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Abstract—We study the problems of data compression, gam-
bling and prediction of a string 2" = x1x5...x, from an alphabet
X, in terms of regret with respect to models with hidden variables
including general mixture families. When the target class is a
non-exponential family, a modification of Jeffreys prior which
has measure outside the given family of densities was introduced
to achieve the minimax regret [8], under certain regularity
conditions. In this paper, we show that the models with hidden
variables satisfy those regularity conditions, when the hidden
variables’ model is an exponential family. In paticular, we do
not have to restrict the class of data strings so that the MLE is
in the interior of the parameter space for the case of the general
mixture family.

I. INTRODUCTION

We study the problem of data compression, gambling and
prediction of a string 2" = xjx5...x,, from a certain alphabet
X (not restricted to be discrete), in terms of regret with
respect to models with hidden variables including general
mixture families. In particular, we evaluate the regret of Bayes
mixture densities and show that it asymptotically achieves
their minimax values when variants of Jeffreys prior are used.
This is some extension of the result for the mixture family
addressed in Takeuchi & Barron [11], [13].

This paper’s concern is the regret of a coding or prediction.
This regret is defined as the difference of the loss incurred and
the loss of an ideal coding or prediction strategy for each string
A coding scheme for the string of length n is equivalent to a
probabilistic mass function ¢(z™) on X™. We can also use ¢
for prediction and gambling, that is, its conditionals q(x;11|z?)
provide a distribution for the coding or prediction of the next
symbol given the past. The minimax regret with the target
class (of probability densities) S = {p(-|f) : 6 € O} and a set
of the sequences WW,, C X™ (denoted by 7(1V,,)) is defined as
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where 6 = 0(z") is the maximum likelihood estimate of @
given 2. Here, the regret log(1/q(z™)) — log(1/p(z™|0)) in
the data compression context is also called the (pointwise)
redundancy: the difference between the code length based on
¢q and the minimum of the codelength log(1/p(z™|@)) achieved
by distributions in the family.

We give a brief review on the known results for this problem
When S is the class of discrete memoryless sources, Xie and
Barron [18] proved that the minimax regret asymptotically

7(W,) =inf sup
4 xneW,
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equals (d/2)log(n/2m) + log Cy + o(1), where d equals the
size of alphabet minus 1 and C; is the integral of the square
root of the determinant of Fisher information matrix over
the whole parameter space. For the stationary Markov model
with finite alphabet, the analogous result is known [16]. Next,
consider the set of strings restricted as IC,, = X"(K) = {z™ :
becK }, where K is a certain nice subset (satisfies K = K°)
of ©. For multi-dimensional exponential families, variants of
Jeffreys mixture are minimax. The ordinary Jeffreys mixture
for the concerned curved family is not minimax, even if K
is a compact set included in the interior of ©. However, the
minimax result can be obtained by using a sequence of prior
measures whose supports are the exponential family to which
the curved family is embedded, rather than the concerned
curved family. It is remarkable that this idea is applicable
to general smooth families by an enlargement of the original
family using exponential tilting. The idea for this enlargement
in addressing minimax regret originates in preliminarily form
in [10], [3] as informally discussed in [2]. The literature
[15] gives discussion in the context of Amari’s information
geometry [1].

Recently, more formal statement for that method was given
in [11], where an example of the mixture family case was
argued. In this paper, we extend it to the case of models
with hidden variables assuming the hidden variables” model is
an exponential family. Further, we show that the asymptotic
minimax procedure for the full family of strings can be
obtained by modifying the procedure in [11].

II. PRELIMINARIES

Let (X,F,v) be a measurable space. Let S = {p(-|f) :
6 € ©} denote a parametric family of probability densities
over X’ with respect to v. We let p(2"|0) denote [, p(x;|6).
Also, we let v(dz™) denote [/, v(dz;). Here, we are treating
models for independently identically distributed (i.i.d.) random
variables. We let Py denote the distribution function with
density p(-|0) and Fy denote expectation with respect to Pp.

