / p(y" |2, 0)v(dy™)

00;
. Ip(y"|z",0)
+ / n(Ti —ni)——,——v
00;

- / (—nGiy)(O)p(y" 2" O)w(dy™)

+ / (T — nn(T; — L)p(y" |2, 6)v(dy"™)
= — TLGZ'J' (9)

+ / (T — nn(T; — L)p(y" |2, 6)v(dy™)
=—nGi;(0)

+ / (T — Eyn(T; — £)p(y" 2 O)w(dy™)

+ [ 0l = nnlT; = )" " Ow(ay”)
=—nGy;(0)

+ [ 0= (s = Lot 0wy
= — nGij (9) + m?ij,

(dy™)

where 0;; = 0;;(6,2™) denotes

/ V(T — EWAT; — E)py" |27, 0w (dy™).

That is, we have
9*log p(z")
00;00;
Since ©;; is ij-entry of Covg[T(Y™)|2"], this is (66), which
directly yields (67).
To differentiate (70) again, note the following
ot;
00;

= —TLGZ'J' (9) + TL’LN)ij, (70)

_ % / Tip(y" 2", 0)v(dy")
_ / Ton(T; — (" |2, 0)v(dy™)

—n / (T, — E)(T; — )p(y" |2 Oy (dy™)
= Vij-
Then,
9 log p(a"]6)
0,90,00;
(?Gij (@)

00y,
o/

6n Tl — El — ~ ni.n n
(7)n(Tj—fj)p(y |z, 0)v(dy"™)
00,

+/n(Tz —fi)%ﬁp(y"lw"ﬁ)l/(dy")
+ (= Bty - iy Ly
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Since 9T /06, = 0 holds, and since 9t;/90), = v, dose not
depend on y", the second and third terms in the last expression
in the integral yield 0. Hence,
9% log p(z")
00,00;00;
0Gi;(0)

00,
+ /n(Tz - fl)n(Tj - fﬂ)

The second term is

Op(y"|z",0)

/ n(T; — BTy — (T, — Bp(y" ™, O)v(dy™,

which equals /%, ;. Then, we have

9% log p(x™|0) 9G;(0)

06,00,00, | o6, "

This completes the proof of the lemma.

Recall that G(6) equals the covariance of T'(y) with respect
to ¢(y|f) and note that the expectation of Covg[T (y)|z] with
respect to p(z|f), which we denote by Covy[T(y)|X], is
not more than Covy[T(y)] = G() in the sense of positive
definiteness. Hence, J(6) is positive semi-definite. Here, the
equality holds only if z and T'(y) are independent of each
other. To be more precisely, if and only if x and 2'T'(y)
(the linear combination of each entry of T'(y)) is independent,
2!G(0)z = 2'Covy[T(y)|X]z holds. Therefore, we assume
that z and 2'T'(y) with any non-zero z is not independent for
0 € O°.

Since we assume that T'(y) is bounded,

3/2,~
/ Wijk -

(71)

Ey [G’IEHBaf((G) |Ji5(0, )]
and
Ee[e,nga;@)(Jij (6, 2)])?]
are finite. This means that Assumptions 1 and 1’ hold. By
(65),
1 0log p(x™|0)
sup sup sup|———/———
neENgneXn geK! N 00,

is finite for any compact set K C ©°. That is, the log
likelihood function is equicontinuous for all § € K, n, and
2™. Hence, noting positive definiteness of J(#), we can prove
the maximum likelihood estimator is uniformly consistent for
all # € K. In conclusion, all the assumptions for Theorems 1
and 2 are satisfied and we have demanded lower bound results.

2) Upper Bounds for Models with Hidden Variables: Note
that any order’s moments of T'(Y™) exist at p(y"|z", 6). (This
is true even if T'(z) is not bounded.) Hence, by (66) of
Lemma 12, Assumption 7 holds for any b > 0. Further, we
can show that |J(2",0)| and |9.J(6,x")/86}| is uniformly
bounded for all 2" such that § € K , which means all the
assumptions for the upper bound results hold. In fact, by (71),
we have

0J;;(0,2")  9Gy;(0)

_m25. . n
20, 20, n Wi (0, ™).
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Since the posterior density p(y™|z",0) is iid., n?w(0,z")
equals the third order moment of T'(y), which does not
depend on n. Recalling we assume 7T'(y) is bounded,
8.J;;(0, z™) /00y | is bounded for 6 € K.

Hence, we see that our general minimax strategy works for
models with hidden variables assuming that 7'(y) is bounded
and 2'T'(y) for any nonzero z is not independent of z for all
0 eco.

Note that .J (0, 2™) is positive definite for all 2™ and for all
0 € ©, which implies the uniqueness of MLE.

3) Extension to the Whole Strings Set Case for Mixture
Families: Next, we consider the mixture family case defined
as (64). About the lower bound, we should examine the
consistency of maximum likelihood estimator

6(c") = arg maxp(a™|6),
which is defined relative to the whole parameter space ©. For
the mixture family, as we see later, log likelihood function
is concave. Using that property, we can prove 0 is uniformly
consistent for § € ©. Therefore, we can apply Theorem 1 for
K = © case. (J.T.: Is this true?)

Now we consider the upper bound for the case that I = X™.
Define a subset ©. of © as

0,={0€0:0,>7,i=0,1,...,d}.

Since ©, for 7 > 0 is a compact subset of ©°, it may be
possible to design a minimax strategy for the model {p(x|0) :
6 € ©,} utilizing the result for the general case. In fact, we
can do it as we show later.

Then we argue the situation that 7 converges to zero as n
goes to infinity. Under that situation we utilize Lemmas 2 and
3. Then we have to control the behavior of x;(K) and A}, (the
maximum of the largest eigenvalue of J() among 0 € K),
since K changes as n increases.

To treat the strings with the maximum likelihood estimate
being near the boundary, we employ the technique introduced
in [51], which utilizes the Dirichlet(ar) prior w(q)(f) o
H?:o 9;(1_a) with o« < 1/2. Note that this prior with
a = 1/2 has the same form as the Jeffreys prior for the
multinomial model. When a < 1/2 it has higher density than
the Jeffreys prior as 6 approaches the boundary of ©.

Our asymptotic minimax strategy is the mixture

(I —2n"")yme(z")
b0 [odanlo, 8000, 9)d6ds

+ n " /p(:v"|9)w(a) (9)d9,

where mg is the Jeffreys mixture over ©. Here, the first and
second terms are for the strings with the MLE being away
from the boundary, while the third term works when the MLE
approaches the boundary.

We can show the following theorem.

Theorem 7: The strategy m,, defined as (72) with r <
(1/2 — a)(1 — p) asymptotically achieves the minimax regret
for the mixture family, i.e.
p(a"lf) _d

@) S 5 1og2— +1og C;(©) + o(1).

(72)

my(z™) =

sup log
zneXxn
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To prove Theorem 7, we use the following useful inequali-
ties for the model with hidden variables. Here A < B for two
matrices A and B means that B — A is positive semidefinite.

Lemma 13: Given a data string =, let 6 denote the MLE
for a model with hidden variables p(2™|6) defined by (63).
Then, the following holds for all 2" € X™".

weo, Llog Dl < DltB)laC0). (73
vo e O, J(6,2") < G(O). (74)

In particular, when ¢(y|f) is the multinomial model, the
following holds

" é R ANy
1) < expmbDaCllacion) = [] 2. a5
p(z"|0) "

yey 'y
where 7, = q(y|#) and 7, = q(y|6).
The proof is in Appdendix L.
Note that
» 9 log p(x(6)

Til0:x) = =505,

_ (pi(x) = po(2))(p; (x) — po(x))
(p(zl0))?
holds, where we have

pi(x) —po(@)| _ pi(x) +po(x) _ 1 n 1

p(x|0) B Z?:o O;pi(x) — 0i  bo

The last expression is not more than 2maxgcx max;6; L
which is finite. Further, OV (2™|0)/06; is similarly bounded,
so V(2"|6) is equicontinuous for all 2" : § € K. This implies
the general mixture strategy works for mixture families with
a compact K interior to ©.

Next, we give a discussion on the case with the set of strings
{z™ : §(z™) € ©°}. We are to examin Assumptions 7 and 8
for @ € ©... Note that, for z € R,
225 %2 (pi@) — po(2)) (p; (7)
p(x|0)?
(3, z:(pila) = pol@))?

p(x|0)? T

ztj(G,a:)z = — (@)

Hence we have .
2 J(0,2™)z >0

for all z € R and for all 8 € ©. Since

0Jij(0,x)  —2(pi(x) —po(x)) 5 -
.~ Gy i)

we have
D20 (0, x)z
00y,
which yields
027 (0, x™)z
00y,

= Z = xtxt|9)];0(xt))2tj<9 )

—2(pr(x) —po(x)) 4 -
wa)

(76)

(77)
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Hence we have for 0 € ©,,

21J(0,2™)z
00k

1 2:0J(0,x0)z  221J(0,2™)z
< — =
<o

7 T T

By this inequality and the fact z'.J (6, 2™)z > 0, we have the
following inequalities.

