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Abstract

In many areas of application of statistics one has a relevent parametric family of
densities and wishes to estimate the density from a random sample. In such cases
one can use the family to generate an estimator. We fix a prior and consider the

properties of the predictive density as an estiamtor of the density.

We examine the cumulative risk of the estimator and its cumulative Bayes risk
under Kullback-Leibler loss. Those two mathematical quantites appear in other con-
texts with different interpretations. Aside from density estimation, the first quantity
occurs in source coding, and hypothesis testing, and the second occurs in source cod-
ing, channel coding, and asymptotic convergence of the posterior to a normal. In
the first chapter we state our two main resulis, give some examples, and discuss the

applications of our results to those areas.

Our two key results amount to two senses in which the Kullback-Leibler distance
between the n-fold product of a distribution in a parametric family and a mixture of
such distributions over the parametric family increases as the logarithm of the sam-
ple size, provided that in the mixing some mass is assigned near the true distribu-
tion. The first is a direct examination of the Kullback-Leibler distance, the second is
an examination of the Kullback-Leibler distance after it has again been averaged with
respect to the prior. We prove that each is of the form one half the dimension of
the parameter times the logarithm of the sample size plus a constant. In both cases

the constant is identified.
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The key technique for the first result is Laplace integration which gives upper
and lower bounds which are asymptotically tight and can be made uniformly good
over compact sets in the parameter space. When the parameter space is no longer
compact it becomes advantageous to use different techniques in obtaining upper and
lower bounds. The convergence holds in an average sense not pointwise uniform.
For the upper bound we use an inequality due to Barron (1988) so as tc set up an
application of the dominated convergence theorem, and for a lower bound we use

the fact that the normal has maximal entropy for constrained variance.
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Chapter 1: Applications of the Key Resuits

1.1 Introduction

Initially this work was motivated by trying to identify the constant term in an
asymptotic expansion for the redundancy of a source code. For sample size n, and a
d dimensional parameter indexing a family of distributions, Rissanen (1984) gave
upper and lower bounds of (d/2)log n, accurate to o (log n), for the redundancy in a
general context. We also narrowed the focus to a parametric setting, but chose to
examine the relative entropy distance which represents the redundancy of a Bayes’
code. By that extra restriction, and some different techniques, we were able to
obtain an expression for the redundancy accurate to o(1). Our result, in this con-
text, is that the redundancy, which we denote D (Pg |l M, ), where M, is the mix-
ture with respect to a prior, of the densities in the parametric family of which pg is a
member, is

(dl2) log n/2ne + logl/w(B) + (1/2) log det 1(0), ¢))

plus an error term which goes to zero. We have denoted the prior density by w, and
the Fisher information at © for one observation by 7(0). There are two hypotheses.
One is the finiteness of an expected local supremum of squares of second derivatives
of the log-likelihood; the other is that the posterior distribution concentrates on
neighborhoods of the true value of the parameter at rate o(1/log n). An alternate
hypothesis involves a restriction on the type of parametrizations which are allowed.
We call this concept the soundness of the parametric family. Our bounds are on a
more restricted class than were Rissanen’s, however they are more accurate. Indeed,
we expect that by use of more exacting techniques, such as in Tierney and Kadane
(1986), a better expression could be obtained, accurate perhaps to order O (1/n?).

Although the quantity we examined arose from information theory, it also has a
direct statistical interpretation. Tt is the cumulative risk of the parametric Bayes’ esti-
mator under Kullback - Leibler loss, and it is the error exponent of a suitably formu-
lated hypothesis test. The dssirability of a more accurate expression stems from this
correspondence between cumulative risk and redundancy: one wants to know the
risk as well as the cumulative risk. Also, it has been noted by Leonard (1982) and
De Groot (1970) that expansions for posterior distributions typically include a log n
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term. As the examples of the next section will show our key results fail to account
for 1/n behavior although work by Haughton {1988) seems to indicate that they are
accurate to order O (1/Vn).

The next step undertaken was to seek conditions under which our approxima-
tion, (1), could be made uniformly accurate in the parameter so that we could
approximate the integral over the parameter space with respect to a prior density.
That mathematical quantity can be interpreted as the Bayes’ cumulative risk of the
Bayes’ density estimator under Kullback-Leibler Icss or as the average redundancy of
the Bayes’ code. This extension approximates those quantities to within o(1). A
convenient but weaker version gives O(1) bounds. Thus, we found conditions under
which our approximation, (1), to the pointwise redundancy could be averaged with
e redundancy, is mathemati-

astensawaas

respect to the pricr., The resulting guantity, the average redundar

cally the same as the Shannon mutual information even though they, too, have very
different interpretations.

Our result in this case is that the mutual information, 7(©; X"), which is the
average of D (P§ |1 M, with respect to 6, is

(d/2)logn + H(®) + (1/2)f w(0) log det 1(08)d®, 2)

plus an error term which goes to zero with large n. We have used H (®) to denote
the entropy of a the parameter as a random variable, and X", to denote n repetitions
of the experiment. The hypotheses are not quite so neatly summarized because, in
our proof that (2) lower bounds 7 (©; X"), we used the maximum likelihood estima-
tor, the MLE, requiring it to be consistent and close to the Bayes estimator under
squared error loss. Sufficient conditions for those two results to hold can be found
in work due to Bickel and Yahav (1969). In the proof that (2) upper bounds
1(©®; X"), our key assumption is that the second order Taylor expansion is a uni-
formly good approximation to the Kullback-Leibler distance between members of
the parametric family on the support of the prior, and that our approximation for the
Kullback-Leibler number is valid pointwise.

Given a class of Bayes’ solutions, which incorporates a minimization, it is
natural to ask if one of them achieves the maximal Bayes’ risk. Since (2) is an
expression for the Bayes’ risk which is reasonably accurate, in particular, has a term
which is dependent on the prior, we can use some standard reasoning to obtain the
minimax estimator, its minimax cumulative risk, and the least favorablc prior. In
information theoretic terms we have identified a minimax-code, and the minimax
redundancy.
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The rest of this chapter is devoted to examples and applications of the results
which are proved later. In the examples we consider the normal family, and a
parametric family in exponential form with the natural parametrization and use a
result due to Berk (1970) to see that our hypotheses are satisfied. We address den-
sity estimation and coding since they were central to the formulation of the problem.
Other areas of application we will address are: asymptotic convergence of the poste-
rior to the normal, hypothesis testing and channel capacity. Although we have, for
the most part, assumed that the prior has a density with respect to Lebesgue meas-
ure, we also consider the case that the prior is discrete, and see that the behavior of
the cumulative risk and cumulative Bayes’ risk is very different: asymptotically it is
a constant dependent only on the prior probability of the true distribution.

Chapter 2 gives a formal proof, under the best hypotheses we could find, of (1),
the o(1) asymptotic approximation for the Kullback-Leibler distance between the
true density and a mixture of densities with respect to a prior. The technique of
proof is to partition the underlying probability space in two ways: one for an upper
bound and one for a lower bound. Each partition has two elements: one element
which contains those points for which a condition fails and one element which con-
tains those points for which it holds. We show that integration over the set on
which either condition fails contributes only a negligible amount. An estimator is
introduced for the purpose of proving the result. In earlier versions we used the
MLE, or the mode of the posterior. In this version we use one which is a stochastic
perturbation of the true value of the parameter. This is not a true estimator since it
depends on the estimand. It was introduced by Lehmann (1983) to prove efficiency
of Bayes’ estimators, but he credits Bickel for the idea. Use of that quartity in this
context was first recognized by Barron.

At the end of the chapter we try to show that the hypotheses under which we
have proved that (1) closely approximates D (Pg !l M, ), are not too stringent. This
is important because it is not clear when the rate assumption on posterior con-
sistency is satisfied. We introduce the idea of the soundness of a parametrization
and show that it is a sufficient condition for the rate assumption. The idea, as
explained in Chapter 2, Section 3, is that inferences made from the parametrization
should be sound in the sense that a sequence of parameter values converges to a
point in the parameter space if and only if the sequence of densities they index con-
verges to the density indexed by the limit point. This ensures that the manifold of
densities does not wrap around in any strange ways.
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We are able to prove that soundly parameterized families are consistent a pos-
teriori, at the desired rate, by applying the nonparametric work of Kiefer and Wol-
fowitz (1958), a result due to Schwartz (1965), and a convenient upper bound on
the relative entropy due to Barron (1988). Here we restrict attention to random
variables taking values in a finite dimensional real space and use the Kolmogorov-
Smirnov distence, assuming it to be equivalent to the Euclidean meiric on the
parameter space. In the last section of Chapter 2, we give another example of the
approximation (1), this time for a parametric family of discrete random variables.
We do this for the sake of completeness: the other examples are for continuous ran-
dom variables. We defer this example since it is technically a bit more complicated
to work out the approximation without using the theorem. We remark that our
results hold for both discrete and continuous random variables.

In Chapter 3 we give a formal proof that the integral of the approximation (1),
is a good approximation to the integral of the approximand. We consider two cases:
the parameter space is compact, and the parameter space is not compact. In the
compact case, we continue the approach taken in Chapter 2 by showing that the
approximation for each 0 is uniformly accurate over compact sets in the parameter
space. This gives general hypotheses, if a bit stfong, which we use so as to unambi-
guously identify the least favorable prior.

In the noncompact case we continue to deal with upper and lower bounds
separately. Here we deai with the convergence of the integral itself rainer than, as in
the compact case, dealing with the convergence of the integrand. Proving that (2)
lower bounds 7(©; X") presents the difficulty of examining the covariance of an
estimator, and requiring that it converge to its asymptotic value. One of our
hypotheses is that the Bayes’ risk under squared error loss be asymptotically O (1/n).
This can be inconvenient to verify but is typical of many examples. We expect that
the lower bound holds under significantly weaker hypotheses but have not yet
proved it. That {2) upper bounds 7 (®; X™) is proved without reference to the com-
pactness of the support of the prior. It reduces to the compact case but is different
in that it is not pointwise uniform; it, too, deals with the average. It is a limitation
of that result that the logarithm of the prior is assumed to be uniformly continuous,
for this rules out the normal prior. In the applications sections, we will be drawing
our inferences without specifically stating the hypotheses of the results, since they
will be identified in the statements later, and this will allow the presentation to be
smoother.
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1.2 Notation and Statements of Main Results

In the next sections we will be evaluating examples and giving applications of
our results. The main quantity which recurs through much of our analysis is the
Kullback-Leibler number which when evaluated for distributions P, and Q is

= p(x)
D(PIIQ) = | p(x)log EEA(),

where p, and g are the densities with respect to the dominating measure A. We take
all logarithms to have base e, except in Section 5 where base two is used.
Equivalently, we will write the arguments of the Kullback-Leibler number as the
densities. Generally, we will assume that a dominated parametric family
{Pgl @ € Q}is given, in which Q is contained in R¢, and has nonvoid interior. The
notation p(x | 0) is used interchangeably with pg(x) to indicate the value of a den-
sity. We write 6= (0, ...,8;) and it will occasionally be convenient to write
D (611 0) for D(Pgll Py). When we think of the parameter 0 as a random variable
we will denote it by 6. We assume that © has a density with respect to Lebesgue
measure and denote that density by w. Often w is called a prior and is used to
define a mixture of distributions. The density of the mixture distribution M,, is

Mm,(xXq1,..0%,) = [ w(B)pg(xy) - - - pg(x,)do.

Under the true distribution the X;’s are independently and identically distributed, but
under the mixture they are only exchangeable. Typically, we will denote the n-fold
product of a density or the measure it defines by a superscript n. The n will occa-
sionally be omitted when no ambiguity about the meaning will result. We will often
consider a fixed 6,. When we do we will be assuming that 6, is in the interior of Q
and that the prior w is continuous almost everywhere, in particular it is continuous,
and positive, at 6,. In addition, we will assume that the prior probability of the
boundary of Q is zero. A sequence of random variables X,,...,X,, with outcomes
X1,....X,, Will be abbreviated to X”, and x*, respectively.
At any point © in the parameter space, the Fisher information is the d x d
matrix
32
00;00;

1(6) = - [Ee logP(Xlle)]

ij=1,...d
Another concept of information is Shannon’s mutual information which we write as
p

I(X; Y)=D(Px'y”PX X PY)’
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for random variables X and Y. We shall be concerned with the case that X is © and
Y is X*. For, then we have that

I1(8;X"y=| w(@)D(P§IIM,)ds,

i.e., averaging the Kullback-Leibler number over the parameter space gives the
mutual information.

Our two main results are asymptotic expansions for D (P§ 11 M,) and I(©; X").
Indeed, because of the averaging relation between them, we hope that, upon integra-
tion, a pointwise asymptotic approximation for D (Pg !l M,) will give an asymptotic
approximation for 7(®; X"). This is in fact what we have shown. First, our point-
wise approximation is summarised in the following.

Theorem 1.2.1: Suppose that I (8,) is positive definite and that there exists a & > 0
so that for each i,j from I to d
2

) 2
I o0
Ee"(le-sg,pk &) 00;08; logp(x10)1°< o0, 3)

and that the posterior distribution is consistent at rate o (1/log n). Then

L, o). 4

d n 1
D(PR IIM,)) = —log —— + —
(P, n) > 0og logdet 1(0,) + log TR

2e 2

We prove the theorem rigorously in Chapter 2.
By posterior convergence at rate o(1/log n) we mean that for any open set N
containing 6,

1
logn

8, (WN°IX")> o) = o( )

for all @ > 0. Here W (-1 X") is the posterior distribution of ® given X".

We have found various sets of conditions under which integrating the pointwise
approximation bounds the mutual information. If the parameter space is compact,
denoted K, then we can use moment conditions to show that the error term is uni-
formly small as a function of 6, so that we can directly integrate with respect to w.
When the parameter space is not compact, we use different techniques to obtain
lower bounds and upper bounds. We state a version of our result for the compact
case. Let H(X) be the entropy of a random variable X,

A(dx),

1
H(X) = 1
(X) =] p(x)log >0

and M (@, 8) denote a neighborhood about 6 of radius d in the Euclidean norm.
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Theorem 1.2.2: Suppose that w(0) and det I (0) are bounded away from zero for ©
in K ; for each positive a. and & we have that

U Po(W (N (8, B)°1X") > ) = o(ﬁ), (3
and that for all i and all j there is a 8 > 0 which satisfies
supEg sup (—az-— logp(X;10))% < oo, (6)
6ek @:10-¥¢I< § 06;06;
Then we have that (4) is uniformly valid and ,
f w(@®)D(PZIIM,)dO

N AV S §
=3 log e + > J w(0)logdet1(6) do+ H(®) + o(1). N

This theorem will be proved rigorously in Chapter 3. We have tacitly assumed that
the quantities appearing in (4) and (7) are finite. Note that (6) is a strengthened
version of (3), and (5) is a uniform version of the posterior consistency hypothesis of
Theorem 1.2.1.

In the sections that follow we will refer back to these two results. Note that the
uniformity of (4) is proved only over compact sets. We use this in Sections 4 and 5
in minimaxity arguments, but, elsewhere the extra strength of uniformity is not
required. It should be understood, therefore, that outside of those arguments the
noncompact case can be included by the same reasoning. The more general validity
of (7) is proved in Chapter 3. We have restricted ourselves to the compact case for
the sake of exposition.

1.3 Motivational Examples

In the first part of this section we give some examples of Theorem 1.2.1 and in
the second part we give an example of Theorem 1.2.2. Where reasonably possible
we have evaluated quantities directly so as to see that the result agrees with our
theorems. Otherwise we have demonstrated that our theorems give results which
are not readily obtainable.
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We consider two examples for Theorem 1.2.1. In the first we use a normal
parametric family with a normal prior. In this case, we calculate explicitly the same
expression as is given by the approximation. After that, we show that the
hypotheses of Theorem 1.2.1 are satisfied by any family in exponential form with the
natural parametrization.

Let w be a N(0,1) prior for the parameter yu as it appears in a sequence of i.id.

N (i, 1) random variables. We denote the mixture distribution, M, , with density
m,(x") = fw()p(x" in)dy,
and calculate D (P |1 M) explicitly. The mixture is

im}

e
(zn)(u-b-l)/’l e
Expanding the sum in the exponent and completing the square in p gives

n n

(ne 1) pIES (X x:)?
2 = n+ i=1 2 i=1
—pc+ = - - + .
2 TR B TR TTTSY

Recognizing the variance as 1/(n+ 1), the mixture is

mx®)=[=, du.

_(n+1)

12T x2 + (T x)2n+1)
e i=] i=1

me) = T o

Now the Kullback - Leibler distance is

PR (X"™)
D (P} |1 M,) = E,log —-——
M,(X")
n
(T X)?
_ ll 1 1 n 2 i=1 n 2
= Zlog(n + 1)+ ?E“[ZIX" aiarereraie »_ZI(X.- - 1]
= =
=1 np? _ __n
=let Dt D T I ) ®)

Theorem 1.2.1 applies since the local supremum condition, (3), is trivial and the rate
of convergence is guaranteed by a result due to Berk (1970) which gives an
exponential rate. Alternatively, we could argue that, by the conjugacy of the prior
we have the required rate of convergence, but that’s harder. The approximation
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gives
1 n 1 1
PR IIM,) = —log — + —I + 1
D(Py n) > log > 2ogdetlf(u) ogwm)
1 1, p?
= e ——+ .
2logn 2 )

We see that the difference between the exact expression- and the approximation
tends to zero. The log terms are no problem: the difference goes to zero at rate 1/n
from Taylor series expansions. The remaining terms in (8) tend to —1/2 + p2/2 as
expected. Note that the difference between the approximation and (8) is of order
1/n.

Next we look at a more general example: We show that any one parameter
exponential family satisfies the hypotheses of Theorem 1.2.1. This actually holds for
any finite dimensional exponential family; we assume there is one parameter because
the notation is simpler.

Consider the family
p(x1M) = %4 eV (x) + §(x) + ulm)
in which u# is the normalizing constant, assumed to be at least twice continuously
differentiable and 7, is the indicator function for the set A. We recall that
E,T = -u’'(n),
and that the Fisher information is independent of the data:

inm) = -u”(m).

