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Abstract—We study the problem of data compression, gam-
bling and prediction of strings ™ = x1x>...x, in terms of coding
regret, where the tree model is assumed as a target class. We
apply the minimax Bayes strategy for curved exponential families
to this problem and show that it achieves the minimax regret
without restriction on the data strings. This is an extension of
the minimax result by (Takeuchi et al. 2013) for models of kth
order Markov chains and determines the constant term of the
Stochastic Complexity for the tree model.

I. INTRODUCTION

We study the problem of data compression, gambling and
prediction of strings ™ = x125...x, in terms of coding regret,
where the tree model [21] is assumed as a target class.

A tree model is a parametric model of Markov sources
defined by a context tree. It is used for data compression algo-
rithms such as the Context Tree Weighting (CTW) Methods
[22] and CONTEXT [11]. Note that the tree model is not
an exponential family [1] unless it is an FSMX (Finite State
Machine X) model [21], as pointed out in [19].

The Stochastic Complexity (SC) for a target class S =
{p(-|0) : 6 € © C R} is defined as the codelength of the
minimax code for S in terms of coding regret, which is the
difference of the loss (codelength) incurred and the loss of an
ideal coding for each string. A coding scheme for strings of
length n is equivalent to a probabilistic mass function ¢(z™) on
X, It is well known that the normalized maximum likelihood
(NML) is the exact minimax code [13], but in this study,
we design an asymptotic minimax code by Bayesian mixtures
mainly with Jeffreys prior over .S, which is the prior density
proportional to |.J(0)|*/2, where |.J(0)| is the determinant of
the Fisher information J(0) of 6.

It is known that such strategies for various target classes
achieve the minimax regret for W, = {z" : § € K C O}

+log/ 17(8)[/2d6 + o(1),
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where 6 is maximum likelihood estimate (MLE) of 6. If the
target class is an exponential family [4], [1], including models
of Markov chains, then the Jeffreys prior with modification
on the boundary of the parameter space is asymptotically
minimax. In particular about Markov models, the minimax
Bayesian strategy without restriction on data strings (K = O)
is demonstrated in [20], where the target class is a class
of kth order Markov chains, which corresponds to a special
case of the FSMX model and an exponential family in an
asymptotic sense. For this target class, direct evaluation of the
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codelength of the NML is given in [6], Though the constant
term’s expression by [6] is different from that by [20], it is
confirmed in [14] that both are equivalent. Note that it is easy
to extend the result in [20] to the FSMX model’s case.

In contrast, if the target class is not exponential type,
then any Bayesian mixture of the target class cannot achieve
the minimax regret [3], [15], [16], [17]. Hence we need
a different technique. In [16], we discussed two minimax
strategies for non-exponential families; one is for curved
exponential families and the other is for general smooth
families. Since the tree model is a curved exponential family
in general [19], we employ the former strategy, which uses
prior distributions over the exponential family in which the
target curved exponential family is embedded. We prove that
it achieves the minimax regret for the whole set of data strings
(Theorem 2 in Section VI). This is an extension of Theorem 1
of [20] and an affirmative solution to a conjecture in [18].

II. PRELIMINARIES

Let X = {0,1,..., D} be an alphabet and p(z"|f) a prob-
ability mass function of 2" = zj2s...2, € A", parametrized
by § € © C RL Assume p(2"|¢) defines a stationary
stochastic process. In particular, our concern is in the case
where p(z™|0) corresponds to a tree source [21]. Since a
tree source is a Markov source, we assume that an ini-
tial string xo_k_H = T_p4+1T_jy2...2o 1S given before a2,
where k is the order of the Markov source. In this paper,
we let p(z"|0) denote the conditional p(z"|z",  ,0) given
2%, ,,. Define empirical Fisher information J(6,2™) as the
Hessian of —(1/n)logp(z"(0) = —(1/n)logp(z™|x,, ,0)
with respect to 6 and Fisher information J(0) by J(0) =
limy, o0 Eg.J (0, 2™), where Fy denotes the expectation with
respect to p(a”, ,(0).