6—2\/3\5—9\/72tj(é7xn)z <t A(g a")z
2\f|0 0|/r tJ(@ z )

(78)

By this, we can see that BK for K~: @T is not more than
V4, as long as € < 7. Further, if 16— 0| < 7/2V4d,

21J(0,2")z < ztj(é,x")z(l + i)

2Vd
holds for all z € 1%\ {0}. Note that

where Ay is the minimum value among 6 € O, of the small-
est eigenvalue of .J(). Hereafter, we assume € < TApin/2V/d.
When e < T)\min/2\/g is satisfied,
ee€ )
Amin

holds for all # € B,(f). This implies Assumption 8 holds with
KJ = €/Amin fore < 7Amin/ 2+/d. Note that the argument here
works even if 7 and e depend on n.

Next we examine Assumption 9. Concerning this matter, we
have the following lemma.

Lemma 14: Assume that ||V (z"|0)|[, > 6, & > 8Vde/T,
4v/de/T < 1/2, and § < 1/2. Then, we have for 6 € B,(f)

17 (" 10)ls > |IT (2" 18)]]s /4.

21J(0,

")z < 24J (6, :C")z(l +

Proof: Note that there exists a unit vector Z € R¢ such
that [z'V (x "|9)z| = ||V(x "|6‘)|| Here we have two cases;

i) th(A"|6‘) = [[V(z"|0)||s and i) —z'V(z"]f)z =
IV (z"0)]]s
First consider the case i), for which we have
1V (="10)||s = 2'7(0) /2 J(6)T(0)"/*z -1
IO V2I0)I0)7 2
- 7tz
_ 2@z
2ty
where % denotes .J(A)~1/2z. Hence,
2J(0)z .
ZIOZ vl 79)
ztJ(0)

holds. For the numerator in the left side, from (78) we have
21J(0)7 > e 20/ 5 f(f)z,
As for the denominator, similarly as (78) we can show by (76)

2IO7F _ avag-o-

6—2\/E|9”—é|/7 < E <
ztJ(0)z

(80)
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for § € ©,. Then, we have for all § € Be(é) NO.,,

> (14 ||V (2"[0)]],)e Y Uo-0l/T

> (14 |V (z"19)l]s)e "

> (L4 [V (z"19)l]s)(1 ~ 6/2)
=1+[[V(@"10)lls = 8/2 =8|V (2"10)]]s/2
> L+ [[V(@(9)l]s/2 = 6|V («"(0)]]s/2
=1+ (1= 0)|V("0)ls/2

=1+ [[V(2"[0)]]s/4.

Letting & = J(0)"/22/J(9)"/*2,
|J(0)1/22].J(0)1/2¢, we have

that is, 2z =
)2 ENJ(0)"120(0)J(0) %

B %3

= J(0)"21(0)7(0)"/3¢

<1+ |[V(2™6)]]s

Hence, we have ||T'(z"|0)||s > ||T(x"]6)]]s/4.

For the case ii), we can show the same conclusion. This
completes the proof.

Remark: This means that Assumption 10 holds with { =
1/4.

To see Assumption 7 holds is easy because of (78).

Finally, we evaluate ¢ = min{1/2\*,1} in Lemma 10.
Since |.J;;(#)| is bounded by 4/72 for 6 € ©, and since the
smallest eigenvalue of J() is lower bounded by a certain
positive constant, A* is of order 774, Hence, a is lower
bounded by 7* times a certain constant.

Now, we will give the proof of Theorem 7.

Proof of Theorem 7: We divide the strings to the following
three categories:

A, ={z":0 €O, and ||V(z

= {z":0 €O, and ||V(z"
Cp={z":0¢0,}.

s < 8},

"0
19)11s > 6},
Set 7 =n~(1=P) § = n=1/2+7 and € = n~1/2**, assuming
124+ <p<1,0<~vy<1/2 and 1—p < /2, that
is, 2(1 —p) < v < 1/2. Note that e¢/7 = n~1/2+H+1=p =
n~P=1/2=1) _, () as n goes to infinity under this setting. Let
€ = ¢/7 and assume n is large enough so that ¢ = ¢/7 <
Amin/2V/d holds. Let C; = 2v/d/Ain. Then, € < 1/C.
When z" belongs to A,,, the Laplace approximation for the
integral with respect to # is correct enough. In fact by (78),

I8, 2z < 2VUI0/T (), 2"z
<e 2vde/MminT 5t j(

= 12 J(0,2™)z

holds for all § € B,(f). Hence for z" € A,,, similarly as the



IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. X, NO. X, XXXX 201X

proof of Lemma 4, we have

n AV[1/2
g 200 g g WOM?
me(z™) 2m w(0)®(Ue,en(0))
edC1E/2(1+6)d/2
+ log .
1—n

Here, since B,(A) C © holds when 7 is large, ®(Us .. (0))
converges to 1 as n goes to infinity, the above means

x™|0 d n

= 2IZL(—T)|1TZ@(:E") < 3 log ot log C;(©) + o(1).

Next, we consider the case that ™ € B,,. By Lemma 14,
Assumption 9 holds with ( = 1/4. Then, similarly as the
proof of Lemma 10, we can show (47) with m(z") =
Jpe(z™0, B)w(0, B)dOdB, ¢ = 1/4 and hx = hg < oc.
Hence, we can show the same inequality as (52) for 2™ € B,,.
In this case, with a certain C' > 0, we have

an® > Crn? = On2v_4(l_p),

log

which is polynomially large, since we set 1 —p < «y/2. This
makes the regret of m,, go to negative infinity as n goes to
infinity.

Finally, we consider the case that 2" € C,,, in which there
exists y such that éy <7T= n—(-p), Then, we can use the
help from the third term in (72) as follows. Note that the
following holds from (75).

Jp(a ) wie )40 [ TIL, 6 wia) (6)d6
p(a|9) I, 0
Then, by Lemma 4 of [51], the right side is not less than
1
Rnd/2—=(1/2—=a)(1-p)
for 2" € C,,, where R is a constant depending only on d. Let r
be smaller than (1/2—«)(1—p), then for large n the third term
of the right side of (72) is larger than (27)%/2/(C;(©)n®/?).
This provides an upper bound on regret of m,, smaller than
the maximin value for all ™ € C,. This completes the proof.

E. Mixture with Fixed Weights

We consider the following model.
p(z|0) = 0.5g0(x) + 0.5¢1(x|6),

where ¢(x|6) is an exponential family with the natural param-
eter 0: g1(x|6) = exp(0-T(x)) —(0), and go(x) is a certain
fixed probability density function. This is another example
of non-exponential families. Let 7 denote the expectation
parameter for gi(x|@). For this case, we assume T'(z) is
bounded again.

We have
dlogp(x|0) _ 0.5(Ti —mi)gr(x|0)
90, p(z[0)
= (Ti = ma)r(«0),
where we have defined
0 591( 10)
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Note that 0 < r(x]¢) < 1 and

/T(a:|9)p(:c|9)u(d:c) =0.5
hold. The score function for x" is
0log p(z™]0) ~
=~ X () -

t=1

mi)r(x:]),

We have
Or(al6) _0.5(T; — ni)g: (a16)
a0; p(z]0)
051 (a10)0.5(T () —
(p(x]0))*
(T; — ;) (r(x]0) — r(2(6)%)
=(Ti — mi)r([0)(1 — r(x[6))
(Ti — mi)q(x]0).

where ¢(z|0) = r(x|0)(1 — r(z|0)). Hence,

02 log p(x|6)

1i)g1(x[0)

oitlf) — — Gir(alo)
+ (T = 0:)(T = mj)q(x]6),
by which, we have
J(0,am) = G0 @1
- LS e (Tj (o) = my)a(xel6),  (82)
t=1
where 1/n) Y7 r(z]0). We also have

1;)q(x|0)p(z|0)v(dz).

Hence, J(0,z") — .J(6) is bounded for any § € ©°, which
means that Assumption 7 holds for any b > 0. Further, since
J(Ti = i) (T — my)p(@|0)v(dz) = Gij () and 0 < q(z|) <
1/4, J(0) is positive definite for all 6.

Now we have

=(
Jij(0) = G”2(9) — /(Tz —ni)(Tj —

210 — (2~ maelf) 1 ~ o)
—(T; — mi)r(z]0 )(J(fv|9)
= (T; = ni)q(x]0)(1 — 2r(x]0)).
Using the above, we have
& log p(z|6)
001,00;00;
=~ 25O, (410) — 6y (0)(T ~ midatelo)
k
— G (0)(T; — n)a(x|0)
—(Ti - m)G (0)q((0)
+ (T = m) (T — ;) (T — i) a(z|0)(1 — 2r(]0)).

Hence, noting T'(z) is assumed to be bounded, J(6,z") is
equicontinuous in # € O for all n and for all z". Therefore,
we can apply Theorem 5 to show the asymptotic minimax
strategy.
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F. Contaminated Gaussian Location Families

In this subsection, we treat a simple case of contamination
Gaussian location families, which is a basic model for robust
estimation.

