Achieving Information-Theoretic Limits with

High-Dimensional Regression

A Dissertation
Presented to the Faculty of the Graduate School
of
Yale University
in Candidacy for the Degree of
Doctor of Philosophy

by
Antony Joseph

Dissertation Director: Andrew Barron

June 6, 2012



Abstract

Achieving Information-Theoretic Limits with

High-Dimensional Regression

Antony Joseph
2012

We focus on variable selection in the high-dimensional regression setting with random Gaussian

designs. More specifically, we consider the linear model,
Y =X0+e¢,

where the response Y € R”, the design matrix X € R™*N the coefficient vector § € RY, and
noise € € R™. We deal with the high-dimensional setting, where the dimension N is typically much
greater than the sample size n. We also assume that the coefficient vector (3 is sparse, that is, it
has L non-zeroes, where L is much smaller than the dimension N. We apply the above setup to
the problem of reliable communication through a noisy channel.

Two estimation procedures are analyzed. The first, which we call the Least Squares decoder,
involves an exhaustive search over all allowed coefficient vectors and selecting the # which minimizes
|l — X 3|2, or the distance of the response Y from the fitted value X 3. Although it can be shown
that this is the optimal estimator for the problem, it is not computationally feasible. The second
procedure is a computationally feasible algorithm, which is similar in spirit to iterative algorithms
such as forward stepwise regression. We call this the Iterative Thresholding Algorithm.

For both procedures we demonstrate that the sample size required, in certain regimes, is optimal
when compared to information-theoretic limits. In other words, we show that the sample size in
relation to the sparsity and dimension, is correct not just up to orders of magnitude, but also up
to the constant. Translated to the communication setting, this provides theoretically provable, low

computational complexity communication systems based on our statistical framework.
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Chapter 1

Introduction

The high-dimensional linear regression model has been of immense interest in recent times. The
model may be expressed as

Y =XB+e, (1.1)

where Y is an n X 1 response vector, X an n X N design matrix, § an N x 1 coefficient vector, and
€ an n X 1 noise vector.

As opposed to the classical regression model, in the high-dimensional case, the dimension N
need not be small — in fact, typically it is much larger — compared to the sample size n. Under the
above scenario, accurate statistical estimation of the coefficient vector (3 is not possible unless there
is some structure imposed on it. The most common assumption on ( is the sparsity assumption,
which, in its simplest form, states that the size of the set of non-zeroes of 3, or the support of 3,
is small compared to N. We denote as L the number of non-zeroes of 3. An aim, under the above
setup, is the prediction of the response variable Y, or in other words, estimation of X .

An equally important task is the estimation of the coefficient vector 8. An estimator B is
evaluated in terms of closeness to 3 with respect to some metric, for example the ¢, norm. When [
has a small support, another test of goodness of the estimator ﬁ is to see how well one can recover
the support of 8 from that 8.

The above setup for recovering sparse signals has found application in many modern day prob-
lems. For example, in genomics, people are interested in identifying positions in the human genome
responsible for causing a particular disease. When framed as a high-dimensional regression model,

each row of the X matrix stores genetic data for a particular person. More specifically, each entry in



the row vector corresponds to data at a particular position of the person’s genome. The correspond-
ing entry of the Y vector gives the disease status of that person. This problem is high-dimensional
in nature since the number of positions in the genome that are sampled (which corresponds to the
dimension N) is typically in the millions, whereas, the number of people involved in the study (the
sample size n) is much smaller. Sparsity appears from assuming that only a few positions in the
genome play a role for causing the disease in the population.

Other examples where the high-dimensional regression framework has found applicability include
graphical model selection (Meinshausen and Buhlmann [27]), compressed sensing (Donoho [16],
Candes and Tao [11]), and computer vision (Wright et al. [40]).

In this document we discuss and analyze a novel use of the above model (see also Barron and
Joseph [5], Barron and Joseph [6] for earlier versions) for the age-old problem of communicating
reliably through a noisy medium. Our theoretical analysis demonstrates how information-theoretic
limits for communication, discovered by Shannon [32], can be attained in the high-dimensional
regression framework. These limits translate into relationships between sample size n, dimension
N, sparsity L, and signal-to-noise ratio, for support recovery in regression. As a consequence,
our analysis also contributes to a greater understanding of the statistical problem of estimation in
the high-dimensional regression framework by identifying regimes where the information-theoretic
limits can be attained.

In the communication context, our work attempts to provide a theoretically provable and prac-
tical solution to the Shannon coding problem. This is important since even though Shannon theory
identifies key information-theoretic limits for reliable communication, it does not provide practical
solutions. Modern day communication schemes have been demonstrated to have good empirical
performance, however, a theoretical understanding of these schemes are limited only to certain
special cases.

The document is organized as follows. In Chapter 2, we describe the communication problem,
along with the associated information-theoretic limits. We also describe its formulation as a regres-
sion problem. In Chapters 3 and 4 we analyze two decoding schemes and demonstrate that these
schemes do attain information-theoretic limits. In Chapter 3 we analyze the Least Squares decoding
scheme, which is the optimal scheme for this problem. However, this scheme is not computationally
feasible. In Chapter 4 a practical Iterative Thresholding algorithm, which is similar in spirit to

greedy algorithms such as forward-stepwise regression [22],[7], [26], [28], is analyzed.



Chapter 2

The communication problem

2.1 Introduction

The goal in communication is to send information reliably through a noisy medium, also known as
a channel. The framework of modern day communication schemes remains true to the scheme laid
down by Shannon [32] . His path breaking work was instrumental in giving rise to the era of digital
communication. For example, in communication using telephones, digitizing involves converting
sound waves for a particular time interval into digital information in the form of binary strings of
a particular length. For transmission through the channel, the sender encodes these binary strings
into codewords. At the other end of the channel, the receiver gets a noisy version of the codeword.
His goal is to decode the codeword sent, or equivalently the associated binary string, from knowledge
of the dictionary of codewords and the channel model. The decoded binary string is reconverted
back to a sound wave for the receiver to hear.

Here, we are only concerned with the part of the communication process involving mapping of
the binary information as real-valued codewords and the recovery of the correct codeword from
noisy versions of it. An important ingredient in this is the modeling of the noisy medium or the
channel. Shannon’s theoretical analysis identified key information-theoretic limits, depending on
the channel model, for reliable communication. Below, in section 2.2 , we describe in greater detail
communication using a popular channel known as the Gaussian channel along with the associated
information-theoretic limits.

Even though Shannon’s theory was instrumental in quantifying the efficiency of a coding scheme,



it does not provide practical schemes for encoding and decoding. Modern day practical schemes,
for example using LDPC codes and Turbo codes [18], [9], have been empirically demonstrated
to perform well when compared to these limits. However, a good theoretical understanding of
these schemes has been lacking, even to this day. In section 2.3 we discuss an entirely different
approach, based on the high-dimensional regression framework, for the construction of practical

coding schemes. Chapters 3 and 4 deal with the theoretical analysis of the scheme.

2.2 Communication with the Gaussian channel

A Gaussian channel takes inputs ¢ € R and outputs Y € R, where

Y =c+e, €~ N(0,0?). (2.1)

Here o2

> 0 represents the noise variance in the channel. We now mention in greater detail
communication using the Gaussian channel. The goal is to send any one of a set of messages
reliably through the channel. The set of messages comprises of binary strings of a particular length
K, allowing for a total for 2% possible choices of messages.

Prior to transmission, an encoder is used to map each input bit string u = (ug, us ..., ug), where

each u; € {0, 1}, into a length n vector of real numbers (x1, 3,...,z,), known as a codeword, which

may satisfy,

1 n
—> a4} <P (2.2)
n =1

The positive quantity P is called the power. This terminology arises from the fact that the above
constraint on the average £ norm of each codeword translates to a constraint on the energy allocated
per transmission.

Without loss of generality, we denote the set of input bit strings as A = {1, 2...,2K} with
the understanding that each element of this set corresponds to a binary vector of length K. For
any j € A, denote the corresponding codeword in R™ as X;. From the power constraint one has
|1 X;]1?/n < P, for j = 1,2...,2K where |.| denotes the f>- norm. Denote as X the codebook,

which is the n x N matrix comprising of the codewords. In other words,

Xnxnv = [X1: X0 Xox].



Channel

U ——3 Encoder > X \q) > Y Decoder [——> 1
Message Codeword
(length K bits) (length n)

Noise € ~ Normal(O,a2I,,,,)

Figure 2.1: The general framework of communication using a Gaussian channel.

For transmission, if the sender wants to send an input bit string j € A through the channel he does
this by selecting the corresponding codeword X; and transmits it through the channel. In a broad
sense, one may assume that this involves sending each entry of X; sequentially through the channel
defined in (2.1). Thus, the sender makes a total of n transmissions.

The receiver gets Y € R", where
Y=X;+e¢ where € ~ N(0,0°1,).

The receiver’s goal is to detect the j sent from the knowledge of the received string Y and the
dictionary matrix X. The receiver is also aware of the power P and the noise variance o2. A
schematic rendering of the setup is shown in figure 2.1.

A quantity of interest is the rate R of transmission, given by

K
R=—.
n

(2.3)
The above gives the ratio of the length of the input string K to the number of transmissions n.
Recalling that K = log, |.4|, where |A| is the cardinality of .4, another equivalent way of expressing

the rate is
_ log|A|
-—

R (2.4)

Notice that we have suppressed the fact that the logarithm in the above expression is of base 2.
The choice of base determines the unit in which the rate is expressed. If logarithm base is 2 then
the unit is bits, whereas it is nats if the base is e.

Ideally, for a given n, one would like to have the message set A as large as possible. However,



the power constraint restricts the rate R from being arbitrarily large. We make this rigorous in the
sequel.

For a given dictionary matrix X, assume that from the received Y the receiver makes an estimate
j= j'(Y7 X) of the input string j. One way of measuring the performance of the coding scheme is

the average probability of error given by,

1 A,
Perr,X = 717 ZPj(j #] |X)7 (25)
|A] ¢
jeEA
where, for the given X matrix, P;(.|X) gives the probability distribution of Y if j was sent.

From the following lemma, see for example Cover et al. [15], one infers that the quantity
1 2
C= 5 log(1+ P/o), (2.6)

also called the capacity of the Gaussian channel, is an upper bound on the rate R for reliable

communication.

Theorem 1 (converse to Shannon coding theorem). For any rate R > 0,

Perr, X 2 11— —=—-—. (27)

From the above one sees that if R > C then the probability of error is asymptotically, for large
values of codelength n, bounded away from 0. However, since it is only a converse result, it doesn’t
guarantee the existence of codes, for any rate R < C, for which one can make p.,, x arbitrarily
small.

Notice that, for a given codebook X, the optimal decoding rule, which is the scheme that
produces an estimate j that minimizes perr, x among all decoders, is the maximum likelihood scheme
given by,

s . Y — X, 2
J arggggll 5l

where ||.|| denotes the usual o-norm. Indeed, with the prior on j to be uniform and the likelihood for
Y for the given X and j being Gaussian, this is the choice that minimizes the posterior probability
of error given Y and X.

To prove the existence of codes achieving rates R arbitrarily close to capacity C, Shannon devised



an random encoding and decoding argument. He took the entries of X to be i.i.d. N(0, P). An
input string j € A is then mapped to the corresponding column of this randomly selected dictionary.
Notice that the expectation E| X;||? is nP, for j = 1,...,||A|. Thus the power constraint is satisfied
in an expected sense rather than the strict sense in (2.2). Using the above random design, Shannon

was able to prove that for the maximum likelihood rule, the error probability

Perr = E(perr,X)7 (28)

where the outside expectation is with respect to the distribution of the X matrix, goes to zero
exponentially fast (in n) for any fixed R < C. Demonstration of small p,,, implies the existence of
a codebook X whose corresponding error probability perr, x is small.

In order to make the individual codewords satisfy the power constraint (2.2), an expurgation
argument can be used (see for example Cover et al. [15]), whereby one removes codewords violating
(2.2).

Since for the code construction that we discuss in section 2.3 we choose a random codebook,
from hereon we control the power only by requiring that E|X;||?/n < P, for j =1,...,|A|. Here
the expectation is with respect to the distribution of the codebook X. Assumption that the power
constraint be satisfied in this expected sense does not change the information-theoretic limits for
reliable communication.

Since the work of Shannon, there have been works characterizing the optimal form of the ex-
ponent for the error probability pe,., see for example Gallager [19] and Polyanskiy et al. [29]. We

summarize these results in the following theorem.

Theorem 2 (Gallager [19], Polyanskiy et al. [29]). For any R < C, one has

Perr < P min{A,A2}’
where K is a positive constant and A = C — R. Here pe. is calculated using the mazimum likelihood

rule.

It is still an area of active research to give better characterizations of the optimal error exponent.
The above theorem was stated since it serves as a benchmark against which we can compare the

error exponents obtained from our regression coding scheme.
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Figure 2.2: Schematic rendering of the dictionary matrix X. The vertical bars in the X matrix
indicate the selected columns from a section.

Before discussing the framework for the regression based codes, we mention that Shannon’s
method of code construction is not a practical approach. The reason for this is that the size of the
codebook X is exponential in n, making it too large for storage purposes. To see this, notice that
from relation (2.3), the number of columns of the X matrix is 2", Correspondingly, for any fixed
rate R > 0, the size of X, which is n x 2"F is impractically large.

The above problem arises since each column of X corresponds to a codeword, and, for a fixed
rate R, the number of codewords is exponential in n. Our regression codes rectify this by defining
codewords to be sparse linear combinations (or superpositions) of elements of a much smaller
dictionary matriz. Indeed, in chapters 3 and 4, we show that using a dictionary with number of
columns that is only polynomial in the number of rows n (or the codelength), one can communicate

at rates up to capacity.

2.3 The regression formulation

We now describe the superposition coding scheme. The story begins with the dictionary (design
matrix) X € R"*Y with columns X; € R" for j =1, 2, ..., N. We further assume that N = LB,
with L and B being positive integers, and partition the dictionary into L sections, each of size B
as depicted in figure 2.2.

The codewords takes the form of particular linear combinations of subsets of columns of the

dictionary. Specifically, each codeword is of the form X3, where 3 € RY belongs to a set B given



Encoder Channel

u > ﬁ >X6 \q’\ >Y Decoder p—> {}
Message Codeword
(length K) (length n)

Noise € ~ N(0,0°1,)

Figure 2.3: The framework for communication using regression.

B={B€{0,1}" : 3; has one 1 in each section}.

Notice that |B| = B For 3 € B, the codeword X 3 is now a superposition of L columns of X, with
exactly one column selected from each section. The quantity L can also be viewed as the sparsity
parameter discussed in chapter 1. The received vector is then in accordance with the statistical

linear model

Y =XB+e¢ (2.9)

where ¢ is the noise vector distributed Normal(0, 01).

The entries of X are drawn independently from a normal distribution with mean zero and
variance P/L. With this distribution one has that for each 8 € B, the expected codeword power,
given by E|| X 3||?/n, is equal to P. Thus power is controlled in an expected sense rather than the
traditional sense of requiring that for each codeword X3, to have || X3||?/n < P. In section 2.8, we
discuss the implications of our power control on the power of individual codewords.

The diagram showing the framework for communication using regression is shown in figure 2.3.

Notice that the above setup reduces to the Shannon’s random coding scheme setup, discussed in
section 2.2, if we take L = 1. However, as mentioned earlier, this forced N to be exponential in the
codelength n (or the number of rows of the X matrix) in order to communicate at positive rates.
By allowing the sparsity L (or the number of sections) to grow with n, we demonstrate that one can
arrange for the dimension N of the dictionary to be only polynomial in n and still communicate at
rate arbitrarily close to capacity.

A final piece in the puzzle is the mapping of input bit strings to coefficient vectors (. In other

words, we need to find a bijection from the set A = {1, ..., QK} of input bit strings to the set B
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7 0 13

Non-zero elements of 3:
7" clement from Section 1

0" element from Section 2

13" element from Section 3

Figure 2.4: Diagram representing mapping of a binary string to a coefficient vector 8 in B. Assume
that w = (011100001101) has length K = 12. Take L = 3 and log, B = 4, so that
K = Llog, B. The string splits give the binary address of the index where § is non-zero in a
section. Here we assume that the indices are numbered 0 through B — 1.

of allowed coefficient vectors. Once this mapping is defined, one can encode the bit string as the
corresponding X 3. For Shannon’s coding scheme this encoding was trivial — each input bit string
was encoded as the corresponding column of the X matrix. Luckily, our partitioned setup allows
us to also define the encoding without any hassle.

For convenience, it is assumed that the section size B is a power of 2. Also assume that the input
bit string are of length K = Llog, M. Split this string into L substrings of size logy B. The encoder
maps u to § simply by interpreting each substring of u as giving the index of which coordinate
of 3 is non-zero in the corresponding section. That is, each substring is the binary representation
of the corresponding index. For an input string u, we find it sometimes convenient to write the
corresponding 3 as B(u). A diagram providing an example of the mapping v — ((u) is shown in
figure 2.4.

As we have said, the rate of the code is R = K/n input bits per channel uses and we arrange

10



for R arbitrarily close to C. For our code, this rate is
R = (LlogB)/n.

For specified rate R, the codelength n = (L/R)log B. We take the section size B to be related to
the number of sections L by an expression of polynomial size. Consequently, the length n and the
number of terms L agree to within a log factor.

Control of the dictionary size is critical to computationally advantageous coding and decoding.
If the number of sections L were fixed, then X has size N = L2"%/L that is exponential in n, making
its direct use impractical. Instead, with L agreeing with n to within a log-factor, the dictionary
size is more manageable. In this setting, we construct reliable, high-rate codes with codewords
corresponding to linear combinations of subsets of terms in moderate size dictionaries.

The idea of superposition codes for Gaussian channels began with Cover [14] in the context
of determination of the capacity region of certain multiple user channels. There L represents the
number of messages decoded and a selected column represents the codeword for a message. Codes
for the Gaussian channel based on sparse linear combinations have been proposed in the compressed
sensing community by Tropp [36]. However, as he discusses, the rate achieved there is not up to
capacity. Relationship of our work to that in these communities will is discussed in further detail

in section 3.3.

2.4 Capacity achieving decoders

Two decoders are analyze in Chapters 3 and 4. In Chapter 3 we analyze the maximum likelihood
decoder, given by,

3 = in|Y — X3|2
6 argglelg\\ Bl

This is the optimal decoder since, for any given X matrix, it minimizes the average probability of
error,
- 1 -
pernx(B) = 75 D Pa(B# BIX)

BeB

over all possible choices of decoders B Here Pg(]X) gives the distribution of Y, assuming 3 was
sent.

Although the above estimator is optimal, it is not computationally feasible since its evaluation

11



entails a search over all the BY (or 2"f) vectors in B. This is impractical since the size of the
search set is exponential in n. Accordingly, in Chapter 4 we pursue the problem of achieving
capacity using computationally feasible schemes. The scheme we analyze identifies correct terms
through an iterative thresholding algorithm. This is similar in spirit to iterative decoding techniques

such as forward stepwise regression [22], [7] and orthogonal matching pursuit [26][28].

2.5 Variants of the regression scheme

We also call our scheme based on the regression model, the sparse superposition coding scheme.
To distinguish it from other sparse superposition codes, the code analyzed here may be called a
partitioned superposition code. The motivations for introducing the partitioning versus arbitrary
subsets, in the superposition coding scheme, are the ease in mapping the input bit string to the
coefficient vector and the ease in composition with the outer Reed-Solomon code. Natural variants
of the schemes are subset superposition coding, where one arranges for a number L of the coordinates
to be non-zero and taking the value 1, with the message conveyed by the choice of subset. With
somewhat greater freedom one may have signed superposition coding, where one arranges the non-
zero coefficients to be +1 or —1. Then the message is conveyed by the sequence of signs as well as
the choice of subset. In both cases if one takes the elements of X to be i.i.d N(0, P/L) as before,
then the expected power of each codeword is P. The signed superposition coding scheme has been
proposed in Tropp [36], Gilbert and Tropp [20].

As mentioned earlier, superposition codes began with Cover [14] for multi-user channels in the
context of determination of the capacity region of Gaussian broadcast channels. There the number
of users corresponds to L. The codewords for user ¢, for £ = 1,..., L, corresponds to the columns
in section ¢. In that setting what is sent is the sum of codewords, one from each user. With L
fixed, B = 2"%/L is exponential in L. Here for the single user channel, by allowing L to be of the
same order as n, to within a log factor, we make it possible to achieve rates close to capacity with

polynomial size dictionaries.

2.6 Block, bit, and section error probabilities

Hereon we focus on the partitioned superposition coding scheme discussed in section 2.3. Recall

that we denote A = {1,...,2K} as the set of input bit strings, and B as the corresponding set of

12



coefficient vectors. Using K = Llog, B, one sees that |A| = |B| = ML.

Ideally one would like to produce a bound on the error probability pe,, x, given in (2.5), condi-
tioned on the given X matrix. However, since bounding the above is difficult, we follow Shannon
theory tradition and try to bound the simple quantity pe,., given in (2.8), obtained after averaging
over the distribution of the X matrix.

There are two equivalent ways of expressing pe,. The first way, as in (2.8), is to write pe,, as
the average probability of the error event that j, the estimate of the input string, is not equal to

the input string 7. This may also be written as,

1 A
Perr = 7 Z Pj(] 7é j), (210)
Al =
where P;(.) = EP;(.|X), with P;(.|X) given by (2.5). Another equivalent representation of pe,, is
seen by noting that each input bit string corresponds to a coefficient vector 3 in B, and vice versa.

Correspondingly,
1 )
Perr = 5] S Ps(3 £ ), (2.11)

geB
where Pg(.) is interpreted analogously.

The quantity pe, is called the block error probability. Theorem 2 stated bounds on this proba-
bility for the Shannon random coding scheme. Ideally, one would like to get similar exponentially
small error probabilities for our regression scheme. However, we are fairly convinced this is not
possible. The reason for this is the relatively small magnitude, of order 1/ VL, of the non-zeroes of
(B. As a result, it is not possible for any algorithm, practical or otherwise, to distinguish between a
(B and 8 belonging in B, when they differ in only a few sections. Accordingly, instead of controlling
the block error probability we control a less stringent bit error probability, which we now describe.

Define the bit error rate d(u,u), between the input string v and its estimate 4, as
| X
d(u, 0) = = Z Tiuitin)s (2.12)
i=1

which is the fractions of positions where u and @ differ. Denoting j, 7 as the elements in A corre-

sponding to u, @ respectively, with a slight abuse of notation, we also denote the bit error rate as

d(j, j)-
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For a given fraction of mistakes ag, the corresponding bit error probability is given by,

P = 17 2 Ba(dl5.) > a0, (2.13)
JjEA
Notice that perro is simple the block error probability. A small bit error probability ensures that,
with high probability, the estimated string @ does not differ from v in too many positions. More
precisely, with high probability, the strings are different in at most aq fraction of positions.
Instead of directly showing that the probability in (2.13) is small, we find it more convenient to
bound the probability of high section error rate, which is the fraction of sections where mistakes
are made. In particular, denoting mistakes as the number of sections where our estimate 3 differs
from the true G, let

Eay = {mistakes > agL}. (2.14)

In our analysis we bound the probability that the section error rate is greater that «ag, given by,

P(Eqy) = % > Ps(Eay)- (2.15)
BeB

We call the above the section error probability.
Notice that if # and 3 differ in « fraction of sections then the corresponding u and @ differ in

at most « fraction of positions. Accordingly,
{d(u, @) > ap} C Eqy-

Correspondingly,

Perr,aq < ]P)[gao]-

Thus a bound on the section error probability also translates to a bound on bit error probability.

2.7 Control on block error from section error

Assume that we are able to demonstrate that the section error probability P[€,,] is exponentially
small. Here, we devise a scheme that has low block error probability as well. At a high-level, the

idea is that instead of encoding the input string u (of length K) directly as the coefficient vector
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(3, one encodes it first as a string whose elements belong to Galois field of B elements. Each such
encoded string may be viewed as binary string @, of length K > K. This encoding, between bit
strings of length K and those of length K, satisfies the following:

For any two distinct bit strings of length K, say u, v, the corresponding encoded strings w, @'
of length K , satisfy,

d(a, @) > 20p.

In other words, any two distinct encoded strings differ in at least 2y K positions. We employ
Reed-Solomon (RS) codes ([30], [25]) to do this. The encoded string @ is then mapped to the
coefficient vector f = (@) in the usual manner. A more detailed description of Reed-Solomon
codes as well as the encoding of strings @ to coefficients vectors 3(@) is given below.

It turns out that any two distinct coefficient vectors, encoded in such a manner, differ in at least

2qq fraction of sections. In other words, if

B ={B(u) : @ is a Reed-Solomon encoding of a bit string u of length K},

then any two distinct 2 and 4 in B differ in at least 20y fraction of sections.

We now describe how we obtain low block error probability from a demonstration that the
section error probability is small. Notice that since for a given «aq, the section error probability
P[€,,] is small, the estimate 3 differs from the true 3, now in the set B instead of B, in at most ay
sections, with high probability. We remind that the estimate ﬂA need not belong to B. Clearly, one
can identify 8 exactly from the estimate B by selecting the unique 3 in B for which the number
of sections in which 8 and B differ is the least. This follows from the fact that any two distinct g
and 3 in B differ in at least 2« fraction of sections. Also notice that the bound on the block error
probability, when the coefficients lie in B, obtained in this fashion is the same as the bound on the
section error probability P[&,,].

For any fixed «y, the effective communication rate is reduced as a result of the above approach.
The larger the ag, the greater is the reduction. To quantify the effective communication rate, we
now describe in greater detail encoding using the above scheme.

We call the Reed-Solomon (RS) code the outer code in our scheme. The superposition code

corresponds to the inner code. The symbols for the RS code come from a Galois field consisting of

q elements denoted by GF(q), with ¢ typically taken to be of the form 2™. If K, ¢, noy: represent
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message and codeword lengths respectively, then an RS code with symbols in GF(2™) and minimum

distance between codewords given by drg can have the following parameters:

Mot = 2™ (2.16)

Nout — Kout = dRS -1 (217)

Here nous — Kour gives the number of parity check symbols added to the message to form the
codeword. In what follows we find it convenient to take B to be equal to 2" so that can view each
symbol in GF(2™) as giving a number between 1 and B.

We now demonstrate how the RS code can be used as an outer code in conjunction with our
inner superposition code, to achieve low block error probability. For simplicity assume that B is
a power of 2. First consider the case when L equals B. Taking m = log, B, we have that since L
is equal to B, the RS codelength becomes L. Thus, one can view each symbol as representing an
index in each of the L sections. The number of input symbols is then K,,; = L —dgrs+1, so setting
209 = drs/L, one sees that the outer rate Royt, equals 1 — 2ag + 1/L which is at least 1 — 2ay.

For code composition K,,;log, B message bits become the K,,; input symbols to the outer
code. The symbols ji, j2,..., jn,,, Of the outer codeword, having length n,, = L, with each
term in the codeword coming from a symbol set consisting of B values. Thus the codeword can be
described by K = ngus log, B message bits. The rate of the code is Ry = K /f( .