We review the definition of tree source [21]. Let 7" be a
finite subset of A* &' {AJUX UX2U ..., where \ denotes
a null string. Assume that for all s € 7T, any postfix of s
belongs to T' (e.g., the postfixes of x12z5 are x1xs, ro and A
). Such a set T is referred to as a context tree. For a context
tree T, define 0T & {rs:xe€X,se€T}\T. Here, T is a
complete postfix set of X, i.e. no element of 97 is a postfix of
another element and their length satisfies Kraft inequality with
equality. For a string s € X", let ¢(s) denote the element of
OT which matches a postfix of s, if it exists. We refer to ¢(s)
as the context of s (or the state for s). Let k &ef maxseor |8
(|s] is length of s). When |s| > k, c(s) uniquely exists. An
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information source in which the probability of the successive
character is defined for each context, is referred to as a tree
source. If the set of contexts 0T satisfies a condition that ¢(sx)
for any s € 97 and any x € X is determined (i.e. ¢ defines
a state transition function), then the tree source is referred to
as an FSMX source. We give examples of context trees for an
FSMX source and a non-FSMX tree source.

Example 1: Assume X = {0,1}. Let Ty = {\,1,10,0},
then we have 977 = {00,11,01,110,010}, which is a
complete postfix set (See Figure 1). This tree defines a state

Fig. 1. A Context Tree for an FSMX model
transition function and the source is an FSMX one.

Example 2: Removing ‘11’ and ‘01’ from 0T; (‘1’ from
T1), we obtain 75 in Figure 2. If ‘0’ is generated at the context

Fig. 2. A Context Tree for a non-FSMX tree source

‘1’, we cannot determine whether the machine has transferred
to the context ‘110” or ‘010°. Hence this tree does not define
an FSMX source.

Let us introduce the tree model given a context tree 7. Let ¢
denote the number of contexts |0T'|. Let w,|, denote the prob-
ability that x is generated at the context s. For each s € 9T,
define a D-dimensional vector ws = (wy|s, Wos, ...,wD|S)t.
Let w denote a D¢-dimensional vector (wg,, wy,, , ..., w; .
Define the range of parameter w as

D
W, = {ws Ve e X, wys >0 and Zw,ﬂs < 1}
x=1

and W = W(T) & [I.cor Ws, where we assume that wg|, =

1- Zle Wy|s 1S a dependent variable.

Let 27, denote a String &, T4 1.0, € X"~ (m < n)
and z" a string x]. Assume that we have an initial string
z0, 41 in advance. Define the probability mass function for

the sequence x” as
n—1

pT(x"\xngrhw) = H Wai iy fe(@t )
=0

and the tree model [21], [8] based on T as

S(T) € {pr(-|,w) : w e W(T)}. 2)

When ¢ defines a state transition function, then we refer to
S(T) as an FSMX model [21], [8]. The class of kth order

Markov chains (case of T = T &' USZ) &%) is an example
of FSMX model. Given ", , for every sz € 9T x X, let

Tl =#{t: sm:w’;_ls‘ and 1 <t <n}

and let 7{ = >, 7i,. Then

H (ww|s)‘r;mv

sx€IT XX

pT(zn‘ng+1v w) =

holds. By this, MLE of w is denoted as |, = 7, /7., where
we define 1w = arg max, ey pr (=2, ,, w).

For an FSMX model, define o; = c(2' ), then 0; =
c(oj—1z;) and we have the sequence of contexts of =
0001...0, induced by z7, ;. Let 74 for st € (0T)? denote
the number of appearances of the pattern st in of and
Ts = »_, Tst. Then, 7/, = To(sp) and 7, = 7, hold. Here, we
define wy, for each st € (97')* by extending the domain of
Wy as follows. If there exists an € A’ such that c(sz) = t,
let wy)s = wy,, otherwise wy; = 0. Then the probability mass
function can be denoted as

I[I o™= T[ @)™,

sz€dTxX ste(0T)?

pr(x"|og, w) =

where we define 0° = 1. Hence we can define Wy|s = Tt /Ts.
Then li)c(sw”s = ’LZ),J‘S holds.

Note that any tree model is a subspace of a certain FSMX
model. In fact, a tree model S(T) is a subspace of FSMX
model S(T™), where k &
provides a non-trivial example.

Example 3: Consider T} and 75 in Examples 1 and 2. We
have S(T3) = {p(-|,w) € S(T1) : wijo1 = wij11}. That is,
S(T») is a subspace of S(T}).

For a tree model S(T'), (s, ty)-entry (entry for w,, and
wy|;) of the empirical Fisher information is

2 5st7—; (5mywm\s

n wO\s
sz,t (w7$ ) = + )
Y no N\ (wys)? (w0|5)2>

where d,; is Kronecker’s delta. Hence the Fisher information
is

maxscgr |s|. The following

Tsa,ty(w) = 5stﬂs(w)(6w7y + ! )

Wey|s Wo|s

where ps(w) is the expectation of 7./n with respect to
pr(a? g |w).

