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Abstract—We study the problem of data compression, gam-
bling and prediction of strings xn = x1x2...xn in terms of coding
regret, where the tree model is assumed as a target class. We
apply the minimax Bayes strategy for curved exponential families
to this problem and show that it achieves the minimax regret
without restriction on the data strings. This is an extension of
the minimax result by (Takeuchi et al. 2013) for models of kth
order Markov chains and determines the constant term of the
Stochastic Complexity for the tree model.

I. INTRODUCTION

We study the problem of data compression, gambling and
prediction of strings xn = x1x2...xn in terms of coding regret,
where the tree model [21] is assumed as a target class.
A tree model is a parametric model of Markov sources

defined by a context tree. It is used for data compression algo-
rithms such as the Context Tree Weighting (CTW) Methods
[22] and CONTEXT [11]. Note that the tree model is not
an exponential family [1] unless it is an FSMX (Finite State
Machine X) model [21], as pointed out in [19].
The Stochastic Complexity (SC) for a target class S =

{p(·|θ) : θ ∈ Θ ⊂ �d} is defined as the codelength of the
minimax code for S in terms of coding regret, which is the
difference of the loss (codelength) incurred and the loss of an
ideal coding for each string. A coding scheme for strings of
length n is equivalent to a probabilistic mass function q(xn) on
Xn. It is well known that the normalized maximum likelihood
(NML) is the exact minimax code [13], but in this study,
we design an asymptotic minimax code by Bayesian mixtures
mainly with Jeffreys prior over S, which is the prior density
proportional to |J(θ)|1/2, where |J(θ)| is the determinant of
the Fisher information J(θ) of θ.
It is known that such strategies for various target classes

achieve the minimax regret for Wn = {xn : θ̂ ∈ K ⊂ Θ}:
d

2
log

n

2π
+ log

∫
K

|J(θ)|1/2dθ + o(1), (1)

where θ̂ is maximum likelihood estimate (MLE) of θ. If the
target class is an exponential family [4], [1], including models
of Markov chains, then the Jeffreys prior with modification
on the boundary of the parameter space is asymptotically
minimax. In particular about Markov models, the minimax
Bayesian strategy without restriction on data strings (K = Θ)
is demonstrated in [20], where the target class is a class
of kth order Markov chains, which corresponds to a special
case of the FSMX model and an exponential family in an
asymptotic sense. For this target class, direct evaluation of the

codelength of the NML is given in [6], Though the constant
term’s expression by [6] is different from that by [20], it is
confirmed in [14] that both are equivalent. Note that it is easy
to extend the result in [20] to the FSMX model’s case.
In contrast, if the target class is not exponential type,

then any Bayesian mixture of the target class cannot achieve
the minimax regret [3], [15], [16], [17]. Hence we need
a different technique. In [16], we discussed two minimax
strategies for non-exponential families; one is for curved
exponential families and the other is for general smooth
families. Since the tree model is a curved exponential family
in general [19], we employ the former strategy, which uses
prior distributions over the exponential family in which the
target curved exponential family is embedded. We prove that
it achieves the minimax regret for the whole set of data strings
(Theorem 2 in Section VI). This is an extension of Theorem 1
of [20] and an affirmative solution to a conjecture in [18].

II. PRELIMINARIES

Let X = {0, 1, ..., D} be an alphabet and p(xn|θ) a prob-
ability mass function of xn = x1x2...xn ∈ Xn, parametrized
by θ ∈ Θ ⊂ �d. Assume p(xn|θ) defines a stationary
stochastic process. In particular, our concern is in the case
where p(xn|θ) corresponds to a tree source [21]. Since a
tree source is a Markov source, we assume that an ini-
tial string x0

−k+1 = x−k+1x−k+2...x0 is given before xn,
where k is the order of the Markov source. In this paper,
we let p(xn|θ) denote the conditional p(xn|x0

−k+1, θ) given
x0
−k+1. Define empirical Fisher information Ĵ(θ, xn) as the
Hessian of −(1/n) log p(xn|θ) = −(1/n) log p(xn|x0

−k+1, θ)
with respect to θ and Fisher information J(θ) by J(θ) =
limn→∞ EθĴ(θ, x

n), where Eθ denotes the expectation with
respect to p(xn

−k+1|θ).
We review the definition of tree source [21]. Let T be a

finite subset of X ∗ def
= {λ} ∪ X ∪ X 2 ∪ ..., where λ denotes

a null string. Assume that for all s ∈ T , any postfix of s
belongs to T (e.g., the postfixes of x1x2 are x1x2, x2 and λ
). Such a set T is referred to as a context tree. For a context
tree T , define ∂T def