Since u is twice continuously differentiable, the expected supremum condition (3)
holds. The posterior consistency condition again holds: Berk (1970) showed that an
exponential rate holds for families in exponential form.

Now we have a large class of examples to which Theorem 1.2.1 applies. In prac-
tice, the result of Theorem 1.2.1 may appear to be more accurate than the direct cal-
culations we have made in certain examples. This will be seen in Chapter 2, Section
4 where, as in the next example, we will implicitly be evaluating only one term, the
second, in the right hand side of the decomposition
peX™) Py(X™)

D(P3IIM,) = Eglo Eg log —, (9)
8 n 6 gp 6 gm(X")

x")

since it is that term which captures the logarithmic dependence on the sample size.
We evaluate the second term without justifying the steps because the theorem will
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guarantee that the result is valid. Despite that, we believe that a justification for how
we approximated that term can be given. We remark that the first term tends to
-d/2, a fact proved in Clarke and Barron (1988), a fact which is plausible since a
Taylor expansion about the MLE shows that the term looks like the expected value
of -1/2 times a Chi-square random variable with d degrees of freedom.

Next we turn to an example in which we are concerned with the average of the
earlier approximation. Here, we give an example of Theorem 1.2.2 which assumes
compactness of ‘he parameter space. At the end of Chapter 3 we will examine the
same distributions as we did for Theorem 1.2.1 and see that, as before, explicit
evaluation of mixture densities is difficult. Where they can be directly evaluated,
our examples do verify our results.

Consider a Beta(q,q) prior on a sequence of Bernoulli (p) random variables
with p as the true value. The prior was chosen not for its conjugacy but rather for
the fact that the mixture comes out as a ratio of Beta functions and we can obviously
integrate the logarithm of the Fisher information of a Bernoulli against the integrand
of the Beta function.

The mixture density is

n n
B(Yx;+q,n-3 +q)

i=1 i=1

B(q, q)

T(3x+ q)T(n - 3 + q)

i=l i= 1
F'(n + 29)B(q, q)
The Kullback - Leibler number is

m((x") =

P,(X™) ilx‘ "~}"3Xz
E,log _E_n_ = E, log B(q, Q)S(n + 29)p (ln— p)
mn D(YX; + q)T(n - 3 + q)

i=1 i=1

n
which, if we write 3 X; ~ np, is approximated by

]
-nH(p) + log B(q,q) + log (n + 2q - 1)!
-log(np+ g~ D!I-log(n(l=p)+q - 1!,

We apply Stirling’s formula to the factorials and simplify to obtain

1 n 1
— — + - ————
2log o logB(q, q) + (¢ — 1/2)log 7(1-p)
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Integration over the parameter space with respect to the Beta( q, q ) prior distribu-
tion gives the approximation

~1(1 - pye-! 1

1 n p?
1(6,X") ~ —log—=——+logB(q,q)+ (¢ - 1/2) [{ lo dp.
( )~ Slog o~ gB(q,q) + (q ) fo Ba. ) T
If we apply the formula then we get
1 n 12710 - pya-t 1
I(6, X"y~ =lo + H (Beta(q, + = 0 dp.
( ) ~ Slog 5 — (Beta(q, 9)) + —fo B2, 1) 8 Sl P

And the entropy of a Beta(q, q) is

“la - pye-! 1

B(q, q) T P.
So our approximation differs from the direct calculation by -1/2, the contribution of
the Chi-square term in (9). Our formula is valid since the bound from Theorem
1.2.2 applies: (6) is obviously true and it can be shown that (5) is satisfied by con-
tinuity considerations. Strictly speaking, we only have the result on compact subsets
of (0, 1) because the Fisher information is unbounded at 0 and at 1. However, this
can be overcome by results to be presented in Chapter 3, Sections 2 and 4.

H(Bera(q, ¢)) = log B(q, ¢) + (q - Df $ &

We defer further consideration of examples, such as those with noncompact
parameter spaces, until the end of Chapter 3, by which time we will have proved
some of the results which are required.

1.4 Applications to Density Estimation

The Kullback-Leibler number has several properties which make it a natural
choice as a loss function in the decision theory framework. Chief amongst these are
the following: On parametric families it locally approximates squared error loss; it
induces convex neighborhoods; it satisfies Pythagorean relations even though it is
not a metric; it is nonnegative and equals zero only when its arguments are equal;
and, it has a natural interpretation as the redundancy of a source code.

Suppose we are given a parametric family indexed by 6 and that 0, is the true
value of the parameter. However, suppose that it is not the parameter ‘per se’ that
interests us. Rather, we are using the parametric family so as to identify the true
density which is pg. One natural estimator of p(x!8,) at any given x is the
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’ mixture of the densities with respect to the posterior distribution,
Bn(x; X")=] qpe(x)w(BI X")d0,

that is, the posterior mean of p(x | ©). Observe that this estimator is the predictive
density

Pa() =m(1X"),
where m (-1 X" = x") is the conditional density of X,,, | given X" = x".
We use the Kullback-Leibler number as the loss function for parametric density

estimation and examine the behavior of the cumulative risk. Let &, for
k = 0.....n—1 be a sequence of density estimators. Each §; estimates the density of

X,.1, given the data X*. Here, §, is a fixed density function not dependent on the
data. When 9, is true, the risk associated with §;, = §;(X*) is

Eo,D(Pg, 1l &),

and we denote the cumulative risk of n uses of an estimator &, for £ = 0,...,n-1 by
C(n, 6,, 8). It is the sum of the individual risks:

n-1
C(n, 9,,, 8) = Z EQOD(PQ"” 8,‘).
k=0

The sum of the Kullback-Leibler risks is seen to play an important role in some of
the applications. Just as the posterior mean of @ is the Bayes’ estimator under
squared error loss it turns out that the posterior mean of p(x | ©) is the Bayes’ esti-
mator under relative entropy loss. Adapting a result due to Aitchison (1975), we
have the following. '

Proposition 1.4.1: p, is the Bayes’ estimator of the density function. The cumula-
tive risk of this estimator is

n=-1
C(n,8,p,) = 3 Eo, D(po ! B) = D(P3 I M,),
k=0

under the convention that po(x) = m(x,). Consequently, under the conditions of
Theorem 1.2.1, the cumulative risk is approximated by (d/2)log n+c, and the average
risk (1/n)Y, Eq D(pg, 1l B) converges to zero at rate (log n)/n.

Proof: The information inequality, D(pll ¢) 2 0, with equality if and only if
D = q, implies that p, is the Bayes’ estimator, since, for any other density q, the
posteric: average of the risk is seen to equal

[P (Poll 9)W(81X")d8 = [ qw(81X")D (P!l p,) d8+ D (B, 11 q).
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So, we see that the minimum is achieved when the second term is zero, i.e. , when

q = b, .
By Bayes’ rule, g, equals the predictive density, which is

.mn-&-l(x’l » Xpy l)

m(xn+l=xn+lixn) = m”(xn)

Since Py (xp4+1) = m(xp.11 X*) is the predictive density, and a sum of logarithms is
the logarithm of the product of their arguments, we have, for m(x% taken to be
identically one that

P X411 6o)

m (X1 X5)

"ﬁl P(Xg41!6,)

k=0 m(Xp, gt X*)

p(X"186,)

= Eg5 log =
o 08 T X

n—-1 n n-1
ZEQ"D(PQD“P‘:)‘: ZEeolog
k=0 k=0

= Eeo log

which is D (P}, || M,). 0O

We remark that under the conditions of Theorem 1.2.1 the individual risk terms
Eg, D(Pg, I P,) also converge to zero as n — 0. This follows from noting that

Eg, D(Pg || P,) = D(P§ I M,)-D (P 1IM,_y),

and applying Theorem 1.2.1 to each term on the right hand side. Thus, the predic-
tive density is consistent for the true density in expected Kullback-Leibler distance.

Parameter estimation can be regarded as a special case of density estimation in
which we restrict the estimator of the density to be of the form p(x 1 8(X")). In the
present context we have not restricted the class of estimators in this way. We have
used the parametric family as a tool to generate an estimator, relinquishing any
information from the family about what the true value of the parameter is. By
enlarging the class of estimators we see that in terms of global optimality properties,
the Bayes’ risk in parametric density estimation lower-bounds the Bayes’ risk in
parametric estimation:

inf E, EgD (0115) 2 inf £, EqD (Po!1 Q).

Similarly, for the maximin risk we have

sup inf [ w(G)EGD (0118)d0 > sup inf | w(®)EeD (Pol! 0)dS,
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and for the minimax risk we have

u;fsgp EgD(8110) 2 ixéfs%p EgD(Pgll @),

where 8 is an estimator of the parameter, Q is an estimator of the density and
D(0113) = D(Pgyll Pg) is the relative entropy loss for parameter estimation. The
quantity we have approximated therefore gives an asymptotic lower bound on the
Bayes’ risk of parameter estimation, and in the next result we give implications for
the other two global optimality criteria.

Suppose that the support of w is contained in a compact set K and its density is
positive there. The minimax cumulative risk is defined to be

Ry = R(n, K, (Po) = inf sup D(PEIIQ,),

and the maximin cumulative risk is defined to be
R,* = R*(n, K, {Pg)) = sup iélfD(Pg o™
w L]

= sup D (Pg1IM,).
w

We can easily give an upper bound on the limit of R, and a lower bound on the
limit of R,*. This was motivated by the observation that the Bayes’ risk of the
Bayes’ estimator can be rearranged to give

d n
21°g27t:e + logc - D(wllyu) + o(1),

which is minimized when we choose

w(6) = Eﬁcﬁel,

and
c=fgV¥det1(0) de.

This is Jeffreys’ prior, see Jeffreys (1967). Jeffreys’ prior gives that, asymptotically,
the risk is constant as a function of 6, suggesting that Jeffreys’ prior is least favor-
able.

Proposition 1.4.2: Under the hypotheses of Theorem 1.2.2 we have that

lim [R,,—%logn]= lim [Rn*—%logn]

n —» oo n = oo
d 1
= Slog —— + .
2 o8 2xe log c
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T herefore, asymptotically, the minimax estimator is the mixture with respect to the Jeffreys’
prior which is least favorable.

Proof: We obtain an upper bound on the minimax risk by the uniform result
proved in Chapter 3, Section 3. We have that

d d
R, - ?logn < esg];{ [D(PglIM,) - -2—logn 1,

and if we choose w to be Jeffreys’ prior then the right hand side is upper bounded
by the quantity given in the proposition, uniformly in 6, by Theorem 1.2.2. For the
second maximin risk we have that

R,* - %log nz | w(6)D(Pgll M,)d0 - -:—log n.

So, the averaged result from Theorem 1.2.2 is enough. For Jeffreys’ prior we have
that the right hand side is lower bounded by the stated quantity. Since the minimax
cumulative risk is greater than or equal to to maximin cumulative risk, see Ferguson
(1967) pg. 81, we have an upper bound on the greater quantity which is the same as
the lower bound on the lesser one, thus proving the proposition. O

If we now consider the individual risks and estimate Pg by the predictive density
then we have risk

E¢D(Pg 11 By),
which gives cumulative risk

n-1 "
D(Ps, ”Mn) = ZEO,D(PO,”PI:)-
k=0

Now we see that the cumulative Bayes’ risk is

[ D(PEII M, )w(8)d0 = T | E¢.D(Poll B)w(8)d6,
k=0

from which the Bayes’ risk of the Bayes’ estimator is seen to be

[ EgD (Pgll B, )w(6)d8 = o(1).

We have now shown that the cumulative risk and the cumulative Bayes’ risk
increase as (d/2)log n. These results suggest that the "individual risks" behave like
d/(2n). This parallels the work of Bickel and Yahav (1969) on parameter estima-
tion. They characterized the almost sure asymptotic behavior of the Bayes posterior
risk, to essentially arbitrary precision, in terms of the behavior of the loss function
near zero. In the case of squared error loss they obtained behavior of the form
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(1/n)Var(0). Also, Cencov (1981) obtained d/(2n) as the leading term in an

asymptotic expansion for E D (Pg Il Py), the risk of the MLE 8, which was accurate
to order n~¥2,

To end this section we consider some other convergences which were studied by
McCulloch (1986). In particular we will see that the difference between two predic-
tive densities, with respect to different priors, converges to zero. First suppose that
the true distribution is M,, a mixture of independent and identical distributions and
that we estimate by another mixture, N, based on the prior v which has the same
support as w. Then the Kullback-Leibler distance between them is

DM IN,) = [ gD(PglIN,)W(8)d0 ~ [ y D(Pgll M,)w(6)d0
=D(w llv) + o(1),
as n increases by applying Theorem 1.2.2 to each term. If the predictive distribution
based on v is denoted by Qk then by direct calculation we have that
EyD (P11 @) = D(Mysy|INgyy) = D(My HIN,).

So, as k — o= we see that Ey D (P, I 0,) tends to zero, which means that except
for 8 in a set of arbitrarily small prior measure, we have EgD (P, 11 Q;) tending to
zero in Pg probability. We obtain similar behavior for the posteriors:

EyDw(I1X")Illv(-X"*))=Dwllv) -DM,IIN,) =0o(1),
so, we have that fork 2 1,
EgD(w(IX®)lIv(-1X") >0,
in the joint probability for X" and 9. Also, we have that
D(w(CIXM)IIv(-1X")) =0,
in the joint probability for X" and 6. From the recursion relation we see that
D(w Ilv)=l§()EMD(ﬁ,IIQ,),

where, under our convention Ej D(f’oll Qo) =DM IIN,), so the number of
times Ey; D (P, 11 8,) exceeds 1/n must have negligible cumulative effect.

The formula we have proved, in Theorem 1.2.1, for the relative entropy
assumes that Pg_is the true density. If the mixture is the true density then estimat-

ing with an element of the parametric family is a poor strategy. We see that if the
prior v is unitmass at a point 6 in the support of w, then the above formula shows
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that

DM, 11PE)=n [ D(OI16,)w(6)d8 - I(©; X"),

that is, the loss increases at rate n no matter what estimator we use, since we know
the second term on the right hand side behaves like (d/2)log n.

1.5 Applications to Universal Noiseless Source Coding.

Suppose that X is a discrete random variable whose distribution is in the
parametric family {Pg 10 € Q }, and we want to encode a block of data for transmis-
sion. It is known that a lower bound on the expected codelength is the entropy of
the distribution. Moreover, this entropy bound can be achieved, within one bit,
when the distribution is known. Universal codes have expected length near the
entropy no matter which member of the parametric family is true. The redundancy
of a code is defined to be the difference between its expected length and the entropy.

The problem of providing a noiseless source code for a block of data
X"=(X,,...,X,), has been studied extensively, for instance Davisson (1973).
Recall that if

o: X" = (0,1)"

is a uniquely decodeable code with codelengths /(¢ (X"™)), where the asterisk indi-
cates the set of all finite length strings of elements of the set, then

Q,(X") = 2710&™)

defines a subprobability mass function on X", by the Kraft-McMillan inequality.
Moreover, for any subprobability mass function Q,(X") for which -log Q,(X")
takes integer values, a uniquely decodeable code exists with those lengths. The
redundancy of a code ® ={ $(X")1 X"eX"} is the difference between the expected
length of a message under ¢, and the expected length of a message if we knew the
true distribution:

1

R, (D, Pg) = E[l(¢(X"))-log(—m———
n( 9,) [ (¢( )) Og( PO,(Xn)

)]
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1 1
—E [log( )= log( ¥
o B P

=D (P}, 11Q,),

where the logarithm is taken base 2. Thus the redundancy is the Kullback - Leibler
number. We want to choose / so as to minimize the redundancy. Among all sub-
probability mass functions Q, the one which minimizes the average of D(P§ |1 Q,)
with respect to a prior w is the mixture M,,. Thus D(P§ |l M,,) is referred to as the
redundancy of the Bayes’ code. The idealized lengths log 1/M,(X™) may violate the
constraint of being integer valued. Nevertheless, the Shannon code based on M,,
i.e., the one with code lengths

16 (X™) = rlogv(—l;;)-l :

has redundancy within 1 bit of D (P§ 1| M,).

The concepts of noiseless source coding of discrete data may also be applied to
the case of continuous random variables which are arbitrarily finely quantized. In
the sense made clear by the following proposition, the relative entropy remains the
redundancy for nondiscrete sources. If a noiseless code is specified for every finite
quantization of a nondiscrete source, we define the redundancy of that source to be
the supremum of the redundancies over all such quantizations.

Proposition 1.5.1: For a nondiscrete source, the redundancy of the Shannon code
based on M,, is D (Pg |1 M,), to within one bit. Thus the redundancy of the Bayes code

is given asymptotically by

d n 1
2log Sem + 2logde.:tl(eo) log w(B,),

under the conditions of Theorem 1.2.1.

Proof: For any finite partition m, of X", we can specify a code book ®, by use
of the Shannon code based on the probability measure restricted to ©. For the
Shannon code we have an explicit codelength formula:

(@4 = Tiog 55 1

and the redundancy is:

Rn(@nPg) = 3 I(6,(A))PE(A)-PE(A)log(——).

Aer P§(A)
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So, to within one bit, the redundancy on the partition is the discrete divergence
Y.aexP8(A)log P3(A)/Q,(A). Taking the supremum over all possible partitions
gives D(P§11Q,) , by using a well known theorem, see Kullback, Keegel and Kull-
back (1980), pg. 6-7. If Q, is replaced by M, , then we get the Bayes code, and the
result is the asymptotic least upper bound on the redundancy. O

Rissanen (1984) showed that for any code (d/2)logn — o(log n) is an asymp-
totic lower bound on the redundancy for (Lebesgue) almost every 0 in the family.
Also, he showed that for particular codes based on his minimum description length
criterion, a redundancy of order (d/2)log n + cg is achieved although he did not
attempt to optimize the constant. For a discussion of the best constants in
Rissanen’s framework of two stage codes, see Barron and Cover (1989). The
optimum code according to the criteria of minimaxity or minimum average redun-
dancy is not a two stage code of the type originally considered by Rissanen, or by
Barron and Cover, rather it is a one stage code based on a mixture M,, where the
choice of prior in the mixture is determined by the criterion. Rissanen (1987) also
considers codes based on mixtures, however, he does not identify the constant in the
expression of the redundancy.