Next, we introduce the minimax regret for the tree model
case following [20]. Let ¢ be a conditional probability mass
function of 2" given sg = z° 41- We consider the following
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conditional regret of ¢ for a target class S(7") and a set of
strings W,, C X" given sq:

p(z"]s0, D)
W, = log ————
rala Walso) = i lou ™ s
The minimax regret is defined as r,(q, W,|so) =

inf, 7, (q, Wa|s0)-
III. EXPONENTIAL AND CURVED EXPONENTIAL FAMILIES

First we review the exponential family of i.i.d. probability
densities. If the probability density function is given as

p(2]0) = exp(0 - V(2) — (0)), 3)

then the class {p(-|0) : € O} is referred to as an exponential
family of probability densities [4] [1]. Here, V(z) is a d-
dimensional real valued random variable, # a d-dimensional
parameter, and 0 - V(z) = Zle 0;Vi(z). Let 0; &ef 0/00;.
Define n; def ;10(0), then we have n; = FyV;(z). Further,
Ji;(8) = 0;m; holds. The parameters 7 and 6 are referred to as
expectation parameter and canonical parameter, respectively.

For the exponential family (3), the probability density function

of a string 2" = z125...2,, is given as p(z"|0) &f [L; p(216)

= exp(n(6 - V —(0))), where V & (1/n) 32, V(2). Since
d;logp(2"]0) = n(V; — n;) holds, the MLE of n given 2",
equals the sufficient statistics V.

Next we review the notion of curved exponential families.
Consider the model embedded in an d-dimensional exponential
family S = {p(-|u) : u € U}, where u is the natural parameter.
Let § € © be a d-dimensional vector (d < d) and ¢ : © — U
a class C* function, provided the rank of its Jacobian is d
over ©. Then, we refer to S = {p(:|0) = p(-|4(0)) : 6 € O}
as a curved exponential family embedded in S.

When S is an exponential family too, the Fisher information
at MLE coincides with the empirical Fisher information at
MLE. It can be confirmed as follows. First note the following.

3 n o 8UZ —
%logp(z o) = i 879&(‘/1—77@)
A R 1 02 n
Jan(0,2") o —Emlogp(z |u) 4)

where J,;(0) and J,;(6, 2") are Fisher information and em-
pirical Fisher information with respect to 6, respectively. Since
the log likelihood is maximized at 0, 3, (9u;/960,)(Vi — 1;)
= 0 holds at = 0. If S is an exponential family, ¢(6) forms
a hyper plane in . Hence, 8%u/00,00; belongs to the linear
space spanned by {0u/00, }4=1.... 4. Therefore, the first term
of the third side of (4) equals zero.

Now we state the definition of an asymptotic exponential
family, which is a refinement of the one given in [19].

Definition 1 (Asymptotic Exponential Family): For a para-
metric model S = {p(2" |2, ,,0) : € O}, assume that the
probability density function is written as

p(x"0) = exp(n(0 - V(2Zy 1) — 9(0)) + U(2241410)),

where V and U are certain functions of 2, ., (n =1,2,---).
If for every compact set K interior to O,

1 32U(I71k+1|9)
max maxX —|——————
< 90;00;

g2, 0EK N
holds, then we refer to S' as an asymptotic exponential family.

Remark 1: The (ordinary) exponential family is an asymp-
totic exponential family. Hence, when we say “a model is not
an asymptotic exponential family,” it implies that the model is
not an exponential family.

Remark 2: For models of Markov sources, this definition
is equivalent to the definition of the exponential family of
Markov sources given by Nagaoka [10] and employed in [5].

Note that the FSMX model is an example of asymptotic
exponential family. This fact can be confirmed by showing

Isz,ty(w) - (5)

—0 (n— o0)

lim  max Jsa,ty (W, 2" 1)] = 0.

n
n— o0 xik+14w6

See [19], [20] for the proof. In [19], the proof is given for
binary alphabet case. In [20], the proof is given for 7' = T'*)
case. Since the key of the proof is an equality » _, (74 —7¢s) =
£1 or 0, which holds for any FSM, those proofs work for all
FSMX models. See also [24], [10].