These symbols of the outer code gives the labels of terms sent from each section using our inner
superposition with codelength n = nnner = L(10gs B)/Rinner. From the received Y the estimated
labels j;, Jo, ... jr using our decoder can be again thought of as output symbols for our RS codes.
If &g = mistakes/L denotes the section mistake rate, it follows from the distance property of the
outer code that if &g < oy, then these errors can be corrected.

The overall rate R = R¢omyp is seen to be equal to the product of rates Royt Rinner. To see note

that R = K/n. Using K = K, log, B and n = nupner, one has

_ K Nout logy M
Noyt logy B n

K noylogg M

K n

1 M
— Ryt Nout ZgQ
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Now use the fact that ny,: = L, and n = L(logy B)/Rinner from which one gets,
R= Rout Rinner~

Since we arrange for &y to be smaller than some ay with exponentially small probability e, it
follows from the above that composition with an outer code allows us to communicate with the
same reliability, albeit with a slightly smaller rate given by (1 — 2a0) Rinner-

The case when L < B can be dealt with by observing ([25], Page 240) that an (neu:, Kout) RS
code as above, can be shortened by length w, where 0 < w < Ky, to form an (nyy: — w, Kpyr — w)
code with the same minimum distance drg as before. This is easily seen by viewing each codeword
as being created by appending n,,: — Koy parity check symbols to the end of the corresponding
message string. Then the code formed by considering the set of codewords with the w leading
symbols identical to zero has precisely the properties stated above.

With B equal to 2™ as before, we have n,,: equals B so taking w to be B — L we get an

!/
out»

(nl,, K!p) code, with nl , = L, K! , = L —dgs + 1 and minimum distance dgrs. Now since the
outer codelength is L and symbols of this code are in GF(B), the code composition can be carried
out as before.

The above gives us a scheme with low block error probability from a scheme that has a low section
error probability, with the same bound on error probability. The effective rate of communication
(1 = 2a9) Rinner depends on the section mistake rate as well as the rate of the inner superposition.

Correspondingly, from hereon our results will mainly focus on getting good controls on the section

error probability.

2.8 Control of power

Recall that our codewords take the form X3, with 3 in B. For an x € R", denote as |z|? = ||z||?/n
the normalized sum of squares. Here we investigate the distribution of codeword powers, which is
the distribution of | X 3| when 3 varies in B, from our power control given by E|Xf|?> = P, for

each 3 € B. More specifically, we investigate the average codeword power,

1
Puvg = 31 Z | X 32 (2.18)
peB
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and the worst case codeword power given by,
Pz = Iéleaé( |‘X’6|2 (219)

We first analyze P,,y. With the non-zero indices of 3 in a section chosen uniformly from the B
possible choices, P,,4 can we viewed as the expectation of | X3 |2 with respect to this distribution
of 8. Correspondingly, using the rule that an expected square is the square of the expectation plus

the variance, one gets that,
L = L
— [ X; — Xof? o 2
Povg = § | E . B + | E Xol?, (2.20)
¢=1 jesection £ =1

where X/ is the average of the columns in section /. Using the independence of X, and (X; — Xy
J € section {), we have that the first term in the above expression is P/(LBn) times a Chi-square
random variable with nL(B — 1) degrees of freedom, and the second term is P/(nB) times an
independent Chi-square random variable with n degrees of freedom.

We use the following inequality for the concentration of Chi-squares random variables, see for

example Donoho [17]. For any h > 0,
P(X2 > n(1+h)%) <e /2 (2.21)

Here X2 denotes a Chi-squared random variable with n degrees of freedom.

Using the above we have
P(Payy > P(1 + h)?) < 2~ °/2, (2.22)

To see this, denote the first and second terms in (2.20) as Wi and Ws respectively. Using (2.21)

one has

P <W1 > P%u + h)2> < exp{—nL(B — 1)h%/2},

the right side of which is bounded by e /2, Also,

P (W2 > (P/B)(1+ h)?) < exp{—nh®/2}.
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Correspondingly, (2.22) follows from using a union bound, along with Py, = Wi + Ws.

Taking h. = +/(2/n)log(2/e), from (2.22) one sees that P,,, is less that P(1 + h.)? with
probability at least 1 —e. Thus for fixed error probability €, and for large n, the average power Py,
is not much larger than P with high probability .

Next, we investigate Py,q.. The simplest distribution bound is to note that for each 3, the
codeword X (3 is distributed as a random vector with independent N (0, P) coordinates. Accordingly,
|XB|? is P/n times a Chi-square n random vector. There are e"? such codewords, with the rate

written in nats. Using (2.21) and a union bound, one gets
P(Prae > P(1+ h)?) < e"Bemh*/2,

Correspondingly, taking h = iLE, where

he = V2R + (1/n)log(1/e),

we sees that P, is bounded by P(1 + Be)z, except on a set of probability at most e.
Notice that unlike h., the quantity he does not become small for large n. According to this
characterization, one does not have the norms |X3|? being uniformly close to their expectation

from our expected power control.
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Chapter 3

The Least Squares decoder

3.1 Introduction

Here we analyze the maximum likelihood decoder. This decoder is the same as that which chooses
the [ that maximizes the posterior probability when the prior distribution is uniform over 5. The

decoder is given by,

3 = arg min ||Y — X 8|? 3.1
= axg i |~ X5 1)
where |.|| denotes the euclidean norm. Here we implicitly assume that if the minimization has a

non-unique solution, one may take B to be any value in the solution set. Since the above is a least
squares minimization problem over coefficient vectors in B, we also call this the least squares decoder.
Although the above decoder is not a computationally feasible scheme, the result is significant since
we show that one can achieve rates up to capacity with a codebook that has a compact representation

in the form of the dictionary X. Recall that the entries of X are drawn i.i.d N(0, P/L).

3.2 Main result

We now describe our main result concerning the performance of the least squares decoder. We
show that if B = L®, for any a exceeding a particular positive function of the signal-to-noise ratio
v, then rates arbitrarily close to capacity can be achieved. This function is near 16/v? for small v
and near 1 for large v. Consequently, the dictionary has size N = L%*! that is polynomial in L.

This required section size does not depend on the gap C'— R and thus the dictionary has a compact
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Figure 3.1: Plots of comparison between achievable rates using our scheme and the theoretical best
possible rates for block error probability of 10~* and signal-to-noise ratio (v) values of 20 and 100.
The curves for our partitioned superposition code were evaluated at points with number of sections
L ranging from 20 to 100 in steps of 10, with corresponding B values taken to be L*, where a, is
as given in Lemma 7, equations (3.32), (3.33) later on. For the v values of 20 and 100 shown above,
a,, is around 2.6 and 1.6 respectively. For details on computations please refer to appendix 3.D.

representation irrespective of the closeness of R to C.

We restate the relevant notation introduced in section 2.6 of chapter 1. For 5 € B, let Ps(.)
denote the joint distribution of Y, X given 8. Further, let mistakes denote the number of mistakes
made by the least squares decoder, that is, the number of sections in which the position of the

non-zero term in B is different from that in the true 5. Denote the error event
Eay = {mistakes > agL} (3.2)

that the decoder makes mistakes in at least o fraction of sections. Assuming that 3 is drawn from
a uniform distribution over all BY elements from B, the average probability of error conditional on
X is given by,

- 1
PlasX] = 57 3 Psléa,|X].
BeB

Deriving bounds for the above is not easy. We follow the information theory tradition and bound
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the average of the above over the distribution of X, given by,

P[€4,] = ExP[Ea, | X]. (3.3)

For positive z, let g(x) = v/1 + 422 — 1. Further, for R < C| let

v
41+ )21+ (1/4)v3/(1 + )

’U}v_

(3.4)

A positive expression a,, j, possessing properties explained in section 3.6, lemma 7 is used. For
large L it is near a function a, near 16/v? for small v and near 1 for large v. Our main result is

the following.

Proposition 3. Assume B = L%, where a > a,,,, and rate R is less than capacity C. Let oy

represents the fraction of section mistakes made by the least squares decoder. Then,

]P)[S(X(J] — ean(ao,R)
with E(ag, R) > h(ag,C — R) — (log2L)/n, where

h(a, A) = min {awUA7 ig (;%) } (3.5)

is evaluated at « = ag and A = C — R.

Proposition 3 is proved in Section 3.7.

Remark: It is shown in appendix 3.C that the exponent F(«g, R) can be improved by replacing
h(cg, C — R) with h(cg, C — R) where,

0.8) =i e Lo (2]

Here ¢, is a positive function of o and v, which for given v is near 7,w, /4 for small a, where 7,

W, are positive expressions as in (3.42), (3.43) later on.
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Let ¢g*(2) = min{v/2z, 22}. Then it is not hard to see that

g(x) > g"(z) forall z>0. (3.6)

Accordingly, the function g¢(.), appearing in the lower bound (3.5), may be replaced by g¢* (.),
revealing that the exponent is, up to a constant, of the form min{apA, A%}, where A = C — R.
With the improved bound in appendix 3.C, it is of the form min{ag, A?}.

Further, using the technique of composition with an outer code described in section 2.7, we state

the proposition for exponentially small block error probability for any R < C.

Proposition 4. For given positive error probability € and fraction of mistakes ag, let R be the rate

for which the partitioned superposition code with L sections has

P{€,} <e

Then through concatenation with an outer Reed-Solomon code, one obtains a code with rate (1 —

2a) R and block error probability less than or equal to €.

The proof of the above is immediate from the description of the scheme involving composition

with the outer Reed-Solomon code described in section 2.7.

Particular interest is given to the case that the rate R is made to approach the capacity C.
Arrange R =C — A,, and ag = A,. One may let the rate gap A, tend to zero (e.g. at a 1/logn
rate or any polynomial rate not faster than 1/4/n), then the overall rate Ry = (1 — 2a)(C — A,,)
continues to have drop from capacity of order A,, with the composite code having block error
probability of order

exp{—ncAZ}.

The exponent above, of order (C'—R)? for R near C, is in agreement with the form of the optimal
reliability bounds as in [19], [29], though here our constant ¢ is not demonstrated to be optimal.
In Figure 3.1 we plot curves of achievable rates using our scheme for block error probability
fixed at 10~* and signal to noise ratios of 20 and 100. We also compare this to a rate curve given in
Polyanskiy, Poor and Verdu [29] (PPV curve), where it is demonstrated that for a Gaussian channel

with signal to noise ratio v, the block error probability €, codelength n and rate R with an optimal
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code can be well approximated by the following relation,

R~C — \/ZQl(e) 4 Llogn (3.7)

2 n

where V = (v/2)(v +2)log? e/(v+ 1)? is the channel dispersion and Q! is the inverse normal cdf.

For the superposition code curve, the y-axis gives the highest R.omp for which the error probabil-
ity stays below 10~%. We see for the given v and block error probability values, the achievable rates
using our scheme are reasonably close to the theoretically best scheme. Note that the PPV curve
was computed with an approach that uses a codebook of size that is exponential in blocklength,
whereas our dictionary, of size LB, is of considerably smaller size.

Section 3.4 contains brief preliminaries. Section 3.5 provides core lemmas on the reliability of
least squares for our superposition codes. Section 3.6 analyzes the matter of section size sufficient
for reliability. In section 3.7 we give proofs propositions 3 and in section 3.8 we discuss how the
our results can be adapted for an approximate form of the least squares decoder. The appendix

collects some auxiliary matters.

3.3 Related work on sparse signal recovery

While reviewing works on sparse signal recovery and compressed sensing, we adhere to our notation

that we have a linear model of the form
Y=X0+¢

where X € R™*N is a deterministic or random matrix and 3 € R has exactly L non-zero values.
The quantities n, N, L and g will be called parameters for the model. In our description below we
denote as const some positive constant whose value will change from time to time.

The conclusions here complement recent work on sparse signal recovery in the linear model
setup as we now discuss. In a broad sense, these works analyze for various schemes (practical or
otherwise), conditions on the parameters so that certain reliability requirements are satisfied with
high probability. Closely related to our work is the requirement that only the indices corresponding

to the non-zero elements of 3, that is the support of 3, be recovered exactly or almost exactly. The
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most typical assumption on 3 is that it belongs to a set

B = {3 : [ has L non-zeroes with magnitude at least B}, (3.8)

where (., 18 a positive quantity. Notice that unlike ours, the values of the non-zeroes are unknown
in these works. The only assumption they make is that the non-zeroes are least a positive value
Bmin- This added flexibility in coefficient vectors proves to be a major hinderance in establishing
precise statements regarding achieved rate in these works.

Also note that for our scheme n = (L/R)log B, which using L = B* and N = LB, one gets
that n = [a/R(a + 1)] Llog N is sufficient for subset recovery. Correspondingly, n needs to be of
the order of Llog B for communication at positive rates.

In this document, in order to achieve rates arbitrarily close capacity we require N = L%+, with
precise values of a specified later on, putting us in the sub-linear sparsity regime, that is L/N — 0
as L, N — oo. Also, if we change the scale and take the elements of the X matrix as i.i.d standard
normal, the non-zero values of 3 assume the value \/]% Accordingly, although most the claims
in this area are for more general sparsity regimes and values of 3, the results most relevant to us
are those for the sub-linear sparsity regime and when the non-zero ;s are at least const/ VL.

We mention there are works on computationally feasible algorithms such as Lasso and Orthog-
onal Matching Pursuit which, when applied to our setting, do demonstrate that communication
at positive rates is indeed possible using these codes. These are reviewed in section 4.6. In this
section we focus on works closely related to our Least Squares decoding and also converse results
for support recovery.

Support recovery of a least squares decoder is analyzed by Wainwright [38], and Akcakaya and
Tarokh [1] for Gaussian X matrices, where [1] also addresses the issue of partial support recovery.
One can infer from these that communication at positive rates is possible using random designs.
However, since the values of the non-zeroes are unknown, the least square decoder considered in
these works involves not only an exhaustive search over all subsets of size L but also, for a selected
subset, one needs to estimate the coefficient vector for the regression of Y on the selected subset.
Since the signal recovery purpose is somewhat different here from our communications purpose, in
that the work typically does not constrain the non-zero coefficients to the same value, the resulting
freedom in their values lead to order of magnitude conclusions that obstruct interpretation in terms

of exact rate.

25



There are also results giving converse results, for exact support recovery [38], and for partial
support recovery [1]. These results, which are of the same flavor as theorem 1, gives lower bounds
on the sample size n for recovery of the support. Both these agree in terms of order of magnitude,
requiring an order of Llog N for the regime we deal with. In Reeves and Gastpar [31] it is shown
that in the linear sparsity regime, that is, when L is of the same order as IV, one requires n > constN
for reliable recovery of the support. An implication of this is that the sub-linear sparsity regime is
necessary for communication at positive rates.

Consequently one can infer, from some of the aforementioned works, that communication at pos-
itive rates is possible with sparse superposition codes. Section 4.6 gives details on the performance
of practical schemes. We add to the existing literature by showing that one can achieve any rate
up to capacity in certain sparsity regimes with a compact dictionary, albeit for a computationally

infeasible scheme. Further we demonstrate that the error exponents are of the optimal form.

3.4 Preliminaries

For vectors a, b of length n, let ||a||? be the sum of squares of coordinates, let |a|? = (1/n) > """, a?

be the average square and let a-b = (1/n) """ ; a;b; be the associated inner product. It is a matter
of taste, but we find it slightly more convenient to work henceforth with the norm |a| rather than
lall.

Concerning the base of the logarithm (log) and associated exponential (exp), base 2 is most
suitable for interpretation and base e most suitable for the calculus. For instance, the rate R =
(Llog B)/n is measured in bits if the log is base 2 and nats if the log is base e. Typically, conclusions
are stated in a manner that can be interpreted to be invariant to the choice of base, and base e is
used for convenience in the derivations.

We make repeated use of the following moment generating function and its associated Cramer-
Chernoff large deviation exponent in constructing bounds on error probabilities. If Z and Z are

normal with means equal to 0, variances equal to 1, and correlation coefficient p, then
B(e/DZ=29) = 1/[1 - X2(1-p?)] /2 (3.9)

when A? < 1/(1—p?) and infinity otherwise. So, taking the logarithm, the associated cumulant

generating function of (1/2)(Z2% — Z2) is —(1/2)log(1 — A2(1—p?)), with the understanding that
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the minus log is replaced by infinity when A2 is at least 1/(1— p?). For positive A we define the

quantity D = D(A, 1—p?) given by
_ N2 2
D = max {AA + (1/2) log(1 — X*(1—p*)) }. (3.10)

The expression corresponding to D but with the maximum restricted to 0 < A <1 is denoted
Dl :Dl (A, 1—p2), that iS,

Dy = max, {AA + (1/2)log(1 — A*(1—p%))}. (3.11)

When the optimal ) is strictly less than 1, the value of D; matches D as given above.

The A=1 case occurs when 1+4A2/(1—p?) > (14 2A)2, or equivalently A > (1—p?)/p?. Then
the exponent is D1 = A + (1/2) log p?, which is as least A — (1/2)log(1+ A). Consequently, in this
regime D is between A/2 and A. The special case p? = 1 is included with D; = A.

There is a role for the function

1
Co = 5 log(1 + aw) (3.12)

for 0 < a < 1, where v = P/o? is the signal-to-noise ratio and C; = C = (1/2)log(1 + v) is the
channel capacity. We note that C,, — aC is a non-negative concave function equal to 0 when « is
0 or 1 and strictly positive in between. The quantity C,, — aR is larger by the additional amount
a(C — R), positive when the rate R is less than the Shannon capacity C.

Remark on average codeword power: The average codeword power B~% 3" seB | X 3] has expec-
tation with respect to X that matches E|X3|?> = P, for all 3 € B. The distribution of the average
codeword power is tightly concentrated around P as explained in the appendix of [4], and will not

be explored further here.

3.5 Performance of Least Squares

In this section we examine the performance of the least squares decoder (3.1) in terms of rate and
reliability. For 8 € B, let S(8) = {j : 3; = 1} denote the set of indices for which § is non-zero.
Further, let

A={S(B): B € B} (3.13)
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denote the set of allowed subset of terms. It corresponds to the B subsets of {1,..., N} of size L
and comprising of exactly one term from each section.

Recall that we are interested in bounding P[£,,] given in (3.3). By symmetry,

P[€a,] = Psl€a,] forall e B,

where P3[€q,] = ExPgl€4a,|X]. Correspondingly, for fixed 5* € BB, we proceed to obtain bounds for
Pg-[Eay)- Let S* = S(B*). Further, let /3 be the least squares solution (3.1) and S = S(j3). Notice
that mistakes = card(S‘ — 5*), which is also the number of sections incorrectly decoded.

For £ € {1,2..., L}, let Ey = {mistakes = ¢} be the event that there are exactly ¢ mistakes.

Now &,, can be expressed as a disjoint union of Ey, for £ > agL. Correspondingly,

Pse[Eaol = > Pg-[Ed]. (3.14)
>0
In the next two lemmas we give bounds for Pg«(Ey) for £ =1, ..., L.

Lemma 5. Set o = ¢/L for an ¢ € {1,2,...,L}. The probability Pg«(E¢) can be bounded by

erry(«), where

erry(a) = (al}/) exp {-—nDi(Aa,1-p2)}, (3.15)

where Ay = Co — aR and 1 — p2 = av/(1 + av). Here v is the signal-to-noise ratio.

Remark: Notice that erri(«) depends also on L, n and v. Whether err;(a) is exponentially small

depends on the relative size of the combinatorial term (QLL) and the exponential term in n and a.

Proof of Lemma 5: For the occurrence of Ey, there must be an S € A which differs from the

2

)

subset S* sent in an amount card(S—S*) = card(S*—S) = £ and which has |Y — Xg|? < |Y — X~

or equivalently has T'(S) < 0, where

\Y—XS\Q |Y—XS*\2
2 - 2

() = % (3.16)

g g

The analysis proceeds by considering an arbitrary such S, bounding the probability that T'(S) <
0, and then using an appropriately designed union bound to put such probabilities together. Notice

that the subsets S and S* have an intersection S; = SN .S™ of size L — ¢ and difference Sy = S — S;
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of size ¥ = aL.

Let p(Y, X) denote the joint density of Y and X when S* is sent. Further, let Xg, = > X;.

JE€S
The actual density of Y given Xg,, denoted by p(Y|Xg,), has mean Xg, and variance (02 4+ aP)I.
Further, there is conditional independence of Y and Xg, given Xg,.

Next consider the alternative hypothesis that S was sent and let p, (Y, X) denote the corre-
sponding joint density under this hypothesis. The conditional density for Y given Xg, and Xg,,
denoted by pn(Y|Xs,, Xs,), is now Normal(Xg,o%I). With respect to this alternative hypoth-
esis, the conditional distribution for Y given Xg, remains Normal(Xg,, (62 + aP)I). That is,
p(Y[Xs,) = p(Y[Xs,).

We decompose the test statistic 7'(.S) in (3.16) as Ty + T», where

LTY - X, > |V — X2
== A 1
179 [ o2+ aP o2 (3.17)
and
LY = X5 |V - Xg, 2
Ty = — — . 1
) [ o2 o2+ aP (3.18)

Note that T3 = T1(S1) depends only on terms in S*, whereas Ty = T5(.S) depends also on the
part of S not in S*.

Concerning T, note that we may express it as

T>(S) = 1 log p(Y]Xs,)

LS VAT 3.19
n ph(Y|X3) ( )

where
1 P
Ca = 510g (1 +Oéo_2>

is the adjustment by the logarithm of the ratio of the normalizing constants of these densities.

Using Bayes rule notice that

pr(Xs,|Y, Xs,) _ (Y| Xs,, Xs,)
p(XSZ) p(Y‘X31)

Correspondingly, one gets from (3.19) that

1 p(XS2)

Th(S) = - log o (Xs.]Y. X5) +C, (3.20)
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We are examining the event E; that there is an S € A, with card(S — S*) = ¢ and T'(S) < 0.

For positive A the indicator of this event satisfies

A
1p, < Z (Z e—nT(S)) ,
Sa

S

where S7 = SN S*is of size L — ¢ and Sy = S — S; of size £. The above follows since if there is
such an S with T(S) < 0, then indeed that contributes a term on the right side of value at least
1. Here the outer sum is over Sy C S*. For each such S, for the inner sum, we have ¢ sections in
each of which, to comprise S;, there is a term selected from among B — 1 choices other than the
one prescribed by S*.

To bound the probability of F,, take the expectation of both sides, bring the expectation on the
right inside the outer sum, and write it as the iterated expectation, where on the inside condition

onY, Xg, and Xg- to pull out the factor involving T3, to get that Pg+[Ey] is not more than

A
ZEeinATl(SI)EXSzlanAﬁ Xsx <Z enTz(S)) ‘

Sl 52

Notice that p(Xs,|Y, Xs,, Xg+) = p(Xs,), that is Xg, is independent of Y, Xg, and Xg«. Corre-
spondingly, the inner expectation may be expressed as Ex,, (.). Further, we arrange for \ to be
not more than 1. Then by Jensen’s inequality, the expectation Exg, (.) may be brought inside the

A power and inside the inner sum, yielding

A
Pg-[Be] <) Be ™ (ZEXSZe"T“S)) : (3.21)
Sa

S1

Recall that

—nta(s) _ Pr(Xs, Y, Xs) e
e = e
p(XSQ)

from (3.20). Consequently, one has

EX52 e—nTQ(S) — —nCqy

Exg,v,xs, €

which is equal to e "C~. The sum over S, entails less than B’ = "% where o = £/ L, choices so
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the bound (3.21) becomes

Py [Ey] < Be ™S gmnAlCa—ak], (3.22)

51
The sum over S; in the above expression is over (aLL) terms. Further, nT7(S7) is a sum of n
independent mean-zero random variables each of which is the difference of squares of normals for
which the squared correlation is p2 = 1/(1+awv). So using (3.9), the expectation Ee~"*T1(51) ig
found to be equal to [1/[1 — A2awv/(1 + aw)]]*/?. When plugged in above and optimized over A in
[0,1], one gets from the expression of Dy given in (3.11) that the expectation in the right side of

(3.22) is equal to e~ nD1(8as1=p7) | This completes the proof of the lemma.

Remark: A natural question to ask is why we didn’t use the simpler union bound for Pg«(E¢)
given by,

(?) B'Ps.[T(S) < 0],

where S € A, is any set with card(S — S*) = £. One could then use a Chernoff bound for the
term Pg-[T(S) < 0]. Indeed, this is what we tried initially; however, due to the presence of the
two combinatorial terms, we were unable to make the above go to zero, with large n, for all rates
less than capacity. In our proof above, by introducing the A term in the exponent, we were able
to reduce the B term to B*. Optimizing over A revealed the best bound using this method.
Somewhat similar analysis has been done before to obtain error exponent for the standard channel

coding problem, for example in [19].

A difficulty with the Lemma 5 bound is that for a near 1 and for R correspondingly close to C,
in the key quantity A2 /(1—p?), the order of A2 is (1—a)?, which is too close to zero to cancel the
effect of the combinatorial coefficient (aLL).

The following lemma refines the analysis of Lemma 5, obtaining the same exponent with an
improved correlation coefficient. The denominator of A2 /(1—p2) now becomes a(l1—a)/(1+av).

This is an improvement due to the presence of the factor (1—a) allowing the conclusion to be useful

also for o near 1. The price we pay is the presence of an additional term in the bound.

Lemma 6. Let a positive integer £ < L be given and let « = {¢/L. Then Pg«[E,] is bounded by the
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minimum for t, in the interval [0, Co, — aR)] of erra(a, ty), where

erra(a,ty) = (LL()) exp {—nDi(Lq,1—p2)}
+ exp { — nD(ta, 0*v/(1+a*v)]}, (3.23)

where here the quantities /Ny = Co — aR —t and 1—p% = a(l1—a)v/(1 + av).

Proof of Lemma 6: Split the test statistic T'(S) = T'(S) + T where

-~ LY - Xs]2 |V —(1-a)Xs-|?
T(S) =+ 2 - 2 2
2 o 0%+ a?P
and
o LY - (1-a)Xs- Y - X
2 02+ a2P o2

Take positive t =t, and negative t* = —t,. Then E, C Eg UE], with Eg being the event that there
is an S € A, with card(S — S*) = ¢ and T(S) <{. Similarly E is the corresponding event that
T* <t*. The part T* has no dependence on S so its treatment is more simple. It is a mean zero
average of differences of squared normal random variables, with squared correlation 1/(1 + a?v).
So using its moment generating function, Pg- [E}] is exponentially small, bounded by the second of
the two expressions in (3.23).

Concerning Pg-[Ey], its analysis is much the same as for Lemma 5. We again decompose T(S)

as the sum 71 (S1) + To(S), where To(S) = To(S) is the same as before. The difference is that in

¢ Y=0-a)Xs.|?