Let us define the model formally below. Let

p(z]0) = (1 —v)go(z|0) + vg1(x|0), (83)
where
go(z[0) = N(6,1),
g1(x]0) = N (0, s*I)

are Gaussian densities over R?, I the unit matrix of order d, v
a small positive number, and s a number larger than 1. Here,
(1 —v)go(x|f) is the main target for estimation and vg; (x|6)
represents a noise distribution. This p(z|60) is an example of
non-exponential families, In [34], MDL estimation based on
two-stage codes for this model is discussed.

Note that our setting that v and the forms of gy and g; are
known is the simplest one in robust statistics. See [29] for
more general settings.

Now we evaluate the score function and the empirical Fisher
information. Let 0; denote 0/00; and r = r(z|f) = (1 —
v)go(x|0)/p(x|0). We have

& log p(a]0) = (1 - ’/)go(pff(z)o;' Oivg1(x]0)
_ _,’,(oi _ xz) _ (1 T)ifl Il)
—(0; — xi)w,
where
w = w(alf) = r(alg) + ~0 = (1= D)) + .
Hence,
8j8i 1ng($|9) = —1jw — (91 — xl)ﬁjw
= —ILijjw — (0; — wi)(l - S%)@ 7
For the last term, we have
_ O;p(=]0) 9;(1 —v)go(x|0)
Ojr = —W(l —v)go(x]0) + (:v—|0§
= —r(z]0)9; log p(2|0) — r(x(0)(0; — z;)
=r(z]0)((0; — zj)w — (0; — z;))
= r(z[0)(0; —x;)(w —1)
= r(al6) (65 — ;)1 ~ r(alf)) (5 ~ 1)
= 6~ =)a( 5 1), (84)

where g = q(z|0) = r(x]0)(1 — r(x|0)). Hence, we have
9;0; log p(x]0)

1\2
= —U)Iij + (91 — xl)(ﬁj — xj)(l — 8_2) q,
which yields
1\2
= wly — (1= %) (6;=2)(0; — 2,)q
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By this, we will evaluate the Fisher information. First note that
J(0) dose not depend on 6. Since Er = 1, we have Fw = 1.
Hence, our task is to evaluate the expectation of the second
term. Since

r(@]0)(1 = r(]0)p(x|0) < min{(1 —v)go(x|0), vg1(x|0)}

holds, we have

fo-

Hence, the following holds.
I>J(0) > max{v,1 —vs*}I.

x:)(0; — z;)gp(z|0)dr < min{l — v,vs*}1,;.

The third part is positive definite and equals [ if and only if
v = 0. Note that [ equals the Fisher information of go(x|0) =
N(x|0,1).

The empirical Fisher information .J;(6) = J(0,z) has an
interesting property. To see it, consider the d = 1 case. Assume
x = 0 without loss of generality. Then, we have

-(1-5) 7

Assume s is very large and v is very small. Then, if [§] < 1
and 7(0/0) = 1, then .J, (0) nearly equals the empirical Fisher
information of N (0], 1), which is 1. On the other hand, let
us consider the case that r(0|¢) = 0, which is realized when
62 is large. In particular, assume that #? is much larger than
log(s/v), then

- 1—r

J1(0) =7r+

(86)

02r(0jg) < L= 1)oo(016)

Hence, J(6,0) = 1/s2, when 62 is much larger than log(s/v).
The above is reasonable observations and not surprising.
More interestingly, when 6 takes an intermediate value, jl(b‘)
can be a large negative value. Let us see it below.
Let ¢ be a solution to the equation r(0]0) = 1/2, which is

1—v ( 02) v ( 2 )
— — exp(——) = ——exp(—— ).
Vor P2 V2rs? P\72s2

This is modified to

Hence, we have

11! 1—v)?
= (1— —2) (logs2+log #),
S
which implies ¢ > log s?, because we assume v is small.

Therefore, the following holds.

1 1 log 52 12
S2(1—i_<92) 4 (1 52)'
The right side is negative when log s2 > 4. Further, its absolute
value can be arbitrarily large by letting s be large.

Now, we can show that the MLE is not unique for the string
x? with 2; = ¢ and 2o = —c. When s? is large, j(O,x2) is
negative, which means that # = 0 is not the maximizer of the

Ji(%c)




IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. X, NO. X, XXXX 201X

log likelihood, because —.J(0) > 0 is the second derivative
of the log likelihood at # = 0. Hence, the maximum is taken
at a certain 0 # 0. Then by symmetry, —@ also achieves the
maximum.

Next, we consider .J(6, z"). From (85) we can obtain the
following representation.

o= (- ) B (- ) w

where we have defined

=
Il

M
S|
>Q
B
=
§

Now, we concern whether (87) is equicontinuous or not for
x™ € KC. By (84), the derivative of the first term with respect to
0; is proportional to #; — z;, which is unbounded. It may seem
to cause a problem, but it is not, since 6; — x; is with a factor
q(x|0) which is of order exp(—C|0 — x|?). As a result, the
derivative of the first term is bounded. This holds for all the
terms which contain the factor 8; — z;. Hence, the derivative
of the empirical Fisher information is bounded, which implies
it is equicontinuous for all ™ and for all n as functions of 6.

APPENDIX A
ON ASSUMPTIONS FOR LOWER BOUNDS OF THEOREM 1

Suppose that Assumption 1 holds. This means that
Eysupg cp, (o) |J;; (0, 2)| is finite for 7 not more than r(6),
for all i,7 in {1,...,d}. Now J(0)~ V2], (¢, z)J(0)/? is
a linear combination of the .J;;(¢', z). Consequently,

Ey sup +((J(O)"V2J(O,2)J(0)" )y — L)
0’€B;s(0)

(88)

is finite for ¢ not more than (). Also by Assumption 1,
J(0',x) is continuous in ¢ for each z. Accordingly, as &
decreases to 0, the supremum in the above expression con-
vergences monotonically to &((J(8) /2.7 (0, z)J (0)~/?),,—
I;;) which has zero expectation. Then by the monotone con-
vergence theorem, the expected supremum in (88) converges
to 0 as 0 — 0 for each @ in ©°.

The plus-minus 4+ means that the indicated property
holds with each sign choice. It is the flipped sign case
supgre (o) (1ig — ((J(0)7/2J(0',2).J(6)1/2);) that espe-
cially matters for our development. Nevertheless, it is ap-
propriate to see that it can be handled with either sign.
One might be tempted to take an absolute value, but
[(J(0)~Y/2J(0,2)J(8)~/?);; — I;| does not have zero ex-
pectation.

On K, the assumption that C;(K) is finite means that the
Jeffreys measure is a finite measure on K. Accordingly, by
Egorov’s Theorem [8], [9], the convergent sequences (6), (7),
and (88) are uniformly convergent to 0 as § — 0, except for
0 in sets of arbitrarily small measure. In particular, for any
€ > 0, there is a 0 > 0 and a good set G C K, such that
for all # in G the quantities in (6) and (7) are less than e, the
expected suprema in (88) are less than €/(2d) and the Jeffreys
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measure of the complement of G, which is [, [.J(6)[*/2d#,
is less than € Cy(K).

Next consider (J(8)~'/2.J (6, 2™).J()~'/2);; for a sample
of size n. By the definition of the empirical Fisher information,

this is N
1
w2 0

The law of large numbers informs us that it is near its expec-
tation with high probability. We use the expected supremum
property to get uniformity over B;(6). Indeed, the supremum
of an average is less than the average of the supremum. In
particular, supg: ¢ g, (o) +(I;—(J(O)"YV2J(0, 2™)T(0)"1/2),;
is not more than

1
— Z sup :I:(Iij
N7 60'€Bs(0)

1/2J )J(@)_I/Q)

ij”

— (J(O) V2T 20) T (0) %))
When the x; are independent from the distribution F, this
is a sample average having expectation bounded by €/(2d).
Accordingly, by the law of large numbers, for each i, j, and
for each sign choice, it is within €/d of 0 except in an event
of (FPp) probability tending to 0 as n — oo. Accordingly,
taking the exception event as the finite union of these tail
events for 1 < ¢,57 < d and for each sign, we have that
max, ; supgre ) (g — (J(0) /20", 2)J(0)7212) ] is
not more than ¢/d except in an event having a (P») probability,
say d,, which tends to zero as n — oc.

Now the spectral norm of a d by d matrix is within a factor
d of the maximum absolute value of its entries. Accordingly,

sup sup (1= (J(O)72J(0',2")7(0)"/2))¢ (89)
[C|=106"€Bs(0)
is less than ¢, except in the event of probability §,,. Any unit
vector ¢ may be obtained as J(0)'/2z/|.J(0)'/?z| for some
non-zero vector z. Accordingly, switching from ( to z, this

gives
tA /e
JO x™)z 1.

f 2200 )2
sup 11 2tJ(0)z  —

0’€ B, (0) 270

except in the event of vanishing Py probability, asymptotically.

APPENDIX B
ON ASSUMPTIONS FOR LOWER BOUNDS OF THEOREM 2

The analysis in the proof of Theorem 2 is similar. The extra
assumptions of continuity of the expected supremum function
and continuity of the Fisher information are used, along with
Dini’s Theorem, to deduce that the convergence to 0 of the
expected supremum as well as the convergences to 0 of the
expressions in (6) and (7), are in fact uniform convergences
within the whole presummed compact K (with no need for
an Egorov style exception set K ~\ ). In particular there is a
0 > 0, sufficiently small, such that the expected value of the
supremum in expression (89) is less than ¢/2, uniformly over
fin K.