Assume that © C R¢ and ©® = ©° hold. That is, the
closure of © matches the closure of its interior. Here A and
A° respectively denote the closure and the interior of A C R*.

We introduce the empirical Fisher information given ™ and
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the Fisher information:

. . e —1 0%logp(z"]0)
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The exponential family is defined as follows [4], [1].
Definition 1 (Exponential Family): Given an F-measurable
function 7 : X — R, define

0= {9 10 € %d,/Xexp(O -T(z))v(de) < oo}7

where 0-T'(z) denotes the inner product of € and T'(x). Define
a function 1) and a probability density p on X with respect to
v by 1(0) = log [, exp(0-T(z))v(dx) and p(z|6) = exp(6-
T'(z) — (). We refer to the set {p(z|0)|0 € K C O} as an
exponential family of densities.

When O is an open set, S(O) is said to be a regular expo-
nential family. Many popular exponential families are regular.
For exponential families, the entries of the Fisher information
are given by 921)(0)/06,00;. For regular exponential families,
define the expectation parameter 1 as 1(0) = Ey(T(x)). It is
known that the map : 6 +— n is one-to-one and analytic on
©. Let H denote 1n(©°) and W denote the closure of the
convex hull of T'(X), then H = W* holds, when S is a steep
exponential family (Fy|T'(z)| = oo for all § € © \ ©°).

Also, n; = 0¢(0)/96" holds. Note that p(z"|0) = exp(n(f-
T—1(0))) holds, where T = Y"7" | T'(x;)/n. (Here z; denotes
the ¢-th element of the sequence x™.) It is known that the
maximum likelihood estimate of 7 given =" equals 7.

The multinomial model is an important example of the
regular exponential family.

Example 1 (multinomial model): Let X = {0,1,...,d},

v({z})=1forx € X,and T(z) = (414, 024, - - - , Oda ), Where
d;; is the Kronecker’s delta Define p(x|6) = exp(@ T(x) —
() = P /(1 + 2% ef), where 0 = (01,05, ...,04) €
© = R Then, we have () = log(1 + Zizl =),
which is finite for all # € O. Note that 7, = p(x|f) and
0, = log(n./(1 = 35—, m2)).

For a subset K of ©, we let C;(K) = [, |J(6)['/2d6. The
Jeffreys prior ([5]) over K (denoted by wg (0)) is defined as
wi (0) = |J(0)]*/2/C;(K). We define the Jeffreys mixture
for K (denoted by mg) as [, p(z™|0)wx (0)d6.

Definition 2 (Model with Hidden Variables): Let q(y|0) be
a density of a d-dimensional exponential family over ). Define
a class .S of probability density functions over X by

S = {plalt) = [xtelpatwoin, @) | o0} 1)

where x(z]y) is a fixed conditional probability density func-
tion of x given y, and v, is the reference measure for ¢(y|6).

If ¢(y|@) is the multinomial model over Y = {0,1,...,d},
then p(x|0) forms a mixture family as

ZWU (zly) + 1_2777/

p(z|0) = (x]0).

Lower Bound on Minimax Regret

A lower bound on minimax regret with the target class being
a general smooth family is shown as follows. We employ the
assumptions described below.

Assumption 1: The density p(x|f) is twice continuously
differentiable in 0 for all x, and there is a function §(6) > 0
so that for each 4, j, g supy..jgr_g|<5(0) |Ji; (0, 2)|? is finite
and continuous as a function of 6.

Assumption 2: The Fisher information .J(¢) is continuous
and coincides with the matrix of which the (7, j)-entry is

91og p(a]6) 9 log p(x(9)
00; 00, '

Assumption 3: For all 6,0" € O, the Kullback Leibler
divergence D(0|0’) is finite and for every e > 0,
inf(gﬁ/);w,g/be D(G\H’) > 0 holds.