When the target class is an asymptotic exponential family
S ={p(x"|f) : 0 € K C ©°}, the modified Jeffreys mixture
is asymptotically minimax. Define { K;} be a sequence of sub-
sets of ©° such that K, ,; D K,, and K, slowly approaches
K as n increases. Let w,, () denote the Jeffreys prior over K,.
Let my,(2"]so) = [ p(a™|so, w)w,(#)db. Then by Laplace
integration, we have

| (w)['/2 (2m)*P72
C(Kp)|J (o, zm)[1/2 0P/

mp (2™|s0) N
p(z"]s0,0)

For the asymptotic exponential family, |.J(w)|/|J (i, z™)] is
canceled and the mixture m,, asymptotically achieves SC.

Hence for the FSMX model, when data strings are restricted
so that MLE is in a compact K interior to O, sequence of
Jeffreys mixture is asymptotically minimax.

IV. EXPONENTIAL CURVATURE OF TREE MODELS

In the previous section, we note that the FSMX model is
an asymptotic exponential family. In contrast, it was shown in
[19] that the non-FSMX tree model is not an asymptotic ex-
ponential family. The following theorem was shown provided
X is binary. Hence in this section, we assume X is binary,
but we think it is not difficult to extend this theorem to finite
alphabet case.

Theorem 1 (Takeuchi & Kawabata 2007): For a context
tree T, S(T') is an asymptotic exponential family, iff S(T")
is an FSMX model.

This theorem is proved by showing that .J (1) — J () for
the non-FSMX tree model does not converge to zero. Since

)
Wo|s '

Tty () = Jaz 4y (10) = 05t (105 — s (1)) ((sﬂ n

Wels

that is reduced to the difference w, — s ().
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Note that S(T) is an FSMX model, iff sz does not belong
to T for every s € 0T and every z € X. Now, consider the
tree T ={A}U{sl:seT1}U{s0:s e Tr}, where T} and
T, are context trees such that 73 > 7@ and T, ¢ T(4-2),
Then for any s0 € 07, its successor s01 belongs to 7, hence
s01’s context is not determined. This suggests that most tree
models are not an asymptotic exponential family.

It means that the Jeffreys mixture is not asymptotically
minimax for most tree models. Hence, we try to apply the
asymptotic minimax strategy for the curved exponential family
which was proposed and discussed in [3], [15], [16], [18].

V. MINIMAX STRATEGY FOR CURVED EXPONENTIAL
FAMILY

Here we review the minimax strategy for the curved expo-
nential family described in [16]. Assume that the target class
M is a curved exponential family introduced in Section III.
Let K be a compact set included in ©° and {K,}, be a
sequence of compact subsets of © such that K, ,; D K,, and
K, shrinks to K as n goes to infinity.

In this case, the series of the following mixtures asymptot-
ically achieves the minimax regret (1).

(") = (1 = n~Ymn(z") + n—f/ S wyw(u)du, (6)

where m j, is the Jeffreys mixture of p(z"|0) over K,, D K
and w(u) is a certain probability density on . .

This can be shown as follows. Let G,, = {z"[|V — n(0)] <
n~9and § € K} and G¢ = {2"[|V —n(f)] > n"%and § €
K}.If 2" € G, then ||.J(§)—.J (6, 2")|| < Bn~9 holds, where
B is a certain positive number determined by the function
¢ and the subspace K. Hence similarly to the asymptotic
exponential family case, by the Laplace integration, it is easy
to show that the first term of m,, works well.

To handle 2" € G¢, let 7j be the point between V' and n(é)
such that |[j—n ()| = n~%. Then we have K L(p(-|@)|p(-|d)) >
An=29, where K L(p|p’) denotes Kullback-Leibler divergence
from p to p/, @ the u corresponding to 77, and A a certain
positive number determined by S and K. From this, we can
show p(z™|i) > exp(An'~29)p(z"|0). We have

o TR ds
z"egy, p(z"10)

where we have evaluated [ p(z"|u)w(u)df by the integration
in the n~!/2-neighborhood around .

nidieAnliml (7)

9

VI. STOCHASTIC COMPLEXITY OF TREE MODELS

If the data string is restricted as w belongs to a compact
K interior to ©°, it is easy to apply the strategy stated in the
previous section to the tree model, and obtain an asymptotic
minimax result. However in this section, we give a stronger
result, which is without restriction on data strings.