Y —Xg=|?
o2+a2P o2

forming 71 (S1) we subtrac rather than . Consequently,

LY = Xs,[* Y - (1-a)Xs-]

2| o2+ aP o2+ a2P

TI(SI) =

which again involves a difference of squares of standardized normals. But here the coefficient
(1—a) multiplying Xg- is such that we have maximized the correlations between the Y — Xg, and
Y — (1—a)Xg~. Consequently, we have reduced the spread of the distribution of the differences of
squares of their standardizations as quantified by the cumulant generating function. One finds that
the squared correlation coefficient is p2 = (1 + a?v)/(1 + aw) for which 1—p2 = a(1—a)v/(1 + av).
Accordingly we have that the moment generating function is Ee~m I (S1) = exp{—(n/2)log[l —

A2(1—p2)]} which gives rise to the bound appearing as the first of the two expressions in (3.23).
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This completes the proof of Lemma 6.

From Lemma 6, one gets that Pg-[Ey] < errs(a), where

erra(a) = tae[or,%iil—aR] erra(a,ty).

Consequently, from Lemmas 5 and 6, along with (3.14), one gets that Pg-[Eq,] < erriot(ag), where,

errior(ag) = Z min {erry (¢/L), erro(¢/L)}. (3.24)

ZZ(M()L

This is the bound we use to numerically compute the rate curve in Figure 3.1. Accordingly, the

error exponent E(ag, R) of Proposition 3 satisfies,
1
E(ap, R) > ——log(erriot(p))- (3.25)
n

Our task will be to give simplified lower bounds for the right side of (3.25) for all R < C. In the
next section we characterize the section size required to achieve rates up to capacity. In Section 3.7
we prove Proposition 3. We also remark that in Appendix 3.F we discuss how the bounds of the
above two lemmas may be modified to deal with the subset superposition coding scheme described
in Subsection 3.F.

Since the bounds of lemma 6 are better than those in lemma 5 for « values near 1, for simplicity
we only use the bounds from lemma 6 in characterizing the error exponents. Correspondingly, from
hereon we take

a(l —a)v

Aa:Ca—OéR—ta, l—pizm (326)

as in lemma 6.

3.6 Sufficient Section Size

We call a = (log B)/(log L) the section size rate, that is, the bits required to describe the member
of a section relative to the bits required to describe which section. It is invariant to the base of
the log. Equivalently we have B and L related by B = L®. Note that the size of a controls the

polynomial size of the dictionary N = LB = L**!,
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Figure 3.2: Exponents of contributions to the error probability as functions of o = ¢/ L using exact
least squares, i.e., t = 0, with L = 100, B = 2'3, signal-to-noise ratio v = 15, and rate 70% of
capacity. The red and blue curves are the —logP[E,] and — log P[E}] bounds, using the natural
logarithm, from the two terms in lemma 6 with optimized ¢,. The dotted green curve is d,, o (3.27).
With ag = 0.1, the total probability of at least that fraction of mistakes is bounded by 1.8(10)7!2.
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The codelength may be written as
alLlog L
—R

We do not want a requirement on the section sizes with a of order 1/(C'— R) for then the
complexity would grow exponentially with this inverse of the gap from capacity. So instead we
decompose A, = A, + a(C'—R) — t, where A, = C, — aC. We investigate in this section the
use of A, to cancel out the combinatorial coefficient (aLL) appearing in the first term in (3.23). In
subsequent sections, excess in Aa, beyond that needed to cancel the combinatorial coefficient, plus
a(C—R) — t, are used to produce exponentially small error probability.

Define Dy, = D1(Aa,1—p2) and Dg., = D1(Ay, 1—p2). Now Di(A,1—p?) is increasing as a
function of A, so Dg,, is greater than Da,,j whenever A, > Aa Accordingly, we decompose the
exponent D, , as the sum of two components, namely, Da,v and the difference D, ,, — ﬁaﬂ,.

We then ask whether the first part of the exponent denoted Da)v is sufficient to cancel out the

effect of the log combinatorial coefficient log ( LLa). That is, we want to arrange for the nonnegativity

of the difference
- L
dpno =nDgy, —1 . 3.27
o= nDa—1ox ) (3.27)

Consequently, using n = (aLlog L)/R, one finds that for sufficiently large a depending on v, the

difference d,, o is nonnegative uniformly for the permitted « in [0, 1]. The smallest such section size

rate is
Rlog (*
Gy, = Max M, (3.28)
" Do LlogL
where the maximum is for o in {1/L,2/L,...,1 —1/L}. This definition is invariant to the choice

of base of the logarithm, assuming that the same base is used for the communication rate R and
for the C', — aC that arises in the definition of Da,v.

In the above ratio the numerator and denominator are both 0 at « =0 and a =1 (yielding
dn.o =0 at the ends). Accordingly, we have excluded 0 and 1 from the definition of a, ;, for finite
L. Nevertheless, limiting ratios arise at these ends.

We give bounds for a,, ; and show that the value of a, 1, is fairly insensitive to the value of L,
with the maximum over the whole range being close to a limit a, which is characterized by values
in the vicinity of a = 1.

Let v* near 15.8 be the solution to (1+v*)log(1+v*) = 3v*loge.

35



Lemma 7. The quantity a, 1 has the following properties,
(a) For L > 2,

— (14 v)*/? (3.29)

where 67, = log 2/ log L.

(b) The limit for large L of a1, is a continuous function a, which is given, for 0 < v < v*, by

8Rv(1+wv)loge

3.30
[(14v) log(14+v) — vloge]? (3:30)
and for v > v* by
2R(1+4v)
. 3.31
[(14v)log(1+v) — 2vloge] (3:31)
(c) For all R < C and using log base e, the a, above is bounded by,
4o(1 log(1
v(1+v)log(1+v) (3.32)

[(14+v)log(1+v) — v]?

in the case 0 <v<v*, which is approximately 16 /v? for small positive v; whereas, in the case v > v*

it is bounded by
(1+wv)log(1+4v)
(1+wv)log(14v) — 2v

(3.33)

which asymptotes to the value 1 for large v.

The proof of the above lemma is routine. For convenience it is given in Appendix 3.B.

While a, is undesirably large for small v, we have reasonable values for moderately large v. In
particular, a, equals 5.0 and 3, respectively, at v =7 and v* = 15.8, and it is near 1 for large v.

Numerically, it is of interest to ascertain the minimal section size rate a, 1 e q,, for a specified
L such as L = 64, for R chosen to be a given high fraction of C, say R = 0.8C, for o at a fixed
small target fraction of mistakes, say ag = 0.1, and for € to be a small target probability, so as to
obtain errio(ag) < e. Here erryoi(ap) as in (3.24). This is illustrated in Figure 3.3 plotting the
minimal section size rate as a function of v for € = e 1%, With such R moderately less than C, we

observe substantial reduction in the required section size rate.
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Figure 3.3: Sufficient section size rate a as a function of the signal-to-noise ratio v. The dashed
curve shows a, , at L = 64. Just below it the thin solid curve is the limit for large L. For section size
B > L° the error probabilities are exponentially small for all R < C' and any «g > 0. The bottom
curve shows the minimal section size rate for the bound on the error probability contributions to
be less than e 19, with R = 0.8C and oo = 0.1 at L = 64.
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3.7 Proof of Proposition 3

In this section we put the above conclusions together to prove proposition 3 demonstrating the
reliability of approximate least squares. The following lemma will be useful in proving the lower

bound for the error exponent in proposition 3. Let g(z) = v/1+ 422 — 1 as before.

Lemma 8. The following bounds hold.
(a) For positive A and correlation p € (0,1), let ¢ = A/y/1 — p?. Then,

D(A1—p?) > g(a)/4 (3.34)

and

Di(A,1—p*) > min{g(q)/4, A/2}. (3.35)

(b) For o € [0,1], let A, = Co — aC. Then

———a(l—a) (3.36)

For convenience we put its proof in appendix 3.A.

We now prove Proposition 3. Consider the exponent D, = D1(A,,1—p?) appearing in the
error bound (3.23). Now D;(A,1—p?) has a nondecreasing derivative with respect to A. So
Doy = Di(Dg,1—p2) is greater than l~)a7v = Dl(Aa, 1—p2). Consequently, it lies above the

tangent line (the first order Taylor expansion) at A, that is,

Doy > Daw + (Ao —AL) D, (3.37)

5 -

where D' = D7 (A) is the derivative of Di(A) = Di(A,1—p?) with respect to A, which is here

evaluated at A,. In detail, the derivative D (A) is seen to equal

2A

1
1+ /1+4A2/(1—p2) 1-p2

(3.38)

when A < (1—p2)/p2, and this derivative is equal to 1 otherwise. [The latter case with derivative
equal to 1 includes the situations a =0 and o =1 where 1—p2 =0 with D; = A; all other a have

1—p%>0.]
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We now lower bound the derivative D’ = D}(A) evaluated at A = A,. Using the upper
bound on A, given in (3.36) and the form of 1 — p2, one gets that 4A2 /(1 — p2) is bounded by

[v3(1 4+ av)/(1 4+ v)?]a(l — a), which using 1 + av < 1+ v and a(l — a) < 1/4, one gets that

4A% /(1 = p3) < 0% /41 +0)).

Further using the lower bound in (3.36), one has 2A, /(1 — p2) is at least (1/2)v/(1 + v)?, where

we make use of 1 + av > 1. Correspondingly,

[2(1 +v)2]/1+ (1/4)v3/(1 +v)

Di(A,) > (3.39)
the right side of which is 2w, where w, is as in (3.4).
Now we are in position to apply lemma 6 and lemma 7. If the section size rate a is at least

ay,1, We have that nDaﬂ, cancels the combinatorial coefficient (aLL) and hence the first term in the

Ps-[E¢] bound (3.23) (the part controlling Pg.[FE]) is not more than
exp{fn[Aa - Aa] D/}a

where « = ¢/L. Using A, = C, — aR —t,, and A, = C, —aC and (3.39), yields Pg«[E,] not more
than the sum of

exp{—2w,n[a(C—R) — t,]}

and

exp{—nD(ty, a?v/(1+ a?v))},

for any choice of t,, € [0,a(C'—R)]. For convenience we take t, to be a(C'—R)/2. In this case the

first part of the above sum is exp{—nw,a(C — R)}.

Now use (3.34) to get that D(t,, a?v/(1+a?v)) is at least g(g)/4, where ¢ = (C—R)V1 + a2v/(2\/0).

Correspondingly, using (1+a?v) > 1, one gets that ¢ > (C'—R)/(2+/v). Accordingly, D(t,,a?v/(1+

a?v)) is at least g((C — R)/(2/v))/4.
It follows from the above that

A

Pg-[Ed] < ge—nmin{ e do(555) }

Y
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where « = /L, A = C — R. Consequently, summing over all £ > agL, for which a > a9, one gets

]P)ﬁ* [6040] < 2L6_nmin{a0wvA, ig(Q%)}'

The exponent in the right side of the above is h(ag, A) —(log2L)/n. Now use the Pg+[Eq,] = P[Eq,]

to complete the proof of proposition 3.

Remarks: The form given for the exponential bound is meant only to reveal the general character
of what is available. A compromise was made, by introduction of an inequality (the tangent bound
on the exponent) to proceed most simply to this demonstration. Now understanding that it is
exponentially small, our best evaluation avoids this compromise and proceeds directly, using the

bound (3.24), as it provides substantial numerical improvement.

3.8 Generalization to approximate least squares

In conclusion, we remark that our results are equally valid for an approzimate least squares decoder,

which for some non-negative dg, chooses a B € B satisfying,
Y = XB* < |V = XB** + o, (3.40)

where 5* is what is sent. Since the above is less restrictive than (3.1), it may be possible to find a
computationally feasible algorithm for it. Indeed, we show in Appendix 3.E that any computation-
ally feasible algorithm, if it be an accurate decoder then it must be an approximate least squares
decoder for some small dg.

We now describe how our error probability bounds can be generalized to incorporate (3.40). We
note that (3.40) is equivalent to finding an S € A, so that T(S) < t, with t = §y/(202), where T(S)
is as in (3.16). We find that the expression for erri(a) in lemma 5 holds for approximate least
squares decoders with t < C, —aR, if we replace A, by A, = Cp, —aR—t. Further, the expression
for erra(a,t,) of lemma 6 is also true for ¢ < C, — aR, if one replaces the t, appearing in the

second term of the bound by ¢, —t. Accordingly, for such approximate decoders, with t < C, —aR,
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the bound corresponding to lemma 6 becomes,

erra(a,ty) —(LL ) exp {—nDi (L, 1—p2)}
a

+exp{ —nD(ta —t,0°v/(1+0%v)]},

where A, = C, — aR —t, and 1—p?2 = a(1—a)v/(1 + av) is as in lemma 6.
The analysis of this decoder is quite similar to that of (3.1). Interested readers may refer to the

document [4] for a more general analysis incorporating (3.40).

3.A Proof of Lemma 8

We first prove part (a). Write D(A,1—p?) explicitly as an increasing function of the ratio ¢ =
A/ ﬂ . Working with logarithm base e, the derivative with respect to A of the expression being
maximized yields a quadratic equation which can be solved for the optimal
M= i( 14+4A2/(1-p?) — 1).
2A

Using this A\* we get that D = (1/2)(y — log(1+~/2)), which is at least v/4. Here v =
\/W — 1, with ¢ = A/m Correspondingly, D(A, 1 — p?) > g(q)/4. This proves (3.34).

For the lower bound on D; = D;(A,1—p?), recall that the case A = 1 case occurs when
1+ 4A%/(1—p?) > (1 + 2A)?, in which case D; is at least A — (1/2)log(1 + A). Using A —
(1/2)log(1 + A) > A/2 proves (3.35).

Next we prove part (b). Notice the A, has second derivative —(1/2)v?/(1+aw)?. It follows that
A, > (1/4)a(1—a)v?/(1+v)?, since the difference of the two sides has negative second derivative,
so it is concave and equals 0 at =0 and a=1.

For the upper bound, notice that the derivative of A, is v1 at @« = 0 and —vy at o = 1, where
v; = v/2 —C and vy = C —v/[2(1 + v)]. Correspondingly, A, is bounded from above by the

minimum of v;a and v2(1 — «). Now it is not hard to see that
min{via, v2(1 — @)} < a(l — a)(vy + va).

Correspondingly, we get the upper bound in (3.36).
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3.B Proof of Lemma 7

We first prove part (a). Define ¢ = A, /v/1 — p2, which, using the lower bound on A, given in
lemma 8 (b) and 1 — p2 = a1 — a)v/(1 4 aw), is at least (1/4)\/a(1—a)v?/?(1+av)'/2/(1 + v)2.
Consequently, ¢ is at least (1/4)y/a(1—a)v3/?/(1 + v)? using 1 4+ av > 1. Correspondingly, using

(3.35) and the lower bound (3.6), one gets that Dy, = D1(A,, 1 — p2) is at least

. 1 a(l—a)’? a(l—a)® 1a(l—a)v?
TS (1402 64+ u)i 8 (1+o)2 (7

which is equal to v3/2/[8(1 + v)?] times

min{ ol —a) a(l - 04)1;3/27 a(l — a)ﬁ} .

V2 8(1+4w)?

Further log (LLa) can be bounded by min(a,1—«)Llog L and Llog2. Therefore, it is at most
a(l —a)(Llog L)/(1—67), where 6, = (log2)/log L. Using this, the lower bound on D,, , and the
(1 —a)(Llog ; g2)/log g this, :

form of a,, 1, given in (3.28), one gets that a,, 7, can be bounded by 8R(1 +v)2/[(1 — &1,)v3/?] times

max{ 21— a), 8(11]377}’)2 1/@} .

Now use a(l —a) < 1/4 to get that,

< 8R(1+U>2max{l/\/i7 M, 1/\@}

Fv.L = (1 —6p)v3/2 v3/2

Now observe that the second term in the maximum above dominates the other two terms for all v.
This completes the proof of part (a).

Next we prove part (b). For a in (0, 1) we use log (LLa) < Llog2 and the strict positivity of Daﬂ,
to see that the ratio in the definition of a, 1, tends to zero uniformly within compact sets interior to
(0,1). So the limit a, is determined by the maximum of the limits of the ratios at the two ends. In
the vicinity of the left and right ends we replace log ( LLa) by the continuous upper bounds aL log L
and (1—a)Llog L, respectively, which are tight at « = 1/L and 1—a = 1/L, respectively. Then in

accordance with L'Hépital’s rule, the limit of the ratios equals the ratios of the derivatives at =0
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and a=1, respectively. Accordingly,

y —max{;,E_IR}, (3.41)
0,0 M1

where Dé’v and D’M are the derivatives of Da’v with respect to a evaluated at =0 and a=1,

respectively.

To determine the behavior of D, = Da,v in the vicinity of 0 and 1 we first need to determine
whether the optimal A in its definition is strictly less than 1 or equal to 1. From section 3.4, the
case A < 1 occurs if and only if A, < (1—p2)/p2. The right side of this is a(1—a)v/(1 + a2v). So
it is equivalent to determine whether the ratio

(Coz _ 0&0)(1 + O‘Q’U)
a(l—a)v

is less than 1 for « in the vicinity of 0 and 1. Using L’Hoépital’s rule it suffices to determine whether
the ratio of derivatives is less than 1 when evaluated at 0 and 1. At o« = 0t is (1/2)[v—log(1+v)]/v
which is not more than 1/2 (certainly less than 1) for all positive v; whereas, at @ = 1 the ratio
of derivatives is (1/2)[(1 4+ v)log(1 4+ v) — v]/v which is less than 1 if and only if v < v*. In other
words, at a = 0 the optimum A is less than one for all v, whereas at « = 1 it is less than one if and
only if v < v*.

For the cases in which the optimal A < 1, we need to determine the derivative of D, at =0 and
a=1. Recall that D,, is the composition of the functions (1/2)(y—log(14+/2)) and v = /T + ¢—1
and q = g, = 4A2 /(1—p2). Also recall that the limit of g, as o tends to 0 or 1, is zero.

Use chain rule for finding the derivative of D, taking the products of the associated derivatives.
The first of these functions has derivative (1/2)(1 — 1/(2 + v)) which is 1/4 at y=0, the second of

these has derivative 1/(2y/1+u) which is 1/2 at u=0, and the third of these functions is

(log(1 + aw) — alog(1+v))2
a(l—a)v/(1+ av)

Uy =

which has derivative that evaluates to (v —log(14+v))?/v at =0 and evaluates to —[(1+v) log(1+
v) —v]?/[v(14v)] at a=1. Corresponding, for a = 0, the derivative of D, is (v — log(1+v))2/(8v)
for all v; whereas for a = 1, its derivative is —[(14v) log(14+v) — v]?/[8v(1+v)] for v < v*.

For v < v*, the magnitude of the derivative of D, at 1 is smaller than at 0. Indeed, taking
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square roots this is the same as the claim that (14+v) log(14+v) —v < /1+v(v—log(1+v)). Replacing
s = v/1+wv and rearranging, it reduces to slogs < (s? —1)/2, which is true for s> 1 since the two
sides match at s = 1 and have derivatives 1 + logs < s. Thus the limiting value for « near 1 is
what matters for the maximum. This produces the claimed form of a, for v < v*.

In contrast for v > v*, the optimal A equal 1 for « in the vicinity of 1. In this case we use
Do = A, + (1/2) log p2 which has derivative equal to —(1/2)[(14v)log(14+v) — 2v]/(1+v) at a=1,
which is again smaller in magnitude than the derivative at =0, producing the claimed form for
a, for v > v*.

At v = v* we equate (1 + v)log(l + v) = 3v and see that both of the expressions for the
magnitude of the derivative at 1 agree with each other (both reducing to v*/(2(1 + v*))) so the
argument extends to this case, and the expression for a, is continuous in v.

Part (c) is proved by using R < (1/2)log(1 + v) and simplifying the resulting expression. This

completes the proof of Lemma 7.

3.C Improvement in form of exponent

The following improvement in the form of the exponent in Proposition 3 can be obtained.

Theorem 9. Assume B = L, where a > a, 1, and rate R is less than capacity C. For the least
squares decoder

P[a,) < 2Le~"h(@0.C= 1),
Here

7 . 1 (C—-R
h(ap,C — R) = min {cao’v @, 79 (M) } ,

where cq. s positive and tends to T,y /4 as o tends to 0. Here
7 = (1/2)[v — log(1+v)] — [20R/a]/? (3.42)

and

@y = (v/2 — C)/(20). (3.43)

Proof of Theorem 9: Here we determine the minimum value of A for which the combinatorial

term ( LLa) is canceled, and we characterize the amount beyond that minimum which makes the error

44



probability exponentially small. Arrange A™" to be the solution to the equation
- L
nD1(A™" 1 — p?) =log (Loz)'

To see its characteristics, let Ale79¢t = (1 — p2)1/2G(r,) at

L (

using log base e. Here G(r) is the inverse of the function D(d,1) which is the composition of the
increasing functions (1/2)[y — log(147/2)] and v = /1 4 462 — 1 previously discussed in Section
3.4. This G(r) is near v/2r for small r. When G(r) < (1—p2)'/2/p? the condition A <1 is satisfied
and AM® = Afarset indeed solves the above equation; otherwise A = 7, —(1/2)log p2 provides
the solution.

Now r, = (R/a)(log (aLL))/(L log L), which from before can be bounded by (R/a)a(l —a)/(1 —
5). Also 1 — p2 = a(1 — @)v/(1 + av). Consequently, A™" is small for large L; moreover, for o
near 0 and 1, it is of order a and 1 — «, respectively, and via the indicated bounds, derivatives at
0 and 1 can be explicitly determined.

The analysis in Lemma 7 may be interpreted as determining section size rates a such that the
differentiable upper bounds on A™" are less than or equal to A, = Cy—aC for 0 < a < 1, where,
noting that these quantities are 0 at the endpoints of the interval, the critical section size rate is
determined by matching the slopes at @ = 1. At the other end of the interval, the bound on the
difference Aa—Agﬁn has a strictly positive slope for a > a, at a = 0, given by 7, as in (3.42).
The positivity of 7, follows from recalling that a, > R/ D67,U, since the second term in (3.41) always
turns out to be the greater one. Consequently, one may take AQ—A{;i“ = T, & for some positive
Ta,w, Where 7, ,, tends to 7, as a tends to 0.

Recall that A, = C, — aR — t,. Express A, as the sum of A™" needed to cancel the
combinatorial coefficient, and A% = C,, — aR — A" — ¢, which is positive. This A% arises
in establishing that the main term in the probability bound is exponentially small. It decomposes
as A% — o(C—R) + (Ay—A™) — ¢, Arrange t, to be (1/2)[a(C — R) + A, — A™"] so that
Agtra = (1/2)[a(C — R) + raval].

Consider the exponent D, , = D1(A,,1—p2) as given in lemma 6. We take a reference A7¢f

for which A, > A’¢f and for which A7/ is at least A™" and at least a multiple of A,. For
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convenience,we set A/ = (1/2)[A, + A™"] to be half way between A™" and A,. Recall that
D1(A,1—p?) has a nondecreasing derivative with respect to A. So Dy, = D1(Aq, 1—p2) is greater

than D = Dy(Aref,1—p?2). Consequently, it lies above the tangent line at AL/, that is,

Daw > Dl + (Ao = AFT) D'

where as before D' =D/ (A) is the derivative of D;(A)=D1(A,1—p2) with respect to A, which is
here evaluated at A%¢/. Tts expression is as in (3.38).

We wish to examine the behavior of Dj(A%¢f) for o near 0. For this, we first lower bound the
derivative D} (A%¢f). Since this derivative is non-decreasing it is at least as large as the value at
A = (1/4)A,. Now recall that A2 /(1—p2) has a limit 0 as a tends to 0. Further, A,/(1—p2) has
limit (v/2—C)/v as a tends to 0. Consequently, from (3.38), at A = (1/4)A,, we have D/ (A) tends
to ,, given by (3.43), as « tends to 0. Consequently, D} (A%¢/) > 1, ,,, where 10, is positive and
tends to w, as « goes to 0.

Next examine Dgf{f . Since AT/ is at least AT it follows that Dgf{f is at least DYin =
D(A®n 1—p2). Consequently, as in the proof of proposition 3, if the section size rate a is at least

@y, 1, then the Pg«[E,] bound (3.23) is not more than the sum of
exp{—n[A, — AT D'},
and
exp{—nD(ty, a*v/(1 + a*v))}.

Using A7/ half way between A™™ and A, the first part of the bound is at most
exp{—n(1/4)[a(C—R) + To 10| Wq v }-

This bound is superior to the previous one, when R closely matches C, because of the addition of
the non-negative 7, ,a term. The second part of the bound can be dealt with as in proposition 3.

Accordingly, we have proved that

C—

Blen] < 2z (oo 1o (58}

=

)
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where ¢y .y = T wWa,w/4 for small a. It tends to 7,w,/4 as a tends to 0. This completes the proof

of theorem 9.

3.D Computations

We describe how the rate curves in figure 3.1 were computed. The block error probability ¢ was
fixed at 1074 and the signal-to-ratio v was taken to be 20 and 100. The PPV curve was curve was
computed using right side of (3.7) for the given € and v. The maximum achievable (composite)
rate for the superposition code was calculated in the following manner. The number of sections, L
ranged from 20 to 100 in steps of 10, with the corresponding section size B taken to be L% where
a, as in (3.32), (3.33).

For given € and values of v, L and B, the inner coder rate R;nner was decreased from .99C' to
.05C in decrements of .001C. For a given Rjnner, the minimum section mistake rate a(Rinner)
so that the error probability, computed using bounds (3.24), is at most ¢ was computed. The

corresponding composite rate is taken to be

Rcom,p(Rinner) = (1 - 2Q(Rinner))Rinner~

The maximum of the composite rates Reomp(Rinner), when Ripner ranged from .99C to .05C in
decrements of .001C, is the reported maximum achievable rate for the superposition code for the

given values of €, v, L and B.

3.E Accurate decoder = approximate least squares

In Lemma 11 below we show that any decoder is an approximate least squares decoder. More
specifically, we show that if the fraction of mistakes o made by a decoder is small, the distance of
the estimated fit X3 from Y cannot be much greater than distance of the codeword sent, that is
X*, from Y. To prove this we require the following lemma, which is a consequence of the restricted
isometry property [? |, [? | for Gaussian random matrices. We recall that the entries of our X

matrix are i.i.d N(0, P/L).

Lemma 10. Let R < C and n = (LlogB)/R. Then the following holds except on a set with
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probability at most e=™(C—H);

| X3 - Xp| < Cm-p”ﬁ_\/;/' for all 3, 8’ € B. (3.44)

where crip = VP(1 4 +/C/log B +/2C) is related to the restricted isometry property constant.

Proof: Statement (3.44) is equivalent to giving uniform bounds on the maximum singular value
of the matrices Wg = Xg/+/n, for all S € A, where A is as in (3.13). For S € A, let A(Wg) denote
the maximum singular value of Ws. We use a result in Szarek [33] (see also [12]), giving tail bounds

for the maximum singular value for Gaussian matrices, from which one gets that for positive r,

PIAWs) > 1+ /Lin+r] <e ™ /2

Accordingly, choose r = v/2C and use v/L/n < 1/C/log B, to get that A(Wg) < ¢yp, except on a
set with probability e="¢.