= {xs : x ∈ X , s ∈ T} \ T . Here, ∂T is a
complete postfix set of X , i.e. no element of ∂T is a postfix of
another element and their length satisfies Kraft inequality with
equality. For a string s ∈ X ∗, let c(s) denote the element of
∂T which matches a postfix of s, if it exists. We refer to c(s)
as the context of s (or the state for s). Let k def

= maxs∈∂T |s|
(|s| is length of s). When |s| ≥ k, c(s) uniquely exists. An
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information source in which the probability of the successive
character is defined for each context, is referred to as a tree
source. If the set of contexts ∂T satisfies a condition that c(sx)
for any s ∈ ∂T and any x ∈ X is determined (i.e. c defines
a state transition function), then the tree source is referred to
as an FSMX source. We give examples of context trees for an
FSMX source and a non-FSMX tree source.
Example 1: Assume X = {0, 1}. Let T1 = {λ, 1, 10, 0},

then we have ∂T1 = {00, 11, 01, 110, 010}, which is a
complete postfix set (See Figure 1). This tree defines a state
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Fig. 1. A Context Tree for an FSMX model

transition function and the source is an FSMX one.
Example 2: Removing ‘11’ and ‘01’ from ∂T1 (‘1’ from

T1), we obtain T2 in Figure 2. If ‘0’ is generated at the context
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Fig. 2. A Context Tree for a non-FSMX tree source

‘1’, we cannot determine whether the machine has transferred
to the context ‘110’ or ‘010’. Hence this tree does not define
an FSMX source.
Let us introduce the tree model given a context tree T . Let �

denote the number of contexts |∂T |. Let wx|s denote the prob-
ability that x is generated at the context s. For each s ∈ ∂T ,
define a D-dimensional vector ws = (w1|s, w2|s, ..., wD|s)t.
Let w denote aD�-dimensional vector (wt

s1 , w
t
s2 , , ..., w

t
s|∂T |)

t.
Define the range of parameter w as

Ws =
{
ws : ∀x ∈ X , wx|s ≥ 0 and

D∑
x=1

wx|s ≤ 1
}

andW = W(T )
def
=

∏
s∈∂T Ws, where we assume that w0|s =

1−∑D
x=1 wx|s is a dependent variable.

Let xn
m denote a string xmxm+1...xn ∈ Xn−m+1 (m ≤ n)

and xn a string xn
1 . Assume that we have an initial string

x0
−k+1 in advance. Define the probability mass function for

the sequence xn as

pT (x
n|x0

−k+1, w) =
n−1∏
i=0

wxi+1|c(xi
−k+1)

.

and the tree model [21], [8] based on T as

S(T )
def
= {pT (·|·, w) : w ∈ W(T )}. (2)

When c defines a state transition function, then we refer to
S(T ) as an FSMX model [21], [8]. The class of kth order
Markov chains (case of T = T (k) def=

⋃k−1
i=0 X i) is an example

of FSMX model. Given xn
−k+1, for every sx ∈ ∂T ×X , let

τ ′sx = #{t : sx = xt
t−|s| and 1 ≤ t ≤ n}

and let τ ′s =
∑

x∈X τ ′sx. Then

pT (x
n|x0

−k+1, w) =
∏

sx∈∂T×X
(wx|s)τ

′
sx ,

holds. By this, MLE of w is denoted as ŵx|s = τ ′sx/τ
′
s, where

we define ŵ = argmaxw∈W pT (x
n|x0

−k+1, w).
For an FSMX model, define σi = c(xi

−k+1), then σi =
c(σi−1xi) and we have the sequence of contexts σn

0 =
σ0σ1...σn induced by xn

−k+1. Let τst for st ∈ (∂T )2 denote
the number of appearances of the pattern st in σn

