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Data generated from large alphabet exist almost everywhere in our life, for exam-
ple, texts, images and videos. Traditional universal compression algorithms mostly
involve small alphabets and assume implicitly an asymptotic condition under which
the extra bits induced in the compression process vanishes as an infinite number of
data come. In this thesis, we put the focus on compression and prediction for large
alphabets with the alphabet size comparable or larger than the sample size.

We first consider sequences of random variables independent and identically gen-
erated from a large alphabet. In particular, the size of the sample is allowed to be
variable. A product distribution based on Poisson sampling and tilting is proposed
as the coding distribution, which highly simplifies the implementation and analysis
through independence. Moreover, we characterize the behavior of the coding dis-
tribution through a condition on the tail sum of the ordered counts, and apply it
to sequences satisfying this condition. Further, we apply this method to envelope
classes. This coding distribution provides a convenient method to approximately
compute the Shtarkov’s normalized maximum likelihood (NML) distribution. And
the extra price paid for this convenience is small compared to the total cost. Fur-
thermore, we find this coding distribution can also be used to calculate the NML
distribution by a Monte Carlo method with no extra price. And this calculation

remains simple due to the independence of the coding distribution.



Further, we consider a more realistic class — the Markov class, and in particular,
tree sources. A context tree based algorithm is designed to describe the dependencies
among the contexts. It is a greedy algorithm which seeks for the greatest savings
in codelength when constructing the tree. Compression and prediction of individual
counts associated with the contexts uses the same coding distribution as in the i.i.d
case. Combining these two procedures, we demonstrate a compression algorithm
based on the tree model.

Results of simulation and real data experiments for both’the i.i.d model and
Markov model have been included to illustrate the performance of the proposed

algorithm.
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Chapter 1

Introduction



Today, more than 1 out of 2 phones used by American people are smart phones,
and more than 1/4 photos are taken by smartphone cameras. Technology companies
detect and create human needs that people didn’t realize before the products come.
The huge amount of data that each smart device or website generates, and the
practical requirement of making things smaller and lighter have posed new challenges
to the task of data compression.

Many such problems are of large alphabet in nature, which means the alphabet
size is comparable or even larger than the sample size. Examples include Chinese text
on the character basis, or DNA sequences. Traditional data compression techniques
mostly focus on small alphabets and propose algorithms that work in an asymptotic
setup. In recent years, large alphabet problems began to catch people’s attention.

This dissertation concerns mainly large alphabet compression and prediction,
with focus on compressing, describing and predicting data in a simple and efficient

way.

1.1 Universal compression

Data generated by a probability distribution can be compressed almost to its entropy
according to Shannon. The probability distribution P generating the data assigns the
optimal length of codewords log 1/ P(z) to each symbol z in the alphabet A. So when
the true distribution is know, it can readily be used to compress the data. However,
this rarely happens in practice. Usually, one assumes the generating distribution
comes from a class of distributions P, and universal compression aims to compress
the data well no matter which distribution in P the data are generated from.

Each encoding scheme @) corresponds to a probability distribution over the al-

phabet. Suppose a sequence of data X" = (X;, X5,---, X,,) is generated from a



distribution P on an alphabet A. An encoding procedure @ is a (sub)probability
distribution on A" which assigns probability Q(X™) to each string X™ and produces
a binary string of length log 1/Q(X™) (we do not worry about the integer constraint).
Ideally the true probability distribution P(X"™) could be used, as it produces no extra

bits for coding purpose. The regret induced by using () instead of P is

1 o 1
QX" PP’

R(Qapv Xn) = log

where log is logarithm base 2. Likewise, the ezpected regret is

1 1
r(@.) = e (108 gy ~ o)

In universal coding the expected regret is also called the redundancy.

In the pointwise regret story, the set of codelengths log(1/P(X™)) provides a
standard with which our encoding scheme can be compared. Given the family P,
consider the best candidate with hindsight P, which achieves the maximum value,
P(X™) = maxpep(P(X™)) (corresponding to minpep log(1/P(X™))), and compare
it to our strategy Q(X™).

Then the problem becomes: given the family P, how to choose () to minimize

the maximized regret

. . , P(X™)
min max R(Q,P,X™) = min max log QX'
or the redundancy,
. : P(X")
Irgn max (@, P) = mén I}I}g%{EP log O}



1.2 Normalized maximum likelihood distribution

It is shown by Shtarkov that the normalized maximum likelihood (NML) distribution

o PX)
o0 = e P

is the unique pointwise minimax strategy [1]. And the minimax regret for the class
Pis ¥ xn P(X™) known as Shtarkov’s sum.

The normalized maximum likelihood distribution and Shtarkov’s sum play an es-
sential role in universal compression. The NML distribution is the unique minimax
strategy. But it is horizon dependent and computationally expensive. Many strate-
gies try to approximate the NML strategy. For example, the posterior update rule
with respect to a Dirichlet(1/2,...,1/2) prior (also called the Krichevsky-Trofimov
sequential coding rule) has been studied in an asymptotic setting where the sample
size goes to infinity while the alphabet size is held fixed. In recent years, strategies
for large alphabet are being considered, for example, for envelope classes [2][3]. The
NML distribution still provides a direct method to calculate the minimax regret and

a target minimax distribution.
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2.1 Introduction

Large alphabet compression and prediction problems concern understanding the
probabilistic scheme of a huge number of possible outcomes. In many cases the
ordered probability of individual outcomes displays a quickly falling shape, with a
small number of outcomes happening most often. An example is Chinese characters.
A dictionary [4] contains 85568 Chinese characters in total [5], but the number of
frequent characters is considerably smaller. Here we consider an i.i.d model for this
problem. Despite the possible dependence among the symbols in the alphabet as in
language, it serves as a start and can be extended to models taking dependence into
account. Some efforts in investigating alphabet of symbols with dependencies are
included in [6).

Previous theoretical analysis usually assumes the length of a message is known in
advance when it is coded. This is not always true in practice. Serialization writers
do not know how many words a novel contains exactly before he finishes the last
sentence. Nevertheless, given a limited time or space, one could possibly guess how
many words on average can be accommodated.

Suppose a string of random variables X = (Xi,...,Xn) is generated indepen-
dently from a discrete alphabet A of size m. We allow the string length N to be
variable. A special case is when N is given as a fixed number, or it can be random.

In either case, X is a member of the set X* of all finite length strings

X* — O Xﬂ.
n=0
00

= U{xn:(xl,...,:cn) ;€ Ai=1,...,n}

n=0

Our goal is to code/predict the string X. Note that the length N is determined



by the string. There will be an agreed upon distribution of N, perhaps Poisson or
deterministic.

Now suppose given N, each random variable X, is generated independently ac-
cording to a probability mass function in a parametric family Py = {Pp(z) : § €

8 C R™} on A. Thus
Py(Xy,..., XnIN = n) = ] Pu(X))
i=1

for n = 1,2,... Of particular interest is the class of all distributions with Fp(j) =
0; parameterized by the simplex © = {§ = (6;,...,0) : 0; >0, ZT:} 6, =1,5=
1,...,m}.

As is familiar in universal coding, the normalized maximum likelihood (NML)
distribution defined as @}, ,(X|N = n) = maxgee Po(X|N = n)/C},,, provides the
unique pointwise minimax strategy when the value Cy;, ,, = x Maxgee Po(X|N = n)
is finite, and log Cy, , is the minimax regret. Coding and prediction of sequences of
random variables usually involves computing conditionals of X;|X1,..., X; as con-
secutive ratios of its marginals [1][7]. This task is generally hard since the marginal-
ization requires a sum of order m™, which appears to take exponential time in n. A
linear time algorithm (in n) for computing the NML is proposed in [8], but it is not
practically usable when the alphabet size m is large. Bayes-like representation of
NML has been found which makes possible an easy computation of NML, but only
moderate size m is computationally feasible at this moment [9]. Alternatively, one
can usc the Krichevsky-Trofimov’s method [10], which is the mixture with respect
to the Dirichlet(1/2,...,1/2) prior, to approximate the NML distribution. But

whether it has near minimax regret property is unknown for large m. In this paper,

we will overcome this difficulty by applying two tools: one is the factorization of



the coding distribution of the string into a product of the distribution of the counts
and the string given the counts. The distribution of the latter is uniform due to the
sufficiency of the counts. The other is a tilted Stirling ratio distribution which we
introduce here to simplify the encoding of the counts as discussed later.

Let N = (Ny,...,Np) denote the vector of counts for symbol 1,...,m. The
observed sample size IV is the sum of the counts N = 3°", N;. Both Fy(X) and

Py(X|N = n) have factorizations based on the distribution of the counts

Py(X|N=n) = P(X|N) Fp(N|N =n),

and

Pp(X) = P(XIN) Py(NN).

The first factor of the two equations is the uniform distribution on the set of strings
with given counts, which does not depend on 8. The vector of counts N forms a suf-
ficient statistic for §. Modeling the distribution of the counts is essential for forming
codes and predictions. In the particular case of all i.i.d. distributions parameterized
by the simplex, the distribution Py(N|N = n) is the multinomial(n, 8) distribution.
In the above, there is a need for a distribution of the total count N. Of particular
interest is the case that the total count is taken to be Poisson, because then the
resulting distribution of individual counts makes them independent [11].
Accordingly, we give particular attention to the target family Py = {P\(N) :
A;2>0,j=1,...,m}, in which P,(N) is the product of Poisson();) distribution for
N;,j=1,...,m. It makes the total count N ~ Poisson(Asum) with Agym = Z;n:l A;

and yields the multinomial(n,§) distribution by conditioning on N = n, where



8; = Aj/Asum- And the induced distribution on X is
P(X) = P(XIN)PA(N).

The task of coding a string is equivalent to providing a probabilistic scheme. A
coder @) for the string is also a (sub)probability distribution on X* which assigns a
probability @(X) to each string X and produces a binary string of length log 1/Q(X)
(we do not worry about the integer constraint). Ideally the true probability distri-
bution P5(X) could be used if A were known, as it produces no extra bits for coding

purpose. The regret induced by using Q instead of P, is

1_1 1
eX)  *RX)

R(Q, Py, X) = log

where log is logarithm base 2. Likewise, the ezpected regret is

r(Q, Py) = Ep, log (Q(IX) - P@) |

In universal coding the expected regret is also called the redundancy. Those quan-
tities also arises as cumulative prediction loss in prediction problems as discussed in
Section 2.3.8.

Here we can construct ¢ by choosing a probability distribution for the counts
and then use the uniform distribution for the distribution of strings given the counts,

written as P,n;s. That is



Then the regret becomes the log ratio of the counts probability

_ o B@)
R(QaPAvX.) = IOg Q(_N_)

= R(Q,F,N).

And the redundancy becomes

P\(N
r(Q, Py) = Ep, log 5—&((—5).

In the pointwise regret story, the set of codelengths log(1/Py(X)) provides a
standard with which our coder is to be compared. Given the family P, consider the
best candidate with hindsight P;(X), which achieves the maximum value, P;(X) =
maxyea(Py(X)) (corresponding to minyey log(1/Py(X))), where A is the maximum
likelihood estimator of ), and compare it to our strategy Q(X). The maximization
is equivalent to maximizing A for the count probability, as the uniform distribution
does not depend on A, i.e.