We need A\(Ws) < ¢, to hold uniformly for all B sets S € A, with high probability. Corre-
nR

spondingly, using BY = e™®, using a union bound one gets that the probability of the event

AWs) <c¢pp forall SeA

is at least 1 — e~™(©~B)_ This completes the proof of the lemma.

If € ~ N,(0,0?%), then from standard results on the tail bounds of chi-square random variables,

one has that

Plle| > 20] < e™/2, (3.45)

Lemma 10 and (3.45) gives us the following.

Lemma 11. Assume that a decoder for the superposition code, operating at rate R < C, makes
at most a section of mistakes. Denote as [? the estimate of the true 3 outputted by the decoder.

Then, with probability at least 1 — 2e~"™in{(C=R)1/2} ihe estimate B satisfies,
Y = XBIP <Y = X6 + &,
with 00 = Crip (4\/50 + QCMP\/E) Va. In other words, with high probability, ,5’ is the solution of an
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approximate least squares decoder (3.40) with the given Jg.

Proof: We need to show that |[Y — X 3|2 cannot be much greater than |Y — X3*|2. Notice

that,

~ N 2
Y - XAP < (Iv - X5*| + X5 - Xp7))
= |V — XB°|” + 2/¢|| X 3 — X5*]

+|XB8- X8 (3.46)

where for (3.46) we use the fact that the noise € = Y — X3*. Now, |3 — 3*||2/L < 2a, since the
decoder makes at most « mistakes. Accordingly, using lemma 10 and (3.45), one gets that with
probability at least 1 — 2e~7min{(C=R).1/2} " one gets that [ X3 — X 3% < cripV/2y/a and |e| < 20.

Consequently, from (3.46), one gets
YV = XB? <Y — XB** + 6,

with probability at least 1 — 2e~"™in{(C—R).1/2} where ¢, = Crip (4\/§U + 2cm-,,¢a) Va.

3.F Error bounds for subset superposition codes

The method of analysis also allows consideration of subset superposition coding described in section
2.5. For, in this case all (Zz) subsets of size L correspond to codewords, so with the rate in nats

nR:(N

L). The analysis proceeds in the same manner, with the same number ( LE 5) of

we have e
choices of sets S; = SN.S* where S and S* agree on L —/ terms, but now with (NZL) choices of sets
Sy = §—85* of size ¢ where they disagree. We obtain the same bounds as above except that where

we have B¢ = ¢"*® with the exponent aR, it is replaced by @) with the exponent

(My") = e
R(«) defined by R(«) = Rlog (AO[;LL)/ log (I}f)

Correspondingly, for subset superposition coding, the probability Pg«[E,] is bounded by the
minimum of the same expressions given in Lemma 5 and Lemma 6, except that the term aR ap-

pearing in these expression is replaced by the quantity R(«) defined above. We haven’t investigated

in greater detail for whether there is reliability for any rate below capacity for these codes.
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Chapter 4

Decoding using the Iterative

Algorithm

4.1 Introduction

Here we discuss a computationally feasible decoder and provide theoretical analysis for it. Since
the decoding is done iteratively, involving multiple steps, with decisions during a particular step
based on whether certain statistics exceed a threshold value, we call our algorithm the iterative
thresholding algorithm.

As mentioned earlier, in order to demonstrate that rates up to capacity can be achieved using
our feasible algorithm, we make some minor modifications to the code construction. The difference
we introduce is that we allow the non-zero weights of 3 to vary across sections. This is explained
in greater detail below.

Instead of drawing the entries of X to be i.i.d. N(0, P/L), as in Chapter 3, one may, through a
change of scale, assume that the entries are i.i.d N(0,1). We take the non-zeroes of 5 to be \/%

is section /, for £ =1,..., L. Here the Py)’s are positive and satisfy,

L
> Po=P
(=1

The above power allocation implies that E||X3||?/n = P, ensuring that our power control is

satisfied. A schematic rendering of the setup is shown in figure 4.1.

50



Section 1 Section 2 Section L
| | |

¢—B columns—>¢—DB columns—>| |¢é—B columns—>

Figure 4.1: Schematic rendering of the dictionary matrix X and coefficient vector § as used here
for the analysis of the iterative algorithm. The entries of X are i.i.d. N(0,1).

Also, notice that if Py = P/L, for each ¢, then the above code construction is the same as that
studied in Chapter 3. As will be seen, choice of such equal weights will only allow us to achieve

rates up to a threshold rate Ry, where,

1 P

fo=5pro2

using our feasible algorithm.
To achieve rates arbitrarily close to capacity we choose power allocations Py proportional to

e~2¢(=1)/L  Concerning the advantages of variable power, which allows our scheme to achieve rates

—2C(t=1)/L give some favoring to

near capacity, the idea is that power allocations proportional to e
the decoding of higher power sections among those that remain each step. In other words, it gives
more statistical power to our iterative statistics to successively detect higher power sections among
those that remain.

These power allocations also arise in successive decoding and rate splitting for multi-user com-
munication by Cover [14]. As mentioned earlier, in this setup the number of users is L and the
columns of a particular section corresponds to codewords for a particular user. Each user’s message
corresponds to one column from his section. The received string is simply the sum of the codewords
sent by individual users — the goal being to detect each user’s codeword. In successive decoding,

the codewords are detected in succession, starting with the first user. In particular, the first user’s

codeword is decoded in the beginning, ignoring the contributions from the other users. The effective
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signal-to-noise ratio is thus,

After the first user’s message is decoded, it is subtracted from the response Y and the second
user’s codeword is detected, again by ignoring effects of the other remaining users. The effective

signal-to-noise ratio, assuming that the first step was done correctly, now becomes,

Pa)
P(g) ++P(L) —|—0’2.

The process is continued until all the messages are detected.

—2c(t—1)/L

The power allocation Py o e corresponds to the unique allocation of powers for each

user so that
Py
P(g+1) ++P(L) +O’2

is the same for each ¢ = 1,..., L. Thus the above power allocation allows each user’s codeword to
be detected with the same reliability using successive decoding.

As mentioned earlier, in [14] it is assumed that the number of users were fixed. Consequently,
for each user to communicate at positive rates, the number of columns in a section (the section
size) needed to be exponential in the sample size n. We overcome this problem in the single user
setup by assuming that L, which corresponded to the number of users in the multi-user setup, is
large. By making the communication rate negligible in each section, it allows for a section size that
is only polynomial in n. The rate of communication is the sum of the rates for each section, which,
because L is large, is not negligible. It can be shown that direct use of successive decoding to this
setup will not result in exponentially small error probabilities. It is for this reason that we propose
an alternative technique, in which multiple sections are detected during a step.

For rates near capacity, it helpful to use a modified power allocation, with power

Py o max{efme%l,ucut},
where e, = e~ (1 + (50) with §. = ¢/v/2log B, with a non-negative value of ¢. Thus uc,: can be
slightly larger than e~2¢. This modification performs a slight leveling of the power allocation for
¢/L near 1. It helps ensure that, even in the end game, there will be sections for which the true

terms are expected to have inner product above threshold.
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4.2 Intuition behind the algorithm

From the received Y and knowledge of the dictionary, we decode which terms were sent by an
iterative algorithm. We now describe this algorithm.

The first step is as follows. For each term X; of the dictionary, compute the inner product
with the received string Y, to get the test statistic XJ-TY, and see if it exceeds a positive threshold

T = |Y||7. Denote the associated event
H;j=Hi; = {Xj ‘Y >T}.

In terms of a normalized version, Z; ; = XY /||[Y]|, of the above test statistic, this first step test
is the same as comparing Z; ; to a threshold 7.

Denote as

sent = {j : B; # 0} and others = {j : B; = 0}.

The set sent consists of one columns from each section.

As we shall see below, the distribution of Z; ; is quite similar to that of a location shifted normal,
where the shift is 0 for any j in others and is a positive quantity for j in sent. This positive shift
for j in sent is seen to depend on Py, the signal-strength in section ¢; The larger the P, the
more is this location shift.

The above gives us a means to identify at least some of the correct terms (that is those in sent),

in the first step. Let H; ; = {Z1; > 7}. The threshold is chosen to be

7 =1+/2log B+ a. (4.1)

The idea of the threshold on the first step is that very few of the terms not sent will be above
threshold. Yet a positive fraction of the terms sent will be above threshold and hence will be
correctly decoded on this first step. Take dec; = {j € J : 13, , = 1} as the set of terms detected in
the first step. Recall that this is also the set of terms with the test statistic above threshold.
Denoting P; = P if j is in section ¢, the output of the first step consists of the set of decoded

terms dec; and the vector

By = Z \/EleHl,j

JEJ
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which forms the first part of the fit. Notice that F} may also be expressed as ZzL:1 Zj@ectwn@ \/%Xj.
The set of terms investigated in step 1 is J; = J, the set of all columns of the dictionary. Then the
set Jo = J; —decy remains for second step consideration. In the extremely unlikely event that decy
is already at least L there will be no need for the second step.

A very natural way to conduct subsequent steps is as follows. For the second step, compute the

residual vector

R2 :Y—Fl.

For each of the remaining terms, i.e. terms in Jo, compute the inner product with the vector of
residuals, that is, X Ry or its normalized form Z5¢° = X Ry /|| Rzl which may be compared to the
same threshold 7 = y/2log B+a. Then decs, the set for decoded terms for the second step, could be
chosen in a manner similar to that in the first step. In other words, defining H5% = {Z3° > 7}, we
take decy = {j € Jo : H5% = 1}. From the set deca, one could the compute Fy =3 .4, VP X;,
the fit vector for the second step.

The third and subsequent steps would proceed in the same manner as second step. For any step
k, we are only interested in

Jr = J —decy Udecy ... Udecy_1,

that is, terms not decoded previously. One first computes the residual vector R, =Y — (Fy + ...+
Fj—1). Accordingly, for terms in Ji, we get decy as the set of terms for which 2% = XJTRk /|| Rk ||
is above 7.

The decoding stops when the size of the cardinality of the set of all decoded term becomes L or
is there are no terms above threshold in a particular step.

The algorithm we analyze, although similar in spirit, is a slight modification of the above
algorithm. The modifications are made so as to help characterize the distributions of Zp, for

k > 2. These are described in the section below.

4.3 Modifications to the above algorithm

The algorithm we analyze is a modification of the above algorithm. The reason for the modification
is purely for analysis purposes. The main reason for the modification is due to the difficulty in
analyzing the statistics Z;%’, for j € Ji and for steps k > 2.

The distribution of the statistic Z; ;, used in the first step, is easy, as will be seen below. This
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is because of the fact that the random variables
{X;,jeJ} and Y
are jointly multivariate normal. However, this fails to hold for the random variables,

{Xj, j e Jk} and Ry

used in forming Z7%.

It is not hard to see why this joint Gaussianity fails. Recall that Ry may be expressed as,
Re=Y - Y /PX,
jé€decy k-1

Correspondingly, since the event dec; x—1 is not independent of the X;’s, the quantities Ry, for
k > 2, are no longer normal random vectors. It is for this reason the we introduce the following

two modifications.

4.3.1 The first modification : Using a combined statistic

We overcome the above difficulty in the following manner. Recall that each
Ry=Y—-F+...— Fy_1, (4.2)

isasumof Y and —Fy, ..., —F;_1. Let Gy =Y and denote Gy, for k > 2, as the part of —F}, that
is orthogonal to the previous Gg’s. In other words, perform Grahm-Schmidt orthogonalization on
the vectors Y, —Fy, ..., —F}, to get Gg/, with k" = 1,..., k. Then, from (4.2), each Ry may be

represented as

Ry, , Gy . Ga . G
= wetght] —— + weighte —— + ... + weighty ——,
(| Rl Gl G2l Gl
for some weights, denoted by weighty = weighty j, for ¥’ =1, ..., k. More specifically,
. RipGy
weighty = —————.
[ Rl Gw |
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It is not hard to see that one must have,
weight% + ...+ weight? = 1.

Correspondingly, the statistic Z;7 = X7 Ry /| Rkl|, which we want to use for k th step detection,

may be expressed as,
Zyj = weighty 2y ; + weighty Z5 5 + ... 4 weighty_y Zy 5,

where,

Zyj = X] Gi/||Gill. (4.3)

Instead of using the statistic zZp7, for k > 2, we find it more convenient to use the statistic of the

form,

ZEom = Xy p 21y + Aok 2o+ -+ Ak 2y (4.4)

where A/ i, for ¥’ =1, ..., k are positive deterministic quantities satisfying,

k
S M =1

k'=1

For convenience, unless there is some ambiguity, we suppress the dependence on k£ and denote
Ak as simply M. Essentially, we choose A; so that it is a deterministic proxy for weight; given
above. Similarly, A\p/ is a proxy for weighty for k' > 2. The important modification we make,
of replacing the random weighty’s by deterministic counterparts, enables us to give an explicit
characterization of the distribution of the statistic Z,g’j’]mb, which we use as a proxy for Z for
detection of additional terms in successive iterations.

We now describe the algorithm after incorporating the above modification. For the time-being

assume that for each k we have a vector of deterministic weights,
(Mg ke K=1,..., k),

satisfying Zz,:l )\Z/ = 1, where recall that for convenience we denote A\ ; as Ay. Recall G; =Y.

For step k = 1, do the following
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e For j € J, compute

215 =X;G1/|Gll.
To provide consistency with the notation used below, we also denote Z; ; as fo’jm'b.

e Update

decy ={jeJ: fojmb > T4, (4.5)

which corresponds to the set of decoded terms for the first step. Also let deci;1 = dec;.

Update

=Y PX,

jE€decy

This completes the actions of the first step. Next, perform the following steps for k > 2, with the

number od steps k to be at most a pre-define value m.
e Define Gy as the part of —F)_; orthogonal to Gy, ..., Gg_1.
e For j € J, = J — decy -1, calculate

XTGy
2=
A TeA

(4.6)

e Next for j € Ji, compute the combined statistic using the above 2, ; and Zj/ ;, 0 < k' < k—1,
given by,

Zg:)jmb =)\ Zl,j + Ao ZQ,j 4+ . 4 Ak Zk,j7

where the weights A\r = Ag x/, which we specify later, are positive and have sum of squares

equal to 1.

e Update

deck = {j € Jp : Zi77" > 7}, (4.7)

which corresponds to the set of decoded terms for the k th step. Also let deci = decq y—1 U

decy, which is the set of terms detected after k steps.

e This completes the k th step. Stop if either L terms have been decoded, or if no terms are

above threshold, or if £ = m. Otherwise increase k by 1 and repeat.
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Part of what makes the above work is our ability to assign deterministic weights (Mg : k' =
1,...,k), for each step k = 1,...,m. To be able to do so, we need good control on the (weigthed)
sizes of the set of decoded terms dec; j after step k, for each k. In particular, defining for each j,

the quantity 7m; = P;/P, we define the size of the set decy, as sizey, where

sizey = E ;.

j€Edecy,

Notice that sizep, for each k, is a random quantity which depends on the number of correct
detections and false alarms in each step. As we shall see, we need to provide good upper and lower
bounds for the sizeq,...,sizey_1 that are satisfied with high probability, to be able to provide
deterministic weights of combination, Ay i, for ¥’ =1,..., k, for the kth step.

It turns out that the existing algorithm does not provide the means to give good controls on

the sizey’s. To be able to do so, we need to further modify our algorithm.

4.3.2 The second modification : Pacing the steps

As mentioned above, we need to get good controls on the quantity sizey, for each k, where sizey is
defined as above. For this we need to modify the algorithm even further.

Let threshy = {j € J : Z1; > 7} be the set of terms with the test statistic above threshold. We
restrict decoding on the first step to terms in thresh; so as to avoid false alarms. For the algorithm
described above, thresh; was equal to dec;. Instead of taking dec; equal to thresh;, we take decy
as a subset of thresh; satisfying the following condition:

Let pace; > 0, be a fixed value. Considering terms in J in order of decreasing 2, ;, we include

in dec; as many as we can so that

size; = Z T (4.8)

j€Edecy
no more than pace;.

Similarly, for steps k > 2, values pacey > 0 are specified. Define:
threshy = {j € Ji : Z,Sf’jmb > 7}

Then, instead of taking decyp = threshy, we take decy to be a subset of thresh,. As in the first

step, this subset is chosen by considering the terms in Jj in the order of decreasing Z;, ; values,
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and including in decy as many as we can so that

size = Z T (4.9)

j€Edecy,

is not more than pacey,.
The values for pacey, for k > 1, will be specified shortly. It will also be seen that this simple
modification allows us to get good controls on the sizey’s, which in turns allows us to characterize

the distribution of Z{"" for subsequent steps.

4.4 Performance of the algorithm

We allow not only for fixed rates R < C, but also for rates for which the gap from capacity is of the
order of a polynomial in 1/log B.

Recall that the power allocation Py we consider are of the form,
P(g) X max {672C(€71)/L, ucut}

where g, = e 2¢(144,), with §, = ¢/+/21log B for a non-negative c. There are two cases analyzed
for our adaptive successive decoder, depending on the presence of the slight leveling of the power
allocation.

The first case has no leveling (¢ = 0) and a number of steps m of order y/log B. The rate R
in nats is expressed as C/(1 + d0,)2, where §, = b/\/2log B, with a minimal permitted b given by
b* = a + 1/4/2m, where a is the positive value used in the threshold 7 given by (4.1). Here we
are ignoring terms given later in the analysis that are polynomially small in 1/L and negligible in
comparison to what we state here provided the signal-to-noise ratio is not too small. In this case we
have rate drop from capacity not smaller than a multiple of 1/y/log B. The parameter a is free to be
any positive value, though typically a between 0.5 and 0.8, gives acceptable performance tradeoffs
for reasonable size codes. For large B, we advocate a = (3/2) loglog B/+/21log B. The probability
of a fraction of mistakes more than a value of order 1/y/log B is shown to be exponentially small
in L/y/log B.

The second case, with slight leveling of the power using a positive ¢, is shown to allow higher
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rate for large B. We allow rate R up to C*, where C* can be written as

C

Cr=—-——.
1+ drop*

Here drop* is a positive quantity given explicitly later in this paper, for which we mention here two

approximations.

1. When snr is large compared to loglog B, it can be approximated by,

__ Hloglog B +8C +8.23

d *
rop 2log B

2. For snr near 1,
dron* Tloglog B + 8.71
rop” ~

P 2log B

This C* is within order loglog B/log B of capacity and tends to C for large B. In summary

form, the following expresses the main result of the performance of the iterative algorithm.

Proposition 12. For any inner code rate R < C*, express it in the form

C*
R=——7— 4.10
1+ x/log B’ (4.10)
with k > 0. Then, for the partitioned superposition code,
I) Our iterative thresholding algorithm admits fraction of section mistakes less than

3k +4r1+ 4
Omis = ———— 4.11
8C log B ( )

except in a set of probability not more than

—roL min{ k3 A* | kg (A*)?2
Pe = K1e " {rs a( )}’

where

A* = (C* - R)/C".

Here ry is nearloglog B+1.38 and k1 is a constant to be specified later that is only polynomial

in B. See subsection 4.18.5 for details. Also, ko, k3 and k4 are constants that depend on the
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snr.

II) After composition with an outer Reed Solomon code the decoder admits block error probability

less than pe, with the composite rate being Riotar = (1 — 20,m:5) R.

The proof of the above proposition is given in subsection 4.18.5.

Remarks:

a) The constants ka, k3 and k4 can be specified as follows. Define v = snr/(1 + snr). We have
that ko is near v/(2C). Further

log B

K3 = min {1/(25nr2), Toorr
snr

1/(oe)}

and

kg = 1/(4snr).

b) If k is a constant or smaller order, then A* is of order 1/log B below capacity. Further, ignoring

loglog B factors, A = (C — R)/C is also 1/ log B below capacity.

¢) If  is small compared to log B, then the Ry is close to R, with C* — R and C* — Ryp1q; of the
same order. For such k the exponent might as well be expressed with the C* — R replaced by

Ccr — Rtotal .

d) In the large snr regime, the presence of the 8C term in the approximation for C* reveals a need
for log B to be large compared to the capacity C to achieve a rate that is a high fraction of

capacity.

4.5 Comparison with Least Squares estimator

Here we compare the rate achieved here by our practical decoder with what is achieved with the
theoretically optimal, but possibly impractical, least squares decoding of these sparse superposition
codes shown in Chapter 3.

Let A = (C—R)/C be the rate drop from capacity, with R not more than C. The rate drop A
takes values between 0 and 1. With power allocated equally across sections, that is with P,y = P/L,

it was shown in Chapter 3 that from any d,,;5 € [0, 1), the probability of more than a fraction d,,;s
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of mistakes, with least squares decoding, is less than
exp{—nc; min{AZ, 6,,:5}},

for any positive rate drop A and any size n. This bound is better than that obtained for our practical
decoder in its freedom of any choice of mistake fraction, rate drop and size of the dictionary matrix
X.

Here, as mentioned in Remark (b), we allow for rate drop A to be of order 1/log B. Further,
from the expression (4.11), we have ;5 is of order 1/log B, when & is taken to be of O(1) and
ignoring loglog B factors. Consequently, we compare the error exponents obtained here with that
of the least squares estimator of Chapter 3, when both A and §,,;s are of order 1/log B.

Using the expression given above for the least squares decoder one sees that the exponent is
of order n/(log B)?, or equivalently L/log B, using n = (Llog B)/R. For our decoder, neglecting
loglog factors, the error probability bound is seen to be exponentially small in L/(log B)? using the
expression given in proposition 12. This bound is within a (log B) factor of what we obtained for

the optimal least squares decoding of sparse superposition codes.

4.6 Further relationships to sparse signal recovery

Here we comment further on the relationships to high-dimensional regression. As mentioned in the
introduction, a very common assumption is that the coefficient in sparse, meaning that it has only
a few, say L, non-zeroes, with L typically much smaller than the dimension N. Note, unlike our
communication setting, it is not assumed the the magnitude of the non-zeroes be known. Most
relevant to our setting are works on support recovery, or the recovery of the non-zeroes of 5. As
mentioned earlier in section 3.3, 3 is typically allowed to belong to the set B’ of all coefficient
vectors, with L non-zeroes, with the magnitude of the non-zeroes being at least a certain positive
value, say Bpnin-

Our first efforts in attempting to provide a practical decoder, reliable at rates up to capacity,
involved trying to adapt existing results on convex optimization, sparse approximation, and com-
pressed sensing. With focus on rate in comparison to capacity, the potential success and existing
shortcomings of these approaches are discussed here.

Relevant convex optimization concerns the problem of least squares convex projection onto
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the convex hull of a given set of vectors. If there is the freedom to multiply these vectors by a
specified constant, then such convex projection is also called ¢;-constrained least squares, basis
pursuit [13], or the Lasso [34]. Formulation as an ¢;-penalized least squares is popular in cases of
sparse statistical linear modeling and compressed sensing in which the non-zero coefficient values
are unknown, whereas ¢;-constrained least squares is a more natural match to our setting in which
the non-zero coefficient values are known.

The idea with such optimization is to show with certain rate constraints and dictionary prop-
erties that the convex projection is likely to concentrate its non-zero coeflficients on the correct
subset. Completion of convex optimization to very high precision would entail a computation time
in general of the order of N3. An alternative is to perform a smaller number of iterations, such as
we do here, aimed at determining the target subset. Such works on sparse approximation and term
selection concerns a class of iterative procedures which may be called relaxed greedy algorithms
(including orthogonal matching pursuit or OMP) as studied in [22], [2], [28], [24], [7], [21], [37],
[42], [23]. In essence, each step of these algorithms finds, for a given set of vectors, the one which
maximizes the inner product with the residuals from the previous iteration and then uses it to
update the linear combination. Here by relaxed it is taken to mean that in updating the fit based
on the newly selected term and the terms selected in previous steps, the contribution of terms
selected previously are down-weighted. These procedures solves, to within specified precision, for
the least squares convex projection onto the convex hull of a given set of vectors. A variant of it
can also solve for the ¢1-penalized least squares solution to within a given precision, as shown in
Huang et al. [21].

Results on support recovery can broadly be divided into two categories. The first involves giving,
for a given X matrix, uniform guarantees for support recovery. In other words, it guarantees, for any
0 in the allowed set of coefficient vectors, that the probability of recovery is high. More specifically,
denoting as S the support 3, and as S its estimate obtained using a certain procedure, interest is

mainly on conditions on X so that

Perr,X = sup ]Pﬁ (€|X) (412)
peB’

is small. Here & is the event that S is not equal to S. Observe that if P, x is small, it gives
strong guarantees on support recovery, since it ensures that any 3 € B’ can be recovered with high

probability.
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The second category of research involves results where the probability of recovery is obtained
after certain averaging, where the averaging is over a distribution of X matrix. In particular, one
seeks to make the quantity

P.,. = sup P3 (£) (4.13)
peB’

small. Here P (£) = ExPg (€]X), where the expectation on the right is over the distribution of X.
Notice that if (4.12) is small, it implies that (4.13) is small. Thus the second category of research
provides a somewhat weaker characterization of the error probability. We describe results on both
approaches in the sequel.

As mentioned in the previous paragraph, the first approach involves results for a given X matrix,
satisfying certain conditions, high probability statements for the recovery of the non-zeroes of 5. A
common condition on the X matrix is the mutual incoherence condition, which assumes that the
correlation between any two distinct columns be small. In particular, assuming that ||X;|* = n,

for each j =1,..., N, it is assumed that,

(X)) = L max is O(1/L). (4.14)

XTX .
nj#i 1 7

Another related criterion is the irrepresentable criterion [35], [43], which assumes, for all subsets T'
of size L, that

(XFX7r) ' X7X;|li <1, forall jeTe (4.15)

Here ||.||1 denotes the ¢; norm.

It can be shown, see for example [43], that conditions similar to that above are indeed necessary
as well for support recovery. The above conditions are too stringent for our purpose of communi-
cating at rate up to capacity. Indeed, for the i.i.d N(0,1) designs that we consider, one requires
n to be Q(L?log B) for the above condition to be satisfied. In other words, the rate R is of order
1/L, which goes to 0 for large L.

As mentioned in Chapter 2, the idea of adapting techniques in high-dimensional to solve the
communication problem began with Tropp [36], where he proposed using the signed superposition
coding scheme discussed in section 2.5. However, since he used a condition similar to the irrepre-
sentable condition discussed above, his results do not demonstrate communication at positive rates,
let alone rates up to capacity.

We also remark that conditions (4.14) and (4.15) are required by algorithms such as Lasso

64



and Orthogonal Matching Pursuit for providing uniform guarantees on support recovery. However,
there are algorithms which provided guarantees with much weaker conditions on X. Examples
include the iterative forward-backward algorithm [42] and least squares minimization using concave
penalties [41]. Even though these results, when translated to our setting, do imply communication
at positive rates is possible, a demonstration that rates up to capacity can be achieved has been
lacking.