0 and
τs =

∑
t τst. Then, τ

′
sx = τsc(sx) and τ ′s = τs hold. Here, we

define wt|s for each st ∈ (∂T )2 by extending the domain of
wx|s as follows. If there exists an x ∈ X such that c(sx) = t,
let wt|s = wx|s, otherwise wt|s = 0. Then the probability mass
function can be denoted as

pT (x
n|σ0, w) =

∏
sx∈∂T×X

(wx|s)τ
′
sx =

∏
st∈(∂T )2

(wt|s)τst ,

where we define 00 = 1. Hence we can define ŵt|s = τst/τs.
Then ŵc(sx)|s = ŵx|s holds.
Note that any tree model is a subspace of a certain FSMX

model. In fact, a tree model S(T ) is a subspace of FSMX
model S(T (k)), where k

def
= maxs∈∂T |s|. The following

provides a non-trivial example.
Example 3: Consider T1 and T2 in Examples 1 and 2. We

have S(T2) = {p(·|·, w) ∈ S(T1) : w1|01 = w1|11}. That is,
S(T2) is a subspace of S(T1).
For a tree model S(T ), (sx, ty)-entry (entry for wx|s and

wy|t) of the empirical Fisher information is

Ĵsx,ty(w, x
n) =

δstτ
′
s

n

(δxyŵx|s
(wx|s)2

+
ŵ0|s

(w0|s)2
)
,

where δst is Kronecker’s delta. Hence the Fisher information
is

Jsx,ty(w) = δstμs(w)
( δxy
wx|s

+
1

w0|s

)
,

where μs(w) is the expectation of τ ′s/n with respect to
pT (x

n
−k+1|w).

Next, we introduce the minimax regret for the tree model
case following [20]. Let q be a conditional probability mass
function of xn given s0 = x0

−k+1. We consider the following
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conditional regret of q for a target class S(T ) and a set of
strings Wn ⊂ Xn given s0:

rn(q,Wn|s0) = max
xn∈Wn

log
p(xn|s0, ŵ)
q(xn|s0) ,

The minimax regret is defined as rn(q,Wn|s0) =
infq rn(q,Wn|s0).
III. EXPONENTIAL AND CURVED EXPONENTIAL FAMILIES
First we review the exponential family of i.i.d. probability

densities. If the probability density function is given as

p(z|θ) = exp(θ · V (z)− ψ(θ)), (3)

then the class {p(·|θ) : θ ∈ Θ} is referred to as an exponential
family of probability densities [4] [1]. Here, V (z) is a d-
dimensional real valued random variable, θ a d-dimensional
parameter, and θ · V (z) =

∑d
i=1 θiVi(z). Let ∂i

def
= ∂/∂θi.

Define ηi
def
= ∂iψ(θ), then we have ηi = EθVi(z). Further,

Jij(θ) = ∂jηi holds. The parameters η and θ are referred to as
expectation parameter and canonical parameter, respectively.
For the exponential family (3), the probability density function
of a string zn = z1z2...zn is given as p(zn|θ) def=

∏
t p(zt|θ)

= exp(n(θ · V̄ − ψ(θ))), where V̄ def
= (1/n)

∑
t V (zt). Since

∂i log p(z
n|θ) = n(V̄i − ηi) holds, the MLE of η given zn,

equals the sufficient statistics V̄ .
Next we review the notion of curved exponential families.

Consider the model embedded in an d̄-dimensional exponential
family S̄ = {p̄(·|u) : u ∈ U}, where u is the natural parameter.
Let θ ∈ Θ be a d-dimensional vector (d < d̄) and φ : Θ → U
a class C∞ function, provided the rank of its Jacobian is d
over Θ. Then, we refer to S = {p(·|θ) = p̄(·|φ(θ)) : θ ∈ Θ}
as a curved exponential family embedded in S̄.
When S is an exponential family too, the Fisher information

at MLE coincides with the empirical Fisher information at
MLE. It can be confirmed as follows. First note the following.

∂

∂θa
log p(zn|θ) =

∑
i

∂ui

∂θa
(V̄i − ηi)

Ĵab(θ, z
n)

def
= − 1

n

∂2

∂θa∂θb
log p(zn|u) (4)

= −
∑
i

∂2ui

∂θa∂θb
(V̄i − ηi) + Jab(θ),

where Jab(θ) and Ĵab(θ, z
n) are Fisher information and em-

pirical Fisher information with respect to θ, respectively. Since
the log likelihood is maximized at θ̂,

∑
i(∂ui/∂θa)(V̄i − ηi)

= 0 holds at θ = θ̂. If S is an exponential family, φ(θ) forms
a hyper plane in U . Hence, ∂2u/∂θa∂θb belongs to the linear
space spanned by {∂u/∂θa}a=1,··· ,d. Therefore, the first term
of the third side of (4) equals zero.
Now we state the definition of an asymptotic exponential

family, which is a refinement of the one given in [19].
Definition 1 (Asymptotic Exponential Family): For a para-

metric model S = {p(xn|x0
−k+1, θ) : θ ∈ Θ}, assume that the

probability density function is written as

p(xn|θ) = exp(n(θ · V (xn
−k+1)− ψ(θ)) + U(xn

−k+1|θ)),

where V and U are certain functions of xn
−k+1 (n = 1, 2, · · · ).