The most stringent hypothesis in Rissanen (1984) is that the maximum -likeli-
hood estimator & be asymptotically normal. Our hypotheses are about as strong.
Sufficient conditions for the asymptotic normality of 8 are given by Lehmann (1983)
pg. 429-430, and Cramer (1946) pg. 500-501. While we have assumed a bound on
the expected supremum of the squares of the second derivatives, both Lehmann and
Cramer assume a bound on the expected supremum of the absolute values of the
second and third derivatives. We have used a higher moment rather than a higher
derivative.

Since we cannot know which member of the parametric family is the true den-
sity and we still want to know how well the Shannon code based on M, performs,
we can evaluate the average redundancy. The minimal average redundancy is

[ D(PEIIM,) w(6)do = igfj D(P311Q,)w(8)de,

where Q varies over all subprobability mass functions which can be used to generate
a code. By definition, it is the Bayes’ code which achieves the minimal average
redundancy. If we next maximize over possible choices of w then we obtain the
maximin redundancy, which we will denote by R ,*.
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Another global optimality criterion is that our coding strategy minimize the
maximal redundancy R, which is

Ry = inf supD (PGl Q).

By definition a minimax code is a code which achieves the minimax redundancy.

Theorem 1.2.2 gives that, essentially, the minimal average redundancy is

[D(Pgll M,)w(B)dO = 1(6; X")

=10g 1 _
= 2log Pme D(wllp(K)) + loge + o(1).

in the compact case. Theorems 3.2.1 and 3.4.1 extend that result to the non-
compact case. We summarize the implications of our results for minimax and maxi-
min coding in the following proposition.

Proposition 1.5.2: Under the hypotheses of Theorem 1.2.2 we have that

lim [R,- 2lognl= hm [R,*- Zlogn]
n—oo 2

n = o0 2
- d _1_...
= 2log me + logc,

where, as in Section 4,

c = [ gVdet7(0)de.
Therefore, the Shannon code based on the mixture with respect to Jeffreys’ prior has
redundancy within one bit of the minimax redundancy.

Proof: The proof is the same as for Proposition 1.4.2. We have merely changed
the physical interpretation of the quantities. O

Davisson and Garcia (1980) used the minimax theorem, see Ferguson (1967)
pg. 85, to examine the minimax redundancy in a special case. We were unable to
see that in our case the hypotheses of the minimax theorem were satisfied, so we
resorted to a direct examination of the quantities.

1.6 Applications to Posterior Convergence

The line of reasoning behind the lower bound on the mutual information is
based on the intuition that the Bayes’ estimator is asymptotically efficient. Having
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proved the result we take the intuition one step further by showing that the posterior
distribution for the parameter given the data is asymptotically normal with parame-
ters the posterior mean and posterior variance. To do so it is the upper bound that
we need, coupled with the representation used in the lower bound.

The result, asymptotic normality of Bayes’ estimators, is not new. Indeed, our
proof here is typical in that we have used MLE reasoning to deduce a Bayesian result
as in Bickel and Yahav (1969), or Ibragimov and Hasminskii (1980). What makes it
interesting is that the mode of convergence, expected Kullback-Leibler distance, is
either stronger than other modes of convergence which have been used, or noncom-
parable with them. Here we assume that the parameter space is d dimensional real
space since the normal is supported on a real space and the support of the limiting
distribution must include the support of the posterior for the relative entropy to be
well defined.

One of the hypotheses of Theorem 3.2.1 is that Theorem 1.2.1 hold for each
point in the parameter space. One of its hypotheses was Bayes consistency. Thus we
have found an extra set of conditions which imply asymptotic normality.

Proposition 1.6.1: If we have that
Ey log det ncov(61X™) — | w(6) log det/ (6)~1 d#, (10)

then we have that the posterior distribution conditioned on the data converges to a normal
with mean E(©! X") and covariance cov(91 X"), in expected K ullback - Leibler distance,
ie.,

EMD( Pe 1 X" IIN(E(GIX"), COV(OIX")) ) - 0,
if and only if the conclusion of Theorem 1.2.2 holds.

Remark: Sufficient conditions for (10) are explored in Chapter 3.

Proof: Let @ = g, y» denote a normal random variable with mean E(01X")
and variance matrix cov(01X"). By the definition of the mutual information

1(©;X") = H(®) = H(®IX") + [H(®IX") - H(OIX™)]
= H(®) - %EM log (2me)? det cov(8l X™)
+ EMD(W("X") IIN(EW(.Ixn)e, COVW(.|X||)6)),

since ® and ©1 X" have the same first two moments. By rearranging the expression
we find that

EyD(w(-1X™) IIN(E, (. x6 COV,yy (.1 x#)9))
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= I(6; X") - H(®) + -;—EM log (2xe)? det cov(8] X™),

which tends to zero by the assumptions. O
The above proposition demonstrates the equivalence of a tight asymptotic upper
bound for I (©; Xn) with posterior normality of the prior.

As a mode of convergence the expected Kullback-Leibler number is quite
strong. It dominates both L! and Hellinger distance, see Csiszar (1967). Thus we
have proved the asymptotic normality of the posterior in the sense that

Jim  Ey, 1w(81X7) = 0 g1 x»), covior x+(8) 11 =0,

which means that except for 0 in a set of arbitrarily small measure, the same result
holds with expectation defined by p.

It was remarked in Barron (1988) that the tilted prior

—’IDQ
W‘(e) = w(Ole ,

n
where the constant c, is the weight factor which makes w® integrate to 1 and
" Dg=D(Pg,ilFg), is an interesting approximation to the posterior distribution
w(01X") in that it is near normal for 0 near 6,, yet gives the right large deviations
approximations, to first order in the exponent, for all 8. He also noted that the
chain rule for the Kullback - Leibler number gives

D(P3 11 M™) + EgD(w" [l w(:1X™) = ~log [, .e™"* w(8)do, (11)

and gave some convergence properties of the terms. Use of our approximations can
improve on those resuits.
Proposition 1.6.2: If the conditions of Theorem 1.2.2 hold, then
EeD(w' It w(-IX™)) = d/2,
uniformly for © in a compact set K, and if the conditions of Theorem 1.2.1 hold for each 0
in R? then

liminf | gaw(0)EgD (W' Il w(-X"))d0 2 d/2.

Proof: Equation (11) holds for each 6. By use of Theorem 3.3.1 the first term
is exactly characterized and by Lemma 3.3.2 the right hand side is also exactly
characterized. The difference is d/2. This proves the first claim. The second claim
follows by Fatou’s Lemma. O
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The d/2 discrepancy between the posterior and its approximation arises because
the approximation does not depend on the data and so does not track it. The
approximation captures the effect of the second term in (9) but not the first. In later
work we hope to explore this further.

1.7 An Application to Hypothesis Testing.

It is well known that the likelihood ratio test statistic converges in distribution to

1/2 times a Chi-square random variable with d degrees of freedom. i.e. ,
og 210 1,2,
p(x"16,) 2

in law, where & denotes the maximum likelihood estimate, the MLE, and %2 is a
Chi-square (d) random variable, see Wilks (1962), Chernoff (1954), and it has been
proved that its asymptotic expected value is essentially d/2, see Clarke and Barron
(1988). This result accounts for the missing -d/2 in the examples. An analogous
result requiring fewer hypotheses can be proved for the statistic
logm (X™)/p(X"16). We consider a centered version of this statistic obtained by
subtracting its mean under the distribution P§, .

Proposition 1.7.1: If the assumptions of Theorem 1.2.1 are satisfied, then for X"

distributed according to P§_,
m,(X") 1
log ————— + D(PE IIM,) = =(x2 - d),
gp(X"I(-),,) (Pg, n > (X = )
in distribution.

Proof: Let 1,’(0) = (1/n)V log p(x"16). We note that by Proposition 2.2.1 and
Theorem 2.2.1 the difference of interest has bounds of the following form; valid for
a set of Pg probability tending to one as n goes to infinity:

R e RO OTAO R

31+ 0
< log XD | pprny
¢ parie T FelIMA)
S -1 _4
R T CIACEE S
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where M is any small positive number. For X" distributed according to P§, we have
that nt, (0)I-1(6)7, () converges in law to a x3. So, the proposition follows. O

We use that convergence to identify the critical value and the average power of
a hypothesis test. Consider testing H: Pg versus K: Pg, 6 # 6,. We constrain the
probability of type 1 error to be less than o; € (0, 1), and examine the performance
of tests in terms of the probability of type 2 error averaged with respect to a prior
density w(0) over the class of alternatives K. Let c(a) be the 1 —o quantile of a
centered Chi-square random variable with d degrees of freedom, i.e.,
P(x2- Ex2> c)= o . The Bayes’ optimal test is defined so as to minimize the
average probability of error. By a familiar argument the problem is seen to reduce to
a simple versus simple test for P§ versus M,, so the optimal test compares the test
statistic log m,(x*)/p(x"18,) to a critical value ¢ = ¢,(c;). The following proposi-
tion shows how to select the critical value in practice. Specifically, Theorem 1.2.1
gives a convenient approximation to it. Moreover, the average power of the test is
shown to be related to D (Pg I M,).

Proposition 1.7.2: Under the hypotheses of Theorem 1.2.1, the asymptotic level o,
critical value for the Bayes’ test is D(Pg |IM,) - —;-c(ozl) and the optimal average pro-
bability of type 2 error is, to within a constant factor dependent only on o,

-D(P3 11 M,)
e

-4 4

. n 2@me)2w(8,)
v det 1(6,)

in the sense that there exists a bounded interval [ L (o), U(0y) ] subh that every test
with type 1 error less than or equal to 0., satisfies

liminf [ log ap + D (P3N M,) 12 L(a), (12)
n - oo

and there exists a test with type 1 error oy for which the upper bound

limsup [ log o, + D(PG 1I1M,) 1< U(ay), (13)
n —» oo

holds. The functions L and U can be expressed in terms of c(q).

Remark 1: This extends Stein’s lemma, see Chernoff (1956), or Bahadur
(1971), for simple versus simple hypotheses, say Pg versus Py for some 6 # 6, ,

which asserts that
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. =D(P3 1IPg)
e v

Remark 2: The classical likélihood ratio test, L.R.T., uses the statistic
log[ p(x™ | é)/p(x" 16,)]. Proposition 2.2.1 relates the likelihood ratio test to the
Bayes test: since

X’l nia Xn
X)) __ 10gZX°19) log——m"( )

(o] = ry
S Xm0, S8, | Epx1d)
n -
~ 10g 2 X104, 2% L 10g detr (8)1,
p(xX*1e,) 2 " n

we see that the L.R.T. and the Bayes’ test are asymptotically equivalent, a fact which
has been previously observed in specific cases. Moreover,

og p(X"16)
p(X"186,)
has an asymptotic Chi-square distribution with d degrees of freedom, see Wilks
(1962).
Proof: First we prove the lower bound statement (12). Let C, be any critical
region with Pe,(én) < o4, and let A, be the ‘“‘typical set”’

p(x"186,)

A, = {x"1log <D(PE IM,) - Le(a),
n ”) o 2

m,(x
where a > a; . Observe that

lim P% (A,) = o.
n — oo

Then the average probability of type 2 error satisfies

-D(Py, 11 M,) + %c(a)

=M, (C5)2 M, (CEN A) 2 e 5. (Cin A,)

1
-D(P5 1IM,) + —c(at) ~
ze " 2 L PE(Cy - PR, (AD.

(-]
Since

lim [P§ (CS) - PR(AD) 1=~ o> 0,
n —» oo
we may take logarithms to obtain

liminf [ log o + D (P, 11 M) 12 +c(e) + log (0 = ).
n —» oo -
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where o € (04, 1). Note that c is strictly decreasing in o and ranges from ~E%2 to
o and log (o = ;) is strictly increasing. It is possible to get an implicit algebraic
relation which must be satisfied by the o which maximizes the right hand side. In
particular, we chose o = (a; + 1)/2 so as to get a the lower bound (12).

Now we prove the upper bound, (13). The Bayes’ optimal test is of the form
reject H if and only if (X,, ... ,X,) € C, , where C, is the critical set

"o,
C, = {x"llog&——) <t}
m,(x")
Choosing
c(oy)
2 ’

t=D(Py IIM,) -

we have that
P(-xn 16,)

-2[log n T D(Pg 11 M,)]

m,(x

converges weakly to a Chi-square random variable with d degrees of freedom. So,
the limiting probability of type 1 error is

lim Pg(C,) = oy
n —» oo

By Markov’s inequality, the average probability of type 2 error satisfies

o ~DPa M)+ Zelap
oy=M,(Ci)S e'=e¢ .

Thus, taking logs, and rearranging gives

limsup [ log oy + D(PL 1 M,) 1€ +c(ay),
R — o ° 2

so that c(0,;)/2 upper bounds the limit superior of the left hand side, thus (13) is
proved. O

1.8 The Discrete Case

Up to this point we have assumed that the prior was continuous in the sense of
having a density relative to Lebesgue measure. In this section we assume that the
prior is discrete, and will shortly add the assumption that the set of points which
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have positive mass has no cluster points. We first give an example to motivate our
results.

Consider a Bernoulli distribution which puts mass o at p=u and mass 1 — o at
p=v where u,v are parameter values for a Bernoulli (p) random variable. We
require that a € (0, 1) or no mixing occurs. The mixture distribution is

mx®) = (1 - u)" " T 4 (1- (1 - v)" T

where summations run from 1 to n. If u is the true value then

n ZXg H-ZXI
Eulogﬂ-—)- = E, log u" (- u)
m(X™) m(X")
= log = - E, log (1+ (1=2)()ZH( 1oy~ T%),

We apply the same approximations as in Chapter 2, Section 4. In that context, the
correct answer is given up to the -1/2 term. We use 3. X; ~ nu and find that the
Kullback-Leibler number becomes

Y [(v/u)* ((1-v)/(1-u))L = ©)]n ,

—log a ~ log [ 1+(

so the analysis boils down to the behavior of (v/u)*((1-v)/(1—u))1 = ), This rea-
soning applics for any u # v since

(Vi) ((1=v)/(1-u))1 = ¥) = g=DWwliv) o 1

where

(d-u)

(1-v)~

Thus, for u # v, the answer is, asymptotically, log 1/a, a constant independent of
n. Indeed, it is the entropy term, log 1/w(u). We note that for the continuous pri-
ors, the log n term came out of using Laplace’s method to deal with exponentially
fast concentration at the true value. That cannot work here. Other examples that
could be evaluated in a similar fashion gave the same type of answer, dépendent on
the prior probability of the true distribution but independent of n. Those examples
motivated the proof of the following proposition. We have here denoted the param-
eter by k£ since we are assuming it is discrete.

D(ullv) = ulogi;-+ (1= u)log ——2L

In the course of the proof of the next proposition, we will again fall back on the
consistency of the MLE. One of Wald’s key hypotheses for consistency was that for
given k, there is a sufficiently large r so that we have
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2X1k) < oo 14
{k: uks-u?.u:- ry p(X 1 k,) ) (14)
As will be seen it is not Wald’s theorem, Wald (1949), which we use but an implica-
tion of it due toc Wolfowitz (1949), which amounts to a uniform law of large
numbers. We denote the prior probability of ¥ by w(k).

E;, log

Proposition 1.8.1: Suppose that the distributions with positive mass are distinct, that
there is a Kullback-Leibler neighborhood of the true distribution P, , of radius m > 0,

which excludes all other distributions in the family, and that Wald's hypothesis (14) is
satisfied. Then, as n increases,

D(PE 11 M,) - log w(}‘ X
o

Proof: We can rewrite the Kullback - Leibler number as

P, (") 1 w(k) p(X™ k)
E, log——=1Io - E; log [1 + . (15
e T kg’k,W(ko) p(X"lko)] (13)
By using the inequality — log (1 + x) <€ O for x positive we have the bound
1
D(P 1IM,) s log ~———ror, )
(PE, 11 M) S log -0~ (16)

which we hope is attained in the limit. To get a lower bound it is enough to upper
bound the positive quantity

E. log [1 w(k) p(X™lk) )
k, og [1 + k;ezko W(ko) p(anko)]

(17)

which appears in (15), by something which shrinks to zero as n increases.

Consider the partition defined by

Q=Q,={x":forallk # k,, L2&T1k) < e,
px™1k,)

and its complement, where A < min{D(k, !l k): | k, = k1> m}. Using the parti-
tion, (17) can be written as the sum of two terms. The first is

w(k) p(x™lk) (1= wiky)) _ .,
E log [1 < E log [1 + ————2""¢~n
e Xa log | +k=ezk,, w(ko) p(x"1k,) :  Xa log L1+ wik,) :

(1 - w(ko)) -nl.]

= P (Q)log [1 + w (k) e .

which clearly tends to zero as n increases. The other term tends to zero also: it is
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k) p(x"ik)
E. %qe log [1+ w(k)
k, XQe 108 . #Zko w(ko) p(x"| k,)

Xa- wk) p(x"lk)
< P, (Q°) log B, ———I[1+
k, g k, Pk,(gc) k% k, W(ko) p(x"lko)

= —P, (Q°) log P,.(Q°) + P, (Q°) log By %q- [1 w(k) px”lk),
. (82°) log k. ( ) + k,( ) log k. XQ [ +k§k, wik,) P 1K)

1-w(k
S =P, (Q°) log P, (Q°) + P, (2°) log [ P, (Q°) + Lo wko) 1. (18)
L] (] o [ W(ko)
We see that both terms in (18) go to zero:
n
P; (2€) = P ({x": there exists some k # k, such that (xZVk) 2 e"‘l})
° ° p(x"lk,)
n
< P (x": sug 2aTlk) 2 e~
° k: 1k -k, 1> r}p(x”lko)
+ Py (fx™: POTIR) 5 pendy) (19)

SU£
(k: 1k =~ k,1< r]p(x"lko)

Since there are only finitely many & with |k - k,! < r, the second term ia (19)
goes to zero. The first term in (19) also goes to zero, by Wolfowitz’s theorem
because we have assumed Wald’s hypothesis (14). Now, (18) goes to zero, implying
(17) does also. This proves the proposition. O

Thus we have that the Kullback-Leibler number between the true distribution
and the mixture of distributions is the logarithm of the reciprocal of the prior proba-
bility. This in turn is the same as the Shannon codelength of the true parameter
under the prior. This parallels work of Barron (1985) and Barron and Cover (1989)
on minimum complexity density estimation where it was proved that if the pricr
assigns positive mass to the true density then the minimum complexity density esti-
mator converges to the true density with probability 1. Here we conclude that, no
matter how long the message, the redundancy is the codelength for the index of the
true density, i.e., the mixture behaves like the true density up to a fixed codelength.
That the asymptotic formula is independent of n appears to be related to the ability
to identify the true distribution unambiguously.