Iilgf(&(i)) = Puif(X|N) ng(&(ﬂ)

= Punis(X|N) Py(N).
Moreover, the maximum likelihood estimate is \ = N. Then the problem be-
comes: given the family PY, how to choose ) to minimize the maximized regret

. R(O.P.. X . | P;(N)
ménmiax (Q, i,_)——ménmﬁax og

Q)

10



or the redundancy,

| - Py(N)
min max, r(Q, Py) = min max, Ep, log Q)

For the regret, the maximum can be restricted to a set of counts instead of the
whole space. A traditional choice being S, = {(N1,...,N,): ;."lej =n,N; >
0,j=1,...,m} associated with a given sample size n, in which case the minimax

regret is

min max lo hl)
Q" NeSmn © QN)’

The normalized maximum likelihood distribution

P;(N)

Qnml (_A_f) = m 1 {Ne&Smn}

provides the unique pointwise minimax strategy for coding and predicting the counts
given C(Spp) =3 Nesn. Fa({V) being finite in accordance with [1]. Again, we have
log C(S;n.n) as the minimax regret.

We will introduce a slightly suboptimal coding distribution that makes the counts
independent and show that it is nearly optimal for every S, with n' not too
different from a target n. Indeed, we advocate that our simple coding distribution
is preferable to use computationally when m is large even if the sample size n were
known in advance.

To produce our desired coding distribution we make use of some basic principles.
One is that the multinomial family of distributions on counts matches the conditional
distribution of Ny,..., N, given the sum N when unconditionally the counts are
independent Poisson. Another is the information theory principle [12][13][14] that

the conditional distribution given a sum (or average) of a large number of independent

11



random variables is approximately a product of distributions, each of which is the one
closest in relative entropy to the unconditional distribution subject to an expectation
constraint. This minimum relative entropy distribution is an exponential tilting of
the unconditional distribution.

In the Poisson family with distribution )\;-Vj e~ /N;!, exponential tilting (multi-
plying by the factor e *Ys) preserves the Poisson family (with the parameter scaled
to A\je™*). Those distributions continue to correspond to the multinomial distribu-
tion (with parameters 6; = A;/A,.») when conditioning on the sum of counts N.
A particular choice of a = In{Agqm/N) provides the product of Poisson distribu-
tions closest to the multinomial in regret. Here for universal coding, we find the
tilting of individual maximized likelihood that makes the product of such closest to
the Shtarkov’s NML distribution. This greatly simplifies the task of approximate
optimal universal compression and the analysis of its regret.

Indeed, applying the maximum likelihood step to a Poisson count & produces a
maximized likelihood value of M(k) = kFe=*/k!. We call this maximized likelihood
the Stirling ratio, as it is the quantity that Stirling’s approximation shows near
(2mk)~1/2 for k not too small. We find that this M (k) plays a distinguished role in
universal large alphabet compression, even for sequences with small counts k. This

measure M has a product extension to counts Ny, N, ..., Ny,
M™(N) = M(N)M(Nz) - M(Np).

Although M has an infinitc sum by itself, it is normalizable when tilted for every

positive a. The tilted Stirling ratio distribution is

NYig-N; ,-aN,
BN ==
i a

12



with the normalizer C, = Y po k¥e~ 1+ /Kl Figure 2.1 illustrates how C, decreases
with respect to a. While it constitutes the main part of regret for small alphabet
case, its value drops quickly as larger a is in use (corresponding to large m size), as
demonstrated in Figure 2.1.

The coding distribution we propose and analyze is simply the product of those
tilted one-dimensional maximized Poisson likelihood distributions for a value of a we
will specify later

Qa(_N.) = P;n(_N__) = Pa(Nl) T Pa(Nm)'

By allowing description of all possible counts N; > 0, j = 1,...,m, our codelength
will be greater for some strings than codelengths designed for the case of a given
sum N = n. Nevertheless, with N distributed Poisson(n), the probability of the
outcome N = n is approximately P(N = n) ~ 1/v/27n. So the allowance of
description of N (not just Ni,...,Np, given N) adds log1/P(N = n) which is
approximately %log 27n bits to the description length beyond which would have
been ideal log 1/Q,(Ny, ..., Nyu|N = n) if N = n were known. This ideal codelength
constructed from the tilted maximized Poisson, when conditioning on n, matches the
Shtarkov’s normalized maximum likelihood based on the multinomial. Thus, Q.(XN)
may also be used in construction of Shtarkov’s NML distribution and its conditionals
as explained in Section 2.3.7.

For small alphabet with m << n, the minimax regret is about % log n bits per free
parameter (a total of 5’—2'1 logn + constant); and for large alphabet when m ~ n and
n = o(m), the minimax regret is about O(n) and nlog 2 respectively [1][7][15][16].
The additional —;-logn bits is a small price to pay for the sake of gaining the coding
simplification and additional flexibility.

If it is known that the total count is n, then the regret is a simple function of n

13
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and the normalizer C,,. The choice of the tilting parameter a* given by the moment
condition Eg, Z;’f_‘l N; = n minimizes the regret over all positive a. This arises by
differentiation. because % log C, is equal to —n/mloge. Moreover, a* depends only
on the ratio between the size of the alphabet and the total count m/n. Figure 2.2
displays a* as a function of m/n solved numerically. These values can be stored.
Given an alphabet with m symbols and a string generated from it of length n, one
can look at the stored values and find the a* desired according to the m/n given,
and then use the a* to do the encoding.

If, however, the total count N is not given, then the regret depends on N. We
use a mixture of a to account for the lack of knowledge in advance, and details are
discussed in section 2.3.4.

When a is small, the tilting of the maximized Poisson likelihood distributions does
not have much effect except in the tail of the distribution. Over most of the range
of count values k it follows the approximate power-law 1/k'/? as we have indicated.
Power-laws have been studied for count distributions and are shown to be related to
Zipf’s law for the sorted counts [17]. Our use of a distribution close to a power-law
is not because a power-law is assumed to govern the data, but rather because of its
near optimum regret properties within suitable sets of counts, demonstrated here
for the class of all Poisson count distributions, from which we obtain also its near
optimality for the class of all multinomial distributions on counts.

Shtarkov studied the universal data compression problem and identified the exact
pointwise minimax strategy [1]. He showed the asymptotic minimax lower bound for
the regret is 21 logn+ O(1), in which the parameter set © is the m — 1 dimensional
simplex of all probability vectors on an alphabet of size m. However, this strat-
egy cannot be easily implemented for prediction or compression [1], because of the

computational inconvenience of computing the normalizing constant, and because of

15
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the difficulty in computing the successive conditionals required for implementation
(by arithmetic coding). Let m* be the number of different symbols that appear in
a sequence. Shtarkov(18] also pointed out that when m is large, it is typical that
m* is much less than m, and the regret depends mainly on m* rather than m. Xie
and Barron[7][19] gave an asymptotic minimax strategy for coding under both the
expected and pointwise regret for fixed size alphabet, which is formulated by a mod-
ification of the mixture density using Jeffery’s prior. The asymptotic value of both

the redundancy and the regret are of the form -"—‘51 logn + C,, + o(1), where C,, is
a constant depending on m. Orlitsky and Santhanam[20] considered the problem
in a large alphabet setting. They found the main terms in the minimax regret for
m = o(n), m ~ n and n = o(m) cases take the forms Z5!log &, O(m) and nlog 2
respectively. Szpankowski and Weinberger[16] provided more precise asymptotics in
these settings. They also calculated the minimax regret of a source model in which
some symbol probabilitics are fixed. Boucheron, Garivier and Gassiat[2] focused
on countably infinite alphabets with an envelope condition; they used an adapted
strategy and gave upper and lower bounds for pointwise minimax regret. Later
on Bontemps and Gassiat[3] worked on exponentially decreasing envelope class and
provided a minimax strategy and the corresponding regret.

Other related work is in Good[21] who proposed the Good-Turing estimator for
estimating the population frequency and the proportion of unseen symbols of ax large
alphabet. Orlitsky and Santhanam[15] invented a notation “attenuation” as a way
to evaluate and compare estimators, and their result showed that the good-turing
estimator is superior to some common estimators, and they also proposed an esti-
mator that is “better” than the good-turing estimator in the sense of “attenuation”.

Wagnerm, Viswanath, and Kulkarni[22] later pointed out that the good-turing es-

timator is not consistent in the “rare events regime”, in which symbol probabilities

17



are of the order O(}), and they also constructed a consistent estimator based on the
good-turing estimator. Orlitsky and santhanam|[20] explored compression of “shape”
and “pattern”, which described the symbols’ relative magnitude and precedence, re-
spectively, of independent and identically distributed strings, and they showed that
the maximum per-symbol shape regret is between 0.027 and 1, and the per-symbol
pattern regret diminishes to zero for any alphabet size.

In this paper, we introduce a straightforward and easy to implement method
for large alphabet coding. The purpose is three-fold: first, by allowing the sample
size to be variable, we are considering a larger class of distributions. This is a less
restrictive assumption than presuming a particular length. But the method can also
be used for fixed sample size coding and prediction. In addition to simple near
optimal compression for the class of all strings of a given length, our method also
provides natural extension to the conclusion of [2] and [3].

Second, it unveils an information geometry of three key distributions/measures
in the problem: the unnormalized maximum Poisson likelihood measure M™ of the
counts, the conditional distribution M_,.q of M™ given the total count equals n,
which matches Shtarkov’s normalized maximum multinomial likelihood distribution,
and a tilted distribution @),, with the tilting parameter a chosen to make the ex-
pected total count equal to n. This tilted distribution (), minimizes the relative
entropy from the original measure M™ within the class C of distributions with the
moment condition E[N] = n. Hence, @, is the information projection of M™ onto
C. Moreover, since Monq is also in C, the Pythagorean-like equality holds [23][12],

as verified also in Appendix A.3.

D(MadeMm) = D(McondHQa) + D(QaHMm)~ (2-2)
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The case of a tilted distribution (the information projection) as an approximating
conditional distribution is investigated in [14] and [13]. A difference here is that our
unconditional measure M™ is not normalizable.

Thirdly, the strategy designed through an independent Poisson model and tilt-
ing is much easier to analyze and compute as compared to the strategies based on
multinomials. The convenience is gained through independence. To actually apply
this two pass code, one could first describe the independent counts Ny, ..., N,,, for
instance by arithmetic coding using P,(/N;), and then describe Xy, ..., X, given the
count vector, by arithmetic coding using the sequence of conditional distributions
for X;;; given both Xj,..., X; and all the counts (which is the sampling without
replacement distribution, proportional to the counts of what remains after step ).

As a sufficient statistic, the counts N; plays an important role in this compression
and prediction problem. Coding and predicting the original data is the same as
coding and predicting the counts, as the counts contain all the information that data
embody about the parameter. Given the counts, the sequences follows a uniform
distribution among all sequences with the given counts, and everyone agrees with
how to deal with them. Here we model the count of each symbol as an independent
random generation from a Poisson distribution, i.e., for each N;, j = 1,...,m,
N; ~ Poisson();). This would induce infinite regret if we did not restrict the total
counts, as the Poisson maximum likelihood measure sums to infinity. Luckily the
tilting method offers a handy way to take account of the total count. By tilting the
maximized likelihood value, the strategy can be designed for coding and predicting
data generated from a large alphabet as independent variables. The expected and
minimax regret can also be calculated.