Another distinction is the use of the assumption of the
continuous and finite expected square, to permit an appeal
to Chebyshev’s inequality. The variance of the supremum
in expression (89) is not more than vg/n, where vg is the
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variance of the supremum when n = 1. From Assumption 1’
this variance is finite and continuous so it has a finite bound
vk on the compact domain K. Accordingly, by Chebyshev’s
inequality, the probability that expression (89) exceeds ¢ is not
more than 4vg /(ne?), uniformly over § in K. This converges
to zero faster than the required 1/logn. [A simlar sufficiently
fast tail probability conclusion can be arranged if using a 1+«
moment of the empirical Fisher information for any a > 0].

APPENDIX C
ASYMPTOTIC NORMALITY AND UNIFORM TIGHTNESS OF
THE DISTRIBUTION OF THE MLE

First we restate and then prove Lemma 2 from Section 1V,
which is for general i.i.d. families.

Lemma 2: Under Assumptions 1/, 2', 3', \/nJ(6)/2(0—0)
converges in distribution to a mean zero normal random vector
and there is a constant ¢ such that the following inequality
holds for any positive b,

max Py (vl 1)/ (6 = 0)]| > by/Togn)

< wiogn +*(iogn)
~ b2logn Ologn'

The constant ¢ equals maxge g trace(J(6)~11(6)) which is
the dimension d, the trace of an identity matrix, when I(6) =
J(9).

Proof: Assume that 2™ is drawn from p(-|6). Let I, (6) be
the log likelihood function log p(«™|#). Then, the first order
Taylor expansion of the score function Vi, (6) at 0 shows
where V() and VV*f(0) denote the gradient and the
Hessian of f, respectively, and 0 is a point on the line
between 6 and 6. From the definition of the empirical Fisher
information, this equation is

Vi (0) = nJ(0,2™)(0 — 6), (90)

which is equivalent to

J(@*“%w (0)

= [J(0)"/2J(0,2™)(0)""?)[V/nI (6)"/* (0 - )].

Let’s call the random vector on the left side Z,,. It is asymp-
totic normal by the central limit theorem (for sums of i.i.d.
random vectors with finite covariance) and it has covariance
EZ,Zt = J(0)"21(0).J(0)~1/2.

By Assumption 3’ the estimator Gisinad neighborhood
of 6 with probability greater than 1 — o(1/logn) uniformly
for § € K. Then by (25), which is a consequence of As-
sumption 1°, J(0)~1/2.J(#,2™).J(#)~/2 is close to I, indeed
not less than (1 — €)/, for all §# € K with probability
at least 1 — o(1/logn). (The inequality of matrices is in
the sense that the difference is a non-negative definite ma-
trix.) Accordingly, the random vector of interest defined by
En = En(0) = VnJ(0)Y2(0 — 0) satisfies &, = A,Z,
where A, < (1 — ¢)7'I. It follows that E¢,&L < (1 —
€)2EZ,Z! and that E||£,]|> < (1 — €)"2E||Z,||*> which is
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(1 —¢)~2trace(J(0) 1 1(6)), not more than (1 —¢)~2c. Thus
by Chebyshev’s inequality

max Py (vl 1(0)'/2(6 = 0)]| > by/Togn)

(1—e€)2c 0(11 )
ogn

b%logn
This means that limsup, (logn)maxpex Py(|[€,(0)]] >
byIlogn) < (1 —e€)~2¢/b% Since this bound holds for all
positive e, it follows that this limsup is less than ¢/ b2, which
is the desired result. This completes the proof of Lemma 2

Remark on Uniform Tightness: Consider the family of
approximately standardized random variables ¢&,(0) =
V/nJ(6)/2(0—6). Convergence in distribution provides a form
of stochastic tightness, that is, Py(||£,(0)|| > @) tends to zero
as a — oo, uniformly in n. Here we used slightly stronger
assumptions to get that the convergence is also uniformly valid
for § € K and that moderately sized tails with a,, = by/logn
have tail probability bounded by a small multiple of 1/logn.

APPENDIX D
CONSISTENCY OF THE MLE

The present setting is for a model in which the zq, ...
given 6 are independent and identically distributed.

Here we state conditions that are sufficient for the consis-
tency of the MLE for each 6. The subsequent section addresses
uniform consistency for 6 in compacta.

For consistency, we use Assumptions 11-13 described be-
low. The first assumption concerns continuity.

Assumption 11: Continuity. For almost every x € X and
for all # € ©, p(x|0) is upper half continuous at 6:

p(x]0") = p(x]0).

7‘T’n

lim  sup
6=0¢710—0'|1<5
Moreover, the relative entropy D(6||6”) is a continuous func-
tion of # and ¢’ in ©.
Assumption 12: For each 6 and ¢’ in the interior of O, there
is a 0 > 0 such that the following holds

1!
L2

p(x]0)

The above two assumptions are sufficient for consistency
when the parameter space © is compact. Accordingly, for
bounded parameter spaces, it is natural to include in the
parameter space any boundary points that do correspond to
probability densities.

For non-compact parameter spaces, the following additional
assumption is used to handle those cases in which the densities
lose mass as the parameter approaches boundary points not
in ©. For B > 1, we let ©p be an increasing sequence of
compact subsets whose union is O.

For one example, consider the family of exponential densi-
ties p(z]0) = e~ for x > 0. It has the natural parameter
space © = {0 : 0 > 0} and the sets

Op=1{0:1/B<0<B)

E@( sup
0"€0:0" —0'|<§

are increasing compact sets whose union is ©. Moreover, as
0’ — 0 or as @' — oo it has limp(x|0’) = 0 for each = > 0.
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When the parameter space is © = R? we may take
Op ={0:10| < B}.

Assumption 13: Let an increasing sequence of compact
subsets ©p be given whose union is ©. For each § € ©°,
there is a B sufficiently large such that

/
Ee( sup log p(zlo )) < 00
oeores  P(zl)
Moreover, there is a value a > 0, such that, for any sequence
Op, B > 1, with 0 € O\ Op, in the limit the likelihood
ratio satisfies limsupg p(x|0p)/p(x]0) < exp{—a}, for each
rekX.

We call this latter property the loss of mass for any
sequences diverging from the set. Often, as in the example
above, the indicated limit property holds trivially, with full loss
of mass limp(x|@p) = 0, if there be sequences fp heading
out of compacta in ©.

For compact O, taking © 5 = ©, the set O \ Op is empty
and Assumption 13 is regarded as holding vacuously, with the
supremum of an empty set taken to be —oo

Under 11, 12, 13, the maximum likelihood estimate is a
consistent estimator of §. We prove the following.

Lemma 15: For a family of densities S = {p(-|0) : 6 € ©},
suppose Assumptions 11, 12, and 13 hold. Then, for each 6 in
©°, we have convergence to zero in probability of the relative

entropy between the densities at the maximum likelihood
estimate 6(z™) and at 6. That is,

lim D(6]|6) =0, in P, probability.

n—oo

Moreover, if D(0][0") is continuous in ¢, and if Py = Py
only at #" = 6, then also 6(x™) converges to 6 in probability.
That is, for every € > 0.

Py(|6(z™) =o(1).

Proof: For positive £, let U be a subset of © defined as
U {0 €0:D(0]|0) > ¢}. By the continuity of D(6]|6")
as a function of #’, when © is compact, so also is U. When
© is not compact, in place of U we use U N Op for which
will discuss the size of B later below. By Assumption 11, we
have, for each 6’ in U,

-0 >¢)

0// 0/
lim sup log p(l”) = log pl| )
62009197 —07| <6 p(x|0) p(x|0)
Therefore, we have
lim E@( sup log pz] H)) D(6]|¢"),
60 010" —0"| <5 p(x[6)
by the monotone convergence theorem,  since

SUPgr,|gr—gr|<510g(p(2[0") /p(x|0)) decreases as § decreases
for each x € X and since it has finite expectation by
Assumption 12.

For each £ > 0 and each ¢’ € U, let §(6") = 6(0',&) > 0
be so small that

sup —D(0|0") +£/2

/!
B Bel?)y
016" —6"|<8(6")

& ()
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holds. Then, since D(0||0") > £ in U, we have

o P10")
p(x|0)

Eg( sup
0'7:16" —07|<8(0")

) <-¢/2

Now consider - sup(,,, 67 —97|<5(6") 1ogﬁ for samples
of size n. Smce we are presently treating models in which the
x1 through z,, are independent. It is

—Z

0 |9~ 9’ |<5(67) T

Then since the supremum of the average is less than the
average of the supremum, we can apply the law of large
numbers and deduce that it has a limit in (F») probability not
greater than —¢ /2, for each 6" in U. We will need to arrange
an analogous property holding uniformly over 6’ in U, and we
will come back to that matter momentarily.

For non-compact domains ©, consider the sequence
SUPg co\0 5 108 (( “99)) It is decreasing in B and it has limit
less than or equal to —a as B — oo, by Assumption 11. Then
with 0 < ¢ < a, by the monotone convergence theorem, we

can arrange that B is sufficiently large that

p(x]0")
p(x|6)

sup

Eg( log
0'cO\Op

)< —£/2.