An alternate proof which does not require (14) to be true is possible. It would
show that (17) goes to zero by use of Barron and Cover (1989), or Barron (1985)
pg. 56. Results there enable us to derive that
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w(k) p(X™1k)
k= b, Wke) p(X"1k,)

tends to zero, in P, probability. By direct calculation its expectation under Py is
bounded by 1/w(k,). Since the result of adding 1 to it and then taking the loga-
rithm still tends to zero, in probability, we can set up an application of Lemma 3.4.2,
so the limit superior of its expectation is less than or equal to zero. Thus, the upper
bound (1§) is asymptotically tight.

We can easily obtain a result for the average redundancy also.

Proposition 1.8.2: Assume the entropy of the prior is finite, that the parameter
values with positive prior probabilities have no limit points with positive probability and the
hypotheses of Proposition 1.8.1 are satisfies for each parameter value. Then

D (PRI M, )w(k) — H(K),
k

as n increases.

Remark: The left hand side is the mutual  information
I(K;X")=H(K)- H(K|X"). Thas, an equivalent statement of the proposition
is that H(K | X") goes to zero. When the support of K is a finite set, this conver-
gence is well known in information theory as an application of Fano’s inequality, see
Blahut (1987) pg. 156.

Proof: We have that for each &

0< D(PEIIM,) < log I:IT)

and that pointwise the quantity in the middle tends to its upper bound, which is
integrable with respect to the prior. The proposition follows from the dominated
convergence theorem. O

Both the proofs and the results change dramatically from the case of using a
continuous prior. Further, we believe an analysis of the implications for source cod-
ing, as done in Chapter 1, Section 5, could be carried out.
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1.9 A Channel Capacity Interpretation

In this section we briefly give an interpretation of the uniform approximation
result from Chapter 3. This will be in terms of what is called the channel capacity,
which is the theoretical upper bound on the rate of transmission of data across a
communication channel. A channel is basically a conditional distribution which
describes the probability distribution of the output received given the input that was
sent. The input is an encoded representation of the message. Naturally, we want
the output received to be decodable to give the message that was sent; but, it is pos-
sible that the transmission was corrupted by background noise, for instance. We
assume that a channel is going to be used repeatedly and want a coding scheme
which will achieves a rate close to the capacity over repeated uses of the channel.
Shannon identified the analytic form of the capacity and showed that any rate up to
the capacity was achievable by some coding strategy. We recall that the mutual
information between two random variables X and Y is

LV = (x., »)
IX;Y)=]| p(x, y)log }E(W{y—) dxdy,v
and the capacity of a channel defined by p(y | x) is
C =supl(X:;7).
p(x)
in which we regard Y as the output and X as the input.

Suppose that we have one broadcaster sending the same encoded message X to
each of many receivers Y y,...,Y,, which are conditionally independent and identically
distributed given X. Intuitively, this means that the noise which interferes with the
signal received by any one receiver is independent of that received by any other
receiver. Thus, the conditional distribution defining the channel is

k
POy 1 %) = IL p(y; 1 x).

When a block of coded data x,...,x, is sent, the i receiver, i between 1 and &,
picks up y‘i ,...yi. Suppose the k receivers decode cooperatively, that is they pool
their data and then estimate the message sent. Then, the capacity of the resulting
channel is

C, = sup I(X; Y*).
p(x)
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We can relate the present case to the statistical context by letting X correspond
to the parameter and Y* correspond to the random sample. Thus p(x) takes the
role of the density of the prior which we denote by P, p(y | x) takes the role of the
density of the i.i.d. random variables with corresponding probability denoted by P, .
We denote the Fisher information for the density by I (x) with x = (x;,...,x;) vary-
ing over a compact set Q in R?, and the mixture of the P¥’s with respect to p we
denote by M. This correspondence allows us to restate the hypotheses of Theorem
1.2.2 so as to interpret that result in the seiting of channels.

Proposition 1.9.1: Assume that H(X) is finite, the determinant of I1(x) is bounded
away from zero, that for each positive o. and each open set N (x) containing x we have
that

c k - _..1
J:sg%l’,,(P(N(x) 1X5)> a) = o Iogk)’

and that for all i and all j there is a 8 > 0 which satisfies

92 .
E log p(Y11x))4 < oo,
il S e 2P 5( 0x;0x; 0gp(¥11x79)

where E, denotes the expectation with respect to p(y | x). Then, we have that

k
2ne

I(X; Y*) = -‘zilog + HX) + | p(x} log det I(x)dx + o(1).

Remark: The formula is asymptotic in k, the number of receivers, not n the
length of the data stream. In this context, the mutual information and the capacity
only have interpretations when the length of the data stream is assumed to be large,
i.e., over repeated uses of the channel.

Proof: This result follows from noting that

k
IX;Y%) = [ p(0)p(y* 1 x) log BERLIX) gk gy
p(x)m(y®)

is of the same form as the averaged redundancy
[ w()D(PEIIM,)d0 = [ w(®)p(xn16)log LRI 4n g
w(Om(x™)
under the correspondence in notation already defined and then using Theorem 1.2.2.
a
We also obtain an asymptotic form for the capacity, by translating Proposition
1.4.2 into the present notation.
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Proposition 1.9.2: Under the hypotheses of Proposition 1.9.1 we have that the
capacity of k receivers, Cy is

d k
C, = — log —— .
k 2°g21te+c

where ¢ = | detI(x) dx.

Proof: 1t is clear that by the same mathematics as in Section 5 the proposition is
true. O

So, the capacity increases as the logarithm of the number of receivers which

means that for large k£ there are coding schemes which achieve rates of transmission,
over repeated uses of the channel, arbitrarily close to (d/2) log (k/2xe) + c.
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Chapter 2: The Cumulative Risk

2.1 Intuition

In this chapter we will characterize the asymptotic behavior of the Kullback-
Leibler distance between the n-fold product of a given, true, member of a
parametrized family of densities and a mixture of products of such densities with
respect to a continuous prior which assigns positive mass to each open set which con-
tains the true value of the parameter. We will show that the distance increases with
the logarithm of the sample size plus a constant which we identity. The logarithmic
form comes from the fact that 2 continuous mixture of densities is used and includes
densities very close to the true one. If the mixture excluded a neighborhood of the
true density we would expect the behavior of the quantity to be of the order of the
sample size like the case of two independent distributions. Earlier, in Chapter 1,
Section 8, we saw that if positive mass is assigned to the true density then the quan-
tity converges to a constant.

First we give the intuition behind the main result of this chapter. The intuition
can be formalized into a proof; however, the desired result is true more generally
than the intuition suggests. In particular, we will use the MLE for 6, denoted 8 in
the outline below, but a different estimator will be used in the proof to follow. Also,
the intuition will account for the lost -1/2 in the example of the Beta prior on the
Bernoulli in Chapter 1, Section 3 and in the exponential prior on the Poisson which
we will examine at the end of this chapter. '

We consider a parametrized family of distributions (Pg, 0 € Q } on a measurable
space, with Q < R?, and assume that X" = X,....X, are ii.d. with respect to the
distribution Py . Let w(8) be a prior density for 8 with respect to Lebesgue meas-
ure, and M, the mixture of distributions with respect to w, with density m,. We
identify the asymptotic behavior of the Kullback-Leibler number D (P§ 11 M,) to
o(1) accuracy. The result is

D(PE 1| M,) = %log—n—--l- Liogdet 1(0,) + log +o(l). (D)

1
2ne 2 w(eo)

Equation (1) is an improvement on earlier similar expansions. Krichevsky and
Trofimov (1981) identified the (d/2) log n term in the Bernoulli case, and Rissanen
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(1984) gave general conditions for bounds on the redundancy of a code which were
of a similar form. Rissanen (1983) used an expansion similar to ours, but it had
different terms. Schwarz (1978) used a (d/2) log n penalty term i a peicalized likel-
ihood criterion for the number of parameters in a model selection context, and he
proved a Bayes’ optimality property of the criterion. In future work, we hope to
demonstrate the relevance of the results here to some model selection considerations
from Barron & Barron (1988), and from Haughton (1988).

The expansion can be conjectured from recalling equation (9) from Chapter 1,
which was the decomposition

D(PE 11 M.) = Eq log2X21O) | p 1o PEX"108) 2
(Pg, 11 M,) = Eg,log (X" + e,OEp(ane) (2

The first term on the right is a modification of the posterior distribution. Walker
(1967) showed that the standardized posterior can be well approximated by a
N(®, 1 (é)) under suitable technical conditions. His proof basically used Laplace
integration on the mixture density. Since we are approximating
log [ p(x™10)/m(x") ] in expectation, not just in probability, the Laplace integration
introduces new difficulties. However, they can be dealt with so the technique can be
adapted to give

d n 1 1
Liog-l- 4 2 —_—
> og21c + 2Iog det 7(6,) + log o

as an approximation of the first term in (2).

The second term in (2) looks as though we should use a second order Taylor
expansion of log p(x™ |1 0) about 8. Such a result was formulated by Wilks (1962),
Chernoff (1954), and Wald (1943), but they only proved convergence to a Chi-
square random variable in distribution, whereas we are concerned with an expected
value. By the second order Taylor expansion, we have

p(X"18,) — ~ — A
Eg log =————= = ~1/2Eg V n (0,—-0)*1*(0%)Y n (6,-8),
8, 108 p(X"|e) 0, (8, (6,-0)
where I*(0*) is the empirical Fisher information matrix evaluated at a point 6* on
the line segment joining 0, and ®. Using a first order Taylor expansion on

Viegp(x™180), about 8, we obtain an expression for

—_— n
S, = (1/Nn )Y, Vliog p(X;16,), so that we can re-express the second term of (2) as

i=1

_Tl [Eo,S:171(8,)S, +Eq,SL(As~1(8,)")S,1a, 1,
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where Q. is essentially the set on which A, converges to 1(8,)~1. The first term
tends to -d/2 since Eg S;S, = I(0,) and the first term inside the bracket is seen to

be d by a familiar calculation. Thus approximating by use of (2) gives

D(PL 11 M,) = %log S+ —;-log det I(8,) + log 7215—)’ 3)

which is of the same form as (1). The validity of (3) can be established, as shown
in Clarke and Barron (1988); however, the introduction of the MLE in the approxi-
mation requires additional assumptions to guarantee its consistency. The approach
we give below avoids such assumptions.

We recall that in Chapter 1 Section 3, a result due to Berk (1970) was used to
obtain the posterior consistency at rate o(1/log n). In parametric families which are
not of exponential form, Berk’s conditions can be difficult to verify. Accordingly, we
sought sufficient conditions for posterior convergence which would be easy to verify,
and give the desired rate of o(1/log n). Using the nonparametric work of Kiefer
and Wolfowitz (1958), we found such conditions involving a criterion which we call
the soundness of a parametric family. Essentially, a family is soundly parametrized if
and only if the mapping from the parameter space with the Euclidean topology into
the collection of distributions is a homeomorphism onto its image under the relative
topology induced by the restriction of a suitable distance measure. We have res-
tricted our attention to random variables taking values in a finite dimensional real
space and used the Kolmogorov-Smirnov distance. Our result, Theorem 2.3.1, is a
restatement of Theorem 1.2.1 which gives the same conclusion. It assumes only
soundness and the expected supremum condition, see equation (3) of Chapter 1.

2.2 The Main Theorem

In the approximation we are seeking, the only quantities which appear are the
Fisher information and the prior density at the true value. This suggests that,
ideally, the only conditions which should be introduced are those which will control
them. The behavior of the Fisher information can be controlled, for present pur-
poses, by assuming that the expected values of local suprema of the squares of the
second derivatives of the log density are finite, i.e., there exists a § > 0 so that for
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each i,j from 1 to d

az
I 1 9) 12 .
Ee"[le-sg,l:|'< - 89,-39,- logp(X,10)1°< oo 0]
Throughout this chapter, it is assumed that w is continuous and positive at 6, and
that the Fisher information /(0,) is positive definite. Equation (4) implies the first
derivative condition,

) 2 ¢ o
Eg, I——-aek logp(X116,) < oo,

is satisfied so the two definitions of Fisher information, one in terms of expected

second derivatives, the other in terms of products of first derivatives are equivalent,
see Lehmann, (1983, Lemma 2.6.1).

Formally, the theorem we will prove in this chapter is the following.

Theorem 2.2.1: Let the family ( Py} satisfy the local supremum condition (4).
Assume that for the parameter value 6,, I(9,) is positive definite and that w(9,) > 0.
Then we have the upper bound

limsup [ D (P, 11 M,)) — L1og =2~ ~ log

1 1
imsuj > e - —logdetI(6,)]1< O. (5)

w(8,) 2

If, in addition, we have that the posterior distribution is consistent with rate o(1/logn),
then

1 1
—o ~ 3 losdet/(8) 12 0. (6)

d n
imi D (P2 || - Liog 22— _
imint (D (P31 ) = og 71 — log

Clearly, expansion (1) only holds when both hypotheses are satisfied.

We will first prove the theorem, and then give conditions which ensure the rate
of posterior convergence we are assuming. By posterior convergence at rate
o(1/log n), we mean that, for any open set N containing 0,,

1

5, WN°IX™")> o) = o(logn

)>

for all « > 0. Here, W (-1 X") is the posterior distribution of ® given X". In par-

ticular we will give sufficient conditions for posterior convergence at rate O ( _9.5&)_

To prove the theorem we will use a proposition which gives upper and lower
bounds on the integrand of D (Pg, 1| M,) on certain sets which have high probability
and will permit tight bounds. We introduce the following notation. Let

N, 8)=1{0:10-06,1< 3},
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where the inner product defining the norm is with respect to I(6,). For0< e< 1
and 8 > 0 define

An(8, & 85) = ([ (o, 5 P(x" | O)w(B)dO (7)
S €[N, 5P (x"10)w(0)d6 },
B,(3, g 0,) = {(1-€)(0—-6,)1(8,)(6-6,) }< (8- 6,)I"(6,)(6~ ) (3)
< (1+8)(8-6,)1(8,)(8-86,)
forall6e N(6,,d) and all ¢ € [0, 1] },

where 6, = t(0 - 0,) + 6,, and I*(0) is the empirical Fisher information at 8. Also,
let

Cn(8, 8,) = (1,'(8,)° 171(8,)1,(8,) < 8%}, (9)

where we have denoted the average score function by
h'(8,) = 1V log p(x"10,).

The set A, contains those points x” for which the posterior probability of the neigh-
borhood N is at least 1/(1 + €); the set B, allows us to bound an empirical estimate
of the Fisher information by its true value; and, the set C, is the set where the
second moment of the random variable  below is well behaved. We bound the
behavior of the prior by the modulus of continuity of its logarithm on a neighbor-
heod of the true value:

_ w(8)
p(s, 6,) = o e j;vu - | log _w(e,) l,

and the analog to the MLE which we will use is
8=0, + 171(6,)1,°(8,),

a stochastic perturbation about the true value of the parameter.

We record a handy identity which will be used in the proof of the proposition.
Let u =6, + 1/(1-¢€) (8~ 6,). Then, by completing the square ( add and sub-
tract (1/(1 — €)%)7%(8,)I(8,)~11’,(8,)) we have that

(6 = 6,)'1,(8,) - %(1 — €)(8 ~ 8,)1(8,)(6' - 6,)

~ES @ - w10 + 5t

—_—] ty-1 s
2 T (8T (8258 (10)
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Next we state and prove tight upper and lower bounds on the density ratio. We
will use a second order Taylor expansion about 6,, then apply the formula from
completing the square, and finally recognize a normal integral.