This paper is organized in the following way. Section II introduces the model.

Section IIT provides general results and outlines the proof. Section IV gives simulated
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and real data examples. And details of proof are left in the appendix.

2.2 The Poisson Model

A Poisson model fits well into this problem. We have for cach j =1,...,m,
N; ~ Poisson();),

independently, and N also has a Poisson distribution
N ~ Poisson(Asum),

where Ayym = 3701 A0 Write A = (Ay,..., ), we have

PA(X) = Punis(XIN) [ P, (V)
J=1

We know that the MLE for each }; is :\j = Nj;, and the first term is a uniform

distribution which does not depend on A. So

Py(X) = Punis(XI) T M),
=1
where M (k) = k*e~*/k!, k = 1,2,... (as given in the introduction) is the unnormal-
ized maximized likelihood M(N;) = max,, Py;(V;).

If we use a distribution Q(N) to code the counts, then the regret is

P;(X)

1 A -1 H;n=1 M(Nj)
EPXINQD) ~ BT o)
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And the redundancy is

P(X|))

| P(N|))
A8 PXINQE)

= Ep, log ———.

e o)

This method can also be applied to fixed total count scenario, which corresponds
to the multinomial coding and prediction problem. Suppose N = n is given, the
Poisson model, when conditioned on N = n, indeed reduces to the i.i.d sampling
model

Pa(Xl,...,XN‘N:n) :PQ(X1,...,Xn).

The right hand side is a discrete memoryless source distribution (ii.d. Fy)
with probability specified by Py(j) = 6;, for j = 1,...,m. Note that a sequence

X1,...,Xn with counts Ny,..., N, of total N = n satisfies

PA(Xl,...,XNlNzn)

_ BAX,.,X)
PA-?'Um (N = n)
_ Pug (X XalNis o, N PN, N
Py (N=n) '

The question left is still how to model the counts. The maximized likelihood (the

same target as used by Shtarkov) is thus expressible as

Pg\_(Xl,...,XNINITI,)

Ponif (X1, .., Xa| N1, ..., Ni) H;n:l M(N;)
P;\Mm(N::n) '
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Now again if we use Q(N1,..., N,,) to code the counts, then the regret is

log Pi(Xh---,XNlN:n)
Punif(X1,. ., Xn| N1y o Nip)Q( N1, . o, Ni)
log H;Tf—_1 M(Nj)
B,..(N=n)Q(M,...,Nn)
[[= M(N;)
Q(Ny,...,Ny)

1
i log 27n + log (2.3)

Here ),um = 7, hence the term % log 2mn is Stirling’s approximation oflog 1/P; (N =
n) with a difference bounded by 71 log e by the Robbin’s refinement [24] of the Stir-
ling’s approximation. The % log 27n arises because here () includes description of the

total N while the more restrictive target regards it as given.

2.3 Results

2.3.1 Regret

We start by looking at the performance of using independent tilted Stirling ratio
distributions as a coding strategy, by examining the regret.

Let S be any set of counts, then the maximized regret of using @ as a coding
strategy given a class P of distributions when the vector of counts is restricted to S
is
maxpep P(N)

R(Q,P,S) = N—eea%(log o

Theorem 2.1. Let P, be the distribution specified in equation (3.1) (Poisson maz-
imized likelihood, tilted and normalized) and N denote the total count. The regret

of using a product of tilted distributions Q, = QL P, for a given vector of counts
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R(Q., Py, N)=aNloge+ mlogC,.
Let Sy, be the set of count vectors with total count n be defined as before, then
R(Qq, P}, Smpn) = anloge + mlog C,. (2.4)
Let a* be the choice of a satisfying the following moment condition

m
Epa ZNJ = mEpaNl =n. (25)

=1

Then a* is the minimizer of the regret in expression (3.3). Write Ry n = ming R(Qa, PT, Smn)-

ne

When m = o(n), the Ry 5 is near 3 log 7% in the following sense.

m m ne
—diloge < Ry — o log—

3

< mlog(l+ ;), (2.6)

where dy = O ((2)'/3).

When n = o(m), the Ry, is near nlog 2 in the following sense.

mlog (1 +(1- dg)‘;‘:;)

IA

R, —nlog m
ne

mlog (1 + % + dg) (2.7)

IA

1 n?e?
2/m m(m—ne) "

where dy = O(‘:‘,), and ds =
When n = bm, the Ry, » = cm, where the constant ¢ = a*bloge + log C,-, and a*
is such that Ep, Ny = b.
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Proof. The expression of the regret is from the definition. The fact that a” is the
minimizer can be seen by taking partial derivative with respect to a of expression
(3.3). The upper bounds are derived by applying Lemma A.1 in the appendix. Pick
a = m/2n and use the first inequality, we get the upper bound for m = o(n) case;
pick a = In{(m/ne) and use the second inequality, we have the upper bound for
n = o(m). Here In is the logarithm base e. The rest of the proof is left in Appendix

B. O

Remark 2.1. The regret depends only on the number of parameters m, the total
counts n and the tilting parameter a. The optimal tilting parameter is given by a

stmple moment condition in equation (3.4).

Remark 2.2. The regret Ry, is close to the minimaz level in all three cases listed
in Theorem 3.2. The main terms in the m = o(n) and n = o(m) cases are the same
as the minimaz regret given in [16] except the multiplier for log(ne/m) here is m/2
instead of (m — 1)/2 for the small m scenario. For the n = bm case, the R, is

close to the minimaz regret in [16] numerically.

Remark 2.3. In fact, the regret provides an upper bound for the redundancy. Recall
that

Ep, log = Ep, max log —

Qa
= aAsum 10g e +mlogC,. (2.8)

Theorem A.4 in Appendix A.4 gives more detailed expression of the redundancy for
using Q.. While there is a reduction of (m/2)loge bits as compared to the pointwise
case, the error depends on the X;’s. Nevertheless, expression (2.8) still provides an
uniform upper bound for the redundancy for all possible Poisson means A with a given

Sum.
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Remark 2.4. Simulation shows the value is very close to Szpankowski et al’s ap-
prozimation [16]. For example, with m = 70244 and n = 39161 (those are the m and
n used in the simulation in Section 2.4, and a = m/n = 1.79). The Szpankowski
et al’s approzimation [16] of the minimaz regret is 64519.32, and the regret we get
from optimizing a grid of tilting parameters is 64529.61. Please see Figure 2.3 for

the comparison of the two regret estimates.

Corollary 1. Let Pg be a family of multinomial distributions with total count n.
Then the marimized regret R(Q,, PE, Sinn) has an upper bound within %log Qrn +

1—,‘1271- loge above the upper bound in Theorem 3.2.

Proof. This can be easily seen by equation (2.3). O

2.3.2 Subset of sequences with partitioned counts

One advantage of using the tilted Stirling ratio distributions is the flexibility of choos-
ing tilting parameters. As mentioned in the introduction, the ratio m/n uniquely
determines the optimal tilting parameter. In fact, different tilting parameters can
be used for symbols to adjust for their relative importance in the alphabet. Here
we consider a situation in which the empirical distribution has most probability cap-
tured by a small portion of the symbols. This happens when the sorted probability
list is quite skewed.

The following theorem holds for strings with constraints on the sum of tail counts

> s Nj=n f. Small remainder occurs in the following regret bound when n f/(m—

L) and L/(n — nf) are both small.

Theorem 2.2. Let Sy, 1,1 be a subset of count vectors with the tail sum controlled

by a value 0 < f < 1, that is, Smp s = {N=(N1,..., Np): Z;lle:n, > s Nj=

25



Regret
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m=70244
a=1.79

— Tilted Sterling ratio distribution
=== Szpankowski et al's approximation

Figure 2.3: Regret for case m ~ n.
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nf}. Here L is a number between 0 and m. The regret of using the tilted Stirling

ratio distributions for count vectors in Sy, 51, gwen each L € {0,...,m} is mainly
L. (n—nfe (m—L)
— log ——rtn log ———. 2.9
5 l0g ———— +nflog — 7o (2.9)

The remainder is bounded below by ry and above by 13, where

Ty = —dléloge-i-(m——L)log (1+(1 — ds) nf )

m— L
and
re = (m—L)log (1+ nf +d3)
m—L
+Llog (1 + L ) .
n—nf
: L \3 . _nf 1 (nfe)?

Here dy is O (n_nf) and dy is O (-5) and d3 = 5 I e DT

Proof. Consider the product distribution,

Qap(N) = ] Pus()
=1

m N‘.Nje——Nj e—aNje—ijl{j>L}

i
]=l J! Cavbv.]

where Cpp; = C, if j < L, and Copj = C,p is defined as Y po, kFe(Fetdk/ft jf
j > L. It is in fact using an L dimensional product distribution ), on the first L

symbols, and an m — L dimensional product distribution Q.. on the rest.
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The regret is the same for any N € S, . 5, given a and b. That is,

R(Qa,b» ’PXL’ Sm,n,f,L)

= naloge + LlogC, + nfbloge + (m—L)log C,y

i

R(Qa, Pf(a SL,n—nf)'*'R(Qa-J—bs PXl_L, Sm-—L,nf)~

Here ’P,]; denotes the class of j independent Poisson distributions and S is the set
of j independent Poisson counts with sum equal to k. In the above case, j = L or
m-—L,and k=n—-nfornf.

The choice of a,b providing minimization of R(Q, 6, PX'y Smm.f,L) is given by the

following conditions

Ep,, > Nj=n
j=1

Ep,, Y N, =nf.

>L
This result can be derived by applying inequality (2.6) and inquequality (2.7) in
Theorem 3.2 to R(Qa, PX, SL.n-ns) and

R(Qgsp, 'P,’{‘"L, Sm-L.ns) respectively. O

Remark 2.5. The problem here is treated as two separate coding tasks, one for a
small alphabet with L symbols having a total count n — nf, and the other for a large
alphabet with m — L symbols with total count nf. The two main terms in expression
(2.9) represent regret from coding the two subsets of symbols, with one set containing
L symbols having relatively large counts, and each symbol induces %log @ bits
of regret, and the other containing the rest m — L symbols with small counts and

together cost nf log H’:;’E extra bits.

Remark 2.6. We can arrange more flexibility in what the code can achieve by adding

small additional pieces to the code. One is to adapt the choice of L between 0 and
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m, including log(m + 1) more bits for the description of L. Next one can either work
with the counts in the given order, or use an additional log ('Z) bits to describe the
subset that has the L largest counts. Then one uses log1/Q.s(N) bits to describe
the counts. Rather than firing f, one can work with the empirical tail fraction f(L),
where nf (L) is the sum of the counts for the remaining m — L symbols. Finally
we can adapt the choices of a and b. A suggested method of doing so is described in

Section 2.3.4, in which the Q,, above is replaced by a mirture over a range of choices

of a and b.