Assumption 4: For every compact set K C ©°, the MLE
is uniformly consistent in K.

— 0] >¢)

Ey

sup Py(|0(z™) =o(1/logn).

0eK

Remark: These 4 assumptions hold in appropriately defined
models with hidden variables.

We have the following.

Theorem 1: Let S = {p(-|f) : 0 € ©} be a d-dimensional
family of probability densities. We suppose that Assump-
tions 1-4 hold for S. We let K be an arbitrary subset of ©
satisfying C7(K) < oo and K = K°. The following holds.

lim inf (7, (K, ) — g log 2ﬁ) > log Cy(K).
™

n—roo

Finally in this section, we state the following useful inequal-

ities for the model with hidden variables.
Lemma 1: Given a data string =", let § denote the MLE for
a model with hidden variables p(xz™|0) defined by (1). Then,

the following holds for all 2™ € ™.
1 p("d)
Vo €O, —1

= )
")

Voo, J(b,x

D(g(10)la(10)) @)
G(0) ©)
where G(0) is the Fisher information of ¢ for ¢(y|6), and

D(qA(~|é) |g(+10)) denotes the Kullback-Leibler divergence from

q(-10) to q(-|0).
In particular, when ¢(y|0) is the multinomial model, the
following holds

p(a"(9)
p(z"|0)

A

ATy

My @

yeY T}y

< exp(nD(q(10)la(-16))) =

where 7, = q(y|0) and 7, = q(y|0).

This lemma can be shown by a convexity argument. First
we proved it for the mixture family case as in [12]. Then,
Hiroshi Nagaoka pointed out that (2) holds for this case and
gave a proof from the view point of information geometry. We
gave an extended statement and a different proof. See [14] for
the detail.
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III. MINIMAX BAYES FOR RESTRICTED SETS

We discuss the minimax strategy under the condition that
data strings are restricted so that the maximum likelihood
estimate is in a compact set interior to the parameter space.

A. Exponential Families

For exponential families it is known that a sequence of
Jeffreys mixtures achieves the minimax regret asymptotically
[18], [9], [10], [16]. For the multinomial and Finite State
Machine models this holds for the full parameter set KX = ©,
whereas for general exponential families these facts are proven
provided that K is a compact subset included in ©°.

We briefly review the outline of the proof for that case. Let
{K,} be a sequence of subsets of ©° such that K, D K.
Suppose that K, reduces to K as n — oo. Let mj, denote
the Jeffreys mixture for K. If the rate of that reduction is
sufficiently slow, then we have

z"|u d n
log m =35 log o +logCy(K) + o(1),

®)

where the remainder o(1) tends to zero uniformly over all
sequences with MLE in K. This implies that the sequence
{myn} is asymptotically minimax. This is verified by the
following asymptotic formula, which holds uniformly in K,
by Laplace integration:

myn(z") J(6)"2 (2m)%/2
p(z"f)  Cy(K)|J (@, am)t/2 n/?
When S is an exponential family, J(6,2™) = J(0) holds.

Hence, the above expression asymptotically equals the mini-
max value of regret mentioned in the former section.

B. General Smooth Families

When the target class is not an exponential family, we
form an enlargement of S by exponential tilting using linear
combinations of the entries of J(6) — J(6). Actually, we
introduce its normalized version as

V(z"0) = J(O)"2J(0)J(0)" /1. (6)

Let B = (—b/2,b/2)%*? for some b > 0. The enlargement is
formed as

pla”|u) = pla”[)e V=009, ™

where u denotes the pair (6, 8), 3 is a matrix in B, V (2"]0) -3
denotes Tr(V ("[0)81) = 3, Vi (2"10)8y;. and (0, ) is
the logarithm of the required normalization factor, defined as

(6, 8) < log / p(]0) exp(V (210) - B)w(dx).