The second approach is to assign a distribution for the X-matrix and analyze performance after
averaging over this distribution. Wainwright [39] considers X matrices with rows i.i.d. N(0,X),
where Y satisfies certain conditions, and shows that recovery is possible with the Lasso with n
that is Q(Llog B). In particular his results hold for the i.i.d. Gaussian ensembles that we consider
here. Analogous results for the OMP was shown by Joseph [23]. Another result in the same spirit of
average case analysis is done by Candes and Plan [10] for the Lasso, where the authors assign a prior
distribution to 0 and study the performance after averaging over this distribution. The X matrix
is assumed to satisfy a weaker form of the incoherence condition that holds with high-probability
for i.i.d Gaussian designs, with n again of the right order.

A caveat in these discussions is that the aim of much (though not all) of the work on sparse
signal recovery, compressed sensing, and term selection in linear statistical models is distinct from
the purpose of communication alone. In particular rather than the non-zero coefficients being fixed
according to a particular power allocation, the aim is to allow a class of coefficients vectors, such as
that described above, and still recover their support and estimate the coefficient values. The main
distinction from us being that our coefficient vectors belong to a finite set, of BY elements, whereas
in the above literature the class of coefficients vectors is almost always infinite. This additional
flexibility is one of the reasons why an exact characterization of achieved rate has not been done in
these works.

Another point of distinction is that majority of these works focus on exact recovery of the
support of the true of coefficient vector 5. As mentioned before, as our non-zeroes are quite small
(of the order of 1/ \/E), we are certain one cannot get exponentially small error probabilities for
exact support recovery. Correspondingly, it is essential to relax the stipulation of exact support
recovery and allow for a certain small fraction of mistakes (both false alarms and failed detection).
To the best of our knowledge, there is still a need in the sparse signal recovery literature to provide

proper controls on these mistakes rates to get significantly lower error probabilities.
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4.7 Weighted measures of correct detections and false alarms

The following measures of performance of a step of the algorithm are important in characterizing
the distribution of the statistics ng’jmb for subsequent steps.
Let m; = P;/P, which sums to 1 across j in sent, and sums to B—1 across j in other. Define

in general

gr = Z j

jEsentNdecy,

for the step k correct detections and

o= > 0™

€otherndecy
for the false alarms. In the case P; = P/L which assigns equal weight m; = 1/L, then §i L is
the increment to the number of correct detections on step k, likewise fk L is the increment to the
number of false alarms. Their sum sizer = ¢ + fk matches

j€Edecy, -

The total weighted fraction of correct detections up to step k is ¢;°* = Zj@enmdecw m; which
may be written as the sum

A =G1+Go+ ...+ G

When decy, = threshy, this total may be regarded as the same as the m weighted measure of the

union

letc()t — Z Tl {3, ;0. UM}

j sent
Indeed, the sum for &’ from 1 to k corresponds to the representation of the union as the disjoint

union of contributions from terms sent that are in Hj- ; but not in earlier such events.

Likewise the weighted count of false alarms f,ﬁOt =5 jendec, , T May be written as

f£0t2f1+f2+~-+fk>

which, when decy = threshy, may be expressed as

ftot
ko = 2: T Ly ;U Uk}

j other

As we will see in section 4.9, the following measure of correct detections in step, adjusted for
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false alarms, plays an important role in characterizing the distributions of the statistics involved in

an iteration.

~adj (jk
G, = ——>——. (4.16)
g L+ fr/dk

As we mentioned earlier, the distribution of Z; ; is easy to characterize. Correspondingly, we
do this separately in the next section. In section 4.9 we provide the analysis the the distribution of

comb
Zpm, for k > 2.

4.8 Analysis of the first step

In lemma 13 below we derive the distributional properties of (Z; ; : j € J). Lemma 14 in the next
subsection characterizes the distribution of (2 ; : j € Ji) for steps k > 2 .

Before providing these lemmas we define a few quantities which will be helpful in studying the
location shifts of Zj, ; for j € sent N Jj. In particular, define C; r = 7; Lv/(2R), where 7; = P;/P

and v=1v1=P/(0*+ P). Likewise define
07‘71{73 = (Cj’R) QIOgB.

Note also that it simplifies to

Cj,R,B =nm;v.

We have two illustrative cases. For the constant power allocation case, 7; equals 1/L and C; g re-
duces to Cj g = Ro/R, where Ry = (1/2)P/(c?+ P). In this case Cj gr.p = Cr,p := (Ro/R) 2log B
are equal for all j. This Cj r equals 1 when the rate R equals Ry and then C g p = 2log B.

For the case of power P; proportional to e ~2¢*/L we have 7; = e 20(=1/L(1—=2C/L) /(1—e=%C)

for each j in section ¢, for ¢ from 1 to L. Let
C=(L/2)[1 —e2¢/L), (4.17)
essentially identical to C, for L large compared to C. Then for j in section ¢ we have
Cin = (C/R) e 2¢-1/L,
Note, the C; p simplifies to the value e=2¢(“~1/L when the rate is R = C.
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We now are in a position to give the lemma for the distribution of 2, ;, for j € J. The lemma
below show that each Z; ; is distribution as a shifted normal, where the shift is positive for any j

in sent and is 0 for j in others.

Lemma 13. For each j € J, the statistic 2, ;, conditional on Y, can be represented as

\/m(xn/\/ﬁ)lg sent T+ Zl,j7

where Z1 = (Z1; : j € J1) is multivariate normal N(0,%:). Also,

w2 IV
n - 0,2
Y

is a Chi-square n random variable that is independent of Z1. Here oy = /P + o2 is the standard
deviation of each coordinate of Y.

Further, the covariance matriz 31 can be expressed as X1 =1 — 5,8T/0')2/.

Proof. Recall that the X; for j in J are independent N(0,I) random vectors and that ¥ =
Zj B;X; + €, where the sum of squares of the 3; is equal to P

The conditional distribution of each X; given ¥ may be expressed as,
Xj=p6;Y/oy + Uj,

where U; = Uy ; is a vector in RY having a multivariate normal distribution. Denote b = 3/oy. It
is seen that

Uj ~ Ny (0,(1=0)1),

where b; is the j th coordinate of b.
Further, letting U = [U; : ... : Un], it follows from the fact that the rows of A = [X : €] are
i.i.d., that the rows of the matrix U are i.i.d.

Further, for row ¢ of U, the random variables U, ; and U; j» have mean zero and expected product
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In general, the covariances (E[U; ;U; ;] : j,j’ € J) organize into a matrix
Sy =I1-0bb".

For any constant vector a # 0, consider UjT a/||a| Tts joint normal distribution across terms j
is the same for any such «. Specifically, it is a normal N(0,), with mean zero and the indicated
covariances.

Likewise define Z; ; = U]-T Y/||Y||, also denoted Z;,; when making explicit that it is for the
first step. Conditional on Y, one has that jointly across j, these Z; ; have the normal N(0,X)
distribution. Correspondingly, (Z; : j € J) is independent of Y, and has a N (0, ) distribution.

Where this gets us is revealed via the representation of the inner product XJTY, conditional on

Y, as
Y]
XTY = 50 + V) 21

y
Correspondingly,

Y

215 =B 2l 2” + 21

Oy

The proof is completed by noticing that for j € sent, one has \/C; g5 = Bj1/n/oy. O
Notice that for the constant power allocation case, b1 ; = \/V/L 1 sent, leading to

Y
Z1,;, = /Cr,B \ﬂﬁany 1 sent + Zj,

where recall that Cr p = 2(Ro/R) log B.

4.9 Analysis of steps k£ > 2

We need the characterize the distribution of the statistic ng’jmb, j € Jg, used the decoding additional
terms in the k steps.
The statistic Z,jfjmb , j € Ji, can be expressed more clearly in the following manner. For each

k > 1, denote,
Gy,

Zp=XT 2k
Gl
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Further, define

Zl,k:[31222:...izk}

and let Ay = (Ag,1, Ag2, -5 Agk)" be the deterministic vector of weights of combinations used for

the statistics Z,‘gf’jmb. Then ng’jmb is simply the j th element of the vector
Zemh = Z) Ay

We remind that for step k we are only interested in elements j € Ji, that is those that were not
decoded in previous steps.
comb

Below we characterize the distribution of Z} conditioned on the what occurred on previous

steps in the algorithm. More explicitly, we define Fj_ as

fk,1 :U{Gl, G2,...,Gk,l,Zl,...,Zk,l}, (418)
the sigma-field generated by the random variables, G1, Ga, ..., Gx—1, as well as the statistics
Z1, ..., Z_1. This sigma field represents the events taking place up to step k — 1. Notice that

from the knowledge of Z/, for k' = 1, ..., k—1, one can compute Zﬁ?mb

, for k' < k. Correspondingly,
the set of decoded terms decy/, till step k — 1, is completely specified from knowledge of Fj_.

Next, note that in Z; j, only the vector Zj does not belong to Fj,_;. Correspondingly, the
conditional distribution of Z£™?, given F_1, is described completely by finding the distribution of
Zy, given Fy,_1. Accordingly, we only need to characterize the conditional distribution of Zj, given
Fr—1-

Next, we state a lemma showing that for k > 2, the distribution of Zj ;, with j € Jj, can also
be expressed in a manner similar to that of Z; ;. In particular, Z; ; can be expressed as a normal
random variable Zj, ; plus a location shift depending on whether j is in sent or not.

Notice that we maintain the pattern used in lemma 13 and use Zj ; to denote the test statistics
that incorporate the shift for j in sent and standard font Z ; to denote their counterpart mean
zero normal random variables before the shift.

Initializing with the distribution of Z; derived in lemma 13, we provide the conditional distri-
butions Zj, 5, = (Zk,; : j € Ji), for k =2,..., n. As in the first step, we show that the distribution

of Zj s, can be expressed as the sum of a mean vector and a multivariate normal noise vector
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Zi,g, = (Zy; : j € Ji). The algorithm will be arranged to stop long before n, so we will only need
these up to some much smaller final £ = m. Note that Ji is never empty because we decode at
most L, so there must always be at least (B—1)L remaining. For an index set which may depend
on the conditioning variables, we let N, (0,%) denote a mean zero multivariate normal distribution

with index set J and the indicated covariance matrix.

Lemma 14. For each k > 2, the conditional distribution of Zy; , j € Ji, given Fir_1 has the

representation

Vi Cj r,5 (Xa, /V/n) 1 esenty + Zk,j- (4.19)

Recall that Cj g p = nmjv. Further, Wy = 5, —38,—1, which are increments of a series with total

A R R 1
14+ 4+ ...+, = 5 = ~adj,tot
=g =7 v
where
Goutet = God g g g, (4.20)

Here 8, = 1. Also, 0% = §5_1/3). The quantities (jgdj is given by (4.16).
The conditional distribution PZ&JUﬂ—l is normal Ny, (0,%), where the covariance ¥y, has the

representation

Y =1 — 6,0, /P.

That is (Xg); = lj=j» — 0k Ok jr, for j,7" in Jy, where the vector 0y is in the direction (3, with
Ok,j = \/Vk Bj, for j in Jy, where v, = 5v.
The distribution of Xj = |Gi|*/oR, given Fi._1, is chi-square with d, =n — k + 1 degrees of

freedom, and further, it is independent Zy 5, = (Zy; 1 j € Ji).

The proof of the above lemma is is considerably more involved. It is given in section 4.19. From
the above lemma one gets that Zj, ; is the sum of two terms - the ‘shift’ term and the ‘noise’ term
Zy,;- The lemma also provided that the noise term is normal with a certain covariance matrix Xj.

In the next section, we demonstrate that Zj ;, for j € Ji, are very close to being independent

and identically distributed (i.i.d.).
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4.10 The nearby distribution

Two probability measures Q and P are specified. Here Q is the approximating distribution. It
makes all the Zy ;, for j € J, for ¥’ = 1,2,...,k independent standard normal, and like P, the
measure Q makes the X2 ., = ||Gy||*/o7, independent Chi-square(n—k’+1) random variables.

Fill out of specification of the distribution assigned by P, via a sequence of conditionals Pz, ,|x,_,
for Zy,; = (Zx,; : j € J), which is for all j in J, not just for j in Ji. For the variables Zj ;, that
we actually use, the conditional distribution is that of Pz, | Fiy 88 specified in the above Lemma.
Whereas for the Z, ; with j in J — Jj, given Fj;_1, we conveniently arrange them to have the same
independent standard normal as is used by Q. This definition is contrary to the definition above
of Zy ; for j with lg,, , = 1 for earlier k' < k, but it is a simpler extension of the conditional
distribution that shares the same marginalization to the true distribution of (Zy; : j € Ji) given
Fr-1-

In the following lemma we appeal to a sense of closeness of the distribution P to @Q, such that

events exponentially unlikely under Q remain exponentially unlikely under the governing measure

P.
Lemma 15. For any event A determined by Fy,
P[A] < Q[A]e*,

where co = (1/2)1og(1 + P/a?). The analogous statement holds more generally for the expectation

of any non-negative function of Fy.

For ease of exposition we relegate the proof to appendix 4.A.

4.11 Simple device in bounding detections and false alarms

Recall that with g, = > j sentry, TilH,, ; as the increment of weighted fraction of correct detections,
the total weighted fraction of correct detections i = 1 + ...+ g up to step k is the same as the

the weighted fraction of the union 3, .., 713, ;u..un, ;- Accordingly, it has the lower bound

@t > Y milng (4.21)

j sent
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based solely on the step k£ half-spaces, where the sum on the right is over all j in sent, not just
those in sent N Jy. That this simpler form will be an effective lower bound on ¢i°* will arise from
the fact that the statistic tested in Hy ; is approximately a normal with a larger mean at step k
than at steps k' < k, producing for all j in sent greater likelihood of occurrence of Hy, ; than earlier
Hir ;-

Meanwhile, with fk => jcotherny, TilHy,; as the increment of weighted count of false alarms,

one sees that it is at most

fe< >0 mily,, (4.22)

j€other

The point of these simple inequalities is to permit our aim to establish likely levels of correct
detections and false alarm bounds to be accomplished by analyzing the simpler forms J sent T 17, 5
and > ype, Tjln, ; Without the restriction to Jj.

The above gives us a mean to provide deterministic lower bounds for ¢{°* and upper bounds for
fk that are satisfied on sets with high probability. We call the lower bound on ¢/’ as g, and the
upper bound on fk as fr. However, to proceed with our analysis, we also need to find good lower
bounds on ¢, the weighed proportion of correct detections on step k. This is where we make use
of the pacing approach described in subsection 4.3.2.

As mentioned earlier, instead of making decy, the set of decoded terms for step k, to be equal
to threshy, we take decy for each step to be a subset of threshy so that its size sizey is near a

deterministic quantity which we call pacej. Denote

sizey p = g T; = sizey + ...+ sizey.
jedecl,k

The above will yield a sum size; , bounded by Zﬁ/:l pacey, which we arrange to match ¢ .

In particular, setting pacer, = g1, — g1,k—1, the set decy, is chosen by selecting terms in Jj, that
are above threshold, in decreasing order of their Z,g?jmb values, until for each k the accumulated
amount nearly equals ¢ ;. In particular given sizej ,_1, one continues to add terms to decy, if

possible, until their sum satisfies the following requirement,
Qi — /Ly < sizer < qig, (4.23)

where recall that 1/L, is the minimum weight among all j in J. It is a small term of order 1/L.
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Of course threshi might not be large enough to arrange for size, satisfying the above require-

ment. Nevertheless, it is satisfied, provided

sizey k-1 + E T 2 q1k
jEthreshy

or equivalently,

Z 7+ Z Tily, ; 2 Q1 k-

jEdecy k-1 je€J—decy k-1
Here for convenience we take decy = dec; o as the empty set.
To demonstrate satisfaction of this condition note that the left side is at least the value

Zjesem mjlsy, ;- As mentioned earlier, our analysis demonstrates, for each k, that the inequal-
ity

Z Tilr,, > Qi

jEsent

holds with high probability. Accordingly, the above requirement is satisfied for each step, with high
probability, and thence size), matches pacey to within 1/L,.

We now show that one can get a deterministic lower bound for ¢ using the above approach. In

particular, notice that from (4.23), one has,

Qik — 1/Ly < sizei < qi g,

qie—1 — 1/Lx < size1 -1 < @1, k-1
Correspondingly, from the above one has,
sizer = Gr + fr = q1r — @e-1 — 1/La

or re-arranging,

Gk > ik — Q-1 — 1/ Ly — i

Let fr be a quantity so that fk < fr with high probability. Define
G =q1k — Q-1 — 1/Lx — fr (4.24)
Then one has §j, is at least g with high probability.
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4.12 Separation analysis

The manner in which the quantities ¢, ..., J; and fl, . fk arise in the distributional analysis of

lemma 14 is through the sum
quj,tot _ (jtlzdj NI qzdj
of the adjusted values (jzdj =qr/(1+ fk/(jk) We will show that each g is at least gx, and each fk

dj

is at most fi, with high probability. Accordingly, for each k, one has qkdj > ¢,”, where

@Y =g/ + fu)ar)-

Also recall that from lemma 14, that,

1 1

~adj,tot - ~adj,tot_°
1-¢.=7" v 1-¢25"v

WE =

From the above, W, is at least wj,. which is given by,

. 1 1
wk - -
1_ qzdj toty 1_ qzd] toty

adj,tot q‘fdj +.. .+q,‘:dj . Using this wj}, we define the corresponding vector

where for each k, we take g
of weight A*, used in forming the statistics Z,gomb to have coordinates Ay, , = wy, /[1+w3+. . .+wj],
for k¥ =1 to k.

Given that the algorithm has run for k£ — 1 steps, we now proceed to describe how we calculate

the bounds on the total detections and false alarms after k steps. Define the exception sets

A = Uk’ 1{qt°t < qu/}.

Also denote the set

Ay Uk/ 1{fk' > fir}.

For convenience we suppress the dependence on k in these sets. From the argument given in the
previous section, outside of A, we have that §i9* > ¢ - for each 1 <k’ < k, ensuring that for each
such &’ one can get decoding sets decys such that the corresponding size; x is at most 1/L, below

¢1,k - Also, notice that outside of A; U Ay one has §ir > qir, where gir as in (4.24).
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Define the additional exception event
Ap = Ui {X], < 1-h},
where the term X, is as given in lemma 14. Recall that
21,5 =/Cj,r,B Xn1jsent + 21,4,
and, for k' > 2,

Z i =W Cj.r,B Xa), 1 sent + Lyt 5.

We recall that for j in Jj these Z ; are determined as in a previous section by the data X,Y and
the sequence of previous test outcomes, whereas for j outside Ji/, the Z;- ; are auxiliary independent
standard normals used in the analysis.

Define

CirBnr=Cjrp(l—"h). (4.25)

For j € J N Jy, we have that Z;, ; = Z, ;. Further, except in A = A, U Ay U Ay, we have

Z1; 2V CjrBh + 21,

and for k' > 2,

Zy i 2NV \CjrBhL + Zitj-

Recall that,

ZET =M 21y + A5 2o o+ A By

Again we recognize for j in Jy this is the test statistic solely determined by the data XY via the
sequence of previous test outcomes, whereas for j outside Jj, this random variable Z, ; is constructed
in part from the auxiliary random variables used only in the analysis.

For j in other this ng’]mb equals Z,if’jmb and for j in sent, when outside the exception set, this

combination exceeds

AF X302 + . AN W) VCrBok Ljsent + ZE0™
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which is at least

Cj,Rr,B,h
adj,tot
L—q v

comb
+ 2y

using Wy > wy.
Here for j € Jy,

Zm = N Z1j + NsZaj + .+ Mo Zyj-

Summarizing,

Zpomb = zgomt - for j € others

and, outside the exception set A = A, U Ay U Ay,
Zg?jmb > shifty ; + Zﬁ?jmb, for j € sent,

where

CjRr,Bh

Shiftka' = 1 Tn L
- -1

with 29 = 0 and z3_1 = q‘f‘gf‘it, for k > 2.
Since the z}’s are increasing, the shifty ;s increase with k. It is this increase in the mean shifts
that helps in additional detections.

Set Hy ; be the event,
Hkvj = {Shiftk,jl{jEwnt} + Zk,j > T} (426)

Notice that

Hy ;= Hy,; for j € others.

Further, outside the set A, define above, one has

Hy ; € Hgj for j € sent.

4.13 Target False Alarm Rates

A target false alarm rate for step k arises as a bound f; on the expected value of J other T LH, ;-

This expected value is (B—1)®(7), where ®(73) is the upper tail probability with which a standard
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normal exceeds the threshold 7, = v/2log B + aj. If ax is equal to the same value a for all k, this

makes 7, = 7 = \/2log B+ a. Then f;; = f* where we set

fr= exp{ — ay/2log B — (1/2)a*}.

1
(V2Iog B + a)V2r

That this is a bound on the target false alarm rate arises from the fact that ®(z) < ¢(x)/z for
positive x, with ¢ being the standard normal density. Likewise set values fr = f > f*. We express
f = pf" with a constant factor p > 1.

By a union bound the total false alarm rate target at step k is f , = kf*. A corresponding upper
bound would be fi = kf at step k. Another choice that will be seen to have some advantages of
improved exponent is to use the same upper bound f; ;, = mf for the partial totals as used for the
final total at step m.

As will be explored soon, we will need f; to stay less than a target increase in the correct
detection rate each step. As this increase will be a constant times 1/log B, for certain rates close to
capacity, this will then mean that we need f7,, to be bounded by a multiple of 1 /log B. Moreover,
the number of steps m will be of order log B. So with f7, = mf* this means f* is to be of

order 1/(log B)2. From the above expression for f*, this will entail choosing a value of a near

(3/2)(loglog B)/+/21og B.

4.14 Target Total Detection Rate

Per the preceding subsection, we are arranging an increasing sequence of likely lower bounds shifty ;,
on the shift of our combined test statistic for the terms j in sent that facilitates decoding on step
k. Correspondingly, set ju; ; = shifty ; — 7. Except in A; U Ay U Ay, the event Hy, ; contains Hy, ;.

For each k, set

Gr= Y (=)

j sent

That is, g7 ; is the expectation, with respect to Q, of

Gir= > mln,,. (4.27)

j sent

That is, it is the expectation that would arise if the Zj, ; were replaced by standard normals. It

is this specification of g7 ; that finally enables us to define the quantity g1 x, introduced in section
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4.11, that plays such an important role in the analysis. Arrange ¢; ; to be a value slightly less than
a1 - Let mg = i, — q1 - For instance, we may set ¢1,x = ¢j ;, — 1, with nx = 7. As developed in
the next subsection the value of 7 is arranged to be smaller than the increase in g7 ; on step k.
This specification of q7 , and the related gy j is a recursive definition, depending on the values
of q1,5—1 and f; y—1 from the previous step. Recall that the value of p ; is obtained by plugging

this choice of z,_1 = q,‘;‘i]iwt in the function

pi(x) =1/ (1 —av) /Cirpn — T

Then g7 ;, equals the function

gl@) =Y mP(—py(x) (4.28)

evaluated at xp_1.
For instance, in the constant power allocation case, Cjr pr = Cr,pn is equal to (Ro(1 —
h)/R)2log B, the same for all j in sent. So all such j experience the same level of likely shift

shifty, ; = shifty, = /s v/Cr,B,»- In this case py ; = p, = shifty, — 75, is the same value for each j in

sent, which may also be written as p(z) evaluated at xx—1, with u(z) = \/1/(1 — av) \/Cr,pn — T
Then the target fraction decoded on step k is

qi . = P(—pw)-

s

It obeys the recursion ¢j ; = g(z) evaluated at xy_1, here with g(z) = O(—p(z)).
Where this will get us is demonstration that g; j is a likely lower bound on §; 5, = Zj sent TiLH ;5
which, as we have said, is a likely lower bound on the total fraction of correct detections using (4.21).
adj,tot

If, for a suitable number of steps, we have arranged sufficient growth in ¢, ”;"", then ¢, will be

near 1 at the final k.

4.15 Building Up the Total Detection Rate

Let’s demonstrate here how the likely total correct detection rate g¢; ; builds up to a value near
1, followed by the corresponding conclusion of reliability. Here we define the notion of correct
detection being accumulative. This notion holds for the power allocations we study. In this section

we illustrate the matter in the case of constant power allocation and R at most Ro(1—h). Thereafter,
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we handle variable power allocation and rates R up to the capacity.
Recall that for our iterative algorithm, from the function ¢(.), given by (4.28), For our adaptive

successive decoder there is a function g(z) for 0 < x < 1 such that for each step k,

dj,tot
0 = 9(qi 2",

with which we then update the new g1, by choosing it to be slightly less than g7 ;. That can be done

by setting a small constant 7 for which g1, = ¢7 , —n. Slightly better alternative choices motivated

by the reliability bounds are to arrange \/1—q1 , = \/1 —qiptnor D(qikllal ) = n? where D is
the relative entropy between Bernoulli random variables of the indicated success probabilities.

Let =, be any given value between 0 and 1, preferably near 1.

Definition: A function g(z) is said to be accumulative for 0 < z < x,. with a positive gap, if

g(x) —x > gap

for all 0 < z < z,.. Moreover, an adaptive successive decoder is accumulative with a given rate and
power allocation if the function g(x) used to update its likely correct detection rate satisfies this

property for given z, and positive gap.
To detail the progression of the g; j, consider the following Lemma.

Lemma 16. Suppose g(x) is accumulative on [0, z,] with a positive gap. Choose small positive 1

and f > f*. Arrange gap —n to be positive and for 4f x, < (gap —n)?. Arrange g1 = 4 — -

Then the increase qi r — qi,k—1 on each step for which qujiwt < x, is at least A, where A satisfies

the equation

A = (gap—n) — =, f/A,

quadratic in A, for which the solution

A = (gap—n){1 + (1=4z, f/(gap—n)*)""*}/2,

has its value between (gap—n)/2 and (gap—n). A slightly larger A solving A = (gap—n) —x, f/(f+A)

also satisfies q1 5 — q1,k—1 > A. In either case, the number of steps m required such that on step
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m — 1, the qi‘f{kl first exceeds x,, is bounded by m < 1/A steps. At the final step q1 m exceeds

g(xy) —n, with g(x,) —n being at least x. + (gap — n).
The proof of lemma 16 is given in appendix 4.B.

As for the matter of the choice of f; ;, though it may seem wise to set it to kf, one finds that
from small k, e.g. k =1, a term in the probability bound has exponent of LfD, where D will be
given as a function of p. With f of order 1/(log B)?, such an exponent is not as large as desired.
Instead fixing f1 5 = mf for k =1,2,...,m, allows the exponent to be at least Lm fD for all k. So

that is better by a factor of log B in the exponent.

4.16 Reliability of the Adaptive Successive Decoder:

Here we establish, for any power allocation and rate for which the decoder is accumulative, the
reliability with which the weighted fractions of mistakes are governed by the studied quantities
1 —q1,m plus fim. The bounds on the probabilities with which the fractions of mistakes are worse
than such targets are exponentially small in L. The implication is that if the power assignment and
the communication rate are such that the function gy, is accumulative on [0, z*], then for a suitable
number of steps, the tail probability for weighted fraction of mistakes more than 6* = 1 — g («*)

is exponentially small in L.