Remark 2.7. The locking in of the tail sum to be a particular value in Theorem 2.2
seems rigid and unrealistic. However, the purpose of the theorem is an analytical tool
rather than an application manual. To actually use the code, one could first describe

a subset of size L using log () bits for an L between 0 and m, and then pick a and
b according to an expected total count and tail behavior respectively, if there is any.
In cases there is no such knowledge available beforehand, one could integrate over all
tilted distributions and derive a mizture distribution which provides regret not too far

away from the best tilted distribution, as will be discussed in Section 2.3.4.

2.3.3 Envelope class

Besides a subset of strings, we can also consider subclass of distributions. Here we
follow the definition of envelope class in [2]. Suppose P,, s is a class of distributions
on 1,...,m with the symbol probability bounded above by an envelope function f,
i.e.

Prs=1{Ps:0; < f(4),j=1,...,m}.

Given the string length n, we know the count of each symbol follows a Poisson

distribution with mean A\; = n#;, j = 1,...,m. This transfers an envelope condition
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from the multinomial distribution to a Poisson distribution, the mean for which is

restricted to the following set

Amp={2: X <nf(G),j=1,...,m}.

Theorem 2.3. The minimaz regret of the Poisson class A, s with envelope function

f has the following upper bound

R(Qa, Am,fa _]Y_)
, n(1-F(L) -
< Ler{rllgxm} 5 log 7 +nF(L)loge + 13,

where F(L) = 2> ), and

L / L
T3=mlOgG+LlOg (1+ m)

Proof. A tilted distribution with a=L/2n(1~F(L)) will give the result. Details are

left in Appendix A.5. a

Remark 2.8. Here in order for r3 to be small, the tail sum of the envelope function
F(L) needs to be small, although the upper bound holds for general envelope function
f and L. This result is of the same order as the upper bound

infr.p<n (L —1)/2logn + nF(L)loge) + 2 given in [2]. The first main term in the
bound given in Theorem 2.3 also matches the minimaz regret given in [7] for an

alphabet with L symbols and n(1 — F(L)) data points by Stirling’s approzimation,
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€.,

L-1. n(l-F(L)) r(1/2)"
1 ]
3 BT T TBT(I)
L-1, n(l-F(L)e 1, e
~ 5 log 7 + 5 log 5

The extra (1/2)log(n(1 — F(L))e/L) is because the tilted distribution allows m free

parameters instead of m — 1.

Remark 2.9. The best choice of tilting parameters for envelope class only depends
on the envelope function and the number of symbols L constituting the ‘frequent’
subset. Unlike the subset of strings case discussed before, neither the order of the
counts nor which symbols are those with largest counts matters, all we need is an

envelope function decaying fast enough when the symbol probabilities are arranged in

decreasing order so that L is a small integer and F(L) is also not big.

2.3.4 Regret with unknown total count

We know that a* depends on the value of the ratio n = m/n. However, when the

total count is not known, we can use a mixture of tilted distributions Q(NV).

m/2

1l

1
A Qa (_jy_) m da

9 m N; _N;
/m/ _]YLJ_:e-aszda
0 Nj!Ca m

Q(N)

i

=1

IN

m

]_
2 o0
M(N)— / e VM dq
0

where h(a) = a+nlog C,, with n = m/N. Here the upper end of the integrated area
is due to Lemma A.2. We have a* < m/(2n) < m/2.

For any realized non-negative total count N = k, the integrand is maximized at
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ay with n = m/k, defined as solution to the equation Ep, N1 = 1/7. And the integral

can be approximated by the Laplace method [25],

m AN g-N; .
o = 2 (H T———) et [ (1 o)),

j=1

where ¢ = h"(a)|q=q4;. Note that the above approximation provides the leading term
in an asymptotic expansion of Q(N). Given 7 fixed, the leading term approaches the
integral as k goes to infinity.

Hence, the regret induced by Q(N) is

Q)

M(N)

. 1, ck m
log ~ k(a, +nlogCay) + §log2—7; + log 5

The main part k(a;, +1nlog Cj; ) is the answer form Theorem 3.2 if we had known the

sample size k£ in advance. By definition,

2

h"(a) = 775&5 (Iog Ca) =nVarp, (Nl),

since log C, is the cumulant generating function of the tilted Stirling ratio distribu-
tion. We plot V, = 53;5 (log C,) in Figure 2.4.

Here we use Laplace method to approximate the integral. It assumes the integral
has a strict minimum over the integration region at an interior point. When m ~ n
(n = m/n fixed), it approximates the leading order term in the asymptotic expansion
of the integral. Evidence shows it’s also applicable to larger n case, but more detailed
analysis would need to be done to reach a conclusion. Here adopting Laplace’s

method serves mainly for revealing the characteristics of integrating with the Q,’s.
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Figure 2.4: Relationship between a and V,.
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2.3.5 Conditional distributions induced by the tilted Stirling

ratio distribution.

To account for strings of arbitrary length, our coding strategy (), assigns a probability
distribution to all finite length strings. However, when considering strings of a known
length, we are interested to see what the distribution looks like conditioning on a
particular number 7.

Let N" denote any count vector in Sy, ,, and N} denote the z’s component of
N", where z € {1,...,m}. Also, let M,,, be the multinomial(n,8) maximized
likelihood. We have

Qa(N") _ Mmu(N")

QulIN =1) = 5 e = Moa(Sr) (2.10)

The conditioning of (J, in expression (2.10) reduces the Poisson maximized likelihood
(conditioned on the sum N = n) to be the same as the multinomial maximized
likelihood normalized as indicated, which is indeed the Shtarkov’'s NML distribution
for the multinorial family of distributions of counts.

This conditional distribution of counts, when multiplied by the uniform distribu-

tion of strings given the counts, induces a distribution on the strings, i.e.,

Pn(z(_n) = Pumf(xnlﬂn)Qa(ﬂn'N:n),

where X" is the vector Xi,..., X,.
This sequence of distributions P, are not compatible in the sense that the sum
of the probability of X,...,X,, Xnt1 = z for z € A under P,,; does not sum to

P.(X4,...,X,), and hence do not have extensions to a stochastic process. To see

34



this incompatibility one looks at the sum

Z Poi(X1, .. Xny Xnp1 = 7)

€A

and confirm it is not equal to P,(Xi,...,X,). This property is what is called the

horizon dependence of NML [26]. For more details, please see Appendix B.1.

2.3.6 Computational simplicity

The coding distribution can be implemented by a two pass code. We first code
the distributions of the counts by arithmetic coding using the tilted Stirling ratio
distribution. This is an easy implementation since the coding distribution for the
counts are independent. Then we could implement arithmetic coding again to code
the string given the counts. The distribution of the string given the counts is uniform
for all strings with the given counts. To implement arithmetic coding, one uses the
conditional probability for x less than or equal to the observed X;,; given its past

and the counts, i.e.
P(Xit1 < zina| X1, .., Xiy (N1, ..., N))

and

P(Xi,..., Xi, Xis1|(N1, ..., Nn)),

foreachi=0,...,n~1withn=3"" N,

Indeed for i = 1, the P(X; = z1|(Ny, ..., Nm)) = Nz, /n, and generally let N ; be
the count of the number of occurrence of 7 in X7, ..., X;, then the remaining counts
are NJ¢™ = N; — Nj;, and P(Xi1 = 2| Xy, ..., Xi, (N1, .., Ni)) = Nig™/(n —4).

This is the consequence of the distribution of X;,..., X, given Ny,...,N,, being
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uniform on the set of strings with these counts. (It is in accordance with the theory
of sampling without replacement that arises with this conditioning.)

This two pass code makes possible a computationally feasible coding in the regime
of m ~ n and n = o(m) as well as m = o(n). Alternatively, the one pass Krichevsky-
Trofimov [10] sequential coding rule, which is the Laplace posterior update rule with
respect to the Dirichlet(1/2,...,1/2) prior, can also be used for m = o(n), but
whether it has near minimax regret is unknown for large m. What we propose here
is a simple scheme that achieves nearly minimal regret in all situations. And its
implementation is simple due to the independence of the coding distribution of the
counts. Computation complexity for the counts is O(n(log m + nlogn)) for large m,
and nlogn for small m. Details are included in Appendix B.2. Indeed, we make
the counts independent which renders arithmetic coding easy. Shtarkov makes them
slightly dependent with conditioning that appears to be hard to compute. We explain

more about this here below in Section 2.3.7.

2.3.7 Computating Shtarkov’s NML distribution using @,

Independence of the tilted Stirling ratio distribution facilitates an approximate com-
putation of Shtarkov’s NML distribution. Now we could also use it to do exact

calculation. The conditional distribution of N, ..., N; can be calculated as follows

Qe (N Ny, ..., Njoy)

(M1, -, Nj)
QT (N, ..., Njoy)

E{Zm Ni=n-YJ_, N;} HT_—l M(N;)/C(Smn)

i=j+1

Z{}:;';j Ny=n-31_| N;} [Tims M(N:)/C(Smn)
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Divide and multiply e® 2= /C™~J to both the numerator and denominator to obtain

M(Nj)e-aNj Z{Zm Ny=n-31_, Ni} H:‘r_l-.jﬂ Po(N:)

i=j+1

Ca 2oz, Nemn-i) oy LIy Fa(V:)

Therefore the conditional distribution can be expressed as

P (", N;i=n|Ny,...,N;)
PRUD(S™ N, =nlMNy,. .., Njo)

Fo(N;)

To estimate P77 (31" N; = n|Nj, ..., N;), we could draw independent samples
according to P, and evaluate the sample average. Since the above equality holds
for any a > 0, and here we need a such that there is sufficient probability that the
sample total matches n — Zf:l N;, we could choose a, at n = F%TNT This way

the conditionals of Qnm can be computed conveniently.

2.3.8 Prediction

A sequence of conditional distributions for X;,; given the past observations X1, ..., X;
for i < n provides a sequential prediction with cumulative log loss defined by
Yicnlog1/P(Xin] Xy, ..., X5).

There are two natural ways of providing this sequence of conditionals. One is
to get the conditionals from the full joint distribution P,, which is horizon depen-
dent as mentioned above. It produces cumulative log loss prediction regret precisely
the same as the regret of using @, for data compression. The other is by using
the sequence of distributions P, 1(X7,. .., Xi41),7 < n, called sequential NML [27].

The sequential prediction distribution P, ;(X;.; = x| X, ...,X;) is proportional to
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Pia(Xy,..., X;, X; + 1 = x) and accordingly simplifics to

(Vi + 1N+ N

P(X 1=.’.E|X1,...,Xi) == - - T
" S (N + 1M1 N

Note that the prediction rule does not involve a. Previous study by Shtarkov[1]
shows that it is approximately proportional for large N, to the N, + 1/2 rule of
the Laplace-Jeffreys Drichlet(1/2,...,1/2) update rule (also called the Krichevski-
Trofimov rulc). Yet it differs importantly from the Laplace-Jeffreys rule for small
counts N,.

It can be seen as a modification of Laplace’s rule of succession

Ni+1 ni LM
= 14 1/N2)7 e
1+m (1+1/N;) normalizer
\—V—-/ . ~~ J
Laplace’s rule modifier

For all counts large, the (1 4+ 1/Ni)¥z term is approximately e, which makes the
modifier nearly constant. But for symbols with small count, this modifier shrinks the
Laplace’s predictor. These conditional distributions, when put together, formulate
the sequential normalized maximum likelihood (sNML) in [27].