Proposition 2.2.1: On the set A, N B, we have the upper bound

Sk "(0.)171(8,)4,(8,)

m(x") < (1+ £)w(,)ePB) 2(1 5% (27)4"2
P eo)
x | n(1-€)I(8,)I"12, (11)
On B,NC, we have the lower bound
n ’ p - ’,
m (xn) > w(ea)e‘P(S,ao)eml. ©,)'171(8,)ly (e°)(2n)d/2
p(xn | eo)
x | n(1+€)1(0,) V21 — 24/2¢=€nd%8y (12)

Proof: In both cases we apply Laplace integration to the mixture density. For
the upper bound, (11), we have, by restriction to A,, see (7), and then to B,, see

(8), that
m(x") ul ’
—=——< (1+ &)f Ne,.5 w{(8)d6
p(xn I eo) ( ) ( 0)
n(8' - 8,)07(8,) - (0~ ,)' (8, )6~ 0)
= (1+¢€) [n,ne w (640

n(® - 8,)'L'8,) = (1 - e)® ~ 8,)'1(8,)(6' - 6,)
< (1+ e)w(0 e P2 N(8,,5¢ ’ 49

n ” -1 ’
-1+ e)w(eo)eP(E-E)e——z(l _—s 1" (8,)177(8,)4,°(8,)

-~ %(1 - X - u)'1(0,)(¢ - u)
[n@,.5 € do

1™ (00)17(0,)44"(8,)
= (1 + €)w(0,)eP > o (2m)42 1 n(1 - €)1(8,) "2,

where we have used (10) so as to pull out the exponential factor.
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For the lower bound, (12), we have

n A nlg ,
mngx D> [y, 5)—’35,.——'2-w(e')de
p(x"16,) p(x*16,)
n(6-0,)'1,°(6,) = (& — 0,)I*(9,)(6' - 6,)
= [ Neo,. 5)€ 2 w(6)d0’,

where 8, € < 0, 0,> . Again, we use the identity stated above, (10), but we now
replace (1 — €) with (1+ €) and let u =6, + 1/(1 + e)(é - 0,). Because of the
restriction to B,,, see (8), we can continue the inequality
- n(8 = 8,)'1,'(8,) = (1 + £)(& - 8,)'1(8,)(8" - 6,)
2 w(0,)e P(3, 6,)1 N(8,, 5)€ 2 do

A e vr-ira g’
= w(eo)e-p(s' e")e 2(1 + E) ’. (e°) 1 (eo)ln (0,,)

—(1 + ) 2(0 = u)T(0,)(F ~ u)
do

X N, 8¢ 2
n n
_ e [, (0, )] 71(9, )1, "(8,) ~(1+ €)(0 - u)'1(0,)(0 - u)
= w(0,)e P g 21+ ¢) Ré€ 2 do
—(1+ s)%(e'- NCRICEN
- IN(O,. a)ce de ]. (13)

Since we have restricted to C,, see (9), and the inner product is with respect to
1(8,) we have that by writing o. = 1/(1 + €) and using the definition of u and  that

10~ ul=16"~-6,~ (b~ 6,) |
= 16"~ 8, - 71(6,)1,(8,) |
2 16°-0,l-all~1(6,)l,"8,)!
2 8- al,’(8,)I71(6,)4,"(6,)

_ __€d
T (+8)°

Consequently, in the second integral of (13), the integrand is not greater than
e—ne’s’m(l +8) . pm(l+ om0~ u |2/4_

2(1- a)d

So, expanding the domain of integration in the second integral of (13), and rearrang-
ing, we have the lower bound (12). O
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We now have some control over the logarithm of the mixture density over the
true density. The integrand of the Kullback-Leibler number approximated by the
theorem uses the reciprocal of that density ratio. Thus, when obtaining upper
bounds on the Kullback-Leibler number we will be concerned with the probability of
B, n C,; and, when obtaining lower bounds, the probability of A, N B, will be
important. It will come out in the course of the proof that we require the probabili-
ties of the compiements of those sets to decrease at a fast enough rate. Any rate
faster than 1/log n is enough; however, we have found it convenient to use 1/n for
Bf and C;.. We have assumed a suitable rate for AS, deferring a result which will
give sufficient conditions for that rate.

Before launching into a proof of the theorem, we describe the bounds that we
will use on the probabilities. The expected supremum condition (4) controls both
the probability of Bf and of CS since it guarantees that certain second moments
exist. That will mean, in particular, that the variance of

az
o 10, R 5 09,00, log p(X, 199,
and of
o2 ——logp(X,16,)
96,00, ’

and the expectation of

az log p(x 19) 5 logpmle ),

are finite for any choice of i,j from 1 to d. The finiteness of those expectations will
be used with the elementary result, based on Chebyshev’s inequality, that for i.i.d.
outcomes of a random variable X with finite variance under probability P,

— 1 5
P(1X - EpX 1> €) £ -n?'Ep n (X - EPXI)zl{IX-Eprb ey
where
Epn (X - prl)zlux‘- Exxyi> g 0

The first part of the proof will be taken up by getting suitable bounds; then we will
actually prove the approximation (1), by proving (5) and (6).

Proof of Theorem 2.2.1: From the posterior consistency assumptiion we have that
for each 8 > 0, and each ¢ > 0,
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1
logn

P,(A7(3, &, 8)) = o( )s

by use of the relation
1
, 1@, 5 (" 19w (B)d0 '
I Neo,, 5yP(x™ 10)w(8)d6

W (N(6,,0)°1X") =
1

From Chebyshev’s inequality, we will obtain bounds of the form

01(9,,, n, &g, 6)

—, (14)

Pg, (B (3, €, 6,)) S
ne

where €’ is a function of &, and & which is positive and tends to zero as € and § tend

to zero. The function c; tends to zero, as n increases, for any fixed 8 and €. By

Markov’s inequality we will show that we have

c2(9,, n, 8)
nd?

where ¢, tends to zero, as n increases, for any fixed 8. We proceed with proving

Pg,(C5(3, 6,)) < , (15)

that ¢y and ¢, exist as we want.

To show the existence of ¢, it is enough to examine sets of the form

Pk, - i ’
Pg ( nogu?s . n,,k(e,) ij£(8,) 1< &)

This is suggested by noting that B, (J, €, 6,) can be written as

S 2O (8) — 1(8,))I71%(8,)8
g'e

where & = 1Y2(0,)(0 - 0,) varies over the set 112(8,)N (0, §), and ¢ varies from

zero to one. Without loss of generality we can assume that the norm of & is one,

since the normalizing factors cancel. Now we see that if the largest of the absolute
values of the eigenvalues of

B,,(5, €, 6.,) = {e < 8},

1*(8,) - 1(6,)

is small enough, then the desired inequality defining B, (3, €, 6,) is satisfied. Taking
the largest absolute eigenvalue gives a norm. By the finite dimensionality of the
matrix space it is equivalent to any other norm. We choose the norm which takes
the maximum of the entries. To show that the convergence of the empirical Fisher
information to the true Fisher information holds in that norm it is enough to show
that each entry of I*(0,) — I(0,) tends to zero. With that in mind we choose
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¢’ = €(g, d) so that when each entry is less than € we know that the inequality in B,
is satisfied. Thus it is enough obtain an upper bound of the required form for
Pe,,(eseug5 1% £ (8) = i;£(8,) 1> €,
since there are finitely many entries. It is upper bounded by adding and subtracting
*; ¢ (8,) to get

P°°(|e, sup | i71(0) = ifx(8,)1> %) + Po, (1§} 4(8,) = §;,,(8,) 1> %). (16)

By Chebyshev the second term in (16) is upper bounded by

4 it - yi \
ne"zbe‘luifgte.)— i[4(8,)1> %l(\’n Chik(8o) = 5, (86) ) )% an
For the first term in (16), we choose & so small that
E sup I—S—log p(X 10) — —2—log p(X 18,) 1 < £
1o, ~ 1< 5 06,00 36,06, 4

and set up another application of Chebyshev’s inequality. Let
2

= 9 X 92
LT a'ae,-aek log p(Xp 1 ) 26,00,

logp(X,, 16,)!

and let
V(8,) = (17 - Eg ¥,1> -3-}.

Now, the first term in (16) is upper bounded by

16

——Eg v, (Vn (¥ - Eq Y2 (18)
ne

— 4
Po(17 - Eg ¥,I> %) <

Adding the bounds (17) and (18) for the terms of (16), we see that we have an
expression for c; of the form desired for (14): c, decreases to zero, albeit slowly,
because of the presence of the indicator function which tends to zero and multiplies
a uniformly integrable function. Here we have used the result that convergence in
distribution, with convergence of the expected absolute mean, implies uniform

integrability.
Similarly from Markov’s inequality we can identify an expression for ¢, for use
in (15): ‘
Po (CE) s n—lsEoolcg n 18,)1(8,)~11"8,).
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Again, the expectation goes to zero as n increases since the convergence in distribu-
tion and constancy of the expected value of 1’(6,)*I(8,)"!l’(8,) guarantees the
required uniform integrability.

We will sandwich the desired quantity, D (P§ |l M,), between upper and lower
bounds which will both converge to the same expression. By definition
p(x"16,)

D(P§ 11 M,) =J'R_p(x" 18, )log = A(dx™).

m, (x
To get the bounds we will use two decompositions of the integral, each a sum of two
terms. The bound on the probability of B will be used in both the upper bound and
the lower bound because it appears in both parts, (11) and (12), of Proposition 2.2.1.
However, it will be seen that the required rate of decrease to zero on the relevant
probabilities is o(1/log n) for the lower bound, but is of the form ¢,/n where
¢, = 0 as n — oo for the upper bound.

For the lower bound (5}, our first decomposition is:

p(x"186,)

D (Pg, lan)=J'A.nB.p(x"|90)log s A(dx™) (19)
™18,
4, 25" 010BE ) @

Expression (20) represents the error part which we hope is small. For it we will
use a Jensen’s inequality argument to show that given any 1 > 0 expression (20) is
greater than or equal to —n, for all large n. Indeed, (20) equals

p(x"16,) 1 my (x")

Adx"
P((A, ~ B 18,) Cp@niey) )

B EIAL L AP

m,(x")

A(dx™
(A N BaY P((A, N B,)E19,) (")

2 ~P((A, N B,)°|0)log|

M,((A, N B,)°)
P((A, N B,)°186,)

=-P((A, M B,)°186,)log
2 P((A, N B,)°10,)log P((A, N B,)°18,)

2 -1,
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for n large enough, since P((A, N B,)°10,) = 0. For the lower bound on (19) we
use the upper bound part of Proposition 2.2.1, equation (11). Now the lower bound
is
w1 (8,)1 (8,)1's (8,)
D(P3, 1IM,) 2 —Eg,1,, A plog [(1 + £)eP(BFI 20+ 6)
x(27)42 | n(1 + €)I(6,) I"V2] - q,
so we have that

D (P} 1IM,) - -gélogn 2 Py (A, N B,,)[-‘Z’- log (1 + €) — log(1 + g)eP® 8]

+ Po (A, A Bn)[g-log L tog—

1
= + —logdet I(6,)]

w(6,) 2

- T g Ee a0 BILOIT(8)7H(8,) — m

+ %(log n) [ Po,(Ap N B,) - 1]. (21

The limit of the right hand side exists as »n increases, and is a function of
€, N, 0, and 6,, which we now identify. To see that the last term of (21) gives zero
we use the fact that Pg (A, N B,) — 12 o(l/logn). To identify the limit of the

expectation in (21), let
z, = Vnl(8,)" V%, (0),

then zfz is uniformly integrable. In fact, it converges in distribution to a X42 random
variable in Pg, distribution, with convergent, indeed constant, expected value:

Eg,z'z = tr Eqzz" = tr Eq nl’,(8)1',(0,)"1(8,)~! = tr 1(8,)"11(8,) = d.

Thus 1, . p,z‘z is uniformly integrable too, and is convergent to x2 also, so it has
the same asymptotic expected value, d.

By taking the limit as n goes to infinity in the last lower bound (21), we have
the following inequality:

liminf[D(Pg IM,) - —d-logn ]
n—>o ° 2

> L iog (1+¢) - log(1 + £)e”® %) _

2

d 1 1 d

—log — =] ) = ————. (2
+ 2log o + log w0 + 2ogdetl(e) ) (22)
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Now we let €, N, and & decrease so that the first part of (22) is seen to be zero and
the second part gives the constants claimed by expression (6).
It remains to obtain the upper bound (5). We use a slightly different decompo-
sition:
x™10
L(____"_)x

dx™ 2
el G (23)

D (P, IIM")=IB. . C.p(x" | 8,)log

n p(x"16,)
+f(8‘ﬁcu)‘p(x 18,)log s A

(dx™). (24)

In this case term (24) is the error which we hope is small. If we invert the argument
of the log, restrict the domain of integration in the definition of m,, and rewrite the
inner integrand then we have an upper bound on (24) which is of the form:
_ gp(x" 18,)
- p(x*186)
I(B, A c.)J’(x'l I e°)l°gf(e: ne-o,1 s 8)° , w(8)d6A(dx™).

Since 0 is restricted to a neighbourhood about 0,, we can use a Taylor expansion of
logp(x™16) :

log p(x"16) - log p(x"186,) = (6-6,)’S,(8),
where S,(0) = Vlog p(X"10). Now, the last integral is less than or equal to

- o ']
o8 Mo, 5)(9’ 0'Su(®

—I<B. A cyP &7 1 80)log I{o:ne-e,,u < 5)° w(8)dOA(dx")

S -P((B, N C,)°106,) logW ({6:110-8, Il < 3))

+ Eg.X(B, n C.)c X

sup  (8'-6,)'Viogp(X;19), (25)
=19, 8e N(0,, 8)

an upper bound for (24). By consistency the first term in (25) is no problem. For
the second term in (25), we add and subtract a convenient quantity. The result is

n
E Y[ su - 6,)Viogp(X;18
8.X(8, n C1) Ex er.éeNl:e,,. 8)( ? gp(X:19)

-~ Eg, _sup (8- 6,)'Viogp(X;18)]
@.8e N(O,, 5)

+n Py ((B, N C,)%)Eqg sup (08— 6,)'Viegp(X18). (26)
o, de N(O,, 5)

The last term in (26) is upper bounded by using
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Po,((B, N C, )°) S Py (By) + Pg,(Cp),

and then the bounds on Pg (B7), and Pg (Cy), that were derived earlier. For fixed
values of € and 3, we have that c; and c,, as in (14) and (15), tend to zero. Thus
we have upper bounds on Pg (B;) and Pg (Cy), which tend to zero as n increases,
for fixed € and 3, even when multiplied by the factor n. So, the last term of (26)
tends to zero as n increases.

The first term in (26) is upper-bounded by use of the Cauchy-Shwartz inequality
SO as to recognize a variance term: that upper bound is

n
E c Var su 9 - 0,)Vliog p(X;10)).
v Eo. Xz, n C.) '\/ e,,(El 05 NI:O,, 8)( o) gp(X;10))

The union of events bound in the first factor gives an upper bound on the last
expression:

< \/clln + coln ).\/ n Varg ( v éesg,ge 8)(9'_ eo)IVlogp(Xll 0))
’ 13719

=~ ¥ cz\/ Varg ( sup (0 - 6,)Viogp(X,!0)).
° o, de N(9,, 8)

Again, we use the fact that ¢; and c,, from (14) and (15), go to zero as n increases,
for fixed values of € and §.

Having controlled the error term adequately, we deal with term (28) by the
lower bound (12), given in Proposition 2.2.1. Thus we have an upper bound on the

relative entropy:

=L 1,(8,)17 (8, )1, (8, )
D (P}, |IM,) S - Eg 15, ~ c, log [w(8,)e™P® &g 20-2)

x(zn)dlzl n(l—e)I(O,) |—112 (1 - 2d/2e—(l—e)n8/8) ] +1M
= Po,(By 1 C,) [ S10g(1 - &) - p(3, 8,) + log (1 = 2%~ (1-embld) |

+ Po (B, A Co) [ -‘zilog-z"? + -21-log det 1(8,) + logw(le )

1

Eg, 15, ~ ¢, (8,)171(8,)1,(8,) + m. (27)

n
2(1-¢)
Now reasoning similar to that used to conclude the proof of the lower bound (6)
gives the upper bound (5): From (27), form the upper bound inequality analogous
to (22), and then let n — o=, After that, let €, 8, and 11 go to zero. O
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2.3 Posterior Consistency

Bayes’ consistency has two different definitions. One, which we use here and
call posterior consistency, is that the posterior distribution converge to a degenerate
distribution at the true parameter value. The other, which we do not use here, is
that a Bayes’ estimator resulting from minimizing the Bayes’ risk in a decision theory
framework converges in probability to its true value. Sufficient conditions for poste-
rior consistency usually assume one of two forms: the Wald style assumptions as
used, for instance, by Le Cam (1953), see Theorem 5b; the other is the hypothesis
testing approach of Schwartz (1965). Formally, by posterior consistency, with rate
O(f(n)), we mean that, when 0, is taken to be true then, for every o> 0 and
8> 0,

Po(W((0:10-6,1> 3IX"}) > ) < c(a, 3)f (n).

where c(a, 8) is a constant and f(n) = 0 as n — . Posterior consistency with
rate o (f (n)) is defined similarly. We have thus far assumed that we have a suitable
rate for the convergence of the posterior to a degenerate distribution at the true
parameter value. In this section we will prove that posterior consistency with the
rate assumption we have made is a consequence of the parametrization provided it
satisfies a certain condition.

By analogy with the use of the term in mathematical logic, we call that condition
the soundness of the parametric family. Specifically, a parametric family is sound if
and only if it satisfies the tcpological condition

8 >0&= Py > P,
where convergence in the parameter space is in the Euclidean metric and the

appropriate mode of convergence in the set of probabilities will be denoted by d.
Soundness forces parameter estimation to correspond to probability estimation.

We assume that the random variables take values in a k -dimensional real space,
and we choose d to be the Kolmogorov-Smirnov distance, the L norm on the dis-
tribution functions. Non-Euclidean spaces for the X; can also be handled with a suit-
able choice for the mode of convergence d. More generally we could choose

ds(Pg, Pg) = sup | Pg(A) — Pg(A) |
AeSs
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as the mode of convergence, where § is a Vapnik-Chervonenkis collection of sets,
see Vapnik and Chervonenkis (1971). Any choice of S amounts to requiring that
the empirical probabilities of sets in S converge uniformly to their true values.
Clearly, d is a special case of dg.

The key requirement on any choice of distance measure d is that it define
neighborhoods which admit uniformly consistent tests for hypotheses of the form

H,:0=0, versus Hy: 16-6,1> 3,

for some positive 8. It is known that the Kolmogorov-Smirnov distance has that
property, as do the distances of Vapnik and Chervonenkis, and the variation distance
for the discrete case, see Barron (1989), and Hoeffding and Wolfowitz (1958).

Soundness makes it impossible for a family to ‘fold back on itself’ because the
only members of the family which are close to a given Pg are those Pg’s for which 6’
is close to 0. That is, no member of the family can be realized as the limit of other
members of the family unless the corresponding parameters converge also. This is
nontrivial particularly when taking a limit along a sequence of parameter values
which has no limit in R4, The point here is that the unique value of 6 can be
obtained by convergence of estimates within the family. Schwartz (1965) gave
examples of unsound parametrizations which had anomalous properties.

As a consequence of the results of Schwartz (1965), it can be shown that if the
family is sound, and if D (Pg Il Pg) is continuous at 6 = 6, then the posterior distri-
bution is consistent. To obtain a rate of posterior convergence, we will add the
assumption that D (Pg_!! Pg) admits the second order Taylor expansion

D(Pg, Il Pg) = %(e - 8,)'1(6,)(8 - 8,) + o(116, — 0112), (28)

We remark that the local supremum condition (4) is sufficient for the Taylor
expansion assumption. There are two key hypotheses in Theorem 2.2.1: condition
(4) and the posterior consistency assumption. The latter condition is generally not
easy to verify directly, so we present a result which gives sufficient conditions for it
to be true.