If for every compact set K interior to Θ,

max
i,j,xn

−k+1

max
θ∈K

1

n

∣∣∣∂
2U(xn

−k+1|θ)
∂θi∂θj

∣∣∣ → 0 (n → ∞)

holds, then we refer to S as an asymptotic exponential family.
Remark 1: The (ordinary) exponential family is an asymp-

totic exponential family. Hence, when we say “a model is not
an asymptotic exponential family,” it implies that the model is
not an exponential family.
Remark 2: For models of Markov sources, this definition

is equivalent to the definition of the exponential family of
Markov sources given by Nagaoka [10] and employed in [5].
Note that the FSMX model is an example of asymptotic

exponential family. This fact can be confirmed by showing

lim
n→∞ max

xn
−k+1:ŵ∈K

|Jsx,ty(ŵ)− Ĵsx,ty(ŵ, x
n
−k+1)| = 0. (5)

See [19], [20] for the proof. In [19], the proof is given for
binary alphabet case. In [20], the proof is given for T = T (k)

case. Since the key of the proof is an equality
∑

t(τst−τts) =
±1 or 0, which holds for any FSM, those proofs work for all
FSMX models. See also [24], [10].
When the target class is an asymptotic exponential family

S = {p(xn|θ) : θ ∈ K ⊂ Θ◦}, the modified Jeffreys mixture
is asymptotically minimax. Define {Ki} be a sequence of sub-
sets of Θ◦ such that K◦

n+1 ⊃ Kn and Kn slowly approaches
K as n increases. Let wn(θ) denote the Jeffreys prior overKn.
Let mn(x

n|s0) =
∫
p(xn|s0, w)wn(θ)dθ. Then by Laplace

integration, we have

mn(x
n|s0)

p(xn|s0, θ̂)
∼ |J(ŵ)|1/2

CJ(Kn)|Ĵ(ŵ, xn)|1/2
(2π)�D/2

n�D/2
.

For the asymptotic exponential family, |J(ŵ)|/|Ĵ(ŵ, xn)| is
canceled and the mixture mn asymptotically achieves SC.
Hence for the FSMX model, when data strings are restricted

so that MLE is in a compact K interior to Θ, sequence of
Jeffreys mixture is asymptotically minimax.

IV. EXPONENTIAL CURVATURE OF TREE MODELS
In the previous section, we note that the FSMX model is

an asymptotic exponential family. In contrast, it was shown in
[19] that the non-FSMX tree model is not an asymptotic ex-
ponential family. The following theorem was shown provided
X is binary. Hence in this section, we assume X is binary,
but we think it is not difficult to extend this theorem to finite
alphabet case.
Theorem 1 (Takeuchi & Kawabata 2007): For a context

tree T , S(T ) is an asymptotic exponential family, iff S(T )
is an FSMX model.
This theorem is proved by showing that Ĵ(ŵ) − J(ŵ) for

the non-FSMX tree model does not converge to zero. Since

Ĵsx,ty(ŵ)− Jsx,ty(ŵ) = δst(ŵs − μs(ŵ))
( δxy
wx|s

+
1

w0|s

)
,

that is reduced to the difference ŵs − μs(ŵ).
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Note that S(T ) is an FSMX model, iff sx does not belong
to T for every s ∈ ∂T and every x ∈ X . Now, consider the
tree T = {λ} ∪ {s1 : s ∈ T1} ∪ {s0 : s ∈ T2}, where T1 and
T2 are context trees such that T1 ⊃ T (d) and T2 ⊂ T (d−2).
Then for any s0 ∈ ∂T , its successor s01 belongs to T , hence
s01’s context is not determined. This suggests that most tree
models are not an asymptotic exponential family.
It means that the Jeffreys mixture is not asymptotically

minimax for most tree models. Hence, we try to apply the
asymptotic minimax strategy for the curved exponential family
which was proposed and discussed in [3], [15], [16], [18].