Theorem 17. Reliable communication by sparse superposition codes with adaptive successive de-
coding. With false alarm rate targets fr, > f; and update function g, set recursively the detection
rate targets qi j = gL(qujimt) = Nk, with i, = 45, — g,k > 0 set such that it yields an increasing
sequence q1 , for steps 1 < k < m. Consider b, the weighted failed detection rate plus false alarm

rate. Then the m step adaptive successive decoder incurs 5 less than 8,, = (1—=q1,m) + f1,m, except

in an event of probability with upper bound as follows:

NE

{efL,rD@l,kuq;kHcok}

>
Il

1

N Z {e_Lﬂ(B—l)D(pkHPZ)}
k=

—
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where the terms correspond to tail probabilities concerning, respectively, the fractions of correct
detections, the fractions of false alarms, and the tail probabilities for the events {||G||3 /o7 <n(1-h)},
on steps 1 to m. Here Ly =1/ max; w;. The py, p; equal the corresponding fi, f divided by B—1.
Also Dy, = —log(1 — h) — h is at least h?/2. Here hy = (nh—k+1)/(n—k+1), so the exponent

(n—k+1)Dy, is near nDy, as long as k/n is small compared to h.

Corollary 18. Suppose the rate and power assignments of the adaptive successive code are such
that gz, is accumulative on [0, 2*] with a positive constant gap and a small shortfall 6* = 1— gr (z*).
Assign positive g, =n and fr, = f and m > 2 with 1 — q1,m < 6* +n. Let D(p) = plogp — (p—1).
Then there is a simplified probability bound. With a number of steps m, the weighted failed detection

rate plus false alarm rate is less than 6* +n + f, except in an event of probability not more than,
m672L7,772+mco + mefLﬂfD(p)/p

+m67(n4m+1)hil/2.

Proof of theorem 17 and its corollary. False alarms occur on step k, when there are terms j in
other N Jy, for which there is occurrence of the event Hjy, ;, which is the same for such j in other
as the event Hy, ;, as there is no shift of the statistics for j in other. The weighted fraction of false
alarms up to step k is fl +...+ fk with increments fk = Zontheka 71y, ;- Recall from (4.22)
that fj, is bounded by > jcother TilHy ;-

Recall, as previously discussed, for all such j in other, the event H}, ; is the event that Z,‘;f’]mb
exceeds 7, where the Zg?]mb are standard normal random variables, independent across j in other.
So the events Hj ; are independent and equiprobable across such j, for each k. Let pj be its
probability or an upper bound on it, and let py > p;. Then Afj = {fk > fr} is the same as

{Pr>pr} where

R 1
pk = ﬂ Z 7Tj lHk]

j€E€other
Moreover, by lemma 29 in the appendix 4.D, the probability of the event {py > px} is less than

e~ Lx(B-)D(@llPi) | Therefore, the probability of {f, > fi} is less than

o~ Lx(B-)D(willp})
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Likewise, we investigate the weighted proportion of correct decodings ¢:°* and the associated

values ¢i, = Zj sent i 1m, ; which we compare to the target values ¢ x at steps k =1 to m. The
event {Gi1r < qu.r} is contained in Fj so when bounding its P probability, incurring a cost of a
factor of €0 we may switch to the simpler measure Q.

Consider the event A = U} ; Ay, where Ay is the union of the events Agr = {G1x < q1.k}s
Arp = {fk > fr} and App = {ka/n < 1—h}. This event A may be decomposed as the union
for k from 1 to m of the disjoint events Ay O’,j,;ll A¢,. The Chi-square event may be expressed as

Apg ={X2_,.1/(n—k+1) <1 — hy} which has the probability bound

e—(n—k+1)th )

So to bound the probability of A, it remains to bound for k£ from 1 to m, the probability of the
event

Agr ={GLr < que} NAG . N AL

In this event, for j € sent, the statistic Zg?jmb exceeds,

b
VeV CirBRn + 25",

where s, = 1/[1 — qzd_jiwtu], Correspondingly, A, is contained in

{1k < 11}

where

Qe = E Tjlizgome>ay ;)

j sent

Here ay j = 7 — /51 \/Cj,r,B,n- With respect to Q, these Z,‘;?me are standard normal, independent

across j, so the Bernoulli random variables 1; Zeomb>ay ;) have success probability ®(ay ;) and
FAEE

accordingly, with respect to Q, the ¢i x has expectation ¢ ; = Zj sent Ti®(ar, ;). Thus, again by

Lemma 29 in the appendix the probability of

Q{dk<aqur}
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is not more than

o~ L Darillai &)

The Chi-square random variables and the normal statistics for 7 in other have the same distri-
bution with respect to P and Q so there is no need to multiply by the e®* factor for the A; and
Ay contributions.

The event of interest

Aqifft = {‘ﬁgt < qu}

is contained in the union of the event Agtor M Ag,m_l N A? N Af. with the events Ag m—1, Ay and Ay,
where Ay, = U 1 Ap i, and Ay = UL Ay k. The three events Ag -1, Ay and Ay are clearly part
of the event A which has been shown to have the indicated exponential bound on its probability.
This leaves us with the event

Aq;,yr;t n Ag’m71 N A(;c N Ai

Now, as we have seen, §:°" may be regarded as the weighted proportion of of occurrence the union

UptH,; which is at least 37, ., ™13, ;, by equation (4.21). Outside the exception sets Ay, Ay

g
and Ag -1, it is at least Gi,m = >_; o0 Tj1h,, ;- With the indicated intersections, the above event
is contained in Ag m = {¢1,m < ¢i,m}, which is also part of the event A. So by containment in a
union of events for which we have bounded the probabilities, we have the indicated bound.

As a consequence of the above conclusion, outside the event A, at step k = m, we have ¢'* >
g1,m- Thus outside A the weighted fraction of failed detections, which is not more than 1 — ¢y ,,
is less than 1—gqj . Also outside A, we have that the weighted fraction of false alarms is less than
fi.m- So the total weighted fraction of mistakes Sy is less than §,, = (I=q1,m) + f1,m-

In these probability bounds the role in the exponent of D(g|l¢*) for numbers ¢ and ¢* in [0, 1],
is played the relative entropy between the Bernoulli(¢) and the Bernoulli ¢* distributions, even
though these ¢ and ¢* arise as expectations of weighted sums of many independent Bernoulli
random variables.

Concerning the simplified bounds in the corollary, by the Pinsker-Csiszar-Kulback-Kemperman
inequality, specialized to Bernoulli distributions, the expressions of the form D(g|l¢*) in the above,

2

exceed 2(q — q*)% —2L

This specialization gives rise to the e ~1” hound when the g1, and differs
from g7 ;, by the amount 7.

To handle the exponents (B —1)D(p|p*) at the small values p = p1 = fix/(B—1) and
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p* = piy = fix/(B—1), we use the Poisson lower bound on the Bernoulli relative entropy, as
shown in appendix 4.E. This produces the lower bound (B—1)[p1 x 1ogp17k/p’1"k + Dk — p1,5x] which

is equal to

frrlog fiw/fin + fie — fie

We may write this as f}"; D(px) or equivalently f1 xD(px)/pr, where the functions D(p) and D(p)/p =
logp+1—1/p are increasing in p.

If we used f1, = kf and f}; = kf* in fixed ratio p = f/f*, this lower bound on the exponent
would be kf D(p)/p as small as f D(p)/p. Instead, keeping f  locked at f, which is at least f*p,
and keeping ff, = kf* less than or equal to mf* = f*, the ratio pj will be at least p and the

exponents will be at least as large as f D(p)/p.

4.17 Computational Illustrations

We illustrate in two ways the performance of our algorithm. First, for fixed values L, B, snr and
rates below capacity we evaluate detection rate as well as probability of exception set Pg using the
theoretical bounds given in theorem 17. Plots demonstrating the progression of our algorithm are
also shown. These highlight the crucial role of the function gr in achieving high reliability.

Figure 4.2 presents the results of computation using the reliability bounds of theorem 17 for
fixed L and B and various choices of snr and rates below capacity. The dots in these figures denotes
q1,k, for each k.In this extreme case ¢;,, would match gr,(¢1,5—1), so that the dots would lie on the
function.

For illustrative purposes we take B = 26, I = B and snr values of 1, 7 and 15. The probability
of error Pe is set to be near 1073, For each snr value the maximum rate, over a grid of values, for
which the error probability is less than Pg is determined. With snr = 1 (Fig 4.2), this rate R is
0.3 bits which is 59% of capacity. When snr is 7 and 15 (Fig 4.2) , these rates correspond to 49%
and 42% of their corresponding capacities.

For the above computations we choose power allocations proportional to e~ 27/ L(1 +6.), with
0 < v < C. Here the choices of a, ¢ and v are made, by computational search, to minimize
the resulting sum of false alarms and failed detections, as per our bounds. In the snr = 1 case

the optimum ~ is 0, so we have constant power allocation in this case. In the other two cases,
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Figure 4.2: Plots demonstrating progression of our algorithm. (Plot on left) snr = 15. The weighted
(unweighted) detection rate is 0.995 (0.985) for a failed detection rate of 0.014 and the false alarm
rate is 0.005. (Plot on right) snr = 1. The detection rate (both weighted and un-weighted) is 0.944
and the false alarm and failed detection rates are 0.016 and 0.055 respectively.

there is variable power across most of the sections. The role of a positive ¢ being to increase the
relative power allocation for sections with low weights. Note, in our analytical results for maximum
achievable rates as a function of B, as given in Proposition 12 and in subsection 4.18.4 later on,
is constrained to be equal to C.

Figure 4.3 gives plots of achievable rates as a function of B. For each B, the points on the
detailed envelope correspond to the numerically evaluated maximum inner code rate for which the
section error is between 9 and 10%. Here we assume L to be large, so that the ¢1 ’s and fi’s are
replaced by the expected values g7, and f;, respectively. We also take i = 0. This gives an idea
about the best possible rates for a given snr and section error rate.

For the simulation curve, L was fixed at 100 and for given snr, B and rate values 10* runs of
our algorithm were performed. The maximum rate over the grid of values satisfying section error
rate of less than 10% except in 10 replicates, (corresponding to an estimated Pg of 10~3) are shown
in the plots. Interestingly, even for such small values of L the curve is is quite close to the detailed

envelope curve, showing that our theoretical bounds are quite conservative.
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Figure 4.3: Plots of achievable rates as a function of B for snr values of 15, 7 and 1. Section
error rate is controlled to be between 9 and 10%. For the curve using simulation runs the error
probability of making more than 10% section mistakes is taken to be 1073,
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4.18 Achievable Rates approaching Capacity

We demonstrate analytically that rates R moderately close to C are attainable by showing that
the function gy (x) providing the updates for the fraction of correctly detected terms is indeed
accumulative is indeed accumulative for suitable xz, and gap. Then the reliability of the decoder
can be established via theorem 17. In particular, the matter of normalization of the weights 7,
is developed in subsection 4.18.1. An integral approximation g(x) to the sum gy (x) is provided
in subsection 4.18.2 and in subsection 4.18.3 we show that it is accumulative. Subsection 4.18.4
addresses the issue of optimization of parameters that arise in specifying the code. In subsection
4.18.5, we give the proof of proposition 12.

Let g, (x) for 0 < 2 < 1 be the function given by

gr(z) = Z 7 ®(u(@, Cjr.0)),

j sent

where p(z,u) for 0 <z <1 and v > 0 is the functions given by

wz,u) = (Vu/(1—zv) —1)/2log B — a.

Then px,; = p(z, Cj r,n) where Cj rp = Cj r(1 —h).
The weight in section £ is also denoted as my. At slight risk of abuse of notation, it is also

convenient to denote Cy g = m(y) Lv/(2R) and likewise Cy g, = Co r(1—h), so that

L
gr(@) =Y _ 7y @(u(z, Co.p.n))- (4.29)
=1

4.18.1 Variable power allocations

We consider two closely related schemes for allocating the power. First suppose Py is proportional

to e—2Ct/L

. Then the weight for section £ is 7(y) given by P, /P. In this case recall that Cy p =
7y Lv/(2R), from investigation of the normalizing constant, simplifies to u, times the constant
C/R where

up = e~ 2ED/L
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for sections ¢ from 1 to L, and C is as in (4.17). The presence of the factor C/R, arranged to be at
least slightly greater than 1, has a role in compensating for the presence of the —a in u(z, Co g p).
If R is too close to C, the a, though helpful for the false alarm control, is a bias that presents an
obstacle to keeping gy, (x) above . The difficulty arises especially for x near 1.

Therefore we modify the power allocation so that u, = exp{—QC%} for most ¢/L and for
large ¢/L it is leveled to be not less than a value uey; = e~ 2(1 + 6,). Here 6, will take the form

d. = ¢/v/2log B with a value of ¢ to be set below. Then let
T X max{ug, Ueyt }

The idea is that by leveling the height to a slightly larger value for /L near 1, we can help overcome
the bias from a.

To produce the normalized 7y = max{us, teys } /(L sum), compute

L

sum = Z max{ug, Ueus }(1/L).

{=1

If ¢ = 0 this sum = v/(2C) as previously seen, where v = 1—e=2¢. If ¢ > 0 and ey < 1, it is

c(e—1)/L

the sum of two parts, depending on whether the quantity e 2 is greater than or not greater

than we,:. This sum can be computed exactly, but to produce a simplified expression let’s note

that replacing the sum by the corresponding integral
1
integ = / max{e_QCt, Uyt pdt
0
an error of at most 1/L is incurred. For each L there is a § with 0<6§<1 such that
sum = integ + 0/L.

In the integral, comparing e =2 to u.,; corresponds to comparing ¢ to ¢, equal to [1/(2C)]log 1 /teys-
Splitting the integral accordingly, it is seen to equal [1/(2C)](1—ucyut) PlUS eyt (1—teyr), which may
be expressed as

integ = % [1 + D(6.)/snr],

where snr = v/(1 — v) and D(8) = (146)log(1+68) — § is not more than §2/2. Accordingly sum
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may be expressed as

v
= [1 4+ 42
sum 5 [ +

sum} )
where
52

sum

= D(d.)/snr +20C/(Lv),
which is not more than 62/(2snr) + 2C/(Lv). Thus

maX{W, Ucut} _ % max{ue, ucut}

T = L sum T Ly 1462

sum

In this case Cy g = Ce.r(1 — h) satisfies

Co.r.n = max{ug, Uyt } C'/R

where
1-nh
1402

sum

¢ =cC

(4.30)

(4.31)

(4.32)

As we have seen if ¢ = 0 the Cy g, = ueC’'/R takes a similar form but without the max, where

forc=0the ' =C(1—h).

4.18.2 Formulation and evaluation of the integral g(z)

From the expression of gr,(x) given in (4.29) and using (4.31) and (4.32), one gets that

L

gr(x) = 2 Z max{uy, ew} ® (p(z, max{ug, ueuw }C'/R)).

T L 1462

=1 sum

Recognize that this sum corresponds closely to an integral. In each interval % <t < 7 for £ from

2=

1
T at least e—2¢t

1 to L, we have e~

where the numerator is

1
Inum () = %/max{e_26t7ucut}fb(,u(x,max{e_%t,ucut}cl/R))dt.
0

Accordingly, the quantity of interest gy () is at least (integ/sum)g(x) where

_ Irum (T)
9(x) = 1+D(6.)/snr’

90

. Consequently, gz (x) is greater than gnum(v)/(1+ 62

sum)
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The gr,(x) and g(x) are increasing functions of = on [0, 1].

Let’s provide further characterization and evaluation of the integral g,um(x). Let zi‘”” =

(@, Uyt C'/R) and 22** = p(z,C’/R) and let 6, = a/+/2log B. For emphasis we write out that

2y = 2k takes the form

2y = [”uth//R —(1464)| V2log B.

V31— zv

Notice that gnum () in (4.33) is equal to

20 [leut
Inum,1(T) = > / e ¢ (I)(M(xae_Qthl/R)) dt
0

plus the function
2C ow
gnum,2(m) = 7(1_tcut)ucut¢)(z;lp )

The above function can also be written as [0, + D(0.)]P(z,)(1—v)/v.

Change the variable of integration from t to u = e~ to see that

1 1
Bruma(0) =5 [ (ot max{u, ueut} € /)

Now since

B(y) = / Loen 0(2) dz,

it follows that
(4.34)

Inum,1 () = //1{ucut§u§1}1{z§u(z,u€’/R)} ¢(z)dzdu/v, .

In (4.34), the inequality
z < p(z,uC’/R)

is the same as

Vu = VugR/C(1+ (z+a)/v/2log B),
provided 2% < z < 2Ma% Here u, = 1 — zv. Thereby for all z the length of this interval of values

of u can be written as

1 —max<u 5(14—2—'_7&)2 U
e V2IogB/+’ cut +.
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Thus

1 R z4+a 2

where 2z, = zlov.

Lemma 19. Derivative evaluation. The derivative gl,,..(x) is equal to

max

zh Za 2
Z 4 DENO() + / C 1404800z,
with
P Z 1 y
= 5W\/umc /R+\/2log B,

where 6, = z6 with 6 = 1/+/21og B.

In particular if ¢ = 0 the derivative g'(x) may be expressed as

max

R [*

¢ Josow

(146, + 8.)*¢(2)dz,

and then, if also R = C'/[(1+ 6,)*(1+7/log B)] with r > 1/[2(1+6,)?], the difference g(x) —  is a

decreasing function of x.

Proof. The integrand in the expression for g, is continuous and piecewise differentiable in z, and
the integral of its derivative is expressed above. It is in agreement with the derivative with respect
to = of the integral gnum ().

In the ¢ = 0 case this derivative specializes to

max

J(x) R/Zl (140, + 6.)°6(2)dz,

= o
which is less than

R oo

o | (048 6z = 0467 1 1/(2108 B)

CI

which by the choice of R is less than 1 for r > 1/[2(1+6,)?]. Then g(z) — x is decreasing as it has

a negative derivative. O

92



Corollary 20. A lower bound. The gnum(x) is at least

Gtow () = [0+ D(6))B(z0) Y +

v

1/:0 (1= (R/Cyus (1 +(=+0)/ /2108 B)*] 6(2)de.

14 low
z

This giow(x) is equal to

1—v
v

[1+ =D @) + [HaR“—ﬂ [1—®(z,)]

C'v 2logB C v 2logB’

— 2(146,)

where

dp=1- g [(1+6,)*+1/(2log B)].

Moreover, this giow(x) has the analogous integral characterization as in (4.35), but with removal of

the outer positive part restriction, and accordingly giow(x) has derivative g;,,, (x) given by

oo

[6c + D(0.)]o(2z) + g/ (1+5a+5z)2¢(z)d2,

Zx

/
Zﬂf

snr

where the first part vanishes when ¢ = 0.

Proof. The integral expressions for go,(z) are the same as for gnum(z) except that the upper
end point of the integration extends beyond z***, where the integrand is negative, i.e., the outer
restriction to the positive part is removed. The lower bound conclusion follows from this negativity
of the integrand above z/***. The evaluation of g;u,, () is fairly straightforward after using z¢(z) =

—¢'(2) and 22¢(2) = ¢(2) — (2¢(2))". Also use that ®(2) tends to 1, while ¢(z) and 2¢(z) tend to

0 as z — oo. This completes the proof of Corollary 20. O

Remark: What we gain with this lower bound is simplification because the result depends on =z

low
-

only through z, = z

With the rate R taken to be not more than C’/(1+4,)?, we write it as

c’ c'
fi= (1""_617)2 - (1+6a)2(1—|—7“/ logB) (436)
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where &, = b/+/21og B.

4.18.3 Showing g(z) is greater than x

This section shows that gz, (x) is accumulative, that is, it is at least « for most of the interval from
0 to 1, using the lower bound which is here explored further.

The preceding subsection established that gy () is at least (integ/sum)g(zx), where

integ  14+D(dc)/snr - 20C/(Lv)

sum 1+5§um 1+6§u7” ’

which is at least 1 — 2C/(Lv). It follows that g1 (x) — = is at least
g(x) —x —2C/(Lv).

So to establish positivity of gr(x) — « it is be enough to show that g(x) — x is at least 2C/(Lv).
Furthermore, in view of the relationship between g(x) and gnum (), work with g(x) — = in the

form
_ W=
9(x) —w = 1+D(6.)/snr’

where

hz) = gnum(x) —x — xD(d.)/snr

and establish the required positivity of g(x) — = via the positivity of h(z) or its lower bound
hiow(x) = Giow(x) —x —xD(0.)/snr. Indeed, if either of these is greater than or equal to a positive

value gappym on an interval [0, z*], then also on such interval,

9aPnum

> — _ JPnum
9(x) =@ = gap 14+ D(6.)/snr

As above we use a rate of the form

c c’
R = = .
(14 6,)%(14r/log B) (1+0p)2

Recall that z, = zi"“’ is a strictly increasing function of z, with values in the interval Iy = [zq, 21]

for 0<x <1. For values z in Iy, let © = x(z) be the choice for which z, = z.
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Also the distance of = z(z) from 1 can be expressed as a function of z as

1 {(1+5C)(1+5b)2 — (1+5a+5z)2}
(140, +,)2 ’

Then if z,, be the value of z at which (146,+0,)? = (1+6.)(1+6,)? and z,, = z(zy,) be the

corresponding value of x. Then from the above we get that

1 1 r
—Lyp = — .
P snr |log B

We remark that the value of x,,, is the same for all values of ¢ > 0. The value of z,,, is used in
giving an upper end point of a range of sufficient positivity of g(z) — x. As it is desirable that this
upper endpoint be not far from 1, one may restrict attention to cases with snr > 1/y/2log B, say,
so that 1 — @, remains not more than 2r/y/2log B.

Let (1+0p+)% = (1+0,)% + 1/(2log B) and let ry be such that
(1405-)* = (1 + 64)*(1 4 70/ log B).

Further, let d = (r—rg)(1+0,).

At z = x(2) it is fairly straightforward to see that one can express gjo () in terms of z as

Gow(a(2) = 2(2) + —2G(2)

where
 (140.)(1+0,) d
G = (5,10, log B
(143.)(1+6p+)?
—(1+5a+6z)2 — 14 D(6.)| ®(2)
2(1+64)(1+6.)  #(2) (I146:)  z¢(2)

- . 4.
(1404+6.)> V2IogB  (149,+06.)? 2log B (4.37)

Likewise, giow(x) — @ simplifies to G(z)/snr.
For this next lemma, we take the power allocation Py to be proportional to u, = exp{—QCZ_Tl}

and consider the case of no leveling, that is, ¢ = 0.

Lemma 21. Positivity of gjow(2) — 2 with no leveling. Let rate R be of the form (4.36), with
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r>rg. Let

dy = +/2log B/V2m.

Then, for 0 < z < x,, the difference giow(x) — x is greater than or equal to

1 [(d—dy)(1404) +1/4

snr (1464)? log B

In particular, expressing the rate as R = C'/(1+63)?, suppose

1 extra
“T Jor 2 21g B (4.38)

with extra > (1/2)(1 — 1/xw). Then, for 0 < x < m,, the difference giow(x) — x is greater than or

equal to

1 [ema - (1/2)(1 - 1/n) (4.39)

(14 04)2 (2log B)

snr

Proof of Lemma 21. With ¢ = 0 the functions gnum (x) and g(z) are the same and have lower bound

Jiow (). By corollary 20, gio, () has derivative bounded by

/°° (146, +6.)° (s (140p+)?

e (A1) T (1402

where (1+68p<)?2 = (1+8,)? + 1/(2log B). This bound is less than 1 for b > b*, that is for
r > 1/[2(140,)]. Thus giow(z)—x, like g(x)—2z, is decreasing as it has a negative derivative. Likewise
by the correspondence between z and z, it follows that G(z) is decreasing in z, so G(z) > G(0) for
z <0.

To complete the proof, evaluate gio,(z) — 2 at the point & = z,;,. With ¢ = 0 the point z,,, is
the choice where z, = 0. Accordingly, by (4.37), the value of g4, (z) — x there is [(1— v)/V]G(0),

where the value of G(0) is given by the following

d(146,) ®(0) 2 ¢(0)

(140,)2 log B~ (1+64)*(2logB)  (1+64)v2 1log B’

which is
(d—di)(1404) +1/4
(1464)? log B

The first term of the above arises from the representation of (1463)? — (1+8+)? divided by (1+6,)>
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as d/log B. Alternatively, this difference (148,)% — (1+6,)? — 1/(2log B) may be expanded as
(8p — 64)(2+ 6 + 04) — 1/(21log B) so that the G(0)(1+6,)? may be written

2(b—a —1/V/21) N b* —a® —1/2 —2a//2m
V2log B 2log B '

It is positive by choosing b slightly larger than a4 1/v/27. Indeed, setting b as in (4.38), we have at
X = Typ that giew(x)—2 is at least the quantity in (4.39), which is positive for extra > (1/2)(1-1/).
Consequently, in view of the monotonicity, it follows for 0 < x < @, that giow(z) — 2 is at

least that same value. This completes the proof. O

In the above form of b, the terms are small enough that it provides a practical rate C’/ (1 +
b/\/2log B )2 reasonably close to capacity with moderate B. Nevertheless, it would be nice to
remove the 1/v/2m part so that with suitable a a rate closer to capacity is achieved for large B.
Another way to say it is that we would like to arrange for r to be of smaller order. For that reason
we next take advantage of the modification to the power allocation in which it is slightly leveled
using a positive c.

Monotonicity of g(x) — = and of gjow(z) — « is demonstrated in the above proof for the ¢ = 0
case. It what follows we take advantage of more detailed shape properties that include the case of
positive c.

The function of interest is gnum () —  — xD(d.)/snr. Work with the lower bound gjo.(z) —

x — D(6.)/snr which evaluates to

—[G(z) - D)
Now write
) = T 37 g B
where

A(z) =2d(1468,) — 2(1+0.)p(2)\/2 log B — z¢(z) +
[(1+5b*)2 - (1—AC)(1+5G+5Z)2}<1>(Z) 21log B,

where A, =log(1 + 6.).

The following lemma characterizes the shape of A(z).

Lemma 22. Shape properties. Define A, = log(1 + d.). Consider three cases. When A, <
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2/(7%/4 + 3), the function A(z) is decreasing and concave for z > —7 and, moreover, G(z) and
G(z)—x(2)D(6.) are decreasing there. When A, > 2/(7% /44 2), the function A(z) is unimodal for
z>—7/2. When A, is between 2/(72/4 + 3) and 2/(72/4 + 2), the function A(z) is unimodal for

z>—-7/2+ 1.

Proof of Lemma 22. The expression [0, + D(d.)]/(1 + §.) simplifies to A. = log(1+4.) using the

definition of D(4,). Differentiating and collecting terms obtain that a(z) = A’(z) is

—2(1=A.) (146,+6.) P(2)+/2log B

+ Ao (14+6,+5.)? ¢(2) 2log B .