However, when using two tilting parameters to adjust for relative importance
of symbols within an alphabet, for example, Q.5 in Section 2.3.2, the predictive

distribution does depend on b, i.e.,

P(Xi+1“—“$‘X1,...,Xi) v
e L=>nb(Ni 4 1)N;+1/N£N;
Em le—l{,—:>L}b(N% + 1)N};+1/N£N; .

T=

Hence, all symbols beyond L are discounted by an extra fact of e ® when predicted

by this rule.
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2.4 Application

2.4.1 Simulation

Theorem 2.2 indicates we could optimize L to save coding cost when the ordered
counts are skewed. We look at the performance of the tilted Stirling ratio distri-
bution for algebraically decreasing counts with simulated data. The alphabet is
partitioned into two subsets — the frequent symbols and the infrequent ones. The
tilting parameter is chosen approximately according to the ratio of the number of
symbols in a subset and their total count. The regret of assigning different number
of symbols as ‘frequent’ (L) is shown in Fig. 2.5. We can see that more skewness
pushes the optimizing L smaller.

Figure 2.6 shows the upper bound of the minimax regret in Theorem 2.3 for an

algebraically decreasing envelope class.
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Figure 2.5: Regret of using tilted Stirling ratio distribution for algebraically decreasing
counts.
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Algebraically Decreasing Envelope Class
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Figure 2.6: Regret of using tilted Stirling ratio distribution for an algebraically de-
creasing envelope class.
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2.4.2 Real data

We also provide an example of using the tilted Stirling ratio distribution to code
Chinese literature. The target book is an ancient collection of poems named 1#%%,
translated as the Classic of Poetry. It is the existing earliest collection of Chinese
poetry and dates from the 10th to 7th centuries BC [28]. The book is downloaded
freely from http://wenku.baidu.com/. Since many ancient words are rarely used

today, the encoding is done in GB18030 [29], the largest Chinese coded character
set. It contains 70244 characters, among which 2889 appear in the book with a total
character count 39161. There are 792 characters appear once and 479 appear twice.
The smallest regret happens at L = 2889 which is the total number of characters

appear.

2.5 Discussion

We have introduced the use of independent tilted maximized Poisson likelihood distri-
butions (also here called tilted Stirling ratio distributions) @, for coding the counts
for independent random variables. The performance of the coding distribution is
close to the minimax level. Actually, the difference between the regret and the min-
imax level is the probability assigned to the set with the observed total count by the

tilted distribution with the optimal tilting parameter, i.e.

R(Mcond’,PRn» Sm,n) = R(Qa‘vlp;’\nv Sm,n)

+log Qo+ (Smn)-

The optimal tilting parameter a* minimizes the difference among all possible a.

Since M onq reproduces the Shtarkov NML distribution for the multinomial family of
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distributions on counts, it is the exact pointwise minimax strategy. As shown in this
paper, our findings about the regret produced by the distribution Q,, taken together
with earlier work [1][7][20][16], show that the difference is no larger than about logn
in small alphabet cases, and about %logn for moderate or large alphabets. The
probability Q,(Sm.n) is the probability distribution for the total count N evaluated
at N = n as induced by our distribution (),. Further analysis could be done to

characterize this distribution of the total count more precisely.
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Chapter 3

Markov model

The work of this chapter was published as Compression and Predictive Distributions for Large
Alphabet i.i.d and Markov models, Xiac Yang and Andrew Barron, Proceedings of the 2014 IFEE
International Symposium on Information Theory(ISIT), June 29 2014-July 4, 2504-2508
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3.1 Introduction

Non-vanishing per symbol redundancy renders large alphabet compression mission
impossible. However, distributions living on large alphabets usually display a decay-
ing trend. For example, in Chinese, a subset of 964 characters covers 90% inputs in
Chines [30] though the vocabulary size is more than 100,000 in total.

Coding and prediction of strings of random variables generated from an i.i.d model
have been considered for the large alphabet setting with the restriction that the or-
dered count list rapidly decreasing [31], or satisfies an envelope class property [2][32].
Although this i.i.d model is not the best for compression or prediction when there is
dependence between successive characters, it serves as an analytical tool that more
complicated models can be based on, and helps understand the behavior of coding
and predictive distributions.

Willems, Shtarkov and Tjalkens designed the brilliant context tree weighting
(CTW) method for bounded binary tree sources. They derived an upper bound for
the regret which is optimal in the sense that it achieves Rissanen (1984) lower bound
[33]. Cleary and Witten proposed a convenient method called prediction by partial
matching (PPM) which achieves practical efficiency and advantage [34]. Sadakane.
Okazaki and Imai implemented CTW for text compression and found difficulties since
the original method is for binary sources. Then they proposed a method combining
PPM with CTW and showed good practical results by applying it [35].

Suppose a string of random variables X = (X3, ..., Xn) is generated independently
from a discrete alphabet A of size m. Here the string length N can be random. Then

X is a member of the set X'* of all finite length strings

o0
X = U{l‘":(:{,‘l,...,l‘n) 1 X; EA,’L = 1"__,'"/}_
n=0
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Our goal is to code/predict the string X.
Now suppose given N, each random variable X; is generated independently ac-
cording to a probability mass function in a parametric family Pe = {Py(x) : €

© C R™} on A. That is
n
Po(X1,..., XnIN = n) = [ Pu(X2),
i=1

for n = 1,2,... We are interested in the class of all distributions with Py(j) = 0,
parameterized by the simplex ©={0=(6y...,6m): 6; 20,37 ,6;=1,j=1...,m}.

Let N = (Ny,...,Ny,) denote the vector of counts for symbol 1,...,m. The
observed sample size N is the sum of the counts N = 3777, N;. Then Ps(X) have
factorizations based on the distribution of the counts

Fy(X) = P(X|N) Py(IV).

The first factor is the uniform distribution on the set of strings with given counts.
The vector of counts N forms a sufficient statistic for . In the particular case of
all i.i.d. distributions parameterized by the simplex, the distribution Py(N|N =n) is
the multinomial(n, 8) distribution.

In the above, there is a need for a distribution of the total count N. Of particular
interest is the case that the total count is taken to be Poisson, because then the
resulting distribution of individual counts are independent.

Poisson sampling is a standard technique to simplify analysis [11][36]. Here we
consider the target family Py* = {Py\(N): A; >0, j=1,...,m}, in which P\(X)
is the product of Poisson();) distribution for N;,j=1,...,m. It makes the total
count N ~ Poisson(Asum) With Agm = 3_7°) A; and yields the multinomial(n, )

distribution by conditioning on N = n, where 6; = A;j/Asum- And the induced
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distribution on X is

Py(X) = P(X|N)PA(N).

Adopting the conventional definition for regret, we have

R(Q. Py X) =108 05 =108 5

where P;(X) = max)ea(PA(X)), and log is logarithm base 2.
Here we can construct ) by choosing a probability distribution for the counts
and then use the uniform distribution for the distribution of strings given the counts,

written as Pun;f(X|N). Then the regret becomes

Pi(N)
Q)

R(Q’ PA» X) 10g
And the problem becomes: given the family Py*, how to choose () to minimize
the maximized regret

P5(N)
QW)

min max R(Q, P;, X mmmaxlo
Qn b4 (@ A )= 0 g

For the regret, the maximum can be restricted to a set of counts instead of the

whole space. A traditional choice being Sppn = {(N1,..., Nin) 1 370 N =n,N; >
0, j=1,...,m} associated with a given sample size n, in which case the minimax
regret is

min max lo B (M)
0" Neaw. B QN

As is familiar in universal coding [1]{7], the NML distribution

Py(N)
Qrmi(N) = & )
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is the unique pointwise minimax strategy when C(Smz) = X nes,. , P3({Y) is finite,
and log C(Spn) is the minimax value. When m is large, the NML distribution can
be unwieldy to compute for compression or prediction. Instead we will introduce
a slightly suboptimal coding distribution that makes the counts independent and
show that it is nearly optimal for every Sy, ,» with n’ not too different from a target
n. Indeed, we advocate that our simple coding distribution is preferable to use
computationally when m is large even if the sample size n were known in advance.

To produce our desired coding distribution we make use of two basic principles.
One is that the multinomial family of distributions on counts matches the conditional
distribution of Nj,..., N, given the sum N when unconditionally the counts are
independent Poisson. Another is the information theory principle [12][13][14] that
the conditional distribution given a sum (or average) of a large number of independent
random variables is approximately a product distribution, each of which is the one
closest in relative entropy to the unconditional distribution subject to an expectation
constraint. This minimum relative entropy distribution is an exponential tilting of
the unconditional distribution.

In the Poisson family with distribution A;Vje“’\ﬂ /N;!, exponential tilting (multi-

~aN;) preserves the Poisson family (with the parameter scaled

plying by the factor e
to Aje ?). Those distributions continue to correspond to the multinomial distribu-
tion (with parameters 6; = X;/Asm) when conditioning on the sum of counts N.
A particular choice of a = In(Asm/N) provides the product of Poisson distribu-
tions closest to the multinomial in regret. Here for universal coding, we find the
tilting of individual maximized likelihood that makes the product of such closest to
the Shtarkov’s NML distribution. This greatly simplifies the task of approximate

optimal universal compression and the analysis of its regret.

Indeed, applying the maximum likelihood step to a Poisson count k produces a
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maximized likelihood value of M (k) = k*¥e~*/k!. We call this maximized likelihood
the Stirling ratio, as it is the quantity that Stirling’s approximation shows near
(27k)~Y/2 for k not too small. We find that this M (k) plays a distinguished role
in universal large alphabet compression, even for sequences with small counts k.
Although M has an infinite sum by itself, it is normalizable when tilted for every
positive a. The tilted Stirling ratio distribution is

N; N
Nj Te N e~ aN;

BN ==Fra

with the normalizer G, = Y 5o, k*e~ 1+ /K1,
The coding distribution we propose and analyze is simply the product of those
tilted one-dimensional maximized Poisson likelihood distributions for a properly cho-

sen a

Qa(_N.) = P(:n(ﬂ) = Pa(Nl) ©t 'Pa(Nm)'

If it is known that the total count is n, then the regret is a simple function of n
and the normalizer C,. The choice of the tilting parameter a* given by the moment
condition Eq, 3 7%, N; = n minimizes the regret over all positive a. Moreover, value
of a* depends only on the ratio between the size of the alphabet and the total count
m/n. Details about finding a* can be found in [31).

As compared to i.i.d class, Markov sources are richer and more realistic. Suppose
given NN, each random variable X; is generated according to a probability mass
function depending on its contezt (string of symbols preceding it). Following Willems
et al’ notations in [33], a tree source can be determined by a context set S. Elements
of § are strings of symbols from A4 or concatenation of “others” and suffixes of
the existing contexts. The case “others” represents complements of the contexts in

S with a common parent. The "others” can be different for each set of branches
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from a node (as it is the complement of the set of symbols identified on the other
branches). Note that CTW can be applied to large alphabet, but it does not have the
flexibility of collapsing the symbols on each branch. The collection of distributions
is Pog = {Py,(x) : 8, € Os,5 € S}, where O is the parameter sct defined later.
For simplicity, we require the order of the model no larger than T € {0,1,2,...}, so
S € Cr, where Cr is the class of tree sources with order T or less.