Theorem 2.3.1: If a parametric family for random variables taking values in R¥ is
soundly parametrized and the Taylor expansion (28) holds, then posterior consistency with

rate O ('—°5—") is satisfied,
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The intuitive connection between soundness and posterior convergence is that
soundness makes it impossible for any density more than & away from the true den-
sity to mimic its behavior. In the exponential family case of Chapter 1, Section 3,
we were able to cite results due to Berk which guaranteed posterior consistency.
However the result above seems more generally valid. After proving the theorem,
we suggest how that analysis can be carried over to random variables not taking
values in a real space.

Theorem 2.3.1 falls into the hypothesis testing approach to posterior consistency.
It merely states sufficient conditions for the hypothesis test to exist for a distance
which, when restricted to a parametric family, is equivalent to the Euclidean metric.
We will prove the existence of a test which has type 2 error uniformly upper-
bounded by e~ for some positive . Such tests are called uniformly exponentially
consistent (UEC). The test we identify also has type 1 error which is decreasing
exponentially fast as a function of n.

The next two propositions amount to a proof of Theorem 2.3.1. We divide the
proof of the theorem in two pieces so as to isolate the part which uses the reality of
the random variables. Later, when we consider generalizing, it will only be neces-
sary to examine Proposition 2.3.1, which is the following.

Proposition 2.3.1: Suppose the family { Py} is sound under the L distance
measure denoted d, then, for any 8> 0, there exists a UEC hypothesis test of 6 = 6,
versus 10 - 0,1> 4.

Proof: By soundness, given 8> 0 there exists an €> 0 such that
19~ 0,1> & implies d(Pg, Pg ) > €. If we have a UEC test of

H: P = Py versus K: P e (Q 1d(Q, Pg) > e,
then we have a UEC test of
H: 6=0, versus K: 6 (0°110°- 0, 1> d).

Now all that remains is to identify a UEC test for the nonparametric hypothesis
test. Let 13,, denote the empirical distribution, choose 0 < €’ < € and let

C,= [x"1d(P,,P,) > ¢)
be the critical region. By the Kiefer-Wolfowitz theorem (1958) we have that
P,(C,) < 2e~"€"8,

for P, = Pg_, and for any choice Q in the alternative we want to show that
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Q(C;) = Q(d(P,, P,) < €)
is exponentially small. From the triangle inequality, we have that, for X” in C£,
e< d(P,, Q) S d(P, P,) + d(P,, Q)
< €+ d(?,, Q).
So we have a lower bound on how likely it is for the empirical distribution to remain
a finite distance away from the true distribution, when the true distribution is in the
alternative. By the Kiefer - Wolfowitz theorem we have

Q(CH < Qd(P, Q)2 e-¢)

< 2e;n(s - s’)zls,

independently of Q in the alternative. O

The second proposition uses the conclusion of the first proposition as its
hypothesis and obtains a Bayes’ consistency result which is stronger than what is
actually required for the theorem.

Proposition 2.3.2: Suppose that the prior density is continuous and positive at 6,
and that D (Pg |1 Pg) admits the second order Taylor expansion (28) where I (8,) is posi-

tive definite. Then, if there exists a UEC test of 8 = 0, versus 0 € N (0,, d)° there is an
r > 0 so that

Po.(f NG, W (O)P(x" 18)dO < ™ [y o 5-W(O)p(x"16)d0) = O( long ny
and, consequently,

Po,(W (N (8, 81X")° > 2¢7™) = 0(LEL),

Proof: To make use of the existence of a UEC test we will first want to show
that for every ¥ > 0 the probability of the set

Uf= ([ e, 5 wOp(x"10)dd< e~ p(x"18,)}
is O ((log n)/n). It is equivalent to show that

N, 5 w(®p(x"16)de

_’"’ n
W (N (8,, 5)) < eMp(x"18,)] (29)

Un = |

has probability bounded by O( (log n) /n). That change is convenient since the left
hand side of the inequality in (29) can be recognized as
I N, sw(O)p(x"16)dd

W (N (8,, 8)) ’

m(&x"IN(6,, d)) =

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-52-

a mixture of distributions with respect to a different prior. By Markov’s inequality
we first note that

p(x"16,)W (N(8,, 8))
IN@,, 5 w(®p(x"10)de

"le,
< LEe. IlOg p(x )
nr’ [ e, 5 w(B)P(x™16)dO

Po,(UD < Peo(-'ll- | log )

< 71’,-( D(P3 IM"(-IN(8,, §)) + 2¢71), (30)

where we have used the fact that the negative part of the integrand in Kullback -
Leibler number is always bounded below by e~ !, since xlogx = — el It is
enough to upper bound the Kullback-Leibler number in (30) by O(logn). We
recall from Barron (1987) that

p(X"16,)W (N (6,, 3))
| N, 5 w(®p(x"16)de

lo —————W (Vs)
Ew,, o

D (P, || M (-IN(8,, 8))) = Eg log

< neg?- (31)

where
Ve= {01 D(Py, 11 Pg) < €2).
By the second order Taylor expansion of D (Pg [l Pg) we see that there exists t > 0
so that for all smalle > 0,
VeD B(6,, 1 &%),

and by continuity of the prior density there exists 0 < v < w(6,) and ¢’ > 0, such
that

W(Ve)=W(B(6,, 7€) = [pe,, tew(6)d6
> (w(8,) — V)c'e?.
Now we have that (31) gives
D(P3 IM™(-IN(8,, 8))) < ne?- dloge + c, (32)

where ¢ is a constant. As a function of € the right hand side of (32) is minimized by
€, = Vd/2n for which choice we have
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D(PE I M (-IN(8,, ) < -g-log "+ e
Now we can upper bound (30), the result of Markov’s inequality, by:
c 1.4 -1
Py (Ug) < m,( zlogn + ¢+ 2e7Y), (33)

which is clearly O ((log n)/n). .

At last we use the hypothesis on the existence of a UEC test. By an argument
due to Schwartz ( 1965, p. 22, in the proof of Theorem 6.1) the existence of a UEC
test implies the existence of r,, r; > 0 so that

Pec(p(x" | 9,,) < e""’f N(8,, 8)° w(e)p(x" | 9)d9 ) S e—"’. (34)

Now we can obtain a bound on the probability of concern. Let r € (0, r,) and set
¥ =r, — r. Then, by use of U, to set up (33) and (34), we have that

Py, ([ no,, 5yw(B)P(x"18)dB < e™ [ yq,, 5w (B)p(x"16)d0 }
S Po(UsN {f nees,, 5w (B)P(x10)dB< ™[ y (o 5:w(0)p(x"16)d0)) +Pg (UF)
S Po,(p(x"10,) < e*"*7)f y o 5w (B)p(x"18)d6) + Py (US)

< O(IOngn) re M= (longn)’

which gives the desired result. O

The above two propositions use mild hypotheses to guarantee posterior con-
sistency at a good rate, for random variables taking values in a real space. Here, the
key assumption was soundness.

Other conditions for postefior consistency at rate O ((logn)/n) have been
given. The familiar conditions of Wald (1949) are sufficient. This can be seen by
verifying that a uniformly consistent test exists in this case, or more directly by
showing that equation (34) follows from the conclusion of Wolfowitz (1949). See
also Strasser (1981) and Le Cam (1953).

In some cases, however, Wald’s condition that

p(x16) -
Ee, HE rlo p(x16,) < =

for r large enough is not satisfied or hard to verify. We find the soundness condi-
tion to be more fundamental, and in some cases easier to verify.
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Because of the Kiefer-Wolfowitz theorem we have restricted our attention to
random variables taking values in finite dimensional real spaces. To handle random
variables taking values in separable spaces which are not necessarily real, a distance
function more general than the Kolmogorov-Smirnov distance is required. A natural
choice might be the Prohorov metric. A topic for future investigation is whether a
UEC test always exists against the complement of a Prohorov neighborhood of a dis-
tribution. The results of Vapnik and Chervonenkis (1971) may be useful in such an
investigation.

One of their results generalizes the Kiefer-Wolfowitz theorem as follows. Let
m?® (n) denote the maximum number of subsamples that can be induced on X" by
sets in S. Then

—ng?

Pg (ds(P,, Pg)) > €) S 4m5(2n)e ®
where n > 2/€2. The Vapnik-Chervonenkis condition on the collection S of sets, or
a sequence of such collections S,,, is that ms"(n) grow at a sub-exponential rate.

Another sequence of distances such that a sequence of UEC tests exists for the
hypothesis test

Py, versus (Q| ds (Py,, Q) > €},

is obtained by taking S, to be the field generated by any partition with cardinality of
order O(n) as in Barron (1989). The sequence S, does not necessarily satisfy the
Vapnik-Chervonenkis conditions and test statistics other than dg (P, B,) are
obtained which have the desired properties. This result is used in Barron (1988) to
formulate general conditions for the convergence of posterior distributions.

2.4 A Further Example

We conclude this chapter by presenting one more example for the sake of exa-
mining the discrete case explicitly. This will demonstrate that the theorem is a lot
easier to use than direct approximation.

Consider an exponential prior for the Poisson distribution with parameter A and
true value A,. The full model for n outcomes x; = ky,....x, = k, is
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on e-xxgik‘e_-nx
PAT) = =
The mixture density is
n
DXk + 1)
m (k") = = :
Zk; +1

kyl..ky!(n+1)=
We will use Stirling’s formula on the Gamma function and the approximation that

n
Y k; ~ nA,. The relative entropy is

i=1

T Thi+ 1
Py (k™) e~ repim (4 1)
E, log —= E, log
m(k™)

T(Sk; + 1)
i=1

e—nx,x:k,(n_’_ l)nl, +1
(ni,)!

~ log

==nk, + ni,logd, + (nk, + Dlog(n + 1)

- log (N 2= nA, (nA,) e "),

Simplifying the last expression gives

1 n+1

—Jog————
2 OB 2w, * Ror

which is off by -1/2 from the result of the theorem: it is

-l-log _n: + -l—log I(A,) + log

2 °2me 2 e ho

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 56 -

Note that the error of 1/2 comes from the fact that we have not evaluated the Chi-
square term in (2).

To complete this example we consider a slight modification of the last joint den-
sity. We change the prior by relocating the exponential at a > 0. The full model is

now
lk _
- ap Bt _e
kil .k,!
The mixture density is
ik: -nA
ny = [ ,=(A=a)yi=1 €
mk") = [ e Mo

which can be transformed to give an incomplete Gamma function by a change of
variables. Incomplete Gamma functions are difficult to evaluate. Fortunately, for
A > a, the theorem still applies so we have

n 1 n 1 1 1
= = log —— + — —
DPYIIM,) og me + log — + log e

2 2 98y a-a T oW,

since the Fisher information and the value of the prior are easy to compute.
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Chapter 3: The Bayes’ Cumulative Risk

3.1 Introduction

In this chapter we extend the work of Chapter 2 so as to obtain an asymptotic
expression for the Bayes’ cumulative risk of the Bayes’ estimator. The Bayes’ risk is
the result of integrating the risk with respect to the prior and the risk of the Bayes’
estimator was approximated in the last chapter. If the prior concentrates on a com-
pact set K then a uniformly good approximation to the risk should integrate to give a
good approximation of the Bayes’ risk. That is, we hope

[x D(P3IIM,) w(B)de
d n 1
= Liog—Llm + H(O) + L[ w(B) logdet I(8) dO+ [ o(1)w(0)d8, (1)
2 8 %ge MBI T log det 1(8) ;@

in which H (@) is the entropy of the prior, and o (1) is a function of » and © which
satisfies

lim sup lo(1) 1=0

n 500k
so that the right hand side of (1) is our candidate approximation, provided each term
is finite. The Bernoulli case with Beta(q,q) prior is an example in which the terms
are finite and the identity is valid.
One approach to the problem would be to integrate the decomposition from
equation (2) of Chapter 2:

E,D(P§|IM,) = E,E,Jo gw E,E,log M,
p(X"18) P mxm)

and prove the following observations to be true for compact parameter spaces.

1) The MLE 8 is uniformly close to its true value at the desired rate:

Po(10 - 081> €)= o(1/n).
esgl;( o 0 €) =o0(l/n)

2) Foreach 8 ¢ X we have that

E(X"Ie)
log P(X"16) Xd’
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in Pg distribution, uniformly, with expected values matching as well, in the limit.

3) The Laplace integration to approximate the integrand of the second term can be
done uniformly.
4) The errors introduced by 2) and 3) tend to zero uniformly.

Pointwise versions of these conclusions were shown in Clarke and Barron
(1988), and we believe that the uniform versions can be established with techniques
similar to those used there. However, the conditions required to use the MLE
would be more stringent than those which emerge from making the proof given in
Chapter 2 hold uniformly.

The uniformization of either proof for the approximation of D (Pg || M, ) breaks
down when the support of the prior is not compact. Aside from the technical
difficulty of quantities which, for the sake of the proof must be finite, yet go to
infinity on non-compact spaces - suprema of expected squared logs of density ratios
in the MLE type proof, suprema of Fisher information being infinite in either, for
example - we suspect that uniformity is not the right criterion because those parame-
ters which correspond to regions of small prior density should make a relatively
smaller contribution to the approximation.

That was the motivation for considering the information theoretic aspects of the
problem. One can recognize the cumulative Bayes’ risk as the Kullback - Leibler
distance between the joint distribution for (©, X") and the product of the marginal
distributions for © and X". This is the Shannon mutual information, which we
denote 7 (©; X"). Explicitly, we have

pe(x™)
[x D(PEIIM,)w(B)dO = [ xf g» Pe(x™) log ;—(—;—)—dx w(0)do

= D(Pe'xn I PeXPXA)

=1(©; X")

= H(®) - H®IX").

We have denoted the conditional entropy of ® given X" by
H®OKX") = [ H®IX" = x" )m(x") A(dx")
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1

(0 x™)
We have seen that the entropy H (©)appeared in our candidate approximation. The
other terms in (1) are seen to approximate the conditional entropy H(®1X"). We
find that it is easier in the non-compact case to examine this conditional entropy than
to uniformize the approximation to D (Pg 1l M,). We shall evaluate a suitable lower
bound for 7 (®; X”) by maximizing an entropy. To upper bound /(©; X") we will
use bounds on D (PR 11 M,).

=[ m(x™)[ p(81x") log deA(dx™).
p

3.2 An Upper Bound

In this section we convert a pointwise version of Theorem 2.2.1 into an aver-
aged version by use of the dominated convergence theorem. The key idea is to use
a uniform version of the same inequality as was used in the proof of Proposition
2.3.2. We assume that the second order Taylor expansion of the Kullback-Leibler
distance between two elements of the parametric family uniformly upper bounds that
Kullback-Leibler number. It turns out that we must also make a hypothesis which
essentially forces the logarithm of the prior to be uniformly continuous.

If the parameter space is compact then the proof simplifies: the hypotheses are
not needed since continuous functions on compact sets are uniformly continuous
there and the existence of two continuous derivatives will guarantee that the second
order Taylor series is a good approximation.

Theorem 3.2.1: Assume that H (©) is finite,
j VlogdetI(0)!w(0)do < oo,
and that the hypotheses of Theorem 2.2.1 hold for each © in the support of the prior.
Assume that there is a positive 8 and a constant ¢ so that for all &', 0 in the support of the
prior with
D(0118") < &,

we have that

D(Pgll Pg) < %(e - 6)'1(8)(6 - ),
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and that

Then we have the upper bound

lim I xn
n jllp [ (9 21t

Proof: From an inequality due to Barron (1987) we have that
D(PglIM,) < ne—logW{©'ID(OI106) < g}).

The prior probability of the neighborhood of 6 can be lower bounded. We let
€ = €, = d/n and assume n is so large that d/n < 3. Now we have

WO ID@®IB)< g, ) = W({§1c(8 - 8)1(0)(0—0)< ¢g,))

w(0 /
> JC—LI (8 - 8)'1(8)(& - 8) < &,) 4©
= 2O jeu (0)- 12y,

where ¢’ is the result of absorbing the volume of the unit ball in d dimensions into
c. Now we have that

D(PEIIM,) - —‘zi-logn < d - log w(B) + log ¢’ + -;—log det 1(6) ~ glog %'
in which the upper bound is independent of n and integrable with respect to 8. Now
we can apply the dominated convergence theorem to see that by the pointwise con-
vergence from Theorem 2.2.1 we have

limsup 1(©, X") - Llogn < | limsup [ D (P§ 11 M,) ~ -glogn 1w(8)d0

n — oo 2

= [?log211w+log (19) -l-log det 71(9)] w(0)d0 .O

An improved version of that result would eliminate the above condition on the
prior, and assume that the set on which the Taylor expansion failed to be a good
upper bound had probability decreasing to zero fast enough that its contribution to
the mutual information tended to zero. This means that the probability of the set
would have to be decreasing at least at rate o(1/log n), a sort of prior consistency.
This would mean that ¢ would depend on r also, and increase slowly. Then one
would decompose the mutual information into two parts: an integral over the good
set in the parameter space and an integral over its complement which would go to
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Another approach is to use an identity due to Barron (1988) which was used
earlier. We recall that from Chapter 1, Section 6,

D(Pg, 11 M") + EgD(W" Il w(:1X™)) = ~log [ _.e™""* w(6)d8, (2)

where Dg= D(6,1160). An upper bound on the first term of (2) can be derived
from the pointwise convergence of EaD(w' Hw(1X"™)) to d/2 and being able to
perform a uniform Laplace integration on the right hand side. The uniformization of
the Laplace integration will require conditions on Dg also. Although they will be
different from those of Theorem 3.2.1 it is not clear whether they are weaker or
easier to verify.

Priors, such as the normal, which tail off quickly generally do not have a uni-
formly continuous logarithm. Intuitively, from looking at the identity (2), they are
the ones which assign most mass near the maximum. Indeed, as the examples sug-
gest, an upper bound of the desired form for their asymptotic behavior exists and is
not contained in the above result.