V. MINIMAX STRATEGY FOR CURVED EXPONENTIAL
FAMILY

Here we review the minimax strategy for the curved expo-
nential family described in [16]. Assume that the target class
M is a curved exponential family introduced in Section III.
Let K be a compact set included in Θ◦ and {Kn}n be a
sequence of compact subsets of Θ such that K◦

n+1 ⊃ Kn and
Kn shrinks to K as n goes to infinity.
In this case, the series of the following mixtures asymptot-

ically achieves the minimax regret (1).

m̄n(z
n) = (1− n−b)mJ,n(z

n) + n−b

∫
p̄(zn|u)w(u)du, (6)

where mJ,n is the Jeffreys mixture of p(zn|θ) over Kn ⊃ K
and w(u) is a certain probability density on U .
This can be shown as follows. Let Gn = {zn||V̄ − η(θ̂)| ≤

n−q and θ̂ ∈ K} and Gc
n = {zn||V̄ − η(θ̂)| > n−q and θ̂ ∈

K}. If zn ∈ Gn, then ||J(θ̂)−Ĵ(θ̂, zn)|| ≤ Bn−q holds, where
B is a certain positive number determined by the function
φ and the subspace K. Hence similarly to the asymptotic
exponential family case, by the Laplace integration, it is easy
to show that the first term of m̄n works well.
To handle zn ∈ Gc

n, let η̃ be the point between V̄ and η(θ̂)
such that |η̃−η(θ̂)| = n−q . Then we haveKL(p̄(·|ũ)|p(·|θ̂)) ≥
An−2q , where KL(p|p′) denotes Kullback-Leibler divergence
from p to p′, ũ the u corresponding to η̃, and A a certain
positive number determined by S̄ and K. From this, we can
show p̄(xn|ũ) > exp(An1−2q)p(xn|θ̂). We have

inf
zn∈Gc

n

∫
p̄(zn|u)w(u)dθ

p(zn|θ̂) > n−d̄eAn1−2q

, (7)

where we have evaluated
∫
p̄(zn|u)w(u)dθ by the integration

in the n−1/2-neighborhood around ũ.

VI. STOCHASTIC COMPLEXITY OF TREE MODELS
If the data string is restricted as ŵ belongs to a compact

K interior to Θ◦, it is easy to apply the strategy stated in the
previous section to the tree model, and obtain an asymptotic
minimax result. However in this section, we give a stronger
result, which is without restriction on data strings.
Let S(T̄ ) be an FSMX model and S(T ) be a non-FSMX

tree model embedded in S(T̄ ), that is, we assume T ⊂ T̄ .
Then the target class is S(T ). Note that we may employ the
FSM closure [9] of S(T ) as S(T̄ ). Let w ∈ W be parameters

for S(T̄ ) representing the transition probabilities and u ∈ U
those for S(T ). For every s ∈ ∂T , define a subset of ∂T̄ as

Cs = {t : ∃s′ ∈ X ∗, t = s′s and t ∈ ∂T̄}.

Define a map φ from U to W as

∀s ∈ ∂T, ∀t ∈ Cs, φt(u) = us.

The function w = φ(u) embeds S(T ) into S(T̄ ). In this sec-
tion, let p(xn|u) and p̄(xn|w) denote pT (xn|u) and pT̄ (xn|w),
respectively.
Let ρJ(u) denote the Jeffreys prior over U , ρ(α)(u)

Dirichlet(α) prior (α < 1), and ρ̄J (w) the Jeffreys prior over
W . Note that

|J(u)| =
∏
s∈∂T

(∑
t∈Cs

μ̄t(φ(u))
)D ∏

x∈X
(ux|s)−1, (8)

ρ(α)(u) ∝
∏
s∂T

∏
x∈X

(ux|s)−(1−α),

where μ̄t(w) is the stationary probability of t ∈ ∂T̄ deter-
mined by w. For every s ∈ ∂T , let μs(u) =

∑
t∈Cs

μ̄(φ(u)).
Our minimax strategy is

m̄n(x
n) = (1− 2n−b)

∫
p(xn|u)ρJ(u)du (9)

+ n−b

∫
p(xn|u)ρ(α)(u)du (10)