Accordingly, again using that a supremum of an average is
less than the average of a supremum, we can deduce that

supe/eg\@ 5 log (( ‘ﬁ;;) has a limsup in probability not
greater than —&/2.

To obtain that D(6]|0) is less than £ it is enough to confirm
that the likelihood at 6 is higher than the supremum of the
likelihoods for all " with D(6]|6") > &. Indeed, this gives an
instance of a parameter value in the Kullback ball (namely at
the center point #) that has higher likelihood than at all points
outside the Kullback ball. Accordingly the maximum must be
in that ball. So if suffices for Kullback consistency to show
that with high probability

n 9/
o 2217

2 P,
p(x"|0)

sup
07:D(0]]6") =€

In the compact © case, this supremum is over all 6’ in U.
Now the compact U is covered by the (infinite) union of all
the variable radius balls {6” : |0” — 0’| < 6(0")} for 0 in
U. For a compact set every cover has a finite subcover. Thus,
there exist a finite number of points 61,65, ...,0 such that
the family of sets U = {U;} (i = 1,2,..., N) covers U, where
Ui €{0: 10— 6;] < 6(6,)}.

Similarly, in the non-compact © case, we obtain such a
cover of the compact U N ©p and append the set Uy = {6’ €
©\Op : D(0]|0') > &} to obtain thereby Uy UU U...UUy
as a cover of {6/ € © : D(0]|0") > ¢}.
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Now, we have

(1 p(z"6")
sup —log ———=
o:D0||9)>¢ \" p(z"|0)
1 p(z"]¢")
< — I
= oghew <n9§25k ) (:v"|6‘)
z;6')
< I
i} 02%< Zi?& 5 (e, )

Now as we showed each of these finitely many averages
Ly supgcp, log p((xj 0 )) is less than 0 except in an event
Ek_,n of probability Pg(Ekyn) which tends to zero as n — oo.
Accordingly, the finite union of these exception sets E,, =
U]kv oUk,n has probability Py(FE,) tending to zero as well.
Outside F,,, we have supyg. D(6]|6)>¢ log ((znl\e)) < 0.

So for each ¢ > 0, the maximum likelihood estimate is in
the Kullback ball of size ¢ except in an event of probability
tending to zero as n — co. This means that D(6]|d) converges
to 0 in probability.

Now for any € > 0, with D(6||¢") continuous in ¢’ and zero
only at #" = 0, it follows that in any compact K C © (such

as K = Op)

D(#]|6") > 0

inf

0'eK:[0/—0]>e
Moreover, for non-compact © the condition on the limit
of p(x|0’)/p(x|@) as 6 diverges from compacta, prevents
D(0]|¢") from tending to zero for such sequences. Accord-
ingly, the convergence of D(f||f) to zero (in probability)
implies |§(z™) — 6] — O (in probability). This completes the
proof of the Lemma.

Remarks: The first consistency proof of this type is in Wald
[47]. Our conditions are similar, but slightly weaker in that
we use suprema of log density ratios (demonstrated close
to relative entropies). In contrast Wald use suprema of log
densities together with finite entropy conditions. Secondly,
here we organized the proof to exhibit the primacy of the
conclusion of information consistency (D(6]|f) tending to
zero in probability) with the parameter consistency conclusion
0 — 0 of Wald as a consequence.

Extension to parameter spaces that are separable metric
spaces is straightforward, provided the finite balls of radius B
are compact (so that covers have finite subcovers). Extension
to almost sure convergence is also straightforward. Also, the
conclusion extends to the case that the governing distribution
P is not in the family {Fy : € ©}, but is an information
limit of a sequence of members of the family (that is, there
exists Py, with D(P||Py,) tending to 0 as k grows).

APPENDIX E
CONSISTENCY CONDITIONS AND THE SHTARKOV VALUE

Recall that the minimax regret value is defined by r,, (K) =
ming SUP,n e xn SUPge i log p(2™10)/q(2™), where the mini-
mum is over ¢ which are non-negative and integrate to not
more than 1 with respect to v. Per the theory of Shtarkov
[39], the exact minimax value is r,,(K) = log ¢, k achieved
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by the normalized maximum likelihood distribution ¢(z") =
supge g p(2"0)/cn,x Where ¢, ik = [ supge g p(x™10)n(db)
is the Shtarkov constant. As explained in the introduction, it
is the properties of r,(K) that are of interest to us here. In
particular, the use of Bayes mixture approximations to the
minimax distribution arises from aim of approximate imple-
mentation as well as the aim of determining approximations
of the Shtarkov value suitable for use in Rissanen’s stochastic
complexity formulation of the minimum description length
(MDL) principle.

In this appendix we show a relationship between the con-
sistency conditions and finiteness of the Shtarkov constant.

Let’s focus attention on the case that the parameter space is
taken to be a set K (possibly a subset of the whole parameter
space) for which ¢, g is finite.

For independent random variables, if the total sample size
N = nm is a multiple of a block size m, one has the option
to organize the sequence zi,xs,...,zN as the sequence of
independent blocks z7", 25", ... 2", each of size m, where

it = (x(ifl)erla T(i—1)m+2>- - - s Tim)-

Accordingly, for m > 1,
generalize as follows.

Assumption 12[m]: For the specified blocksize m and for
each 0 and ¢’ in the interior of K, there is a & > 0 such that
the following holds

the Assumptions 12 and 13

m|9//)

p(x
p(x™0)

Assumption 13[m]: Let an increasing sequence of compact
subsets K'p be given whose union is K. For the specified m
and for each § € K°, there is a B sufficiently large such that

p(=™0")
p(z™]6)

Moreover, there is the loss of mass property for sequences
diverging from K. That is, there is a value a > 0, such that,
for any sequence 0p, B > 1, with 5 € K\ Kp, in the limit,
the likelihood ratio satisfies limsupg p(z™|05)/p(z™|0) <
exp{—a}, for each z™ € X.

With these assumptions we have the following consistency
conclusion.

Lemma 16: For a family of densities S = {p(:|0) : 6 €
O}, and a blocksize m, suppose Assumptions 11, 12[m]
and 13[m]. Consider the sequence of maximum likelihood
estimates 6(z™) with sample sizes N = nm a multiple of
m. Then, for each # in ©°, we have convergence to zero in
probability of the relative entropy between the densities at the
maximum likelihood estimate # and at §. That is,

sup

E@( log
0€0:|0" —0'| <6

) <o

Eg( sup log )<oo.
0'cK\Kp

lim D(A]|d) =0, in Py probability.

n—oo

Moreover, if D(0]|0") is continuous in ¢, and if Py = Py
only at 6/ = 0, then also 6(x™) converges to 6 in probability.
That is, for every € > 0.

Pg(|é(x") — 0] >¢€) =o0(1).
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Proof: Taking the sequence of sample sizes nm which are
a multiple of m, the proof is essentially the same as in the
m = 1 case.

Lemma 17: If the Shtarkov value c¢; x at m = 1 is finite,
then it implies the satisfaction of assumptions 12 and 13,
and hence (together with the continuity assumption 11 and
the loss of mass assumption if /K is not compact), a finite
Shtarkov value implies the full consistency of the MLE,
per the conclusions of Lemma 15. Likewise, for m > 1,
finiteness of the Shtarkov value c,, x implies the satisfaction
of assumptions 12[m] and 13[m] and, hence (along with the
continuity assumption 11 and the loss of mass assumption if
K is not compact), it implies the consistency of the MLE for
the sequence of sample sizes that are multiples of m, per the
conclusions of Lemma 16.

Proof: The expected suprema in 12[m] and 13[m] are

SUPg e KNBy: 4 p(z™|0") )

o log (2 6)

and

SUPy e K\K 5 p(:v’”IH’))
p(z"0)

which by Jensen’s inequality have the upper bounds

log/ sup
9“€Kﬂ39/’5

FEy (log

p(z™0")v(dz™)

and
tog [ suppla”6)w(ds™),
0'eK\Kp

respectively. Thus (local) domination of the joint densities is
sufficient for (local) domination of the log likelihood ratios.

Next, we can further upperbound these by a global domi-
nating quantity (when finite)

log/ sup p(z™|0")v(dz™)
0'eK

which is log ¢, i, the Shtarkov minimax regret. The indicated
consistency properties then follow when it is finite.

APPENDIX F
UNIFORM CONSISTENCY OF THE MLE

We turn our attention to assumptions for uniform consis-
tency, on compact subsets of O, as used in the development
of Theorem 2.

Recall that we assumed continuity of the mean of the log
density ratio D = D(6||6’) in assumption 11. Here we will
also assume continuity of its variance

V(0]10") = Eol(log p(x|0) /p(]6') — D)?].

Assumption 11': V(6]|¢") is a continuous function of " and
0 in ©.