We therefore present an upper bound which holds for an appropriate sequence
of compact sets and gives the expected approximation on that sequence. We hope
eventually to prove that the sequence of complements gives an asymptotically negli-
gible contribution. The hypotheses will not require the :aiform continuity of the
logarithm of the prior, or that the Taylor expansion provide a uniform upper bound.
However, the result is weaker also: the approximation is only along a sequence.

Since we will be integrating the identity (2) with respect to the prior we must
first cut down to the set on which our approximation will be valid. Two types of
constraints are required to define the domain. Let

U,={01| for (6~ 6)1(8)(6- 8) < J,, we have

(1+¢,)

3 (0 - ©)'1(0)(0 - ©), and

1) D(oIle) s

2) lw(®) -w@)Is E,,w(d) 2 28},

where the sequences &,, €,, and §, are positive and thought of as decreasing. The
key hypothesis is on how quickly U, increases to the support of the prior.

Proposition 3.2.1: Assume the desired approximation makes sense: H (©) is finite
and
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J llogdetI(0)!w(8)dd< oo,

that the hypotheses of Theorem 2.2.1 hold for each © in the support of the prior. Assume
that we can choose the sequences &,, €,, and 8, to be positive and tending to zero so that

nd, — oo,
and
W (US) = o(—).
log n
Then we have the upper bound
limsup [f y, (@)D (P§ 11 M,) 48 ~ Slog =2

- -;-j w(8)log det 1 (6) dO — H ()] < 0.

Remark: If we assume that W (Uf) = o(1/n) then the integral over Uf is
asymptotically negligible by a calculation using Jensen’s inequality. However, we
have been unable to find an example which satisfies that rate assumption. We
suspect that one can prove W ({ w(8) < a,)) is essentially of order a, since we are
evaluating the prior measure of a set which is typically defined by upper bounding
the parameter itself.

Proof: Integrating (2) over U, gives
[uw(@®D(PglIM,)d0 =~ [y log[ [ e e 2@y (0)d0’] w(0)dO
- fuw(®)EgD(w*liw(-1X"))ds.

By Lemma 3.3.3 the integrand of the second term converges to d/2 pointwise
and is positive. Applying Fatou’s lemma we see that the limit inferior of its integral
is bounded below by d/2 also.

For the first term we use Laplace integration uniformly. On U, we have that

[ re €@ (0dO’ 2 [ g, o_gi< 56" PO O (0)dE

—nlLE ) o gyrceyo - &)

2 f[g.10-01< 5€ 2 w(0)de’

_pldt e *25") (6 - 6)'1(8)(8 - 8)
2 (w(0) - &,) [ [ pae doe

n-(l+-25'l(e - 0)'1(8)(8 - 67
do

- fo:10-012 5,8
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2 w(9)(2x)¥21 nI(0) " V2(1 - g(,;) ——)(1 + g)~4/2
x (1= e "2/,
Integrating the negative logarithm of that over U, gives
[ uw(O)D (Poll M,)d8 = | y w(8) [ log (e) + ilogzl + —;—log det 1(6)
d (1+¢g,)%? &n
+ 2logn + log . e-n85142412) log (1 (6 ) 1de.

As U, increases the first three terms in the integrand, with the -d/2, tend to the
constants

d 1 1
H(®) + 2log e + 5 { w(0) log det I(6) d6.

The fourth term of the integrand is W (U,)(d/2) log n which is asymptotically
equivalent to (d/2)log n by the rate assumption on the prior probabilities. The
other two terms go to zero as n increases: the fifth because 78 — o= and €, — 0 and
the sixth by the dominated convergence theorem because

En
XU,. log(l = W(e)) - 01

almost everywhere with respect to w, and 0 € &,/w(8) £ 1/2. Thus the limit supe-
rior is as claimed. O

The sets U, force uniformity by requiring a lower bound on the prior and by
requiring thai the second order Taylor expansion be good on a sequence of sets
which is increasing fast enough. In this result, it is as if we have considered a
sequence of priors with compact support which tend to the true prior. For, the 6’s
have been weighted with either their true relative weight or with zero. In the
theorem before, they were all weighted with their true relative weights. At the end
of this chapier we will give an example to show that the rate assumption on U, can
be satisfied.
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3.3 Bounds in the Compact Case

From chapter two we recall the sets A,(d, €, 0), B,(d, €, 0), and C, (3, &, 0),
see expressions (7), (8), and (9). They were introduced so that tight upper and
lower bounds on the log density ratio between a member of the parametric family
and the mixture could be found, and the complements of the sets on which those
bounds were valid had probability decreasing to zero fast enough. Rather than
assessing convergences under a fixed 6, we consider an arbitrary element of the
parameter space since we want our results to be valid over a compact set. Under
uniform hypotheses it is clear that, pointwise, the statement of Proposition 2.2.1 is
clearly valid, for all © as is Theorem 2.2.1. It is only the rates of decrease of proba-
bilities which may not hold uniformly in 6, the n which is large enough for one
value of © may not be large enough for another. The slightly stronger assumptions
we have introduced below control the rates so that the formula is valid uniformly for
@ in a given compact set K.

Since we are extending a proof which has already been given we will not go
over all the details, we will merely show that the terms which avise can be controlled.
The first step in obtaining that control is the following lemma which gives a rate of
decrease for the quantities appearing in Chapter 2 in the proof of Theorem 2.2.1.
We assume a rate of decrease on a set and make moment assumptions so that the
rate. of decrease of the expected value of a quantity of interest is given in terms of
the rate on the set.

Lemma 3.3.1: Consider two sequences of random variables X;, Y; which are i.i.d. and
satisfy X; is independent of Y ; if and only if i# j. Let U, be a set such that

Po(U,) s c(8)f (n),

where c is continuous on K. We assume that for each © € K, X; and Y ; are mean zero
with finite variance and that

EXE < oo,

Then using an overbar to denote a sample average, we have that there is a boundsd func-
tion ¢y on K so

nEelu'_.X_}T < cl(G)‘Jf(n)
Proof: By the Cauchy - Schwartz inequality and the hypotheses we have

— — n n
nE91U.X Y = -}EGZX,-ZleU.

i=1 j=1
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< %PO(U,,)I’Z’\/ Eo( 3 X; EY )2

i=1 j=1
_ \/0(9')![ (n) ,\/ Ee(ﬁxiiyj kalf‘, Y)).
i=l j=1 k=1 =1

We can expand the second factor and see that most of the terms are zero. The ones
that aren’t give the upper bound

«lcgengggnz NNEQXPYZ + n2EgX PEqY 2 + 2n2Eo(X ¥ )2

< Ve(OV 3EX Y 7 + (1/n) EgX PEgY £ VF(n),

which gives the stated result. O

We will apply the lemma to each of the three quantities which must be con-
trolled for the approximation of Theorem 2.2.1 to be valid on K. Our result gives
upper bounds as well as lower bounds. To a certain extent the upper bounds dupli-
cate the result of the last section; however, here we have a result uniform in 9,
rather than one which is true only after the expectation with respect to 6 has been
taken. We state our result as the following.

Theorem 3.3.1 Suppose that w(0) and det I (0) are bounded away from zero on K ,
and that for each O there is an € > 0 so that for any o. > 0 we have

). 3

sup W(N(G SIX™®) > a) = of
de B(O, s) 10 g

Assume that for all k and all | there is a & > 0 which satisfes

log p(x,160)%< oo. )]

E ( h
su su

e B(%.e) ée’:lé—gk s aekael
Then for any compact set K we have that

im sup |D(P}IIM,) - Elog—- Liog det 1(8) - log —
n—)MéeK 2 2

Proof: We first show the conclusion for the case of a small compact set con-
tained in one B (0, €) and then extend. Note that the expected local supremum on
the fourth moment of the second derivative implies that the first derivative is con-
trolled, that is we also have for each i

sup Eé( logp(xllé))4< oo,
8e B(6,¢)
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Examination of the proof of Theorem 2.2.1 shows that the upper and lower
bounds on D (Pj |1 M,) depend as follows. For the lower bound we require that

Py((A NB)®) = o )s (3

lon

uniformly in  and for the upper bound we require that
P4(B®), Pi(C°) = (). (6)
n

General conditions under which the assumption on A, can be met can be derived by
extending the reasoning in Chapter 2, in the section on posterior consistency. How-
ever, in the present context it is enough to show that (5) and (6) are satisfied. We
extend the pointwise results of Chapter 2, Section 2. There, we identified three
quantities which had to tend to zero if the theorem were to be true. We do that
here and prove the desired convergences.

Given the stated assumptions we will see that use of Lemma 3.3.1 implies

nli_lglméezu‘p'g) Eg(ly) (Vn (i) - ij,(8) ) )2 =0, (7
Jm o sup  Ea(ly) ¢ Vn (osuap  1i(8) = §j,(8)! (8)
- Ey _sup Ch ——log p(X 1 ") - Ch logp(X18)))2=
18- 01<3 89 06, 09,08,
and
lim sup Eglcn I/(8)1(8)~1(8) = 0, 9)

n—>fe B(O,E)

where U is the event
= Ui ® - i, ®)1> =),

and V is as in Chapter 2, Section 2. Expressions (7), (8), and (9) are the quantities
which must be made uniformly close to zero for 6 in K which is stronger than the
statement that pointwise in 0 the limits are zero. For case (9), the easiest, we have
that

Eglce n I(B)(8)~1(8) = tr I"Y(B)nE gl (B)1(D),
and the (i,j) entry of the matrix is

nzselc:'ll a% 1ogp(x"|e)7 a(aa 2 log p(x" 1 8).
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Since fourth moments are controlled, and from Chapter 2, equation (15), we have
that
PH(CS) = 0(=),
Lemma 3.3.1 gives that
nEglesl ()1 (B) = 0 (=)

which clearly goes to zero uniformly for 8 in B (8, €), by continuity, so (9) holds.

For case (7) we consider the centered random variables

_ _ 92 - 92 -
X;=Y;= 30,36, log p(x;16) Eéaejaek log p(x,16).

By assumption their fourth moments are uniformly controlled, and by Chapter 2,
expression (17), we have that
1
Py(U) = 0(=),
n
so, by Lemma 3.3.1, we conclude that (7) holds.

Similarly, for case (8), we consider the centered random variables

2 az .
X;=Y;= |é.sg'1;)< 5 IWJ-B-GT logp(x;16) - W log p(x;16) I,‘_...“
E ! 92 log p(x; ! 0 o2 logp(x;10) |
- sup —— log p(x; - og p(x;: .
% 5-01< 5 00,00 &p 30;06; EPX

Since the fourth moments are uniformly controlled by assumption, and from
Chapter 2 expression (18) we have that

PyV) = O(3),

Lemma 3.3.1 implies that (8) is satisfied.

Now, for an arbitrary compact set K, choose a finite open cover B; = B(9;, &;)
where i runs over the finite index set so that both supremal conditions, (3) and (4),
are satisfied on each open set in the covering. On each B; we have the desired
bound holding uniformly in 6. Taking the maximum or minimum of finitely many
such bounds goes to zero as well. O

We remark that continuity in @ of the expectations appearing in (7), (8) and (9)
is not enough. We had to rule out the possibility that the supremum as a function of
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n remains bounded away from zero.
Corollary 3.3.1: Under the conditions of Theorem 3.3.1, we obtain the desired
approximation for the Bayes’ risk of the Bayes’' estimator:

d

Liog 2+ H(w) + -;-; ( log det 1(8) ) w(8)d0 + o(1).

I®,x") = 2ne

Proof: Since the supremum in the conclusion of Theorem 3.3.1 tends to zero,
so also does the average with respect to w(0). The corollary follows. O

Remark: If all we wanted was an approximation to the mutual iiiformation then
we did not really need the uniformity. All we needed was the pointwise result and
then conditions sufficient to take the limit of the integrals. We used the extra
strength so that Jeffreys’ prior could be identified. Indeed, this result is implied by
Theorem 3.2.1 and Theorem 3.4.1, which was tacitly assumed in the Beta-Bernoulli
example in Chapter 1, Section 3.

We next turn to a weaker version of a similar result, from an information
theoretic viewpoint, by use of the identity (2). We will get an upper bound which
differs from the asymptotically accurate one by d/2. This will be easy given the fol-
lowing. We recall the definition of the tilted prior:

-nD(8, 16)
w*(6) = w(9)e - ’

where ¢, is the normalizing constant.
Lemma 3.3.2: If D(Pg |l Pgy) admits the second order Taylor expansion

D(Pg, 11 Pg) = —;-(e— 8,)°1(6,)(8 - 8,) + 0(116— 8, 112),

with second derivative equal to the Fisher information matrix, then the normalizing constant
is

¢n = (1+ 0(1))(21) 2w (B)V det(nl (6,))",

and the error term o(1) can be made uniformly small over compact sets in the parameter
space.

Proof: We apply Laplace integration to
¢ = [ ae" PO (0)a0.
For fixed 6, we note that —D (0116") has a maximum at 8 = 0. Thus,

—nD (8119 - n__9% , -
jR_e w(0)de ~ w(8) det[—— aeao(eue)lg:e]

(ST
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The second derivative of D is just the Fisher information matrix, so rearranging the
last expression gives the approximation pointwise. The uniformity follows from the
continuity. OO0

If we turn (2) into an inequality by removing the posterior term, then integrat-
ing out © with respect to w gives an upper bound on the mutual information:

I(©,X") s [k [logj'x e~"D(©@118) w(e')de'] w(6)d8

< logg- + | -;—log det I (B)w(8)d® + H (©) + [ w(8)o (1)d,

which, in the limit, gives the claimed approximation up to d/2. The following
lemma allows us to recover the d/2.

Lemma 3.3.3: Assume that the hypotheses of Theorem 2.2.1 hold for each ©. Then
pointwise in © we have

EgD(w' Hlw(-1X™) = d/2.

Proof: Recalling that the local supremum condition, equation (4) of Chapter 2,
implies that the Taylor expansion of Lemma 3.2.2 is valid, we use that result and
Theorem 2.2.1 to identify the behavior of two of the terms in equation (2). This
allows us to solve for the third, which gives the result in the lemma. O

By the uniformity of Theorem 3.3.1 and of Lemma 3.2.2 we know that the
pointwise convergence is actually uniform for © in compact sets.

3.4 Lower Bound in the Noncompact Case

In this section we give conditions under which an asymptotic lower bound of the
desired form holds without assuming compactness. We will be concerned with the
behavior of various quantities under the mixture distribution for X", and under joint
distribution for ® and X,,..., X,,... in order to obtain a lower bound. The intuition
behind Theorem 3.4.1 was suggested by Bernardo (1979), and Hartigan (1983), but
they offered no proof. It is here that we use the maximum entropy argument.
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In the proof of the theorem to follow we will want to upper bound the expecta-
tion of the log determinant of a conditional variance. A result we need is that »
times the posterior variance converges to the inverse Fisher information matrix. To
obtain the result we tried to directly apply Laplace integration to the posterior vari-
ance as in Chapter 2 but we have not been able to control the error term. We there-
fore used a different technique motivated by the work of Bickel and Yahav (1969).
In their paper they used consistency of the MLE in order to prove the asymptotic
normality of the standardized posterior, in a strong mode of convergence. It is
unnatural io use the MLE in proving that the variance of the Bayes’ estimator is
what it should be, however, we are as yet unable to obtain the result by any other
method.

Proposition 3.4.1: We make the following assumptions:

1) The parameter has a finite second moment:

[ 6 0w(8)do < .

2) For each © there is an € = €(0) > 0 so that the expected suprema of the second
derivatives is finite:

2
Eq sup ! logp(X,ly) 1< o,

d
16~yl<e 06;00;

3) The Fisher information is positive definite for each 6.
4) For each O there is a p = p(0) large enough that

E su lo M
0\|l:|9—€ll>p gp(Xlle) )

5) For each 8, and for any 8 > 0 small enough we have that for each 0

p(X16,) <
o0 e X "

Eg log

6) For each x, as || 01| increases, p(x | 6)— 0.

Then we have for each 0, that
n COV(e | Xn) - I—l(ea)v
in Pg_ probability.

Remark: Hypotheses 4), 5), and 6) are originally due to Wald (1949). In work
due to Bickel and Yahav (1969) only one of Wald’s assumptions was used, a mistake
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since in the context of their work, that requires 4) to hold for arbitrarily small values
of p, see pg. 263, equation (2.30). It can be shown that as p shrinks to zero the
expression in 4) tends to a positive value, so their condition cannot be satisfied.
Their result is corrected by use of all three Waldean assumptions: Their Lemma 2.6
is then true by Wald’s original technique of covéring B (0, €)¢ by the union of
B (6, p)¢, where p satisfies 4), with finitely many small balls B; each satisfying 5).
The mistake was noted by A. R. Barron.

It can be seen that there is hope of significantly weakening the hypotheses by
using a Lapiace integration argument on n cov(0!X"), thereby removing the Wald
conditions 4), 5), and 6), for the consistency of the MLE. Thus Proposition 3.4.1
would play a role in the lower bound here analogous to the role played by equation
(11) of Chapter 2, from Proposition 2.2.1 in Theorem 2.2.1.

Proof of Proposition 3.4.1: We first derive a modified form of a result due to
Bickel and Yahav (1969). The modification is that the standardized posterior located
at the Bayes’ estimate of the parameter, rather than the MLE, is asymptotically nor-
mal in an L? sense. Here we tacitly assume a version of the MLE restricted to a
small open set about the true value of the parameter as justified by Lemma 2.1 in
Bickel and Yahav (1969). Fix a value of 6, which we shall take as being true. Let 8
denote the posterior mean, the Bayes’ estimator under squared error loss, and 9
denote the MLE. We denote the normal density with mean 0 and covariance matrix
the inverse Fisher information by ¢.

First we show that ¥z (8 — 8) — 0 in Py probability: let v = Vi (6 — 8) and
u=v+Vn(®- 8) then

Va@-98)=E[Vvn(e-81x"
=] Va(0-0) w(®lX")de

Sl w(6+:;;/2n X") _ o) 1dv

since ¢ has mean zero. The last expression tends to zero in Pg probability by
Theorem 2.2 of Bickel and Yahav (1969).