Consider values of z in I, = (—7,00) to the right of —7, which is where the factor (1+d,+0,) is
strictly positive. This includes [zg, z1]. Factoring out (146,46 )+/2log B, the sign behavior of a(z)

is determined by

M(z) = —=2(1-A.) ®(z) + Ac(140,+62) ¢(2) /2log B.

Consider ¢ with A, < 1. Note that this function M(z) is continuous, starts out negative at z = —,
and is also negative for large z as it converges to —2(1—A.). Thus A(z) is initially decreasing in I,
and also decreasing for large z. If ¢ is 0 the function M (z) reduces to —2®(z) which is negative and
whence A(z) is decreasing in all of I;. So consider positive ¢ with A, < 1. Consider the derivative
of M(z) given by

M'(z) = —=[2=3Ac + Ac(2/6)(1+6,+6.)] #(z),

where § = 1/4/21og B. The expression in brackets is a quadratic function of z centered and extremal
at zecent = —7/2. This quadratic attains the value 0 only if ¢ is large enough that A672/4 is at least
2—3A,, that is, for A, at least 2/(72/4+3). Let c¢* be the value where these two quantities match.

For ¢ < ¢*, the M'(z) stays negative and consequently M (z) is decreasing, so M (z) and a(z)
remains negative for z > —7, so A(z) is decreasing in I.. Consequently G(z) and G(z) —x(2)D(d.)
are decreasing in I, and hence in the domain of interest [z¢, z1] where x(z) is between 0 and 1.

Moreover, a(z) = (143,+9,) M (2)+/2log B has

a'(z) = M(2) + (1+0,+6,)M'(2)/2log B,
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also negative in I, so A(z) is concave there.
For ¢> ¢*, for which the function M’(z) does cross 0, this M’(z) is positive in an interval of values
of z centered at z.en: = —7/2 and heading up to a point z* in I where z(149,+9,) = —(2-3A.)0/A..

This point z* is found to be

—T+/T2+4(3-2/A,)
5 :

In this interval the function M(z) is increasing.

Let’s see whether M (z) is positive, at least at zcent. Use the inequality ®(z) < ¢(z)/(—z) for
z < 0. This lower bound is sufficient to demonstrate positivity in the interval of values of z centered
at the same point, provided A.72/4 is at least 2(1—A.), that is, A, > 2/(72/4 + 2). Let’s call ¢**
the point where these match. For ¢ > ¢**| this interval is where the same quadratic z(140d,+0.)
is less than —2(1 — A.)d/A.. For such ¢, the M (z) is positive at —7/2 and furthermore increasing
from there up to z*, while, to the right of z*, it is decreasing and ultimately negative. It follows
that such M (z) has only one root to the right of —7/2. The a(z) inherits the same sign and root
characteristics as M(z), so A(z) is unimodal to the right of —7/2.

Whereas if ¢ is between ¢* and ¢**, the lower bound we have invoked is insufficient to determine
the precise conditions of positivity of M (z) at zeent, SO we resort in this case to the milder conclusion,
from the negativity of M’(z) to the right of 2*, that M (z) is decreasing there and hence it and a(z)
has at most one root to the right of z*, so A(z) is unimodal there. In the notion of unimodality (a
single peak in an interval) we are allowing for the possibility of monotonicity, that is, the peak may
be at the end point z*. Being less than ¢**, the value of ¢ is small enough that 2/A, > 72/4 + 2,
and hence z* is not more than [—7 4 v/4]/2 which is —7/2 4 1. This completes the proof of lemma

22. O

The following lemma characterizes the minimum value of A(z) and gives lower bound for hy, ()

for a suitable interval.

Lemma 23. The minimum value of the gap. Set

v2log B
Zup :<: \/210g+(d0\;§7ﬂ->

for some positive dy < \/2log(B)/v/ 2.
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(a) If
A >2/(7?/4+2)

then the minimum value of A(z) on [—T, zyp] is equal to that over [—7, —7/2] U zyp.

(b) Furthermore define

214 8,)do — 1/2 — 72D (6.)®(2up)
B 2(1+ 6,) '

diff
Assume d > dy, where
di =72D(6.)/(2(1 + 64)) + (dif)+ + 5.

Here eg = 27¢(—7/2)/(2(1 +4,)) is a small term that is polynomially in 1/B. For such choices of

d, hiow(z) is positive for —7 < z < z,, and is at least

2(1+0,)(d —dy)
snr T2

9aPnum =

Proof. Recall that from Lemma 22, for A, > 2/(72/4 + 2), we have that A(z) is unimodal for
z > 7/2. Consequently, the minimum of A(z) over [—7, z,p] is equal to that of over [—7, —7/2]Uzy.
This proves part (a).

Let’s examine A(z) for —7 < z < —7/2. For z in this range A(z) is at least 2d(1 + d,) — 27¢(2).
This is seen by observing that in the expression for A(z) given in the beginning of the proof of
Lemma 22, the third and fourth terms are positive for z < 0.

Noting that 27¢(z) < 27¢(—7/2) for z in this interval, we have that the minimum of A(z) on
[—7,—7/2] is at least 2(d — ep)(1 + d,), where ep is a term that is polynomially small in 1/B.

Next, let’s evaluate the value of A(z) at z,,. Write the function A(z) as
Ao(2) + [(1460) = (14+8,40.)/(1+4.) | @(2) (2 log B)

+ D(6:)(1464+0.)? ®(2) (21log B) /(1+6,)

where

Ap(z) = 2(14+68,)[d — ¢(2)\/21log B] + ®(2) — z ¢(2).
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Recalling that (14 6, +6,,,)% = (14 6.)(1 4 64)?, we have that at z = z,,, A(2) reduces to

Zup

Ao (2up) + 72D(6.)P(2up)-

The relationship between é. and z,;, can also be expressed as

146 = (1424p/7)%

Concerning Ag(z) observe that for z non-negative, ®(z) is at least ®(0) +2z¢(z), because the normal
probability of the interval from 0 to z is at least the width of the interval times the density minimum.
Also ®(0) = 1/2. Thus the last two terms of Ay(z) which consists of ®(z) — z ¢(z) is always at least
1/2, and tends to 1 for large z.

Consider ¢ = ((¢) = \/m, the positive inverse of the standard normal density
function. Note that since dy < \/2log B/v/2m, we have that do//2log(B) is in the range of ¢.
Defining z,,;, to be ¢ evaluated at ¢ = dy//2log B, we get that

Zup = ¢ = \/210g(\/210gB/(\/27rd0)).
Also, since ¢(zyp) = ¢(¢) = do/+/21log B, it follows from the above expression for Ag(zy,) that
Ao(zup) > 2(148,)(d — do) + 1/2

and A(z) is at least,

2(14684)[d — do] +1/2+ 72D (0.)®(2up)-

which is

2(148,)(d — diff)

Thus combining this with part (a) and the result on the minimum from [—7, —7/2], we get that

the minimum of A(z) on [—T, z,,) is at least,

2(1+64)(d — (diff )+ — €B).
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We now use this to lower bound hje, on [—7, zyp]. Recall that,

hiow () = 1—v ((1+5c)

(G240 - 2,060

for —7 < 2z < zyp. The above can be written as

1—v (1406.) (T42)?
v (T+2)? (A(Z) - (1+4.) xupD((Sc))

which is at least
1—v A*(z)
2 b

14 T

where A*(z) = A(z) — 7?24, D(d.). The above follows since for —7 < z < z,, we have that
(T4 2)2 <72(1+6,).
The result on gap,..m immediately follows from using the lower bound on A(z) developed above

and noting that (1 —v)/v is 1/snr. O

4.18.4 Choices of a, r, c that optimize the overall rate drop

Here we focus on evaluation of a, r, and ¢ that optimize our summary expressions for the rate drop,
based on the lower bounds on gr(z)—z. For the time being let’s assume that for a particular d,
yet to be specified and the conditions in part (a) of the above lemma are satisfied.

Recall that the rate of our inner code is

1—-h

= C(1+5§um)(1+5a)2(1 +r/logB)’

With 0 < 7 < gapr, and f > f* satisfying 4f < (gapr, — n)?, per our theory, we reliably have that
the weighted fraction of correct terms decoded rises to g(zy,) — 0, which is at least ., + gap — 0.
Further, the weighted fraction of false alarms is not more than mf. This is accomplished in not
more than m = 1/inc steps, where if we arrange f = (gapr, — 1)?/4 then the increment each step
is at least inc = (gapr, — n)/2. By the above development the weighted failed detection rate is

(1 — xyp) — (gap — n) and the weighted false alarm rate is

mf = (gapr —n)/2.
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With sufficient size L, it is possible to arrange smaller  and f closer to f* while retaining
reliability. To arrange the indicated value of f = (gapr, — 1)?/4 and hence of f*, one solves for
a using the inverse of the normal distribution to produce f* = (B — 1)®(y/2log B + a). Or, for

simplicity, arrange instead to use the f* upper bound

1 efa\/2logB
V2my/2log B ’

by setting

log(1/(f*V/27/2Tog B))
“ V2log B ’

which, when evaluated at the targeted f*, e.g. f/2, produces a value of ¢, of order (loglog B)/(log B).
Bounds on un-weighted fractions of failed detections and false alarms are obtained by multiplying

the weighted fractions by the factor

fre = 5T (1+62,,,)

2C (1+4.)
To see this notice that for a given weighted fraction, the maximum possible un-weighted fraction
would be if we assume that all the failed detection or false alarms came from the section with
the smallest weight. This would correspond to the section with weight (), where we recall that
m(r) = 2C (1 +6.) /(L snr (1+62,,,)).

For large L, 62,,, would be like §2/2 so we can assume that fac is bounded by snr/(2C). Notice

sum

that snr/(2C) is greater that 1 and is near 1 for small snr. For large L, §2,,, would be like §2/2 so

we can assume that fac is bounded by snr/(2C). Notice that snr/(2C) is greater that 1 and is near
1 for small snr.

So with high reliability, the total fraction of mistakes is bounded by

Sis = g (1= ) — (9apr —n)/2].
If the outer Reed-Solomon code has distance drs/L = 0 designed to be at least 2d,,;s then any
occurrences of a fraction of mistakes less than §,,;s are corrected. The overall rate of the code is
Riotar = (1 = O)R.
Sensible values of the parameters a, r, and ¢ can be obtained by optimizing the overall rate un-

der a presumption of small error probability, using simplifying approximations of our expressions.
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Reference values (corresponding to large L) are obtained by considering what the parameters be-

come with n = 0 and f = f*. We also take gapy, replaced by gap, h by 0 and §2

sum

replaced by
D(4.)/snr in the expression for the rate of the inner code.

One may optimize this expression to obtain reference values of the parameters. Set a such that

ay/2log B = log [1/(f*\/§\/210g3)} )

Now, the minimum gap for 0 < z < =z, is given by gap = gappum/(1 + D(d.)/snr), which using

the expression from Lemma 23 is given by

2(1+ 6,)(d — dv)
snr72(1 4 D(6.)/snr)

gap =

which can also be written as

(r—m)
snr log(B)(1 + D(6.)/snr)’

gap =

where 11 =rg+d1 /(1 + 04)
Then using 1 — 2* = 1 — x,, and the expression given above for the gap, the bound on the

fraction of un-weighted failed detections would be

s 1
“2ClogB

and the bound on the total fraction of false alarms would be

5 — i r—r
° " 2C | (2log B)(1+D(6.)/snr)

The role of D(J.) is captured primarily by its appearance in the inner code rate, whereas here
in the mistake rate its effect is of smaller order than the other terms in the numerator and in
the denominator, so let’s drop it from d.. This yields a simplified approximate expression for the

mistake rate

5mis =
4C log B
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Express the overall communication rate

C
(14 D(d:)/snr)(1+404)?(1+r/log B)

Rtotal - (1_2577115)

as

C

Ripta) = ———.
total 1+ drop

Ignoring negligible terms, the drop from capacity is

[(1/snr)D(0.) + 264 + 1/ 1og B] + 26pmis.

Thus we find that

rop =
P 2log B’
where dropy,m, is given by
2
c
2a+/2log B + 2r.
2 snr +ea og Lo ar

Recall that f* chosen to match gap?/4 which is nearly

(r—mr1)?
snr2(2log(B))?’

ignoring the effect of the 1 + D(4.)/snr term. Thus the 2a+/2log B term becomes

Alog (snr(2 log(B))

r—"ri

) — log B — log (47r).

Next let’s determine the best choice of r. The part of the rate drop that depends on 7 is
proportional to

4log1/[r —r1] + 2.

Taking the derivative with respect to r and setting it to zero reveals a best value of r of

rf=ry+2
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at which the optimum choice of a becomes

a = (3/2)log(log(B))/+/21og(B) + aczt,

where,

_ 2log [snr/((47r)'25)]
et 2log(B) '

Also with the above choice of r we get that drop,., is 3loglog B plus the following

¢?/(2snr) + 4log (snr) — log(4m) + 4 + 2ry.

It is instructive to approximate this drop in the when snr large compared to loglog B. Using the
approximation that (1/2)log(snr) nearly equal to (1/2)log(1+snr) and that for such moderately

large snr cases, we can ignore terms of order (1/snr). The approximate rate drop then is,

3loglogB+2(1+1/C)ry +8C + 1.46
2log B ’

From the above, if one wants the rate close to the capacity, it requires log B large compared to 4C.
This entails having B large compared to (1 + snr)2.

Further for snr values near 1, the approximate rate drop becomes,

3loglog B + c%/2 + 2r; + 1.46
2log B '

We see that for such snr terms although there is no 8C term, the term ¢?/2 comes into play. This
term is of order loglog B as we will see below.
We now specify the value of dy which goes into determining the value of z,, and hence c. We
also need to ensure that for this specified value the requirement in part (a) of Lemma 23 is satisfied.
Before doing this, recall that D(d.) is near 62/2. From 1+ 6. = (1 + ¢/7)%, we have that &, is

near 2¢/7, making D(d.) near 2¢?/72. Thus we get that diff is near

2(1 + 64)do — 1/2 — 2¢2®(2yy)
2(1 4 dq) '
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Now using ®(z,;,) > 1/2 we get that the above approximation for diff can be bounded by

2(1 + 64)do — 1/2 — 2
2(146q) '

We think a good value of dj is
do = 5 log(log(B))/(1 +5.),

as this choice would make diff near zero. To see this, substituting this value of dy in the approxi-

mation for diff given above we get that it is equal to

—1/2 — 2log ((2v2/V2m)(1 + 84)) + 2logloglog(B)
2(1+4,) ’

which ignoring the effects of the 1 + §, term is

—.37 + loglog log(B).

For our purposes we can bound logloglog(B) by 1. Indeed, for B as high as 107, logloglog(B) is

1.02. This means that diff can be bounded .63, small for our purposes. Further, the above choice

of dy makes A, near y/loglog B/+/log B. This is easily greater than 2/(72/4 + 3), which is of the
order of 1/log B.

We now evaluate the above rate drop for a toy example with B = e'2® and snr fixed at say 20.
For dy value as specified above and for these B and snr values, we verified that the condition in
part (a) is indeed satisfied. The drop is evaluated to be 1.13 which provides a rate .47C or 47% of
capacity.

Now consider the case for snr values near 1. The evaluation for large L, with the same B as
before give a drop of of 1.09 which corresponds to a rate of again around 48% of C.

We now give a more explicit expression for the rate drop by approximating the d; term appearing
in the expression. We see that from the above approximation for D(4..) and diff, ignoring the 1+,
and ep terms, d; is near ¢? + (diff ). This can be bounded by (2 + .63 using the bound for diff

given above. Also notice that ¢? can be written as
log(log(B)) + 2log ((2\/5/\/ 27r) — logloglog(B).
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Assume that loglog log(B) > 0 which is true for B > 20, we get that ¢? is at most log(log(B)) +.25.
This gives that d; can be bounded by log(log(B)) + .88, making r; bounded by log(log(B)) + 1.38.
Thus the rate drop for the large signal to noise case can be approximated by,

5loglog(B) + 8C + 4.12
2log B ’

For snr near 1, using arguments similar to that above we see that ¢?/2 is near 2¢?, which can
be bounded by 2log(log(B)) + 4log ((2v/2/v/2r). This is 2log(log(B)) + .48. Thus the rate drop

can be approximated by
7loglog(B) + 4.12
2log B

Remark: The above explicit expressions are given to highlight the nature of dependence of the
rate drop on snr and B. These are quite conservative. For more accurate evaluation of the see

subsection 4.17 on computational illustrations.

4.18.5 Definition of C* and Proof of Proposition 12

In the previous subsection we determined the optimum r, denoted by r* that maximized, in an
approximate sense, the outer code rate for given snr and B values and for large L. This led to
explicit expressions for the maximal achievable outer code rate as a function of snr and B. We
define C* to be the inner code rate corresponding to this maximum achievable outer code rate.

Thus,
1-nh

O =T, A L+ log B

Similar to above, C* can be written a C/(1 + drop*) where drop* can be approximated by

3loglog B + 2r; + 8C + 5.47
2log B

for snr large compared to loglog B and is

3loglog B + c?/2 + 2ry + 5.47
2log B

for snr near 1.

Like before, the above drop can be approximated by (5loglog B + 8C + 8.23)/log B for large
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snr and by (7loglog B + 8.71)/log B for snr near 1.
We now give a proof of our main result.

Proof of Proposition 12: Take r = r* + k. Using

(14 k/logB)(1+7*/logB) > (1+1r/log B),

we find that for the rate R as in Proposition 12, gap is at least (r — r1)/(snrlog B) for & < xy,
with ., = r/(snrlog B).
Take f* = (r* — r1)?/(2snrlog B)?, so that a is the same as given in the previous subsection.

Now, we need to select ¢ > 1 and 7 > 0 so that
cf* < (gap —n)*/4.

One sees that we can satisfy the above requirement by taking n as (1/2)k/(snrlog B) and ¢ =
(14 kw/2)%
This choice makes f1.,, at most (gap — n)/2 which is v/c/(2wsnr log B). Also we select

&
(2log B)3/2’

which is indeed at most (2f ,, snr)/v/21log B as required.

The fraction of mistakes,

snr r

5mis = T - (gap - 77)/2

snrlog B

is calculated as in the previous subsection, except here we have to account for the positive 7.
Substituting the expression for gap and n gives the expression for §,,;s as in the proposition.

Now let’s look at the error probability. The error probability is given by

_ 2 _ * 2 _p2
me 2L =n*+mco + me Lﬂfl,mCD(C)+m6mh /26 nh /2.

Notice that nh?/2 is at least (L, log B)h?/(2C*), where we use that L > L, and R < C*.Thus the

109



above probability is less than
r1 exp{ — L, min{2n?, JimeD(c), h*log B/(2C*)}}

with

_ m max{cp,1/2
K1 =3me {eo /},

where for the above we use h < 1.

Substituting, we see that 2n? is (1/2)x2/(snrlog B)? and h?log B/(2C*) is

1 K2

16C* (log B)?"

Also, one sees that cD(c) is at least 2(y/c —1)?. Thus the term f}, cD(c) is at least

/i2w

4(1 + kw/2)snrlog B

We bound from below the above quantity by considering two cases viz. k£ < 2/w and k > 2/w. For
the first case we have 1+ kw/2 < 2, so this quantity is bounded from below by x?w/(8snr log B).For
the second case use k/(1 + kw/2) is bounded from below by 1/w, to get that this term is at least
k/(4snrlog B).

Now we bound from below the quantity min{2n?, f},,cD(c), h?log B/(2C*)} appearing in the

exponent. For k < 2/w this quantity is bounded from below by

H2

" log B2’

with k3 as in the proposition. For £ > 2/w this is quantity is at least

. I€2 K
min § K3 loz B 3 R4 loz B .
g g

Also notice that C* — R is at most C*k/log B. Thus we have that

min{2n?, f{ ,eD(c), h*log B/(2C*)}
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is at least

min {/{3 Gl R>2,H4C* — R} .
(C*)2 C
Further, recalling that L, = Lv(1 + D(d.)/snr)/(2C), we get that ke = v(1 + D(d.)/snr)/(2C),
which is near v/(2C).
Also regarding the value of m, recall that m is at most 2/(gap — n). Using the above we get
that m is at most (2wsnr)log B. Thus ignoring the 3m term k; is polynomial in B with power

2wsnr max{cg, 1/2}.

Part II follows from the properties of Reed Solomon code as given in Chapter 2.

4.19 Proof of lemma 14

For each k > 2, express X as,

G4 Gr—1
X=—-Z"'+ ...+ —/——ZF | + &Vj,
[ [y o+
where & = [§kk t --- ¢ Ekn] I8 an n X (n — k + 1) orthonormal matrix, with the vectors & ;, for

i = k,...,n, being orthogonal to G1,...,Gr—1. There is flexibility in the choice of the & ;’s —
the only requirement being that they depend on only Gy,...,Gr—1 and no other random quanti-
ties. For convenience, we take these & ;’s to come from the Grahm-Schmidt orthogonalization of
G1,...,Gk_1 and the columns of the identity matrix.

The matrix Vi, which is (n — k + 1) x N dimensional, is also denoted as,

Vk = [Vk71 : Vk72 PR Vk,N]-
The columns Vj ;, where j = 1,..., N 4 1 gives the coefficients of the expansion of the column X
in the basis &k.k, {k k+1, - - - Ek,n- We also denote the entries of Vi, as Vi ; j, where ¢ = k,...,n and

j=1,...,N.

Let’s prove that conditional on Fj_1, the distribution of the Vj ; ; is independent across i from
k to n, and for each such 7 the joint distribution of (Vi ; : j € Jr—1) is Normal N(0,%X;_1). The
proof is by induction. The stated property is true initially, at k=2, from lemma 13. Recall that the
rows of the matrix U in lemma 13 are i.i.d. N(0,%;). Correspondingly, since for each i = 2,...,n,

the element V5 ; ; is simply the projection of the j th column of U in the direction &5 ;, where j € J,
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it follows that the orthonormality of &3 ;’s that the stated property holds for k£ = 2.

Presuming the stated conditional distribution property to be true at k, we conduct analysis,
from which its validity will be demonstrated at k& + 1. Along the way the conditional distribution
properties of Gy, Zy j, and Zj ; are obtained as consequences. As for W, and J, we first obtain
them by explicit recursions and then verify the stated form.

Denote as

Gz?ffz— Z VP Viij fori=k,....n.

jE€deck 1
Also denote as,

Gy = (G Gl G

The vector Gzoef gives the representation of G in the basis consisting of columns vectors of . In
other words, Gj, = kazoef.
Notice that,

g = VGG

The representation

Vig = b1, G Jou + Uk

is used with values of b, _1 ; following an update rule that will be specified (depending on Fj,_1).Denote
as Uy = [Ug1 : Uga ¢ ... : Ugn], which is an (n — k + 1) x N dimensional matrix like Vj. The
entries of Uy, are denoted as Uy ; j, where i =k,...,nand j =1,...,N.

For the conditional distribution of G}°; I given Fj,_1, independence across i, conditional nor-
mality and conditional mean 0 are properties inherited from the corresponding properties of the
Vk.i,j. To obtain the conditional variance of GZ?ff = =Y icdeer_, VVPi Vi, use the conditional
covariance Yj_1 =I—(5k,1(5£_1 of Vi ;; for j in Ji_1. The identity part contributes Zjede%_l P;
which is (Gx—1 + fk_l)P; whereas, the §;_167 | part, using the presumed form of 61, contributes

an amount seen to equal vg_1[>. P;/P)? P which is vg_147_,P. It follows that the

jEsentNdecy —1

conditional expected square for the coefficients of each G}°; F fori=k,...,nis
or = [Ge-1+ fom1— Go_yve—1] P.

Conditional on Fj_;, the distribution of ||G5°/||2 = Z?:k(Gzoff)Q is that of o} X2, ., a
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multiple of a Chi-square with n—k& + 1 degrees of freedom.

Next we compute by_1 ;, which is the value of

B[V, Gt | Fioa) fon

for any of the coordinates ¢ = k, ..., n. Consider the product Vj ; ; Gzoff in the numerator. Use the

coef

representation of G;.;” as a sum of the —/Pj: Vj,; v for j* € decp_1. Accordingly, the numerator is

= jredeer VPir (L= = Ok-1,50k—1,5], which simplifies to —/Pj [Ljedecr_, — Vi—1dr—11; sent]-

So for j in Jx = Jy_1 — deci_1, we have the simplification

b _ Qr—1Vk—103
k=l =~
k

for which the product for j,j" in Jj takes the form

Qr—1Vk—1
1+ fe—1/dk—1 — Ge—1Vk—1

br—1,jbk—1,j7 = Ok—1,j0k—1,5/

Here the ratio simplifies to (jzd_jl vp_1/(1 — (j,‘:d_jluk_l).

Now determine the features of the joint normal distribution of the Uy ; j = Vi i j—bk—1,; Gz?ff/ok
for j € Jg, given Fjr_1. These random variables are conditionally uncorrelated and hence condi-
tionally independent given Fj_1 across choices of i, but there is covariance across choices of j
for fixed 4. This conditional covariance E[Uy; ;Ug,; j/|Fr—1] by the choice of by_; ; reduces to

E[Vk,i7ij7i,j’|‘7:k71] — bkfl)jbkfl)j/ which, for j € Jy, is
Ljmjr = Ok—1,40k—1,4" — br—1,j0k—1,5'-

That is, for each ¢, the (Ug; ; : j € Ji) have the joint Ny, (0, L) distribution, conditional on Fj_1,

where Xj, again takes the form 1; ;7 — d, 0k, ;» Where

~adj

Qadj Vi—1

k— —

OrjOk,jr = On—1,j0k—-1,5" {1 + 11},
_'Qkflykfl

for j, 7/ now restricted to Ji. The quantity in braces simplifies to 1/(1 —cjgd_jl vg—1). Correspondingly,

113



the recursive update rule for vy is

v Vi—1
k= ~adj )
1 - qk_jl V-1

Consequently, the joint distribution for (Zy ; : j € Ji) is determined, conditional on Fj_y. It
is also the normal N(0,%;) distribution and (Zx; : j € Ji) is conditionally independent of the

coefficients of Gioef , given Fj,_1. After all, the
Zj = UG G|

have this Ny, (0,3) distribution, conditional on Gzoef and Fj_1, but since this distribution does
not depend on Gzoef we have the stated conditional independence.
Now 2 ; = X[ G}, /|| G| reduces to VijGzoe'f /1|G5°¢ || by the orthogonality of the G, ..., Gr_1

and &. So using the representation Vy j = by ; G5° /oy, + Uy j one obtains
Zig = ber |G N o + Zig.