Assumption 12': Within each compact subset of ©, there
exists a & > 0 such that for 0 < § < ¢ the following
expressions are finite and continuous as a function of 6 and 6’

p(x]6")

Fo p(10)

sup log
0" cO:10"—0'|<§
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and

) p(:r|9”>)2]

Ey [( sup 0
0" €0:|0" —0'| <5 p(z|0)

The above assumption 12, along with 11 and 11’, is suffi-
cient to show uniform consistency for ¢ within any compact
subset when the parameter space on which the likelihood is
maximized is also compact.

There can also be interest to know whether uniform consis-
tency within compact subsets K can hold when the parameter
space © is not compact. For that purpose we have the
following assumption.

Assumption 13': Let K be a compact subset of ©. There
exists a certain positive number B such that

0')\2
sup Eg[( sup 1ng(a:| )) ] < o0
0K 6'cO\Op p(x|0)
and p
sup Fy sup log p(z|0’)
0EK  0'cO\OB p(z[0)
hold.

We prove the following uniform consistency of maximum
likelihood estimators.

Lemma 18: Consider a family of densities S = {p(:|0) :
0 € ©}. Consider any global maximizer 6(z") of the likeli-
hood over § in ©. When © is compact, suppose Assumptions
11, 11" and 12’. Then for each £ > 0

sup Py(D(0]|0) > €) = O(1/n).
0cO

and likewise, for each ¢ > 0,

sup Pp(|0(z") — 0] > €) = O(1/n).

0cO
If © is not compact, suppose Assumptions 11, 11’, 12’ and
13’. Then, for any compact subset K, we have

sup Py(D(6]0) > €) = O(1/n)
0eEK

and

sup Pp(|0(z™) — 0] > €) = O(1/n).

9eK

Proof: In the compact © case, let 5 > 0 be a choice such

that the square of the expected supremum in Assumption 12’
is finite and and continuous in 6" and 6. We could proceed
as in the proof of the previous lemma, arranging, for each
& > 0, positive 6(6,0") < § sufficiently small to achieve the
negative expected supremum as explained there. But we can
arrange matters a little better, because we have convergence as
0 goes to 0 of functions, here assumed to be continuous on the
compact set, which are converging to the continuous function
—D(6]|¢"). So by Dini’s theorem it is a uniform convergence.
Consequently, we can deduce that for each £ > 0, there is a
common choice of positive § < § with which the expected
supremum is less than —D(0||0") + £/2 (and moreover, the
variance of the expected supremum is arbitrarily close to its
continuous limit V' (#||6")). From the common choice ¢ of the
radii of the balls, when we arrange the finite cover Uy, ..., Un,
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if desired, we have control on the number of them. Then, as
in the proof of the previous lemma,
sup

(e}
—log
D(0]|)>¢ \ T

li sup logp xj|9/)
Z p(a,10) )

i—1 60'cUy,

< ma
1<k<N

where each of these suprema have expectation less than —&/2.
Then by Chebyshev’s inequality each of these averages is
less than O except in an event of probability not more than
4vs/(n&?), where vs is the maximum over 6’ and 6 of the
variance of the expected suprema (this maximum being finite
since it is a maximum over a compact set of a function
assumed continuous). So we have, crudely, the union bound
on the exception event 4Nvs/(n&?) of order 1/n. This proves
the conclusion in the compact © case.

Maximization of the likelihood over non-compact © is
handled with an analogous incorporation of the Assumption
13’. This completes the proof.

Remarks: Note that in the non-compact O setting, with As-
sumption 13’, the domain for maximization of the likelihood
is allowed to be larger than the set K of # values for which we
bound Py{|0(z")—0|| > €}. That Assumption may be dropped
if the likelihood is maximized only within the compact K.

APPENDIX G
ON ASSUMPTIONS IN THE NON-I.I.D. SETTING

Stochastic processes for the joint densities p(z™|0), n > 1,
provide considerable generality, beyond the i.i.d. model set-
ting, in which the regret could potentially be analyzed. Two
natural settings include Markov models with time homoge-
neous transitions and stationary ergodic processes. The core
ingredients are the conditional densities p(x¢41|xy, ... 21,0).

Such conditional densities provide the heart of what is
needed for arithmetic coding and predictive gambling proce-
dures. Indeed, to facilitate implementation, the rational for
Bayes procedures that approximate the mimimax regret is
that these yield predictive densities q(xty1|zt,...,21) which
can be computed (e.g. via posterior Monte Carlo) as the
posterior means of the p(z¢41|2+, . .. 21,6) using the posterior
w(B|xy, ..., z1) built from the (suitably modified) Jeffreys
prior.

For stationary processes, there is, for each k£ > 1, a func-
tion p(spi1|sk,---,s1,0) on X*T1 such that the conditional
probability density for X1, evaluated at X;; = si, given
Xy = Sgy-.., Xt41-k = s1 and given 6 is the same for all
t > k, equal to this p(Skt1|sk,--.,s1,0).

These stationary conditionals exist also for Markov pro-
cesses that do not necessarily start in the invariant distribution.
More generally, for asymptotically mean stationary processes
(in the sense of Gray and Kieffer [22]), associated to the pro-
cess with densities p(x™|0) there is a stationary process with
densities p(x"]0) with corresponding stationary conditionals.

For simplicity, here we present results for irreducible
Markov processes (of arbitrary order k). And leave to briefer
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mention settings in which for large k these approximate more
general asymptotically mean stationary processes which have
a stationary ergodic p(z"|6),n > 1.

We consider the following setting for the Markov model of
order k. The model of joint densities takes the form

n
H p(xe|zi—1, ...

t=k+1

p(z"10) = pinit(x") ik, 0),

where the conditional (transition) density function is time-
homogeneous as mentioned above. It depends on the param-
eter . It is assumed that there is an invariant probability
distribution P k(67 which, in general, would depend on the
parameter. It may have a density p*(2*|6). It will assumed that
the Markov model is irreducible, so the invariant distribution
is unique.

As for the initial density pi,i;(2"), with additional com-
plication, we could consider the case that the initial is the
invariant density p*(x*|0). But for simplicity here, let’s simply
take the case that pim-t(:vk) is fixed (not depending on the
parameter) and known.

Now the empirical Fisher information matrix takes the form

A n o2

Jij(o,«r )—__ ;1 (991(997 logp(xt|:ct 1yeooLp— k,@),

where it will be assumed that logp(sgi1|s¥,0) is twice
continuously differentiable for every s**! in X**!. The
second derivatives in the expression above will also be denoted
0,0 log p(xy|Ti—1, ... x1—k, 0).

In investigating the expectation of the empirical Fisher
information, let .J;;(0|s*) denote the conditional expectation
of minus the second derivatives of the log of transition density,
given an arbitrarily specified vector of previous values s*.
Then the Fisher information matrix Ji; ,(6) = Eg[Ji; (6, 2™)]
takes the form

Lm@:Em$%MN:/hwﬁm$WWM)

where P g = (1/n) >0 111 Py:-1)9 is the average across ¢
b
of the distributions for Xtt:,i = (4—g,...,x4—1) fort > k+1

having joint density

— k|0

prtl )

t k+1

Continuity of J;; ,,() as a function of § is inherited from the
continuity of J;;(0|s*), and of the distributions Pthl o- These

distributions Py -1, with density functions py:- ;( s*16) are
induced by the transitions starting from the spe01ﬁed initial
distribution P;,,;; for the first k.

In general the distribution P, ¢ converges (weakly) to the
invariant P, distribution on &’ k.

Let’s assume that J;;(0|s*) is a bounded function of s*
in X% for each § (which allows that the expectation with
respect to the any initial distribution is finite). With .J;;(6]s*)
is bounded and continuous for s* in X'* for each 6, from the
convergence of ng to the invariant Py, it follows that the
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Fisher information J;;,,(#) converges to the limit .J;;(#) as
n — oo, where the limiting Fisher information matrix

Jij(0) = Epy[Ji;(0]")]
is the expectation using the invariant distribution.

Moreover, by the ergodic theorem (for asymptotically mean
stationary processes [22]), if 0;0;logp(zi|xi—1,... 21—k, 0)
has finite expected absolute value, with respect to the sta-
tionary Py, it follows that the empirical Fisher information
Ji; (8, z™) converges to .J;;(#) in Py probability. The following
assumption allows the extension of that conclusion via local
domination.

Assumption 14: The stochastic process is kth order Markov
with a time homogeneous one-step-ahead transition density
that is twice continuously differentiable for # in ©° and
has a unique invariant distribution. The conditional Fisher
information .J;;(6]-) is assumed bounded as a function X*
for each ¢ in ©, and continuous as a function of @ for each
sk. Moreover, for every § € ©° there is an r = 7(f) such
that, for every 1, 7,

Ey| sup

|0;0; log p(Tpt1l|Tk, . .. 21, 9/)|] ODn
9'€ B, (0)

is finite, where the expectation is taken with respect to the
stationary distribution. The Fisher information .J,,(#) and its
limit J(#) are assumed to be continuous as a function of 6 in
©. Moreover, J(f) is strictly positive definite.