Then, we define S = {p(-|u) : v € © x B}. In [11], we
employed .J(#) — J(6), which was sufficient for the restricted
strings set cases. To prove the minimax bound without the
restriction on the set of strings, we introduce (6).

We have 0v¢(0, 8)/08i; = Ep,5Vij(x|6) and
0%y(0, B)

= EuVij(2|0)Via(2|0) — EuVij(2]0) Ey Vi (2]0).
0B B

The latter is the covariance between V;;j(x|6) and Vi (z|0).
Let Cov(f, ) denote this matrix whose (ij, kl)-entry is
0?(0, B)/0B; Bk This is a covariance matrix of V (z]6). Let
A5 = A*(K) denote the maximum of the largest eigenvalue
of Cov(6,3) for 0 € K and § € B.

Traditionally such enlargements of the families as in (7)
arise in local asymptotic expansion of likelihood ratio used in
demonstration of local asymptotic normality [6]. In Amari’s
information geometry [1] it is a local exponential family
bundle.

When the target class is not an exponential family and K C
©°, we employ the mixtures

()= (1= @) 07 [l (. (9

Specifically, the prior w(u) for S is defined as the direct
product of the Jeffreys prior on S and the uniform prior on B.

In the analysis, the consideration of £ in a neighborhood
of a small multiple of V'(2"|0) is sufficient to accomplish our
objectives under the assumptions addressed below. Here, we
define two neighborhoods of 6’ as

B(#) = {0:(0-0)1J0)0—-0)<eY, (9)
B.(9) {0:(0-0)J0)(6—0)<e}.  (10)

Assumption 5: For the prior density function we use, we
assume the following semi-continuity, that is, there exists
a positive number k,, = Ky, (K) such that w(f’) > (1 —
Kwe€)w() holds for all small € > 0, for all § € K, and for all
0" in B.(0).

Define a set of good sequences G, s and a set of not good
sequences Gy, 5. Note that Gy, s = KC;, \ Gy, 5.

Gn.s {z" ||V (z"|0)||s < 6 and § € K},
cs = {a":|[V(@"0)|]s > 6 and 6 € K7},

where ||A||s for a symmetric matrix A € R?*? denotes the
spectral norm of A defined as ||A|[; = max,. ;= |27 Az]|.
Comparing with the Frobenius norm defined as ||A|| =
(T(AAT)) 2, ||A]|/Vd < [|A]l, < [|A]| holds.

Assumption 6: We assume a kind of equi-semicontinuity
for .J(#), that is, there exist a positive number x; = ks (K)
such that for all small ¢ > 0, for a certain §; > 0 that is
independent of K, for all 2" in G, 5,, for all 0 € B, (é), and
for all 6 # 0,

(- 0)1(6)(6 - 6)
(0 —6)tJ(0)(0 —0)

This is used to control the Laplace integration for m,, of
our strategy for the good sequences. In fact, we can prove
the following lemma, where ® is the probability measure of
standard normal distribution over R<.

Lemma 2: Fix a compact set K’ such that K’ C ©° and
K C K'. Suppose Assumptions 1-3, 5, and 6 hold and that

B.(0) C K'. Then, for all 6 < dy, the following holds.

(1 = kue)?@(ynB(0)) (2m)*/?
(1 + rs0)¥2(1 4+ 0)%2 C(K')nél?’

<14 Kje.

mig (l‘n)
2" €05 p(x”|é)
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The proof is omitted.

Assumption 7: For any § > 0, there exists an ¢ > 0, such
that for all 2™ in Gy, 5, for all 0 in B.(0), ||V (z"|0)|]s > ¢,
holds, where ( is a certain constant.

Assumption 8: There exists an € > 0, such that for all z"
in K, and for all § € B(6), 2(J(8) + J(6)) — J(0) is positive
semidefinite.

These two assumptions are used to control the second term
of our strategy for the not good sequences. They require
that .J (0) does not change so rapidly in the region for the
integration. We can prove the following lemma.