This makes the conditional distribution of the Zj, ;, given F;_1, close to but not exactly normally
distributed, rather it is a location mixture of normals with distribution of the shift of location
determined by the Chi-square distribution of X2_, | = [|G°/||/o?7. Using the form of by_1 ;, for

j in Jg, the location shift by_1 j X\ 41 may be written

V 'Lz}k Cj,R,B [Xn—k—i-l/\/ﬁ] 1j sent

where @y, equals n b7, ;/Cj,r,5. The numerator and denominator has dependence on j through P;,

so canceling the P; produces a value for @y. Indeed, C; g p = (P;j/P)v(L/R)log B equals n(P;/P)v

and b%—l,j = qud_jl vi_/l1— (jgd_jluk,l}. So this 0, may be expressed as

~adj
. Vk—1 Q-1 Vk—1
W =

—adj )
v 1-¢% v
which, using the update rule for v;_1, is seen to equal

Vg—1 — Vg
7]] .
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We need to prove that conditional on Fj that the rows of Vi1, for j € Jy, are i.i.d. Ny, (0, 3).
Recall that Vi1 = £ X. Since the column span of {41 is contained in that of {x, one may also

write Viy1 as ;& Ve. Similar to the representation Gy = §kG2°ef, express the columns of &4

in terms of the columns of &, as {41 = §k§,§°ef. where 5206“ isan (n—k+1) x (n—k) dimensional

matrix. Using this representation one gets that Vi1 = (££°°7) V.

Notice that & is Fr_1 measurable and that €511 is 0{Fp_1, G} measurable. Correspondingly,

;oef is also 0{Fi_1,Gr} measurable. Further, because of the orthonormality of & and &1, one

gets that fzoef is also orthonormal. Further, as G}, is orthonormal to &1, one has the Gzoef is

orthogonal to the columns of fgoef as well.

Accordingly, one has that Vi1 = (§zoef )TUyg. Consequently, using the independence of Uy, and
Gzoef, and the above, one gets that conditional on o{F;_1,Gx}, for j € Ji, the rows of Vj41 are
iid. Ny, (0,%).

We need to prove that conditional on Fy, the distribution of Vi1 is as above, where recall that
Fr = o{Fr-1,Gg, 2} or equivalently, o{Fy_1, Gk, Zr}. This claim follows from the conclusion
of the previous paragraph by noting that Vi, is independent of Z;, = (G5°/)*Uy, conditional on
o{Fr_1,Gr} as G?’ef is orthogonal to f;oeff.

~adj

Finally, repeatedly apply vi/ /vi—1=1/(1—G;,” | vir—1), for &’ from k to 2, each time substituting

the required expression on the right and simplifying to obtain

Gy @)

Vk—1 1—(ge¥ +...+égcij2+q,‘:‘ij1)y.

Vg 1 — (g

This yields v, = v§, which, when plugged into the expressions for 1wy, establishes the claims. The

proof of lemma 14 is complete.

4.A The Method of Nearby Measures

Recall that the Renyi relative entropy of order o > 1 (also known as the « divergence) of two
probability measures P and Q with density functions p(Z) and ¢(Z) for a random vector Z is given
by

Do (P|Q) = log Eq[(p(2)/4(2))°]-

a—1

Its limit for large a is Do (P||Q) = log ||p/ 4| co-
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Lemma 24. Let P and Q be a pair of probability measures with finite D, (P||Q). For any event A,
and o > 1,

P[A] < [Q[A]eP=El@ (e~ 1/

If D, (P||Q) < ¢ for all a, then the following bound holds, taking the limit of large «,

P[4] < Q[A]e®.

In this case the density ratio p(Z)/q(Z) is uniformly bounded by e®.

Proof. For convex f, as in Csiszar’s f-divergence inequality, from Jensen’s inequality applied to the

decomposition of Eg[f(p(Z)/q(Z))] using the distributions conditional on A and its complement,

QA f(PA/QA) + QA® f(PA®/QA?) < Eqof(p(%)/4(2)).

Using in particular f(r) = r®* and throwing out the non-negative A° part, yields

(PA)™ < (QA)*'Eq[(p(2)/a(2))°]-
It is also seen as Holder’s inequality applied to [ ¢(p/q)1a. Taking the a root produces the stated
inequality. O

Lemma 25. Let Pz be the joint normal N(0,%) distribution, with ¥ = I —bbT where ||b||* = v < 1.
Likewise, let Qz be the distribution that makes the Z; independent standard normal. Then the Rényi

divergence is bounded. Indeed, for all 1 < a < 00,

D(X(]P)ZHQZ) < ¢o.

where co=—(1/2)log[l — v]. With v=P/(c? + P), this constant is co=(1/2)log[1+P/c?].

Proof. Direct evaluation of the « divergence between N(0,3%) and N(0, ) reveals the value

1
D, = —510g|2\ - log |al — (a—1)%|

1
2(a—1)
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Expressing ¥ = I — A, it simplifies to

—%log|I—A| ~ 3 log [T + (a—1)A]

_
(@—1)
The matrix A is equal to bb”, with b as previously specified with [|b]|> = v. The two matrices
I — A and I + (a—1)A each take the form I + ybbT, with 7 equal to —1 and (a—1) respectively.
The form I+~bb” is readily seen to have one eigenvalue of 14vv corresponding to an eigenvector
b/]|b|| and L—1 eigenvalues equal to 1 corresponding to eigenvectors orthogonal to the vector b.
The log determinant is the sum of the logs of the eigenvalues, and so, in the present context, the
log determinants arise exclusively from the one eigenvalue not equal to 1. This provides evaluation
of D, to be

—%log[lfu] - log[1 + (a—1)v],

_r
2(a-1)
where an upper bound is obtained by tossing the second term which is negative.

We see that maxy p(Z)/q(Z) is finite and equals [1/(1 — v)]'/2. Indeed, from the densities
N (0, I-bbT) and N(0, I) this claim can be established, noting after orthogonal transformation that
these measures are only different in one variable, which is either N(0,1—v) or N(0,1), for which
the maximum ratio of the densities occurs at the origin and is simply the ratio of the normalizing

constants. This completes the proof of lemma 25. O

With v = P/(c?+ P) this limit —(1/2)log[1—v] which we have denoted as ¢ is the same as
(1/2)log[l 4+ P/o?]. That it is the same as the capacity C appears to be coincidental, as we do
not have any direct communication rate interpretation of the operation of taking the log of the L,

norm of the ratio of the densities that arise here.

Proof of Lemma 15. We are to show that for events A determined by Fj, the probability P[A] is
not more than Q[A]eF°. Write the probability as an iterated expectation conditioning on Fp_i.
That is, P[A] = E [P[A|Fk—1]]. To determine membership in A, conditional on Fj_1, we only need

Zy, 5, = (Zy,j : j € Ji) where Ji is determined by Fj_1. Thus

P[A] =Ep PX27k+1,Zk,Jk|fk71 [A]} )

where we use the subscript on the outer expectation to denote that it is with respect to P and

the subscripts on the inner conditional probability to indicate the relevant variables. For this
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inner probability switch to the nearby measure Qy, These conditional measures

kot 152k, Ty | Fr—1°
agree concerning the distribution of the independent X? , 41> S0 the a relative entropy between
them arises only from the normal distributions of the Z;, j, given Fj_,. This « relative entropy is

bounded by cg.

To see this, recall that from Lemma 14 that ]P)Zlc,.]k |F_s 18 Ny (0,3%) with ¥ = T — Sk0F. Now

10kl =ve Y. P/P

jEsentNJy

which is (1 — (1 + ... 4+ §x—1))vk. Noting that v, = §v and §x(1 — (§1 + ...+ drk—1)) is at most
1, we get that ||6x||> < v. Thus from Lemma 25, for all o > 1, the « relative entropy between
Pz, 17—, and the corresponding Q conditional distribution is at most cq.

So with the switch of conditional distribution we obtain a bound with a multiplicative factor of
€. The bound on the inner expectation is then a function of Fj;_1, so the conclusion follows by

induction. This completes the proof of lemma 15. O

4.B Proof of Lemma 16

The claim regarding the increase can be checked by induction as follows. For k=1, the ¢g; 1 = ¢(0)—n
is at least gap—n above g1 1 taken to be 0, initially. Subsequently, suppose we are at step k> 1 with
q‘ffl,g_l < z, and suppose the claim holds for k—1. We have f1 ;1 < (k—1)f and ¢1 1 > (k—1)A,
so the ratio satisfies f1 x—1/q1,k—1 < f/A. Consequently, qffi,f_l is at least g1 x—1/(1+ f/A), which
may be expressed as g1 x—1 — (f/A)q1 k—1/(1+ f/A). Then consider ¢; , = g(q?ﬁffl) — 7. Since the
argument of ¢ is less than z,., it follows that this is at least qffig_l + gap—mn, which in turn is at
least q1 -1 — (f/N)x,/(1+ f/A) + gap—n, which is at least ¢1 p—1 + A.

The increase is indeed at least A each step, and the number of steps required for q(lljizb_l to first
exceed z, is not more than m—1 =z, /A < (1—-A)/A = 1/A—1. At that point ¢1 », = g(qf%_l)—n

exceeds g(z,) — n. This completes the proof of Lemma 16.

4.C Distribution of Z;

Here we characterize the distribution of Z, ;, for all j € J, and in the process provide an alternative

proof lemma 14. The proof of lemma 27, which has parallels with recent work by Bayati and
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Montanari [8], has been given in Barron and Cho [3]. For completeness, we provide here a slight
variation of the proof. Lemma 28 provides an alternative proof of lemma 14 using the claims of
lemma 27.

Since it is just a matter of a change of scale, in this section we assume for convenience that the

noise variance 02 = 1. Let (y = (8" : )T and for k > 1, define, By, = (B;M, . ,Bk,N-s-l), as

—/Pj if decp, N J
0 ifj=N+1

Brj =

Notice that G; =Y is equal to X 307 where X = [X : €] is the matrix formed by adding the column
comprising the noise vector € to the X matrix. For k > 1, the vector Bk is non-zero at positions

corresponding terms decoded in step k. The following simple lemma will come in handy.
Lemma 26. For each k > 1, the following holds.

(i) B B = —Pi,

(ii) 113x]1> = P(dx + fr)

Proof. We first prove part (i). From the definition of B, one has Bk, ~N+1 18 0. Correspondingly, one

has,

Bibr=— > BiVP:.

jE€JNdecy,

Now, B;1/Pj is P; for j € sentNdecy, and is equal to 0 otherwise. Correspondingly, the above sum

is equal to — ) P;, which is —Pgj.

jEsentNdecy,

For part (ii), notice that,

1Bel>= > P+ > P,

j€E€othersndecy, j€E€sentNdecy,
which is equal P(g + fk) This completes the proof. O
Further, let bg, b1, ..., by be orthonormal vectors obtained by successive Grahm-Schmidt or-
thonormalization of the vectors 3y, Bl, ceey Bk. Notice that 31, ..., Bk_l are Fi_1 measurable as
they are completely specified from knowledge of the decoded sets decy, . .., deci—_1, which are Fj_4
measurable. Consequently, the same is true for the vectors bg, by, ..., bg_1.
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Let Wy = I — boby — ... — br_1bj_; be the RWV+DX(N+1) projection matrix for the space
orthogonal to that spanned by Bg, ceey Bk_l. The sub-matrix W, = (Wk) 7, formed by taking the
first N rows and columns of W}, gives the covariance matrix of the noise term in the conditional
distribution of Zj, given Fi_1. We formally state this in the following lemma. For convenience take

Fo to be the empty o-field and Wy to be the N x N identity matrix.

Lemma 27. For k > 1, the conditional distribution Pz, |7, _, of Zy given Fj_1 can be representa-

tion as,
Gl
Ok

2 = b1

+Zk7

where Zy, is distributed as N (0, Wy) conditional on Fr_1, where Wy, is as given above.
Further, o3 = Be_1Wi_18k_1, for k > 1. Moreover, conditioned on Fy,_1, the quantity IGell/ok

is independent of Zy, and has a Chi distribution with n — k + 1 degrees of freedom.

Proof. The notation for some of the quantities used here will be different from that used in the

proof of lemma 14 given in section 4.19. Let

X =[X:¢

be the n X (N + 1) matrix formed by adding the column comprising of the noise vector € to the
dictionary matrix X. Further, for each k > 1, let

Gy,

Zp=X" .
jren|

(4.40)
Notice that 2, = [ék] J- In other words, Z; corresponds to the first IV entries of the the length
N + 1 vector Zk.

Also, denote Fy_; = a{Gy, ...,Gg_1, Zi,.. ., Zr—1}. Notice that Fi_1 is a larger o-field that
Fi_1 since it comprises of Zk/, for ¥ =1,...,k—1, instead of Z;.’s in Fj_1.

We prove prove lemma 27 by showing that the conditional distribution of Zj, given Fj_; may
be represented as,

Gkl | -

2 =bp1— + Z, (4.41)
ok

where Zj, is distribution as N (0, Wk), conditional on Fy_1. Also, conditional on Fj_1, the quantity

|Gk||/ok follows X, _r+1 and is independent of Zj.
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Lemma 27 immediately follows from the above as the quantities bx_1, o), as well as the co-
variance matrix W, as all F,_; measurable. This follows since these quantities are functions of
BO, ey Bk_l, which are Fj_; measurable.

For each k > 1, express X as

- G1 5 Gr-1 3
X=—"=21 4+ ...+ 75251 + &V
1G4l 1GE1ll ’
where & = [§gk t ... ¢ €kn] 1s an n X (n — k + 1) orthonormal matrix, with the vectors ¢ ;, for
i =k,...,n, being orthogonal to G1,...,Gr_1. This & is chosen exactly similarly as in the proof

of lemma 14 in section 4.19.

The j th column, where j =1,...,N + 1, of the (n — k + 1) x (N + 1) dimensional matrix Vj
gives coefficient of the expansion of the column Xj in the basis &k k) &k kt1, - - -, Ek,n. We first prove
inductively that for £’ > 1, conditional on Fys_1, the rows of Vj are i.i.d. N(0, Wk/,l).

Clearly the hypothesis is true for k¥’ =1, as V; = X. Let’s assume that hypothesis holds for a
k' =k, for some k > 1. We need to show that it holds for &’ = k + 1 as well.

Notice that G}, = §kaﬂ~k,1. Denote as,
Gl = (G, G = Vi

In others words, the vector Gzoef gives the coefficients in the expansion of G}, using the columns of
&. As a consequence of the induction hypothesis, conditional on Fj_1, the Gz?ff, fori=k,...,n,
are i.i.d. N(0,0%), where o7 = Bg_lm,lék,l. Here we make use of the fact the f_1 is Fj_1
measurable.

Notice that Vi, and G¢°¢f are jointly normal conditional on }:k,l. Denote the entries of V}, as
Vi,ij, where i = k,...,nand j = 1,...,N + 1. Correspondingly, similar to lemma 13, through

conditioning on Gzoef (and Fj_1), may be expressed as,

coef

Viij =br—1; ;; + Ui j, (4.42)

where by_1 ; = E(Vyj GZ?:f/O'k), where the expectation is assumed to be conditional on Fj,_;.
Denoting by—1 = (bg—1,; : j = 1,..., N + 1), one sees that by = Wk,lﬁk,l/ak, which has norm 1,

since o7 = | Wi—1Bk—1]|?, as Wy_1 is idempotent being a projection matrix. Correspondingly, this
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definition of by_1 is consistent with that given previously.

Further, denoting Uy as the (n — k + 1) dimensional matrix with entries Uy ; ;, one has that
Uy, is independent of Gzoef, conditional on Fi_1, and further, the rows of Uy are i.i.d. N(0, W),
where

Wi =Wi_1 —bp_1bF_,.

This definition of W}, is also consistent with that given previously.

Assuming that the induction hypothesis is true, (4.42) allows us to prove our claim regard-
ing the condition distribution of Z given Fr1 given in (4.41). To see this, recall that Z, =
X*Gy, /|G|, which, using the expansion in the basis represented by columns of &, is also equal to

V,EGeoet J||Geoet||. Accordingly, using (4.42) one gets that

N Gcoef 5
Zy = bk—1M + Zy

Ok

where Z;, = UFGeee! J||Ge¢!||. Since, conditional on Fj_, the entries of G{°*/ are i.i.d. N(0,02),
one has that [|G°*/||2/o? follows X2_, . Further, as Uy, is independent of G§°*/, using the same
reasoning as in the proof of lemma 13, one has that Z, follows N (0, Wk) and is independent of
G (conditional on Fj_1).

What remains to be proven is the conditional distribution of Vi1 given Fi. The proof is similar
to that given in section 4.19. We write it verbatim, only changing notations whenever necessary.

Recall that Vi1 = 5,3“5(. Since the column span of &1 is contained in that of &, one may
also write Vi11 as § & Vk. Similar to the representation G = §;€Gioef, express the columns of
€41 in terms of the columns of & as &xy1 = & &Y. where €°Y is an (n — k + 1) x (n — k)
dimensional matrix. Using this representation one gets that Vi1 = ( ;Oef ) V.

Notice that & is Fr_1 measurable and that &t 1S 0'{.7:—].3_1, Gy} measurable. Correspondingly,

Zoef is also o{Fy_1, G} measurable. Further, because of the orthonormality of &, and &1, one

gets that {;O‘ef is also orthonormal. Further, as G}, is orthonormal to £, 1, one has the Gzoef is
orthogonal to the columns of f,ioef as well.

Accordingly, using (4.42) and the fact that (£,°°7)*G°*/ = 0, one has that Vi1 = (£2°°) Uy
Consequently, using the independence of Uy and Gzoef , and the above, one gets that conditional

on U{.?’:'k,h G}, the rows of Vi are i.i.d. N(0, Wk)

We need to prove that conditional on Fy, the distribution of V41 is as above, where recall that
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F = o{fk,l,Gk,ZN'k} or equivalently, U{fk,l,Gk,Zk}. This claim follows from the conclusion
of the previous paragraph by noting that Vj1 is independent of Z, = (Gzoef YUy, conditional on

o{Fr_1,Gi} as Gzoef is orthogonal to fgoeff. This completes the proof of the lemma. O

Lemma 14 is an immediate consequence of the above lemma. Notice that lemma 14 gives explicit
expressions for the conditional distribution of Z ; = (Zk,j :j € Ji), given Fy_1. From lemma 27

one gets that conditional on Fj_1, one has

Zyj = Vnbe_1;(Xa, /Vn) + Zy;  for j € Jy.

Here Pz, , |7, s N(0,%g), where ¥, = (Wk)(lk. Accordingly, lemma 14 is proven one we evaluate

the quantities by_1 j, for j € J and (Wk)Jk This is done in the next lemma.

Lemma 28. The covariance ¥y, = (Wk)]k has the simplified representation as given in lemma 14.
Further,

VWrCj r,B

br—1,; = Tl{jesent} for j € Jy.

Proof. We first prove the expression for X = (Wk) P Recall that Wy, = I — Ppg, , where Pp, is the
k
projection matrix in the space spanned by By =[G : 1 : ... : Bx_1]. We denote By as B whenever
there is no ambiguity. We compute Pp by exhibiting an orthonormal basis V for B. Consequently,
W, becomes I — V'V,
Notice that in B = [BO Byt Bk—ﬂ, the vectors 31, s, ..., Bx_1 are orthonormal, since the

location of non-zeroes in these vectors occur at disjoint locations. Correspondingly, we are only left

with the task making the vector By = (6%, 1)* orthogonal to Bi, Bas ..., Br—1-
We see that bL‘fl, the projection of Bg onto space spanned by Bl, Bg, ooy By is given by
k-1 g
I S
k/z::l G + frr
The above follows from using that tbgﬁk/ = —qp and ||Bk/||2 = Gw + fi, as proved in lemma 26.

The above may also be expressed as,

Gt - o , ) -
bQ L= Qk/+fk,\/?7 if jedecp and 1 <k <k-—1
-1

0 otherwise
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From this we get that b;_, = (blt—l,l’ . l);_171\,_~_1)T7 the projection of By orthogonal to 31, Ba, - .., Be_1,

which is also equal to 50 — b,C 1, 18

63' lfj € Ji
_Je_ /P, if j , <k <k-
b,t_lj _ P P; if j €decprNsent and 1 < k' <k-—1 (4.43)
5 _ ék/ - . . , / o
P VFPj if j € decyr Nothers and 1 <k <k —1
1 ifj=N+1

We now find the norm of by_; ;. Notice that,

2 H=r- >

JjEJk jEsentNdecy k1

k-1
=P1- Z k).

k'=1

The first expression follows from using that J, = J —dec; ;-1 and the fact that 3; is non-zero only

if j € sent. From this and using (4.43), it is seen that

k—1

k—1 P
~ f2/ q ’
b1 |I? =1+ P(1— Qk/)+Z+A2 > P+Z —— > P

k'=1 k=1 (qk/ + fk') deeck/ﬁsent k'=1 qk' + fk,) j€EdecyrNothers
k—1 f q

=1+P1— Y ) +P — g +P e fk,
k—1 k—1 Jg ~

=1+P1-Y Gu)+P A‘“iq’i
k=1 w1 G+ S

_ Aad_],tot
=1+ P( s )7
~adj,tot

where qadj’ is as in (4.20). The last expression may also be written as, ||bj-_,||> = (1+P) ( ) ) .

Thus,
1

bl 2 —
Il = e

where $;, is as in lemma 14.
The above calculations lead us to the orthonormal matrix V' = [bt_,/|bx_,|l : Bu/l|Bu]l = -

Br—1/lBk—1|)], with the same column space as B. Recall that ||8x||2 = P(qr + f) for k > 1, from
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lemma 26. Consequently, the projection matrix Pg can be expressed as

Pp = by (bg_y)” — Bk/ﬁ,f,
b1 Il Io3_1ll 7= P(aw + fir)

From the above expressions for the vectors in V, one sees that j € others N J, and j' € J |
(PB); ;= (PB); ; = 0. This follows since for j € others we have by_, ; = 0 and since the j th row
of [Bl Do Bk_l] is all 0 for j € Ji as the index j has not been decoded in previous steps.

Further, for j, j' € sent N J, we have,

(PB)j,j/ = (1 —v)3(B;B;")-

This is seen by noting that b,i_m = B, for j € sentNJ}, and as before the j rows of B, 1<k <k—1
are all zero for j € Jj.

Thus Zj, 5, has covariance matrix I — X, where
Sk =1—-v8(88")1. /P,

using (1 — v)P = v. Also, as before, (687),, refers to the sub-matrix of 83" comprising of rows

and column indices from Jj.

Next, we now prove the claim regarding the expression for b;_; ;. Notice that,

(I - Pp_,)Bk
I(I = Pp_,)Br-1ll’

br_1 =

where for convenience we write By_1 as B_1. Notice that the denominator of the above expression
is simply 0.

Let’s evaluate (I — ngl)ﬁk,l. Using the same reasoning as before, one has that,

bia (i)™ X BwhL
b oll 16k 2l Z= P(Gw + frr)

Pp , = |

Consequently,
ﬁl:— 1 bljc_—2 s

Pp_, Br—1 = o L2 k2
k-2

The above follows as B[?/Bk—l =0 for 1 <k’ < k—2. Now notice from the form of b;_, given in
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.43), that 3 _1br_ o= —Pgi_1. e above evaluates to
4.43), that 57 _,b;_, P The ab 1
Pp_Br-1=—(1 — 1)35_1 Pir_1b}_,. (4.44)

Accordingly, o7 = ||[(I — Pp_,)Bk_1|? is equal to ||Bx_1|> — BF_,Ps_,Bk_1, which using (4.44)
evaluates to

P(Gh—1+ fr—1) — (1 = v)85-1(Pds—1)?,

which simplifies to,

R A Sk
P(Gr—1 + fr—1) Ii !
S,

For j € Jj, we have (,_; ; = 0 and bj,_2; = B;. Consequently,

. P
bi-1 = (1= v)31 U’; ~3;
= VP - Va5 @Y, 5;

VU rB Wk
R 1{jesent}

where we use that §;_15 ((j,‘:d_jlu) = wyg. This completes the proof of lemma 28. O
4.D Tails for weighted Bernoulli sums

Lemma 29. Let W;, 1 < j < N be N independent Bernoulli(r;) random variables. Furthermore,
let aj,1 < j < K be non-negative weights that sum to 1 and let N, = 1/max;c;. Then the
weighted sum 7 = Zj o;W; which has mean given by r* = Zj o;rj, satisfies the following large

deviation inequalities. For any r with 0 < r < r*,
P(# <r) <exp{—Ny,D(r|r*)}
and for any ¥ with r* <7 < 1,

P(i > 7) < exp {—Ny D(7|r*)}
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where D(r||r*) denotes the relative entropy between Bernoulli random variables of success parame-

ters r and r*.

Proof of Lemma 29. Let’s prove the first part. The proof of the second part is similar.

Denote the event

A:{KZZCYJ‘WJ‘ ST}
J

with W denoting the N-vector of W;’s. Proceeding as in Csiszar [? | we have that

P(A) = exp{—D(PwjallPw)}

IN

exp{ — ZD(PWj|A||PWj)}

J
Here P4 denotes the conditional distribution of the vector W conditional on the event A and

Py ;14 denotes the associated marginal distribution of W; conditioned on .A. Now
ZD<PW]‘|A”PWJ) > Na ZajD<PWj|A||PWJ)'
J J
Furthermore, the convexity of the relative entropy implies that

> a;D(Pw,a |l Pw,) > D | Y a;Pw,all > a;Pw,
J J i

The sums on the right denote a mixtures of distributions Py |4 and Py, , respectively, which are
distributions on {0,1}, and hence these mixtures are also distributions on {0,1}. In particular,

> ; ajPw; is the Bernoulli(r*) distribution and > ; av; Pyy; |4 is the Bernoulli(re) distribution where

Al.

e :E[Za,wjm] =E[r
J

But in the event A we have 7 < r so it follows that r. < r. As r < r* this yields D(r. || r*) >

D(r || r*). This completes the proof of lemma 29.
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4.E Lower Bounds on D

Lemma 30. For p > p*, the relative entropy between Bernoulli(p) and Bernoulli(p*) distributions
has the succession of lower bounds

(p—p*)?

* * ¥ 2
Dper(plp*) = Dpoi(pllp*) = 2(VP —VP* )™ = %

where Dpy;(pllp*) = plogp/p* + p* — p is also recognizable as the relative entropy between Poisson

distributions of mean p and p* respectively.

Proof of Lemma 30. The Bernoulli relative entropy may be expressed as the sum of two positive
terms, one of which is plogp/p* + p* — p, and the other is the corresponding term with 1—p and
1—p* in place of p and p*, so this demonstrates the first inequality. Now suppose p > p*. Write
plogp/p* + p* — p as p*F(s) where F(s) = 2s?logs + 1 — s? with s? = p/p* which is at least 1.
This function F and its first derivative F’(s) = 4slogs have value equal to 0 at s = 1, and its
second derivative F”(s) = 4 4+ 4log s is at least 4 for s > 1. So by second order Taylor expansion
F(s) > 2(s —1)® for s > 1. Thus plogp/p* + p* — p is at least 2(,/p — \/]?)2 Furthermore
2(s — 1)2 > (s%2 — 1)2/(2s?%) as, taking the square root of both sides, it is seen to be equivalent to
2(s — 1) > s2 — 1, which, factoring out s — 1 from both sides, is seen to hold for s > 1. From this

we have the final lower bound (p — p*)?/(2p). O
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