+ n−b

∫
p̄(xn|w)ρ̄J(w)dw. (11)

Theorem 2: The strategy m̄n asymptotically achieves the
minimax regret for S(T ), i.e. for every s0 ∈ ∂T ,

max
xn∈Xn

log
p(xn|θ̂)
m̄n(xn)

=
D�

2
log

n

2π
+ log

∫
|J(u)|1/2du+ o(1),

where α < 1/2, k = maxs∈∂T |s|, a < 1/k, and b < ι =
(1/2− α)a.
Outline of the proof: Define the interior region of U as

Un = {u : ∀s ∈ ∂T, ∀x ∈ X , ux|s ≥ 2n−a}.

When û �∈ Un, the regret of the second term of (9) is smaller
than the minimax value for sufficiently large n. This is the
effect of boundary modification for the Jeffreys prior.
Next, consider the strings with û ∈ Un. Divide such strings

to the set of good strings Gn and that of bad strings Gc
n as:

Gn = {xn : û ∈ Un, ∀s ∈ ∂T, ∀t ∈ Cs, |ŵt − ûs| < n−q}
Gc
n = {xn : û ∈ Un} \ Gn,

assuming q > a and n−q ≤ n−a.
When xn ∈ Gn, the regret of the first term of (9)

achieves the minimax value asymptotically, because the em-
pirical Fisher information uniformly converges to the Fisher
information.
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When the data string belongs to Gc
n, the third term of our

mixture works, since the maximum likelihood in S(T̄ ) is
significantly larger than that in S(T ). In fact

log
p̄(xn|ŵ)
p(xn|û) = log

p̄(xn|ŵ)
p̄(xn|φ(û))

= n
∑
t∈∂T̄

∑
x∈X

τ̄tx
n

log
ŵx|t

φx|t(û)

= n
∑
s∈∂T

∑
t∈Cs

∑
x∈X

τ̄tx
n

log
ŵx|t
ûx|s

= n
∑
s∈∂T

∑
t∈Cs

τ̄t
n

∑
x∈X

ŵx|t log
ŵx|t
ûx|s

≥ nn−ka
∑
s∈∂T

∑
t∈Cs

∑
x∈X

ŵx|t log
ŵx|t
ûx|s

= n1−ka
∑
s∈∂T

∑
t∈Cs

KL(ŵt|ûs).

Here we have used τ̄t/n ≥ n−ka, which holds from Lemma 1
of [20]. Since there exists a pair of s′ ∈ ∂T and t′ ∈ Cs′ such
that |ŵt′ − ûs′ | ≥ n−q . Noting ŵx|t ≥ n−a ≥ n−q , we can
show KL(ŵt′ |ûs′) ≥ n−2q/4. Therefore, we have

log
p̄(xn|ŵ)
p(xn|û) ≥ n1−ka−2q

4
,

which is p̄(xn|ŵ) ≥ exp(n1−ka−2q/4)p(xn|û). Hence, simi-
larly to (7) we have∫

p̄(xn|w)ρ̄J(w)dw
p(xn|û) ≥ C exp(n1−ka−2q/4)n−�̄D, (12)

where C is a certain constant. When ka + 2q < 1, the last
expression is larger than the minimax level for all sufficiently
large n. Therefore we have the theorem’s claim.

VII. DISCUSSION
From Theorem 1 with (8), we see that the constant term of

the SC for S(T ) equals

log

∫
U

∏
s∈∂T

(∑
t∈Cs

μ̄t(φ(u))
)D/2 ∏

x∈X
(ux|s)−1/2du. (13)

Note that the stationary probabilities can be written [20] as

μs(w) =
Δss∑

t∈∂T Δtt
,

where Δst is the (s, t)-cofactor of the matrix of which entries
are δst − ws|t for every st ∈ (∂T )2. If S(T ) is an FSMX
model, we can set S(T̄ ) = S(T ), from which we have Cs =
{s} and w = φ(u) = u. Then (13) is reduced to the form

log

∫
U

∏
s∈∂T

(μs(w))
D/2

∏
x∈X

(ux|s)−1/2du (14)

which is given in [20]. When S(T ) is the model of kth order
Markov chains, Jacquet & Szpankowski directly evaluated the
codelength of the NML by a combinatorial technique. Though
the expression of the constant term in their result is different
from (14). both are equivalent to each other. See [14] for the
details.
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