Let S(T) be an FSMX model and S(T) be a non-FSMX
tree model embedded in S(T'), that is, we assume 7" C T.
Then the target class is S(7'). Note that we may employ the
FSM closure [9] of S(T') as S(T'). Let w € W be parameters

for S(T') representing the transition probabilities and u € U
those for S(T'). For every s € 9T, define a subset of OT as

Co={t:3s e x* t=ssand t € OT}.
Define a map ¢ from U to WV as
Vs € T, Vt € Cy, di(u) = us.

The function w = ¢(u) embeds S(7T') into S(T). In this sec-
tion, let p(2™|u) and p(z™|w) denote pr(2™|u) and ps(z™|w),
respectively.

Let py(u) denote the Jeffreys prior over U, pq(u)
Dirichlet(«) prior (o < 1), and pj(w) the Jeffreys prior over
W. Note that

= T (X mew)) [ ®
s€dT teCy reEX

p(a)(u) X H H(ua:|s)7(1ia)v
sOT x€X

where ji;(w) is the stationary probability of ¢t € 9T deter-
mined by w. For every s € 0T, let ps(u) = >, cc. f(d(u)).
Our minimax strategy is

(") = (=2 [ s tude ©)
b [ o W (w)du (10)
b0 [ wps(w)du. (1)

Theorem 2: The strategy m,, asymptotically achieves the
minimax regret for S(T), i.e. for every so € 9T,
p(z"l0) _ Dt
My (z7) 2

max log

o 1/2
max log 5 + log/|J(u)| du+o(1),

where o < 1/2, k = maxgeor|s|, a < 1/k, and b < ¢ =
(1/2 — a)a.
Outline of the proof: Define the interior region of U/ as

Up ={u:Vs € OT,Vx € X, uys > 20"}

When 4 ¢ U,,, the regret of the second term of (9) is smaller
than the minimax value for sufficiently large n. This is the
effect of boundary modification for the Jeffreys prior.

Next, consider the strings with @ € U,,. Divide such strings
to the set of good strings G,, and that of bad strings G: as:

gn =
gn

{z" : 4 e Uy, Vs € IT, Vt € Cs, |0y — ts] <n~ 7}
{z" :a €Uy} \ G,

assuming g > a and n=9 < n~%

When z" € G,, the regret of the first term of (9)
achieves the minimax value asymptotically, because the em-
pirical Fisher information uniformly converges to the Fisher
information.
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When the data string belongs to G7, the third term of our
mixture works, since the maximum likelihood in S(7') is
significantly larger than that in S(7'). In fact

Y C [ I €2 )
Fpala) T @)
Tt  Wajt
= n —
t;:ﬂ“g;( ¢m|t(u)
w

ST Ty

s€dT teCs zeX

= n Z Z T Zwm‘tlog—‘

s€dT teCs IGX

n—ka Z Z szulog . l\

s€dT teCs zeX

= n'7F YN KLy,

s€edT teCy

Y

Here we have used 7; /n > n~%?, which holds from Lemma 1
of [20]. Since there exists a pair of s’ € 9T and t' € Cy such
that [y — dy| > n™% Noting W, > n~% > n~%, we can
show K L(ty|ts) > n~29/4. Therefore, we have
ﬁ(xnhb) - nlfka72q
P = 4
which is p(z"[w) > exp(n!=ka=2¢/4)p(z"
larly to (7) we have

J (" |w)ps (w)dw

p(x"|d)

where C' is a certain constant. When ka + 2g < 1, the last

expression is larger than the minimax level for all sufficiently
large n. Therefore we have the theorem’s claim.

log

|&i). Hence, simi-

> Cexp(n'~h=20/4)n = (12)

VII. DISCUSSION

From Theorem 1 with (8), we see that the constant term of
the SC for S(T") equals

oz [ TT (3 (o

)M I () 2du.— (13)

sedT teC zeX
Note that the stationary probabilities can be written [20] as
pa(w) = — 258
ZteaT Ay

where Ag; is the (s, t)-cofactor of the matrix of which entries
are 0y — wy, for every st € (9T)?. If S(T) is an FSMX
model, we can set S(T) = S(T), from which we have C; =
{s} and w = ¢(u) = w. Then (13) is reduced to the form

oz | T Guaw)”2 T ()
sedT reX

which is given in [20]. When S(T') is the model of kth order
Markov chains, Jacquet & Szpankowski directly evaluated the
codelength of the NML by a combinatorial technique. Though
the expression of the constant term in their result is different
from (14). both are equivalent to each other. See [14] for the
details.
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