Next, we have that:

[ vyl w(d + :’,;j,zn [X") _ o) ldv
W(é-f- \/;l-(é\l—_é)-i- 14 1 X")
n
=[ vy 77 -¢(v) lav
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= (u=-Vn(®-9) (u~-Vn(0- 90"

| w@®+ u/Nn 1X®

o L _ o(u - Vn (B - 8) | du,

where we have used the same change of variables. We take an upper bound by
adding and subtracting ¢ () inside the absolute value bars and applying the triangle
inequality. We get two terms. One is

fu-Vm@-8) @ - Vu@- o1 2O ‘;’j,f XD o) lau,

which tends to zero by use of Theorem 2.2 from Bickel and Yahav (1969) and the
fact that ¥z (8 — @) tends to zero with Py probability 1, which we have just derived.

The other term is
fu-Arn@-8))u-Vn@-8" 1o@)- o -Vrn(d-9) ldu,
which goes to zero by similar reasoning.
We use this last result to prove the proposition. If we let
s =Yn (8- E(81X™)), then we have
ncov(®lX*)=f n(0—- E(B1X")(0- E(OIX"))w(0!X")dO

w@+ s/Vn I1X™)

~an - 0(s) 1ds + I"1(9).

=[sst [

The first term goes to zero by the earlier calculation. The second term is exactly
what we want. O .
The proposition gives conditions under which we have

log det n cov(B1X") — — log det I(6,),

in Pg probability for each 8,. That is the quantity which will appear in the course of
proving the main theorem of this section, a tight, o(1), asymptotic lower bound on
the mutual information between ©® and X". We next give a lemma which will be
used in conjunction with the proposition.

Lemma 3.4.1: Suppose that for each © we have that
[n(XT) = f(0),

in Py«;o. Then the convergence holds in the joint measure:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-73 -

fn(X™) = f(6) =0,

in Pe’ X- .

Proof: Let & > 0 and note:
Pg x=(1fa(X=) = f(0)I> €) = [ pe w(B)Pyu gl | f(X™) — f(8) 1> €}d6,
which goes to zero by the dominated convergence theorem. O

The next idea we introduce so as to obtain a lower bound is a one sided version
of uniform integrability. Following Chow and Teicher (1978) we say that a sequence
of random variables Y, is uniformly integrable from above if and only if its positive

part is uniformly integrable. Equivalent to uniform integrability from above is the
condition

lim sup E Yn 1(y~> r}= 0.

r=>00 n

As with uniform integrability, uniform integrability from above interacts nicely
with inequalities. Specifically, if X, = Y, for each n and X, is uniformly integrable
from above then Y, is uniformly integrable from above. This follows from noting
that X,, is uniformly integrable from above if and only if X,} is uniformly integrable.
But, Xt > Y, so Y, is uniformly integrable, which is equivalent to the uniform
integrability from above of Y.

We only use uniform integrability from above since obtaining a lower bound on
I(©, X™) will require us to upper bound the conditional entropy term which arises in
its definition.

We next prove two quick lemmas for which an explicit statement will be con-
venient. The first gives sufficient conditions which we will use to show that the
quantity of interest is uniformly integrable from above. It is modeled on the proof
in Billingsley (1986), pg. 348.

Lemma 3.4.2: If a sequence of positive random variables Y, satisfies
SupE ¥, < oo,
n .

then Z, = log Y, is uniformly integrable from above.

Proof: Let g be the exponential function, g(r) = e¢”. Then, for » > 1, the
function re”" is decreasing and consequently we have the inequalities

nIZ,.> r}

' Z
0s EZ,1 = E g(Z
s';l‘p n{Z,> r) s]:p g( n) g(zn)
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—sup Eg(Z,).

<
g(r) »

By assumption the expectation on the right is finite and r/g(r) converges to zero as
r = oo, so the lemma is proved. O

The next lemma uses uniform integrability from above to identify how a limit
of expectations is related to the expectation of the limit.

Lemma 3.4.3: IfY, is uniformly integrable from above and converges in probability
to a random variable Z, then '

limsupE Y, < E Z.
n ~—» oo

Proof: The proof is easy: Write
EY,, = EYnl{Y, < r) + EYnI[Y, > r)
For fixed r, the limit superior of the first term is bounded by E Z 1;7 ¢ ,} since the
random variables Y, 1y . ,j are bounded above. For r large enough, the second
term is finite by the uniform integrability from above. As r increases we have the
desired result. O

Now we state and prove the key result of this section. Here, 8 = E(81X") and
the operator E by itself means expectation with respect to the joint distribution.

Theorem 3.4.1: Assume the hypotheses of Proposition 3.4.1, that

limsup n E(0; — §;)2< oo,
n = co

and that
f llogdetI(8) | w(8)d8< oo,

Then we have that

. d n 1
I , ny . = —_ —— - > .
leql [71(®, X") 2log re 2] log det 1(6)d0 - H(®)]2 0

Remark 1: We have written the proof of the lower bound so that it is clearly
seen that the extra assumptions are used to identify the constants so as to get the
o(1) convergence. Later, we will see that weaker conditions will give O(1) or
coarser bounds.

Remark 2: If there is any estimator with Bayes’ risk of order O (1/n) then the
Bayes’ estimator has risk of the same order, since its risk is minimal.
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Proof of Theorem 3.4.1: By definition we have that
I1(6:X") = H() — H(BIX")
=H(@) ~ [ H@OIX"= X"ym (x"YA(dx™)
=H(®) ~ [ H(®-B8IX" = x")m(x")A(dx")
> H() - -;-; g m(x") log [(2me)?det E, .\ 1») n(8 — B)(8 - B) 1 A(dx™)

_ dy . n
= H(9) + 2log2ue

- -;?j grlog det B, (. oV 7 (8- BV (8~ B)fm (x™)A(dx™), (10)

where the inequality comes from the fact that the normal achieves the maximal
entropy under a variance constraint.

We will show that log det ncov(8! X") is uniformly integrable from above with
respect to the mixture by bounding it with a sum of functions each of which is uni-
formly integrable from above. An inequality which we will use is due to Hadamard,
see Samelson (1974) pg. 228, and is that for any positive definite matrix K with diag-
onal entries k;;,

d
det X < 'Hlkii‘
=
Consequently,

d d
logdetK < ¥ logk; < ¥ (k;—1).

i=1 i=1

That inequality means we have the following bounds:

logdet[ n cov(B1X")]< ﬁ log[ n Var(6;1X") ]

i=1

d
< Y nVar(6;1X") - d.

i=1
By assumption,
sup Ey, Egix» n(8; - 8,)%< =,
so by Lemma 3.4.2 we have that
log Eg, x~n(8; — 8;)2

is uniformly integrable from above. Since uniform integrability from above interacts
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nicely with inequalities as described before we can conclude that
logdet [ #» cov(01X™) ]
is uniformly integrable from above, and therefore so is
log det [ n cov(0!X™) ] + log det 1(6).
By Proposition 3.4.1 we have that
. logdet n [ cov(81X™) ] + logdet 71(0) — 0,

in Pys| g probability, for each 0 in the support of w, and therefore, by Lemma 3.4.1,
in the joint probability of (8, X*). Now, by Lemma 3.4.3,

limsup E,, [ logdet ncov(8!X")] < | logdet I"Y(®)w(8)de.
n —»eco .

Now, from inequality (10), we have that

d

liminf [ 7(©; X") — H(O) - -—log—"- 12 - limsup Ey [ log det ncov(61X") ]
n -~ o0 2 2ne n —oo "

= [ w(0) log det 1(6) d6,

which proves the theorem. O

We remark that there is a proof of Hadamard’s inequality based on the entropy
of normal random variables due to Cover and E1 Gamal (1983).

This lower bound is of the desired form. The hypotheses are not all that restric-
tive, although there are a lot of them. They were used only so that the constants
could be identified. Given that the integral term may be extremely large if the prior
assigns mass to sets close to those points where the Fisher information is zero or
infinity, it is helpful to know the constants, for they will in part determine how large
n must be for the asymptotic (d/2)log n behavior to dominate. Despite that, there
may be cases where a less accurate approximation will suffice. That allows for
simplifications. An application of Jensen’s inequality, and a matrix inequality for
determinants gives

n ﬁ _n_ _ l -8 — ay
I, X*")2 H(®) + 210g21te 2logdet Egx» (n(6— 0)(6 - 0)"),

where 0 is any estimator of 6. If we choose the Bayes’ estimator under the general-
ized squared error loss in the expectation, then by Lemma 4.5.2 in Lehmann (1983)
the right hand side is as large as it can be. If 8 is the Bayes’ estimator and is Bayes’
efficient in the sense of

Egx~ n(6 - 8)(8 - 8" — [1(6)"'w(8)d0,
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then we have a lower bound which is accurate apart from constants. If we were to
- use a different estimator we might choose 8 to be the MLE. Then a familiar Taylor
expansion argument shows that Vn (@ ~ 8) converges in distribution to a random
vector with covariance I~1(0). However showing that the sequence of expected
values E n (0 — 8)(8 ~ 8) converges is problematic.

One reason why the argument is difficult is that we want to identify a limit in a
situation where it is not enough to know what happens at the limit. We are con-
cerned with how that limit is approached. An example illustrates the point. The
asymptotic variance for an estimator may exist and the estimator may even be
efficient in the sense of the asymptotic distribution having variance which achieves
the Cramer - Rao lower bound, however, for every finite » the variance may be
infinite. Consider estimating the Fisher information in the Poisson (A) distribution
where A > 0, a noncompact parameter space. It is 1/A and the MLE for it is the
reciprocal of A the MLE for A, which is 0, with positive probability for each n,
although the probability tends to zero so that efficiency in the sense of convergence
in distribution to N (0, I(8)~1) still obtains. In our case we must have the variances
for finite n converging to the variance of the asymptotic distribution.

3.5 Examples Continued

In this section we give some examples of the results proved in this chapter for
the case of noncompact parameter spaces. Recall that from Section 2 we have a tight -
upper bound for some choices of prior and an upper bound which is weaker but
more generally valid. From Section 4 we have a tight lower bound which is valid

~ whenever n times the posterior variance tends to the inverse Fisher information in
probability. The latter is true under conditions which include consistency for the
MLE.

We remark that it is difficult to find examples which can be approximated
directly, let alone evaluated explicitly. The normal is the exception: we can easily
take the expectation of the expression derived in Chapter 1 Section 3, with respect to
the same prior and get the same result as in our theorem. Alternatively, we can use
some information-theoretic reasoning. The average X is a sufficient statistic for the
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parameter, and (©, X) is jointly normally distributed, so by direct calculation
1@ X" = 1(8; X) = -%-log(l + n). (11)

This answer is familiar from channel capacity calculations in information theory in
the case of a Gaussian channel. Note that the 2wre does not appear since we have
used a normal prior rather than the least favorable Jeffreys’ prior. The normal has
moments of all orders, satisfies local supremum conditions of all orders in all deriva-
tives, and satisfies the Wald consistency hypotheses. Also the average is an unbiased
estimator of the mean which upper bounds the Bayes’ risk of the Bayes’ estimator
under squared error loss and decr=ases like 1/n. Thus, our lower bound, Theorem
3.4.1, applies and gives (1/2)log n equivalent to the answer above.

The hypotheses of our upper bound, Theorem 3.2.1, do not hold. The Taylor
expansion assumption is certainly valid since the second order Taylor expansion is
one half the square distance between the parameters which is the Kullback - Leibler
distance. The problem is that the logarithm of the normal prior is not uniformly
continuous. If we changed the prior to a standard exponential then we would know
that exact upper and lower bounds hold from Theorems 3.2.1 and 3.4.1, and the
approximation would then be

Liog 2 Liw oon
2log me + 1+ 210 e F logdetI(p) du,

which simplifies to 1/2log (ne/2n). In this case, though, the calculations for a direct
approximation are quite difficult to carry out. We will return to the normal prior
case shortly; for the moment we see that the desired approximation is a lower

bound:
1 n l. o
> log me T H(N (0, 1)) + zjo log det I (1)w(n)du
= -;—log n, (12)

since the entropy of the normal is (1/2)log 2re. Equation (12) is a tight upper
bound also on the sequence U, of compact sets as will be seen. From equation
(11), of course, we know that the desired upper bound (12) is exact.

The difficulty in finding an example on a noncompact parameter space which
one can approximate without using the theorem arises because the integral defining
the mixture becomes intractable and the approximation to it must be valid on the
whole parameter space. The hypothesis that the determinant of the Fisher
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information be nonzero is necessary for the above calculations. However, it is worth
noting that if we had an expansion accurate to order 1/n then in cases where the
argument of the logarithm is of the form n+1 the contribution of the 1 might
weaken that hypothesis.

Next we turn to a general class of examples, densities which are of exponential
form with a one dimensional parameter. We work in the natural parameterization,
as in Chapter 1, Section 3. Thus we consider the family

p(xIn) = x4 e (x) + S(x) + u(m)

in which u is the normalizing constant, assumed to be at least twice continuously
differentiable and X, is the indicator function for the set A. We recall that

E,T = -u'(n),

and assume that a prior has been chosen so that the log determinant of the Fisher
information, —#”(n), has finite expectation under the prior and that the second
moment of the parameter is finite.

For the lower bound on 7(8; X") we note that the hypotheses of Proposition
3.4.1 are all satisfied: the exponential family has all moments of all orders of all
derivatives finite; and assumptions 4) and 5) can be verified also. In this case there
is no need since we know that the MLE is the average of the T (X;) and is consistent
by the law of large numbers. The other hypotheses for the lower bound hold since
the average of the T (X,) is unbiased and has finite variance, implying that the Bayes’
risk of the Bayes’ estimator is of order 1/n. So, the lower bound holds.

For the upper bound, we require that the logarithm of the prior be uniformly
continuous, have finite entropy, give finite expectation to the log Fisher information.
From the Chapter 1, Section 3 we already know that Theorem 2.2.1 holds pointwise.
If the family is written as before then

DMIN) =-u'MM-1)+um) - u),

which we require be upper bounded by a quadratic in N — N’ on a strip around the
line n = . We are unable to identify good conditions to impose on u in order to
get a satisfactory upper bound.

Thus, all we have is the lower bound:

. x") > Liog—ttm 1 —u”
I1(®; X™) 2 21°g2ue+H(9)+ 2)‘ log (—u”(M) ) w(n)dn + o(1).
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Finally, in parallel to Chapter 2, Section 4, we consider a sequence of i.i.d.
Poisson (A) random variables k;. We cannot use the exponential prior because it
puts mass on neighborhoods of zero where the Fisher information tends to infinity.
Instead we consider the location exponential with parameter a fixed and positive,
that is we know that the true value parameter is greater than a.

First, we check the assumptions of the lower bound result. The Bayes’ risk is of
order 1/n since the average is unbiased; the Fisher informatioa is 1/A and the
integral of log A with respect to the prior is finite. Except for 4), the hypotheses of
Proposition 3.4.1 are clearly satisfied since the log density is )

k;logA - A — logk;!,
For 4) in Proposition 3.4.1, the expected supremum is
" us_uﬁb pk— B+ Alog -g-:-,
which tends to —oo as p increases. So the lower bound holds.

No upper bound can be stated because we have been unable to verify the Taylor
expansion property. In the proofs of upper bounds here we have basically been
expecting the probability to pile up where D (Py !l P},) is smallest, which is the line
A = Q. We then want a neighborhood of that line whose thickness either does not
shrink to zero, as A gets large, or shrinks to zero at the same rate as the quadratic
c(h - [1)2 does, on which the Taylor expansion of the relative entropy between P,
and P, uniformly bounds it from above.

It is worth noting that there are cases in which the diameter of a neighborhood
about the line A = p can shrink to zero in relative entropy distance even when the
parameters are bounded away from each other. We note tha: the relative entropy
between a Poisson(A) and a Poisson (p) is

DIl ) = llog%+l— ",

and, if we choose A, =n and W, =n+ 1, then D(A,!lu,) — 0 even though
Bp = A, =1

Finally, we return to the case of the standard normal prior, which we denote by
w(0), on normal random variables, which we considered in Chapter 1, Section 3.
Since one of the hypotheses of Theorem 3.2.1 is not satisfied, we apply Proposition
3.2.1 on the sequence of compact sets U,, which in our case are of the form

U,={0: for (6~ 0)1(6)(6-6,) < 3, we have that
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lw(8) - w(@)1< §,, and w(6) 2 2§,).

The Fisher information is constant so the inner product is with respect to a constant
times the identity matrix which is the Euclidean distance which we denote | -I. By
the mean value theorem we have that there is an M such that

Ilw®) - w(@)Is MI(6-0)1< MJ,.
If we choose &, = §,M = 1/Yn, then
nd2 = o,

and to show that W (U;) = o(1/log n) it is enough to verify the rate condition
1 1
W ((®: —1)) = o(—),
(©:w® < 7=) = o3

since the continuity condition is automatic. We use the familiar inequality, see Van
Trees (1968) pg. 138, that for the standard normal W ({6 > c]) £ (1/2) e"’z"z, SO
we have that

.e-Gzlz —— ) .
W({e.—:l-a_u—s I/Vn})— 2W ({6: 0 > ’\/ logE})

n
< e—(1/2)log o

i, \/ 2n

. n ,
which is clearly o(1/log n). Now, we have an upper bound which is identical to the
lower bound derived earlier but is only valid on a sequence of sets. However, we

know that, by (11), I(©; X"*) = %log (n + 1), for the normal prior on normal ran-

dom variables so there must be a result which accounts for it.

3.6 Conclusions

We have identified the underlying mathematical behavior of two quantities
which admit diverse physical and statistical interpretations. These include cumulative
risk, redundancy, and hypothesis testing for D (P3|l M,) and cumulative Bayes’
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risk, average redundancy, channel capaciiy and posterior convergence for 7(©; X”).

The underlying form in each case is, asymptotically, (d/2)log n + ¢, and the
forms of ¢ have been identified.
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