For each context s € § with a given &, let 8,, denote the probability of symbol

z € A showing up after s, for all z € A. Then 8, = (6,1, ..., 0.») lies in the set

Os ={0, = (01, .-, 0am) T € A,0,:20,) Oy, =1}.
z€A

Again, we could take advantage of factorizations based on the distribution of the
counts Ng = (N, )ses, where N, = (N4, ..., N,,) is the count for all symbols given
context s € &, and Pick the distribution for the total count to be Poisson. It leads
to the target family ’P,'\Sim = {Py(Ns): A;; 20, j=1,...,m,s € S}, in which P,(Ns)
is the product of Poisson(},;) distribution for Ny;,j=1,...,m and s € S.

There are two sources of costs involved in using a tree model. One is the coding
cost for the string given the tree. The other is the description cost D(S) for describing

the tree. Overall, we want to find () which uses shorter codelength for sequences

generated from an unknown tree source S € Cr. That is, to minimize
min (log 1/Q(X|S) + D(S)) .
SeCr

We use the same coding distribution as given in equation (3.1) for count variables

conditional on each given context s. The coding distribution for the counts given s
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is simply the product

Qas(H—&) = P::(—Ms) = Pas(Ns ) Tt Pas(Nsm)v (3'2)

with a properly chosen a, for each context s € S. Using the product of tilted
distribution P,, as a coding distribution, the regret is simply a sum of the individual
regrets,

To construct the tree, we adopt a method similar to Rissanen’s approach in [37].
It is different from [33] in that we adapt the method to work with large alphabet and
the inclusion of the symbol class “others” on each branch. Using the total codelength
to evaluate the performance of different models and coding distributions, we adopt
a greedy algorithm to build the context tree with details discussed in Section 3.3.3.

An illustrative example tree is given in Figure 3.1.
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Figure 3.1: An example context tree with A = {a, b, c,d} where o represents “others”.
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3.2 1i.i.d class

The following result is given in Chapter 2.

Theorem. The regret of using a product of tilted Sterling Ratio distributions Q, for

a given vector of counts N = (Ny,..., Np,) s
R(Q.,PY,N)=aNloge +mlogC,.
Let Sp, . be the set of count vectors with total count n be defined as before, then
Jmax R(Q., PT,N) =anloge + mlog C,. (3.3)
Let a* be the choice of a satisfying the following moment condition
Ep, iNj =mEp N; = n. (3.4)
=1

Then a* is the minimizer of the regret in ezpression (3.8). Write Ry, n = ming R(Qq, P}, Smn)-

When m = o(n), the Rm,» is near 5 log 2% with

m

m
“d1510g6 < Rppn— —logE

A
3
<3
=]
=
-+
|

where dy = O ((%2)3).

When n = o(m), the Ry, is near nlog % as follows.

mlog (1 +(1- dz)—%) < Rpn -~ nlog%ng

< mlog(1+%+d3>
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where dy = O(2), and ds = 3= n’e?

2y/m m(m-ne)

When n = bm, the Ry, , = cm, where the constant ¢ = a*bloge +log Cy-, and a*

18 such that Ep, Ny = b.
Proof. Details of proof can be found in [31]. O

Remark 3.1. : The regret depends only on the number of parameters mn, the total
counts n and the tilting parameter a. The optimal tilting parameter s given by a

simple moment condition in equation (3.4).

Remark 3.2. : The regret R, 1s close to the minimaz level in all three cases listed
in Theorem 3.2. The main terms in the m = o(n) and n = o(m) cases are the same
as the minimaz regret given in [16] except the multiplier for log(ne/m) here is m/2
instead of (m — 1)/2 for the small m scenario. For the n = bm case, the R, is

close to the minimaz regret in [16] numerically.

3.3 Tree source

3.3.1 Coding cost

The coding distribution for a given tree is the product of all the Q,, (N,.), i.e.

QS(Ns) = [[ Qan (M)

3€S

Let Spns = {Ns: D cs Z;nzl N;j=n,N,; >0, j=1,...,m,s € S§}.

Corollary 2. Using independent tilted Stirling ratio distribution QS to code the

counts i Sy n.s, the regret equals

max R(PP™ QS Ng)=Y (asN,loge+mlogC,,) .
A a 3

Ns‘ESm,n,s s€S
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This can be casily seen by applying the definition.

3.3.2 Description cost

To describe a given context set S, we use the following rule

D(S) =1 + Nbranches (1 + lOg |'A|) )

where Nyranches 15 the number of “labeled” branches in the tree. Here “labeled”
means having a specified symbol in the alphabet. For instance, Ny gnches = 5 in the
example tree.

The first bit is used to describe if the model is nondegenerate (i.i.d or Markov).
For cach branch other than “others”, we first use 1 bit to say if it is nondegenerate,
and then logm bits to convey which symbol it is. Our example tree uses 1 + 5(1 +

log4) = 16 bits.

3.3.3 Using codelength to construct the tree

Here we use the example in Figure 3.1 to illustrate how we construct the tree. Start-
ing from a null tree (the i.i.d model), we first choose the single symbol (c) that
produces the most savings (if any) in codelength. Next, we consider two possible
leaves: one is another symbol in the first level (a) that achieves the most savings;
the other is to extend to the second level based on the symbols just found. After
calculating possible savings produced by these two candidates, we pick again the one
with larger savings. Continue in this fashion until no more savings is available or
the maximum number of symbols to condition on (T) is reached, the context tree is
built. “others” represents contexts with the same parent that are not picked up. It

includes b and d in the first level in the example tree.
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3.4 A real example

We apply the proposed method to a contemporary Chinese novel translated as
Fortress Besieged. The book contains 216,601 characters encoded in GB18030, the
largest official Chinese character set which coutains 70,244 characters.

The i.i.d model uses 1,954,777 bits. For the tree model, the first single character
to condition on saves 12,631. We restrict the order of the Markov model to be
no larger than 5, but it turns out no context exceeding two characters shows up.
There are 342 branches in the tree, among which 95 are in the first level, and 5
of them extends to the second level. In fact, second level branches are picked up
only after most first level ones are chosen. A small part of the tree is displayed in
Figure 3.2. It corresponds to the earlier steps that produce the most savings in the
tree construction. The dots on the right stand for the rest of the model that cannot
be shown. And the blank cell in the middle of the first level is the space symbol.
The total savings amount to 401,922 bits (about 20.56%) as compared to the i.i.d
model. Please note that existing models for tree sources are mostly designed for
small alphabet compression, hence direct comparison with which would not be quite

fair.

3.5 Conclusion

In this chapter, we consider a compression and prediction problem under bounded
tree models for large alphabets, and design a greedy algorithm to construct the
context tree. Combining this method with the tilted Stirling ratio distribution, we
have a convenient and efficient way for compression and prediction for variables

generated from Markov models.
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3.6 Discussion

Further investigation can be done to find out the performance of the tree construction
algorithm and whether it finds the optimal structure. Moreover, developing a “large
alphabet context tree weighting algorithm” like the context tree weighting algorithm

for binary alphabet [33] will have great values.
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Figure 3.2: Context tree for Fortress Beseiged.
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Chapter 4

Summary and future work
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This study focuses on compression and prediction of sequences of random vari-
ables generated from large alphabets. An alphabet is a set containing all the possible
outcomes of a discrete random variable. Many conventional statistical problems as-
sume the sample size is larger than the alphabet size. Yet this assumption is not
always true, and can result in the failure of traditional techniques when it doesn’t
hold. An alphabet is “large” when its size is comparable or even larger than the
size of the sample. Large alphabet is of particular interest when the underlying
distribution lives on a huge set such as language processing on the word basis.

In the previous study, we started from the i.i.d model and proposed a simple cod-
ing distribution formulated by a product of tilted Poisson distributions. This coding
distribution achieves close to optimal performance for compressing the i.i.d class. It
also simplifies the analysis and computation through the independent structure. By
using this distribution, we were able to characterize the regret (the extra bits induced
by using the coding distribution instead of the unknown true distribution) through
a tail sum of the ordered counts. This is particularly useful when the underlying dis-
tributions live in a subclass in which most probability is captured by a small number
of symbols. Also, this coding distribution can be applied to the envelope class. The
simplicity of the independent structure of the coding distribution can also be used
to do exact computation of the Shtarkov’s NML distribution. We include a brief
discussion of the idea in Section 2.3.6. And further analytical and numerical studies
and be done to make the discussion complete.

Further, we considered a more realistic case-~-Markov models, and in particular,
tree sources. A context tree based algorithm was designed to illustrate the depen-
dency of the contexts in the context set. It is a greedy algorithm which seeks for
the greatest savings in codelength when constructing the tree. Compression and

prediction of individual counts associated with the contexts also uses a product of
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tilted Stirling ratio distributions. This algorithm serves as our first trial to provide
a solution to this problem. It can be improved since currently it does not guarantee
the optimal result. One natural idea is to develop a weighting method mimicking
the context tree weighting (CTW) algorithm which can deal with large alphabets
(instead of only the binary alphabet). This is particularly usefully given the need
to handle large alphabet distributions with dependent structure and the optimal

theoretical behavior of CTW.
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Appendix A

Proof of Theorems
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A.1 Some facts

Fact 1. For anya > 0,

! /lt‘l -atgt < \/5
— Ze —.
\/ﬁ 0 m

Proof.

]. 1 1 u=at —
— tTie Mdt = =3 "-—du
Vem /0 \/27r /0’ a

u"iedy
\/ 27ra

The integrand is smaller than »~2 on [0, a, so the integral is upper bounded by

1 /“ ‘ld 2
u 3du =4/ —.
Vvara Jo T

Fact 2. For any a > 0,
00 _1 0
when 5 < 7k < T3-
Proof. It suffice to show
o} _% fos) .
Z o e > /1 t~re"dt (A1)
k=1

Note that t~2e~ is convex in ¢, so we have fkk+1 f(t)dt upper bounded by (f(k) +

f(k+1))/2. Then we only need to show the latter is upper bounded by f(k)e~'/12k,
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This can be done by proving the following inequality.

. ko\? .
) ok <
+<k+l) ¢ s?2

for each k > 1 and a > 0. Check that the left hand side is increasing in k by taking
derivative, its value goes up to 1 + ™% which is not larger than the right hand side

for every a > 0. Therefore, Inequality (A.1) follows. O

Lemma A.1 (Bounds for C,). For any a > 0, the following bounds hold for C,

2 1 1
1,1—\/j —— )<y <14 —, A2
ax( ) or (A.2)

and
1 e—2a

2/ml —e o

Proof. The argument to prove the upper bounds is analogous to Fact 2. Indeed,

l+e @ <l de ey (A.3)

had kke~* oo (a _%
Ca=)_ X k Z\/’z‘gerk (A.4)

k=0

f St o PRI CE S N
Here (a) is by Robbins’ refinement of Stirling’s approximation where o < mx <

L
12k

1
We recognize the similarity of this Stirling approximation 'i/?—ie““’“ to the Gamma(1/2, a)
density as plotted in Figure A.1. Indeed, the sum C, can be bounded by a gamma

integral as demonstrated in Figure A.1, so

Ca

IN

1+—/ tzetodt

\/271’ az

1
= 14 ——.