Accordingly, as in Appendix A, given any e, there ex-
ists 0(0) sufficiently small that the expected supremum in
Assumption 14 is less than any prescribed positive value,
and likewise for the expected supremum when the matrix of
second derivatives of logp(zyt1|2k,...21,60") is hit on the
left and right by .J(6)~'/2. Moreover, using that a supremum
of averages is less than the average of suprema, and appealing
to the ergodic Theorem, we find again that, for each ¢, j, and
for each sign choice,

sup  £(Ii; — (J(0)7V/2J(O',2")J(0) /%))
0’ B;(0)
is within e/d of 0 except in an event of (Py) probability tending
to 0 as n — oo.

In compact sets, as we have previously indicated (via
Dini’s Theorem), convergence of continuous functions to a
continuous limit is uniformly convergent. Accordingly, the
convergence of .J,, () to J(6) is a uniform convergence in K.
Accordingly, the collection of J,, () for large n is equicontin-
uous, uniformly in K, and they share a positive lower bound
on their minimum eigenvalue. Moreover [, |7 (0)]*/2d6 con-
verges to [, |J(6)[*/2.

For consistency, one proceeds similarly, using the relative
entropy rate. The relative entropy rate D(6|]0") defined by
lim,, (1/n)D(Pxn|9||Pxng:, in the Markov case, is equal to

p(Xp1| X", 0) }
P(Xpqr|XF,00) )
Assumption 15: For the Markov model, the relative entropy

rate D(6|]|6’) is assumed to be continuous as a function of 6’
and 6, and to satisfy the identifiability property that it is zero

D(9||0I) = EP;(k‘SEXk«#lIXk)G |:10g
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only at #’ = 6. Moreover, local domination of log-likelihood
ratios is assumed for each € and 6 in a compact K. Namely
for each 0 and ¢’ there is an r = r(6,0") such that

p(Xk-l-l |Xk7 9”)

E*
v P( X1 XE, 0)

sup log
0" KNB,(0")

is finite and continuous as a function of ¢ and 6’ in K.

These Assumptions 14 and 15 for Markov models are
sufficient for the conditions of Theorem 3 for the lower bound
conclusion for the regret for stochastic processes, for compact
parameter sets.

Further details are omitted since they closely parallel the
previous analysis from the i.i.d. setting.

One may wonder about further generalization beyond the
Markov model setting. For consistency, the core matter is the
convergence of (1/n) log density ratios to a relative entropy (an
asymptotic equipartion property (AEP)). One setting beyond
Markov, is when target stationary ergodic processes P* are
approximated by possibly variable order Markov models P;.
For this setting one can appeal to the moderately general AEP
of [11], [21], and [1]. Presummably, shifting back to a time 0
reference, the domination condition would be of the form of
an assumption of finiteness of

p(Xol0, X 1, X o,... ,X—k)}
p*(X0|X,1,X,2,...) '

E; sup log

0" KNB,(0")

where perhaps the Markov order k¥ = k(#’) would depend
on 6. To deal more generally for families of non-Markov
stationary ergodic processes, there were early attempts in [35],
and counterexamples for pairs of stationary (but not ergodic)
processes in [32]. Nevertheless the question of formulation of
suitably general conditions for an AEP for pairs of stationary
ergodic processes Py and P is largely open. Until such is
obtained, the matter of consistency of maximum likelihood in
non-Markov models requires that it be addressed on a case-
by-case basis.

APPENDIX H
LOWER BOUND ON GAUSSIAN MEASURE (PROPOSITION 1)

Recall that ® denotes the measure of the d-dimensional

standard normal distribution and N,.(0) = {z : |z| < r}. The
following holds.
Proposition 1: For all n > 0 and € > 0,
ne? d ne? d
O(N 7.(0) 21— exp(—T(l - log 7) + 5),

which is larger than

2

ne d
1-ew(=T+3),

when ne?/d > 2.
Proof: Note that
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where each X; is an independent standard normal random
variable. The density function of normal distribution with
mean 0 and variance o2 is

2

1 —x -2 1 9
(2#02)1/2 p( 202 ) - exp( 202 2 log(2mo ))

= exp(ua® — ¥(u)),
where u = —1/(20%) and ¥(u) = (1/2)log(2m0?) =
(1/2)log(—m/u). Let q(z|u) = exp(ux® — (u)), which
forms an exponential family, for which the natural parameter
is u = —1/(20%). Let v = E,(2%) = 02. Then v is the
expectation parameter coresponding to u. We have

q(a|u) = exp(d(ul|z[[* /d - p(w))),

where 29 = (z1,...,24) and ||z||? denotes the square of z%’s
Euclidian norm. Note that the maximum likelihood estimate of
v = o2 given 2% is 02 = ||||? /d. Then by the large deviation
inequality (Lemma 11), we have

d

d
Pr{z X2 > neQ} < exp(—dD(ne?/d||1)),
i=1

where D(v||v") denotes the Kullback-Leibler divergence from
q(z|u) to g(x|u’) (v’ is the expectation parameter correspond-
ing to u’). Here, we have

D(v[|v') = (u —u')v —(u) + ¢ (u')
B 1+1v +1 o v’
Ty T8
1 v v
=5 (-1 s y).
Hence we have
d ne> ne>
2 P— — —_— —_—
D(ne /d||1)_2( 1+ —log d)
d ne? d ne?
2+ 2 ( 2 g d )’
which is not less than
d ne log2 d ne
AR R R

when ne?/d > 2. This completes the proof.

APPENDIX I
NORMALIZATION CONSTANT OF THE IDEAL PRIORS

Lemma 5: Let K be an arbitrary compact set in ©°. Sup-
pose Assumption 2"/ holds and let A denote a lower bound on
the smallest eigenvalue of J,, y among n € N and 6 € K. Let

K.=1{0:B.(0) c K},

Then for € such that ne?/d > 2 and €2a? < ), we have

« CJn(K) CJn(K\Kea)
C " C( ) ) ,
1K) < O < 7= ncararan +
where

Cyn(A) = / (0248,
A
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Proof: Assume 6 € K. Then, by e2a® <\, N _7.(0) C
(vVn)a)(Jng) /2 (K — 0) is satisfied, Wthh means

(N, /7 (0))

holds for § € K.,. Hence by Proposition 1 and the assumption
ne?/d > 2, the following holds.

oUL)(0) =

(@) > 1 —ne?/4+d/2
() (0) =1 .

Using this inequality, we have

/ |Jn,9|1/2
K (U], (0))
|Jn9|1/2 / |J |1/2
< ———df + 7m0l " g
/I{E/a 1_87ne2/4+d/2 K\K.o pgla)( )
CJ,n(K) CJ,n(K \ Kea)
= 1 — g—ne2/4+d/2 pgla)( ) ’

This completes the proof of the Lemma.

APPENDIX J
LOWER BOUNDS ON p*) (¢)

For a subset A of R?, let diam(A) and vol(A) denote the
diameter of A and the volume of A, respectively.

Lemma 6: Assume that K is compact, convex, and the
closure of an open set in R?. Then, for all ¢ such that
vol(Ne(0)) < vol(J)Y7K)/2, the following holds.

ey > K gy oy
" o(diam (2R, Y
Proof: Let L = J1/2K Then, we have
P (e,0) = DU, (0))
= B(N 2 (0) N (/o) (L — 1,/30))

~— =

= o (/o) (Neal0) 0 (L = T39)) ).
Define for n € L and for € > 0,
A(n) ={ueR: |lul=1,3x >0, n+ ru € L°},
Cnye)={uecR: |lu/=1, n+euc L°},
and
Clne)={veR?:|v|=¢ n+vel}.
By definition, we have
C U C(n,e)
€>0

By the convexity of L,
A(n) 2 O(na 61) 2 0(777 62)

holds for 0 < €; < €. Hence, A(n) = .o C(,€) holds.

Note that C(7, €) is an open subset of the surface of N, (0),
since it is the intersection of L° — 7 (an open set) and the
surface of N.(0). Hence it is measurable in the surface of
N(0), which means C'(n), €) is also measurable.
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Let (7, €) denote the ratio of the d — 1 dimensional volume
of C(n, €) to that of the surface of Ny(0) (dr%/2/T'(d/2+1)).
Since C(n,€) does not decrease as € decreases, (), €) does
not decrease as ¢ decreases.

For n € L, define

n+&u:ueCn k), >0}

If C(n, ) is connected, this is an unbounded cone with the
vertex 7. If not, it is a union of unbounded cones. Note that

cone(n, k) =

Ne(n) N L D Ng(n) Ncone(n, k) 92)

holds for all k € (0, ¢]. This is shown as follows. Let  + v
be an element of cone(n, x) with |v| < k. Then, v/|v| €
C(n, ) holds by the definition of C(n, k). This means that
n+kv/lv| € L°. Since k/|v] > 1, n+wv is on the line segment
between 7 € L and n+ kv/|v| € L°. Hence n+wv € L° holds.
Since |v] < k <'¢, (92) holds.