Lemma 3: Under Assumptions 1-3, 5, 7, and 8, the follow-
ing holds.

[ (x| w)w(u)du
p(zn]0)
where A is a positive constant independent of K and & =

min{n/A\j, 1}.
Remark: Here, A}, /n is the maximum over all v € K x B
of the largest eigenvalue of the covariance matrix of V' (z"|0)
with respect to p(z™|u). If Xj;/n is large, we cannot expect
appropriate likelihood gain.
From Lemmas 2 and 3, we have the following Theorem,
which provides an equivalent upper bound as in [11].
Theorem 2: When a target class satisfies Assumptions 1-3
and 5-8, the strategy m,, defined as (8) asymptotically achieves
the minimax regret, i.e.
ifn(xz)) < Cglog % +log Cy (K

where r is appropriately chosen.

C. Models with Hidden Variables

For models with hidden variables, we can show the follow-
ing equalities:

> (65)% 0% n exp(A82€jen)

aneGe 5
:

max log ) + o(1),

ek,

Jij(0,2") = Gi(0) — Eo(T; — 1;)(Tj — 1;),
0Ji; (0,2 9Gi;(0) 7 m i\ N 7
aak aak EQ (Tl tl)(T] t])(Tk tk))

where Ey denotes the expectation by the posterior distribution
of T = T(y1)..T(yn) given z", T = Y"1 | T(y+)/n, and
t = FoT.

Here we assume that the range of 7'(y) is bounded. Then
from the above equations, when 6 is restricted in K interior
to ©, |8.J(0,2™)/86| is uniformly bounded for all z”. This
means that .J (6, z") is equi-continuous for all 2" as a function
of # and Assumptions 5-8 hold.

IV. MINIMAX STRATEGY FOR THE MIXTURE FAMILY
WITHOUT RESTRICTION ON DATA STRINGS

Here we give the minimax strategy for the mixture family.
Let 6 denote the expectation parameter for the multinomial
model for the hidden variable y, that is, we let p(y|6) = 6,,
O={eRl:vy>10, >Ozy 10, <1}, and 6y =
1-— Zzzl 0,. Define the interior set ©, (7 > 0) as

©,={0€O0:0,>7,y=0,1,....,d}.

Later, we argue the situation that 7 converges to zero as n
goes to infinity. Under that situation we utilize Lemmas 2 and
3. Then we have to control the behavior of x;(K) and A},
since K changes as n increases.

To treat the strings with the maximum likelihood estimate
being near the boundary, we employ the technique introduced
by Xie & Barron [18], which utilizes the Dirichlet(c) prior
W () o Hz 00 =) with o < 1/2. Note that this prior
with @ = 1/2 has the same form as the Jeffreys prior for
the multinomial model, and has higher density than the latter
when 6 approaches the boundary of ©.

Our asymptotic minimax strategy is the mixture

Jm.g(z")
+ n" /]5(96”|u)w(u)du

o /p(x"|9)w(a)(9)d9.

Here, the first and second terms are for the strings with the
MLE being away from the boundary, while the third term
works when the MLE approaches the boundary.

We can show the following theorem.

Theorem 3: The strategy m,, defined as (11) for a mixture
family as the target class asymptotically achieves the minimax
regret, i.e.

(@™ = (1—2n"

an

:%(:(x'i)) < glog% +1og C;(©) +
where r is appropriately chosen.

Since we cannot give the complete proof in this manuscript,
we give some discussion below. We assume that § € ©5, and
that € < 7. Then, we have 0 € ©, for all 6 € B.(f).

We examine Assumption 6. Note that, for z € R,

_ (s zilk(ali) — K(2]0)))?

o(1),

max log
m”L GX’VL

tJ 0,r)z = > 0.