V2a
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Also, following expression (A.4), C, has the following lower bound.

Ca = 1+Z\/§7—rerk€

k=

1
2
1—\/: \[ /t’fe'“‘dt
Nor
9 1—\[ / “remdt

\/2_7r 1

V=

Here again —— 1% 1 <Tk < and inequality (b) is due to Fact 2 and inequality (c) is

T2
by Fact 1.
Note that inequality (A.2) is good for small a. For a moderately large a (a > 0.2),

the following upper bound is better.

C, < 14e @Dy kz:; \/21_7&;6—}“1
< 14e @Dy %; - ‘f:a
d
Lemma A.2. For anya > 0,
e @) < Ep Ny < 2~1a-
Proof. Let k* = mingen, [k l We prove the upper bound by consider a within
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(Unnormalized) Tilted distribution and the Gamma density

r(1/2,1/a)
o | _
— f(k)
- glK)
—— Gamma density
o |
[}
© |
o
=
)
c
D
(o L
N K
g -
=4 1T rrrorrrrrrr
o I I I
0 50 100 150 200
k

Figure A.1: tilted distribution and the I'(3, 1) density with a = 0.01.
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two different intervals. First, if a < e(y/7 — v/2)2, we know

oo _
kk+le k

k*!
(@) ¥l p1/2p-ak O l/2p-ak
< +
o Ve kekeyn V2T

k*l/Ze—-ak"‘

V2r

+

where (a) is an upper bound by Stirling’s approximation.

(A.5)

Both sums in the last expression can be upper bounded by a gamma integral as

shown in Figure A.2 and Figure A.3, and k*!/2e~%" is no larger than the maximum of

the unnormalized Gamma(3/2,1/a) density, which is achieved at 1/(2a). Note that

for approximation of the mean, the power of k is 1/2 rather than —1/2. Accordingly,

we use the Gamma(3/2,1/a) density in approximating the terms of the sum. Hence,

we have the following upper bound for expression (A.5).

t1/2 —at oot1/2e~atdt (1/2a)"/% 1/
/ Y= Y =
3/2 (1/2a)1/2
—_ a3/2\/2_7r_+ \/__.
1 11
2772 Jame Ra)172

Using this upper bound for C,, we could prove an upper bound for the expected
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(Unnormalized) Tilted distribution and the Gamma density
r(3fe, 1/a)

— Tilted probability
—— Gamma density

density
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2a k

Figure A.2: Tilted distribution and the Gamma density. The relevant sum is only to
the left of % with a = 0.01.
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(Unnormalized) Tilted distribution and the Gamma density
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Figure A.3: Tilted distribution and the Gamma density. The relevant sum is only to
the right of 3= with a = 0.01.
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value.

00
kk-He—k
Ep Ny = e~k

§ = "kIC,

1 1 1
Y w7 Y @

am t1-y/?

1 1 1/2
1 (@ + w2

2\ @1y

~ s

(A)

The lower bound for the denominator in (b) is attributed to Lemma A.1. A little
algebra can show that term (A) is not larger than 1 when a is restricted to (0, e(y/7 —
v2)%].

If a > e(/7 — V2)?, we have arg max,>, k'/2¢"% = 1. Using Stirling’s approxi-

mation and split the sum into £ = 1 and k > 1, we have

oo kk+le——k
k' e—ak
k=1 )
e~ i k1/2e—ak
< +
T 27 o Ve
() o
S ___}2_ (_;_e—a+ tl/Qe—atdt>
s 0
_ 1 1 a0 F(3/2)
Ve \2 a’/?
_ 1 - 1

where (c) is because the sum Y 4o , k'/2¢%* is bounded above by the integral It 2ematdt,
and the difference between [} t'/2e~%dt and =2 (value of k'/2e%* at k = 1) is less

than e~ due to the concavity of ¢1/2¢=% to the left of 1/2a.



By this upper bound for the numerator and Lemma A.1 again,

—-a

1 1
(2a)372 + W12 €

1=yt

1 [ @t 759

2a
(Za)l/"’ +1- \/;

A

(B)

Ep, N

-a

Term (B) is not larger than 1 because pae " <1 - \[ for all a.
For the lower bound,
o«
kh+lemk
Epfy = ; KC, ©

——(a+1)

oo ke (K 1) e—alk~1)
k=1 (k ]

. —(a+1) ( "_‘; +1 e *[e—al)
I+1p-1
_ El 0 +1 . e—al
= (a+1) ( oo e "“e_ak (A6)
@ 6—(a+1)

Here inequality (d) is because term (C) is above 1. Hence, the upper bound is

deduced.
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A.2 Proof of Theorem 3.2

Proof. 1t remains to show the two lower bounds in expression (2.6) and (2.7). In

both cases we need a lower bound for na*loge + mlogC,-, and we do it by lower

bounding a* and C,-, respectively. Let ¢ = 7*.
¢ Bounds for a*

We know a* is the solution for the following equation.

Ep. Ny = =
m
By Lemma A.2, we have
1 s T
2a* T m
That gives
o < g (A7)
2n

Since C, is decreasing in a, we have

S -
i
e

Ca" 2 sz >
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For any j € {1,...,m}, and a > 0, we have
had kk+1e—k.
€
!
—~ KC,

oo Rktle-k
k=1 k!

1+ﬁ
—ak
v T 7o (A8)
1+’E

—ak

Ep Ny =

—ak

—

a)

—
~

Here (a) is attributed to inequality (A.2), step (b) is by Stirling’s approximation,

and Pick k; = a™!/3, then the numerator of expression (A.8) can

<1 <

12k+1 12k

be lower bounded by

oo L1/2 .
e @
Pyl V2mer*
2 i k1/2 Aak
k=|k] \/ 2mel 2["‘

1/2 —at
-———-—1 t dt
V2me2E=T J k|

Taking the integral from 0 to oo and subtracting the part from 0 to ky yields the

lower bound

I'(3/2)

1
V2re BT (

ky
- / tl/ze'“tdt)
0

232

1
2re TTE D (

k
a3/2 o

1
N "27{'612“‘11“1) (

r(3/2) 2 ) |

ad/2  3g1/2
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al/3

Write r, = o kll_l) = 5 —al" By the above calculation, we have a lower bound

for the expectation under the tilting distribution. For a*,

1 (r(s//z) _ 2/ )
ra* «3/2 a1/2
V2rne > a : 3a < Ea,‘Nl —
-+ o7

Arranging the terms, we have

o £ (o)
2 ~ (14 v2%)e TWF

Here (c¢) is because a* < @ by inequality (A.7). So,

a

(1+v2i) e + 2=a

By Taylor expansion, this is no smaller than

a
(1+v28) (1473 +0(2) + 54za
ra+ V2@ + V2, + 733 + O(rd)
(1+\/—)(1+ra+0( 2) + gi=d

o (1-ra = VB~ Vira - g o)

v

ﬁ

When m = o(n), r; is the leading term, so

e sat-om -2 (1-0((2)"))
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As a result,

[0

na*loge > (1—0((%) ))%bge

Hence we get inequality (2.6).
The above lower bound works when a* is small (i.e., when m is small compared
to n), yet when it is large, the following bound is better. Let ag =1In 2.

From Lemma A.2,

e‘(a‘H)S—n—.
m
Then
e > T_:eao
- ne
a* > a (A.9)
Thus,

m
na*loge > nagloge = nlog —
ne
e Bounds for C,.

Now we want to lower bound C,.. Recall inequality (A.6), let term (C) be defined

as
o = ittt 1) e e/l
: S o kkekemak /!

We have

Sa.e‘(aw-l) - EP,, Nj — n = e~ (@0+1)

m
It gives
e_(am_’_l) — e_(a'0+1)
Sa*

7



By dcfinition,

. e—(a0+1)
Co>14e @ =14 - (A.10)
at
By Stirling’s approxmation, the numerator of s, is bounded above.
o0 o0
(l + 1)l+le~le~al 1 al
> < 14— Z @ (A.11)
1=0 Var i35
(d) >
% Z [+ 1
l=1 l
<

1+ —— (i—o; le  + 26““’)

where (d) is because (1 + 1)! is bounded above by e for each | > 0. We know
S le”®(1 — e7?) is equal to the expectation of a geometric random variable with
success probability 1—e~%, which equals to 1/(1—e™*)—1. And Y12, e™%(1—¢7%) =

e~“. Hence, equation (A.11) has the following upper bound

e e %2—-e"?)

Vor (1-e)?

14

Using the above inequality and C,- > 1+ e~ ("1 we have

1 1+ e—(a"‘—H)

. ea"(2—e-2%)

%a 1+ \/;_ﬂ' (1-e—n%)?

e € "*(2—e'“*§ . e—(a‘-}—l)

1— Var (1-e=77)2
e 6‘"“(2—‘6""')

1+ Var (1—e )2
€ 2-e”® 4

_ . VEOeTE T e

e e 2" (2—e ")

L+ J ey

v
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Multiply (1 —€7%")2 on both the numerator and denominator of the second term, we

have the above expression equal to

*

2e2 1— (% _ 2)6—11‘ —e 2

1 _ \/2—7; \/2_ e—(a‘*f—l)
(1-e )+ Le @ (2-e )
22 | _ (£l _9)pa" _ g2

— 1. 1 (\/2_7: 2)e € p—(a+1)

_£€ 2

=t )l —e)

The denominator of the second term is lower bounded by 1 since 0 < e % < 1.

Therefore,

2 2
! > 1- (—2—?— -1- (e_ —2)e " — 8_20‘) e~ +1)
8q+ 27 Varn
2¢? .
> 1- —1])e @+
- (\/27r )

vV
p—
|
N
lw
)
[ ]
|
ot
N’
|
’3
o
+

The last inequality is due to inequality (A.9). Now, using inequality (A.10), we have

Cor 2 14 (1 — ¢rem(®¥D) gm(@0+D

where ¢; = 2¢%/y/2m — 1. From this lower bound on C* and using aq = log 2, we

ne’

derive that

mlog Cpe > mlog (1 + (1 -0 (—71)) —Tl) .

m/’7/ m

Therefore, inequality (2.7) follows. O

A.3 Proof of Pythagorean Equality

Theorem A.0. Let M(k) = k*e */k! denote the Stirling ratio measure for k =

0,1,... as defined before. Let M™ = QLM assign a product measure to N =
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(Ni,...,Np). Let Meona be the probability distribution on N obtained from condi-
tioning on % ;"lej = a (suppose o is a value that the average of the N;’s is
possible to obtain). Define P,(k) = M(/c)%&lf for an a chosen by the condition

Ep, N1 = « (suppose such an a can be obtained). Let C, be a class of distributions

with the expected value of the average of N; equal to
Co={P:Ep- izv }
«={P :Ep— = a}.
Pm po J

Then, Q. = 7., P, is the information projection of M on C, in the sense of uniquely

minimizing D(Q||M) among all Q in C,. In fact,

D(QIIM™) = D(QI|Qa) + D(Qal|M™)

for all Q € C,. In particular, we have
D(]ucond”Mm) = D(Mcrmd”Qa) + D(Q.||M™).

Therefore, equality (2.2) stands.