Because of (92), for any nonnegative integrand, the integral
over (v/n/a)(Neo(0) N (L —n)) is lower bounded by that
over (y/n/a)(Neo(0) N (cone(n, ea) — n)). Then due to the
symmetry of ®, we have for each 6§ € K,

P (e, 0) = (0, c)®(N z(0)),

where 7 = J711/029-

Finally, we will show that inf, ez, r(n, ec) is lower bounded
by the positive constant determined by vol(L) and diam(L).
Let €y so small that vol(N,,(0)) < vol(L)/2 and assume that
ea < ¢ Let A denote diam(L). Recall that C(n,ex) D
C(n,€0) D C(n, k) holds for all K > €y and for all € such that
ea < ¢g. Since )

n—-n
= <0
holds for all ' € L° with | — n| = &, the set L° \ N, (n)
is included in cone(n, €p). Note that L is included in Na (7).
Then, we see that L° \ N, (n) is included in cone(n, ey) N
Na(n). Comparing the volumes of both sets, we have

vol(L) — vol(N¢, (1)) < VaAr(n, eo).

Since the left side is not less than vol(L) — vol(L)/2 =
vol(L)/2, we have

r(n,€a) > vol(L)
€Y = 5 (diam(L)) 1V,
holds for all € such that e € (0, €p). The proof is completed.

APPENDIX K
CONTINUITY OF @(UE?Z n)

Lemma 8: Let A, denote the maximum of the largest
eigenvalue of J,,(#) among 6 € K. For a certain ¢ > 0, for
all » <e, forall ¢ € B.(0) N K, and for all § € K,

BULLa(0))

DU ,(6))
<14 VA, Cydiam(K)v/nA, max{gg,,0}
St o onle, B)a
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holds, where Cy = 2'~%/2T'(d/2) and
||Jn(9)_1/2Jn(9I)1/2||s — L

max

99.r =
0'eB,(0)NK

Proof: First assume that .J,,(¢) does not depend on 6. Let
J,, denote the value. Note that

U0\ UL (6)

= Nyie(0) N (V) T2 (K = 6) \ (K —6))

= Nyme(0) 0 (vr/a) (L =) \ (L — 1)),
holds, where L = JY/2K, n = J-/%0, and o/ = J-/%0'. Then,
we have

BULL L O\URLL(0) < ®((Vr/a) (L =)\ (L—n)).

Recall that ® is the d variate standard Gaussian measure. Note
that L — 7’ is given by displacing L — n by  — n’. Hence, a
point 77 in L — n has a representation as a scalar amount in
the direction 7’ — n together with d — 1 amounts in directions
orthogonal to 7' — 7. The displacement from L —n to L — 7’
only affects that scalar translation by the amount |1’ — 7).
Hence, we have

o((Vr/a) (L -\ (L =)
< Pr{lyl < (Vir/a)lu’ —nl/2}
< (Varja)lif ~

where y denotes the (univariate) standard Gaussian variable.

Since |’ — 0] < r < € and since the eigenvalues of .J,,(¢) are
bounded by A\,
VT
((Vafa) (L =)\ (L—m)) < X2

Recalling that @(UI((O‘Z"(O)) > pn(€,0), we have the claim of
Lemma.
Next, consider the general .J,,(0) case. We have

Tn(0)2(K = 0')\ Jn(0)' /2 (K — )
CJn(e)l/Q(K - 9/) \ Jn(e)l/Q(K - 9)
UJn (02K —0')\ J,(0)Y2(K —6').

The quantity produced by the first component of the union
in the last expression is bounded as in the same way as the
constant .J,, case. As for the second component, we have

In (9')1/2(K—9')\J (6)*(K —¢)
1/2(Jn 1/2J 9)1/2(K—9'))\(K—6’))
(O (((1+ go.r) (K — ) \ (K ~ )
(1+ge ()2 (K =)\ Ju(0) 2 (K — ¢).
Let L' = J,(0)(K — ¢’), then we have
Ta(0) 2K —0')\ Ju(6)?(K —6')
(1 + ggﬂ_)L/ \ L.

Hereafter, assume gg, > 1. Otherwise, the analysis below
is not necessary, because (1+ gg,)L'\ L’ is the empty set in
that case.
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Note that L/, which is compact, includes the origin. Assume
now that the origin is included in L'°, that is, #’ € K°. Since
L’ is convex, the set (14 gg,-)L" \ L’ is a shell outside L’ as
follows.

(1+go,r) L'\ L'
={yu:u€dLl 1 <y<1l+gg,}
={yuu/lul : v € OL' [u| < yu < |ul(1+gor)},

(93)

where L' = L' — L'°. Note that {u/|u| : u € OL'} is the unit
sphere, when the origin is in the interior of L’. The equality
(93) itself holds even if the origin is not included in the interior
of L’. Hence, we do not need the assumption ' € K° for the
argument below.

Now, we can evaluate

@ ((w/fe) (Jn(O) /2 = 0)\ Ju(6)/2(K — )
gcb((\/ﬁ/a)((l +90.0) L7\ L’))

Let £ be a d-variate standard Gaussian variable. Then, we
transform it to (v,y) = (&//¢],]€]). Here, v and y are
independent of each other, the marginal density of v is uniform
on the surface of the unit sphere, and that of y is

2
Cay®™! eXP(—%) < Cy(d — 1) D2emd=1/2,

where Cy = 2(1=9/2/T'(d/2) is the normalization constant
and the equality of the above holds if and only if y = v/d — 1.
Since |u] (u € OL') is upper bounded by diam(L’), we have
the following, where yo = /n|u|/a and y; = /nlu|(1 +
9o.r)/ct.

q)((\/ﬁ/a)((l +g90.-)L"\ L’))

< P <
< max Priyo <y <y}

Y1 y2
< max Cd/ y?t exp(——)dy
u€edL’! Yo 2

u€dL’
< Cy diam(L/)\/ﬁge,r/a
= Cydiam(K)v/nA,gg,r/cv.

This completes the proof.

Y1
< max Cd/ (d— 1)(d*1)/287(d71)/2dy

Yo

APPENDIX L
SOME INEQUALITY FOR MODELS WITH HIDDEN
VARIABLES (LEMMA 13)

Recall that we defined the model with hidden variable in
(63) as

p(zl6) = /n<x|y>q<y|9>vy<dy>,

where ¢(y|0) is the density of an exponential family. We have
the following, where G/(0) is the Fisher information of ¢(y|0).

Lemma 13: Given a data string z", let 6 denote the MLE
for a model with hidden variables p(2™|6) defined by (63).
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Then, the following holds for all 2" € X™".

1. p(a"]h) 3
v9e©, —log @ |0) < D(q(-10)llq(-8)), (9%
Vo e O, J(O,z") < GO). (95)

In particular, when ¢(y|f) is the multinomial model, the
following holds

p(z"|6 < D(q(-10)la(-10))) = ﬁgﬁy %
oy < ewtepaOlacion) = [T 2. 00

where 1, = ¢(y|0) and 1), = q(y|é)
Proof: Note that

ala"10) = [T [ wtalup(ulo)w, (du)
— [ TLstolulpturlopw, @)
- / () |9y (dy™).

We have
q(="0) _ JrE"ly")py"10)vy(dy")
q(z0") [ s(a[y™)p(y™ |0 vy (dy™)

_ / p"10) k" ly")p(y" (6" )vy(dy")
p(y"0") [ k(an|zm)p(zn10")vy (dz")

Define ¢(y"|z™,0") by

k(" |y )p(y"[0")
[ r(@nzm)p(m10")vy (d2m)’
which is the posterior distribution of y" given 2™ provided x™
is drawn from ¢(a™|6").
Using it, we can write
q(z"0) / npn gry PW0) n
= [ ay"|=",6") vy (dy™).
q(x"10") pyn1e) "
Then by Jensen’s inequality, we have

L q(z"0)

e

q(y"|=",0") =

o7)

1 / p(y"16)
> = [ qy™|a™, 0') log ——~v, (dy™).
Let f(6,60") denote the left side, and ¢(#,0’) the right side.
Then, we have

V0,0 €O, f(6.0') — g(6,0') >0, (98)

where equality holds when # = 6’. Hence, Hessian of the
left side is semi positive-definite. That is, the matrix whose ij
entry is

9 log f(0,0")  9logg(0,0')

00;00; 00,00, ©9)
is semi positive definite. Note that
9(0,0") = 00" = $(0) — (0'n" — ¥(0")), (100)
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where

o1 non g\ n
m=1 [ a0 > o)

t=1
From (100), we have

_0%logg(6,0") _ 9*p(6) _
90,00, 00,00,

Hence, semi positive-definiteness of (99) implies
Vo €0, J(0,z") < G(H),
Plugging in 6 to 6 in (98) and noting f (6, ) < 0, we have
Y0 €O, 0> f(0,0) > g(9,0), (101)

Gi;(0).

where both inequality hold as equality, when 6 = 6. That is,
9(0, é) < g(é, é) =0.

Together with (100) the following holds
9(0.0) = 071 — () = (071 = () (102)
< 0' —(0) — (07" —(9)) =0, (103)

which implies 77 = 7). Here 7) denotes the coo responding value
of expectation parameter 7) to 6.
Note that

9(6,0) = =D(p(-10)[Ip(-19)),

where D(p(-10)||p(:|0)) is the Kullback divergence from
p(y|0) to p(y|#) defined as

D(p(-10)llp(-16)) = /p(ylé) log ig—:g%(dyl

Hence from (97), we have

1 ar
_logq(x 10)

104
n %8 4 w10) (109

< D(0]|0).
This completes the proof.
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