0 p(al0)? -

Further we have
0z1J(0,2)z  —2(k(z|k) — K(x]0)) i
J(0)z, 12

0 EED) W1
yielding
021 J(0, 2 :ct|k — k(2¢]0))

Z —2(x 21J0, 24)2. (13)

t

00y, p(24]0))

Hence we have for 6 € ©,,

‘ 021J(0,2")z ’ - 221J(0,2)2

69k T
Then we have
o—2Vali—0l/7 ZT{(‘?@”)Z < 2Vali-bl/7 (14)
o 2tJ0,2m)z
Therefore, if |0 — 0] < 7/2V/d,
T (0. ™ 0_ 0
z {(QA,Q’J )z <14 2v/de|6 — 0
VI8, 2m)2 T
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holds for all z € R4\ {0}. It implies that when € < \in7/2V/d
is satisfied, z1.J(0, 2™)z/21J(0,2™)z < 1+ ev/de/T holds for
all 0 € BE(HA), where A, is the minimum of the smallest
eigenvalue of J(6). This implies Assumption 6 holds with
ky(©;) < e\/E/T for € < )\minT/Q\/E.

Next we examine Assumption 7. Note that there exists a
unit vector z € R such that |z1V (z"|0)z] = ||V (z"])][s.
Here we have two cases; i)AZTV(x"\é)Z = |\V(x”|(‘j)||S and
i) —zfV(2n0)z = ||V (2™]0)]]s.

First consider the case i), for which we have

IV("0)s = =z17(6)"2J(0)J(0)" /2 -1
21J(0)=
with a certain z € R¢. That is,
21J(0)z A
ZIO el
21J(0)z

For the numerator in the left side, from (14) we have
1J0)z > 672\/&‘57@|/7sz(9)2.

As for the denominator, similarly as (14) we can show by (12)

-avai-ir < 20z _ svap-ay 15)
—2tJ0)z
for § € ©,. Hence, noting ||V (z"|0)||s > 4, we have
2 J(0)2
4/d|6 — 6
> (1+o)(1- #)
4/d(1 ) — 0
_ o1as- V(1 +6)[0 — 0]
T

Hence when |0 — 6] < 67/(8Vd(1 + §)) we have
21J(0)z/21J(0)z > 1+ §/2, which implies ||V (x"]0)]]s >
/2. For the case ii), we can show the similar conclusion.
Hence, if € < §7/(8Vd(1 + 6)), ||V (2"|8)|| > 6/2 holds.

To see Assumption 8 holds is easy because of (14).

Finally, we evaluate {5 = min{n/A\g ,1} in Lemma 3.
Since |J;;(0)| is bounded by 4/72 for § € ©, and since the
smallest eigenvalue of J(6) is lower bounded by a certain pos-
itive constant, \g = O(772), hence, o, is lower bounded
by nr2 times a certain constant.

Wesett =n" 0P (0<p<1)andd =n"1/257(0 <y <
1/2), where e must satisfy n= /2T < e < 67 (0 < 1 < 1/2),
in the sense of order, which is equivalent to p > 1 — v +¢. To
make the second term of (11) have sufficient likelihood gain,
it suffices to have

log(n725?)

lim inf
logn

n—oo

>0,

which is equivalent to p > 1 — 7 in our setting. This is
automatically satisfied under p > 1 — v 4+ ¢. When v > ¢,
there exists a p in (0,1) which satisfies p > 1 — v + ¢.

In this setting, when éz < 2n~(1=P) for some x, we need
the help from the third term in (11). From (4), we have

n d nAz‘
Jp(a"0)w ()0 [ TTiy 0% w (o) (0)d0

plamle) [T, 07"

By Lemma 4 of [18], the right side is not less than
1
Rnd/2—(1/2—a)(1-p)

where R is a constant determined by m, «, and p. Let r be
smaller than (1/2 — «)(1 — p), then for large n the third term
in (11) is larger than (27)%/2/(Cyn?/?).
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