This is similar to what has been shown in [12], [13], and [14]. Theorem A.0
says the tilted distribution is closest to the original distribution in relative entropy
among all distributions with the expected value of a function equal to o. Hence it is
the redundancy minimizing distribution over the class of distributions with a given
moment condition. Note that D(Q||M™) and D(Q,||M™) could be negative since

M™ is not a probability measure, but D(Q}|Q,) > 0 for all Q € C,.
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Proof. For any Q € C, and m > 1,

D(Q||M™)
_ Q(Ny, ..., Ny)
_ Nl§va(N1,...,Nm)logQa(th’Nm)
Qu(MN1, ..., Np)
+M;VmQ(N1,...,Nm)log M, N

D(QQ.) + Eq (log e 1T Nj)
D(Q[|Qa) + Eq, (mge—az;zl NJ-)
D(Q|1Q.) + D(Q.||M™)
D(Qal|M™).

(@)

—
<
~

IV

Here (a) is because (J, and @ are both in the convex set C,, and (b) holds since

m .
e*“zj=1 J

Qa(Nj)zM(Nla---aNm)""'—C;n—- t

A.4 Redundancy

Theorem A.4. Consider the family of distributions that makes Ny, ..., N,, indepen-
dent Poisson Ay, ..., Am. Let Agym = E;n:l Aj, and let P! denote the family. The
redundancy of using a tilted Stirling ratio distribution QQ, on the counts generated by

any P € P! is mainly

T(Qa’ PA) = ((_% + adsum) log e + mlog Ca),

N J

(4)

with the error bounded by

~, 1 5
(7 + =) loge.
]Z:; 3N2 T B
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Moreover, the minimizer of the redundancy is a*, with a* chosen by making Ep, N, =

/\sum/m-

When m = o(Aeum), term (A) satisfies the following inequality

i Asum
0< ‘(A) Mg o

™). (A.12)

sum

< 5 < mlog(l+

When Asum = o(m), term (A) satisfies the following inequality

A
mlog (1 + ﬂ) — Asum loge
m

m m
< |{A) = { dsumlog—— — = 1o e)
I( ) ( B 2%
1 A2
== loge. Al
2\/Tm — Agume oge (A.13)

Remark 8: The expression (A) for the redundancy agrees with the regret
a’Asumloge + mlog Cy. except for the —F loge. This difference is due to the dif-
ference in the numerator in which the expected log P,(-) is used in the redundancy,
and log P;(-) is used in regret. Here the expected difference Elog —%% is shown to

be near —~Z loge. A similar phenomenon occurs in [38].

Proof. The first part of the proof follows Lemma 3 in [7], and the second part re-

sembles the proof of Theorem 3.2.

= Y (GInx) = Y Ey (NInN;) + adeum (A.14)
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Following Lemma 3 in [7], by Taylor’s expansion, for each j,

Ey, (N;In N;)
Z )\ln/\ + E,\j(N' - /\)(1 + ln/\j)
1
+EAJ2( - )2 + GEAJ( = /\j)B(—:\‘i)
1

1
N S VI
SN TS T,

We also know by Jensen’s Inequality that
E,\j (NJ lan) 2 ’\j In /\j‘

Hence,

1 1
+ max(—6T, -

E,\j (lean)z)\jln/\j-‘f'-l- 2)

2

And by inequality (30) in [7],

Es, (N;In ;)

< AInj+ (Ey,Nj — A)(1+1n)y)
LB AR EA,< 5= %)
2, 62
Ey (N; - X))
3)\;3
1 1 5
= Ailn); +2+3/\2+6)\]'

33



Therefore,

. (ii+_5_)
<3)2 ' 6);

7=

H;'n=1 P/\j(Nj)
S BT

- (—% + aAgum + mln C’a)

) .1 m
S mm(ZEX;,—Z—).

J=1

The fact that a* is the minimizer can be easily seen by taking partial derivative
with respect to a for the redundancy expression (A.14). The two inequalities are
attributed to Lemma A.1, by picking a = m/(2Asum) and a = In(m/Ag,me) respec-

tively. g

A.5 Proof of Theorem 2.3

Proof. The MLE for an envelope class is the following

Aj=arg sup Py (N;) = N;Anf(j),
A;<nf(g)

where A denotes the minimum.
We formulate a tilted distribution by multiplying the exponential tilting factor

e~*Ni for each j € {1,...,m} and normalize it.

N: _N.
N.7e Nj . an;

et i N <nf())

PaNY = opsecnir oo
n € . .
J o eca,j] if N;>nf(y)
here C NN an, nf(()Ve= ™) _aN;
where Coj = 3 on cnsiy) Fr—€ ™ + 2N,5n00) Njl e
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The regret of using independent P, for each N; in N € S, , is

H =naloge + Z log C, ;. (A.15)
=1 j=1
Again, a* minimizes expression (A.15).

For each j and any positive a,

J —aN;
Coj = E — ¢

N
N;j<|nf(i)] J

N 1)
n Z (nf(4)) ’e" e—oN;

Nj>nf(j) Nyt

The sum only depends on the envelope function f(j) for given a and j.
Since (nf(j))*e ™) < z%e~2 for all z > 0, for any symbol j with N; > nf(j),

we have

Nj g-nf(3) N,
(Tlf( )3\[]'6 e—aNJ S Ne’ Je—aNj'
J° -

o0 j _N]- - A 1
§ aNJ S 1+ 2_
a

The second inequality is due to Lemma A.1.

Hence we have,

However, if n f(j) is small, the following upper bound is better. For N; < |nf(j)],

NYe-N; NV

> Ty 2. W

N;<|nf ()] a N;<|nf(5)]

5 6"

TN
N;<|nf(5)]

IA

IA

85



For the second partial sum, we also have

3 WO

N;!

N;>nf(j) J
(nf(5)™

< ) R
Nj>nf(j) I

Deduce,

C.; < f: @fGNY _ s
o = Np o © T
N;=0 J

Hence for any given a, j and L € {1,2,...,m}, the following upper bound holds.

m
naloge + Z log C, ;
j=1
< naloge
L 1 m
_ nf(j)
+log(H (1+\/2a> H (e ))
j=1 j=L+1

1
= naloge+ Llog (1+ \/—)
2a

+ ( Z nf(j)) loge.

j=L+1

. L
Let a = —-——Z(R_ZDL 7@ the result follows. |
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Appendix B

Supplementary materials
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B.1 Incompatibility of P,

Y Panil Xy, Xny X = 2)

zEA
=3 1 Qa(Nps- - Np+1,..,N2)
- n+1

r€A (N{‘..N;;]_,N;;l) Qa(Sm,n—H)

1 M™(N®) M™(Smn)
(Np..z\gm..fvg,) M™(Smn) M™(Smnt1)

“ vl

" (B)
5 (N;+1 M(N;+1)>
= n+1 M(NP) /

©)

Term (A) equals to the distribution of the count vector N™ conditioning on its total
equal to n through expression (2.10). Hence, it suffices to check whether the rest

equals to 1. This is obviously not true, since term (C) equals

6_1 Z(N: + 1)N;+1
Nn
n+1 = Nntte

which depends on the specific value of the count vector N™, while the ratio M™(S,, »)/M™(Smn+1)

is a constant given m and n. Hence the F,’s are not compatible.

B.2 Computation complexity

We use a two pass code to implement the encoding distribution. As a prelimi-
nary step, the counts are calculated for each symbol, and computation complexity is
O(nlogm). Then the encoder initially has the location and values of the non-zero
counts.

The first pass is to code the counts using the tilted Stirling ratio distribution by
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arithmetic coding [39]. This requires recursively calculating the cumulative probabil-
ities to the left of Ny, ..., N; as follows. Define the cumulative marginal probability
of P, as P{y™(k) = Zf;ol P,(4). First, P{{™(Ny) is 0 for Ny = 0 and otherwise
Py (Ny) = Yo" Py(i). Then for j > 1,

Pty (Nyy ooy N, Nj)

Pcumm{LA[ A A # Njp=0
“fPa,j+1(N1, - Njy Njga) "
_ pe N1 >0
| Pem(Ny,.. W) "
+(

P (Ny, ..., Nj)

Ifn = o(m),itisonly at thi ¥ Q{l(Nl’ N - N)Fe™ (Ni+1) the cumulative probability
needs to be updated. To retrieve those values of the positive counts, one needs to
know the positions of those positive counts. This requires O(n logm) computational
complexity. If m = o(n), only linear time in m is needed.

The second pass is to use arithmetic coding to encode the string given the counts.
Initialize with P(X;|Ny,...,Ny) = Nx,/n, which is evaluated at X,. The corre-

sponding cumulative probability to the left of X is

L
F_(X|Ny,... Np) = =2,

where Ly, is the counts of symbols to the left of X;. For the next step, the relevant
counts are for X5, ..., X,. Accordingly we decrement the count of Nx, and decrement
the cumulative counts L, for all z > X;. Then for ¢« > 1, having decremented by 1
the counts N3 and the cumulative counts L;*™ for > Xj, we proceed to set the

conditional probability of the next symbol given the past and the counts (as given

39



in Section 2.3.6) to be the relative frequency of z in the remaining string
Prob(Xema| X1, .., Xi, (s, .., Ny)) = —2et1

where N¥™ = Nx, ,—Nx, . And this associate cumulative conditional probabilit;
X,+1 i+1 i+1y y

to the left of X, is

rem

L%
F_(Xi+1|X1,. .. ,X,;, (Nl, .. 'aNm)) = _._....LJE.I.

X
n—1
Arithmetic coding requires calculation of the following probabilities

chm(Xla s 7Xi7Xi+1|(N17 e 7Nm))
= chm(Xla v 7XiI(N1a .. aNm))
+P(Xy,..., Xi|(N1,..., Np))

Fo(Xiaal Xy, X, (N4, .., N)).

Note that for each ¢, what is needed is the value of LS?::‘I which requires the position
of X1 in the sorted list of the remaining symbols. This requires log n computation
time for each symbol. Therefore the computational complexity is O(n log n+mnlogm)
if n = o(m), and O(nlogn) if m = o(n). These calculations are scaled each step as
in Pasco [40] or Rissanen, Langdon [41] to avoid underflow or outflow.

In a nutshell, the total computation complexity for this two pass code is O (n(logn + logm)).
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B.3 Approximation of ¢

AN
==
N
o|P
g
~—

A similar argument as in the proof of Lemma A.2 yields an upper bound for the first

term

R S S CANE |
Ca - (2&)2 \/27r € 2a
1 3 3/2
< 3C§+-—<—) C?
V2m \e
7
< 200.

The second last inequality is by Lemma A.1.
Hence, we have an upper bound for the Laplace approximation of the regret

m

log e“;kC:;’ + log 5

1 ko1 7
~log — + =1 —-nC4,
+ 5 log o= + 5 log (47;(’%)

. 3
< log e“"kC;% + 3 log—?— + 2log Co; .

Thus, the extra regret above the optimal level by using Q(XN) is approximately no
more than 3 log % + 2log C,; bits.

Similar argument can show that averaging over the two parameters tilting distri-
bution @, can lead to a distribution that achieves regret not much larger than the

minimizing value if the actual total count and tail sum were known beforehand.
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