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ABSTRACT

Minimax Optimal Density Estimation

Yuhong Yang
Yale University
May 1996

Information-theoretic tools are used to derive minimax risk bounds for density estima-
tion. A metric entropy condition alone determines the minimax rate of convergence in each
class of density functions. To achieve the minimax rates simultaneously for multiple func-
tion classes, we consider lists of finite-dimensional approximating models and use model
selection criteria related to AIC and M DL to select adaptively a good model based on
data. The use of many candidate models, as in the case of subset selection, provides more
flexibility for adaptation, yet significant selection bias can occur with criteria such as AIC.
We incorporate a model complexity term in the model selection criteria to handle this se-
lection bias. It is shown that the risk of the estimated density is bounded by an index of
resolvability, which characterizes the best tradeoff among approximation error, estimation
error, and model complexity. As an application, we show that the optimal rate of conver-
gence is simultaneously achieved for density in the Sobolev spaces W5 (U) without knowing
the smooth parameter s and norm parameter U in advance. Applications in neural network

models and sparse density estimation are also provided.
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Chapter 1

Introduction

We are interested in estimating a density function based on an independent and identically
distributed sample. Density estimation provides a good way to understand the distribu-
tion that governs the data and is also used in some other statistical procedures such as
nonparametric discriminant analysis and clustering analysis.

The simplest density estimnation approaches use parametric models and then the estima-
tion problems reduce to parameter estimations. When data become more irregular than the
usual parametric models can handle, to provide enough flexibility to capture the complexi-
ties of the density curves, nonparametric methods have been proposed and widely used in
statistical applications. Roughly speaking, there are two kinds of nonparametric procedures
for density estimation in practice. Some are fully nonparametric in the sense that there is no
operating finite-dimensional parametric models involved in the statistical procedures, thus
no usual parameter estimation is required. For instance, in kernel density estimation, only
choices of a kernel function and a bandwidth are involved. Some smoothing splines density
estimation procedures also belong to this category. Some other nonparametric procedures
do not abandon the parametric structure completely. Rather, they use parametric models
to perform estimation, but give the freedom to use more and more complicated paramet-
ric models as data suggest the necessity of doing so. The main difference between these
procedures and the traditional parametric approaches is that the underlying curve is not
assumed to be in any of the finite-dimensional models, and the parametric models are used
for approximation of the true function.

Of course, any statistical procedure should be evaluated for us to understand how well
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and when the procedure works. Many evaluation criteria have been used for density esti-
mation depending on the nature of the problems, particular interests, or convenience for
handling. For instance, one could consider the statistical risk of an estimator at a specific
sample point, or consider global performance of the estimator under some loss [unction. In
this dissertation, we focus on density estimation under global risks using Hellinger loss, L,
loss, or Kullback-Leibler loss.

Suppose the true density function is in a certain function class (a target class). For a
given estimator, the worst case risk (or supreme risk if the maximun is not achievable)
is the maximum risk of the estimator over the target class. Minimax risk is then the
smallest (or infimum) possible worst case risk over all density estimators based on the
sample. This quantity characterizes how well we can estimate a density function using a
sample in a uniform sense. A minimax procedure (which produces the minimax risk) gives
the best protection for the worst case risk. Intuitively, a minimax procedure might he too
conservative and indeed they are for some cases. But with certain choices of intrinsically
invariant loss functions (e.g., K-L loss), the minimax risk may characterize the typical risk
for functions in the target class (see, e.g., Barron and Hengartner (1995)).

Among well-studied nonparametric density classes are classical smooth function classes
such as Sobolev spaces and Besov classes. For such nonparametric classes, a lot of asymp-
totic results have been obtained about the minimax risks and for varions nonparametric
procedures (see Donoho, Johnstone, et al (1995) for references). Roughly speaking, the
minimax risk of a class of densities having more derivatives converges to zero faster than
that of a class of densities assumed to have fewer derivatives as the sample size increases.
The smoothness conditions are often used in the construction of minimax-rate estimators
whose worst case risks converge within a constant factor of the minimax risk. For instance,
for some smooth classes, a kernel density estimator with bandwidth suitably chosen accord-
ing to the smoothness condition of the target class converges to the true density at the
minimax rate (see e.g., Devroye (1987)). Similar results are also obtained for some sieve
estimators with the parametric model sizes suitably chosen again according to smoothness
conditions (e.g., see Stone (1990, 1994), Birgé and Massart (1993), Barron and Sheu (1991),
and Wong and Shen (1995)).

The above mentioned procedures that are constructed depending on smoothness condi-

tions of the target classes entail a great difficulty in application because it is impossible to
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know how smooth the true density function is in advance in practical situations. The proce-
dures with a predetermined bandwidth in kernel estimation or a predetermined parametric
model size in sieve estimation is unlikely to always produce a very good estimator. This
suggests that in practice, different bandwidths or model sizes should be considered and a
suitable one needs to be chosen somehow based on data (instead of subjective assumptions).

The above consideration calls for adaptive estimation procedures in density estimation.
In this work, we are interested in minimax-rate adaptiveness over multiple density classes.
The true underlying density function is assumed to be in any of a countable collection of
classes. For each given class, a good estimator (e.g., a minimax-rate optimal for this class)
could be obtained. Without knowing which class contains the true density, can we have a
single estimation procedure that works optimally in the minimax-rate sense simultaneously
for all the classes being considered? Such an estimator is minimax-rate adaptive because
it automatically adjusts according to the nature of the true density based only on data so
that it converges at the right minimax rate for all the classes.

Many adaptive procedures have been proposed for different statistical problems. For
nonparametric regression, methods have been introduced to adaptively select the bandwidth
for kernel estimator (e.g., Hérdle, Hall and Marron (1985)), or smoothness parameters for
smoothing splines (e.g., Craven and Wahba (1979)), or model size for linear estimators
using parametric models (Shibata (1981), Li (1987)), basis selection for wavelet estimators
(Donoho, Johnstone, et al (1995)). For density estimation, Efroimovich (1985) considered
linear procedures using projection estimators for the trigonometric coefficients and proposed
a final estimator which was shown to be adaptive among some ellipsoidal classes with dif-
ferent smoothness conditions. Donoho, Johnstone, et al (1993) considered adaptive wavelet
estimators for density estimation. Recently, Birgé, and Massart (1995), and Barron, Birgé,
and Massart (1995) have obtained general model selection results using various contrast
functions.

In this dissertation, I will address several issues on density estimation: minimax rates
of convergence for a given density class; adaptation among a general collection of density
classes; and model selection for adaptive density estimation. The following give some de-
scription of the problems we will deal with and summarize the main results we have obtained

in these directions.

1. Minimax rates of convergence.
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Due to Le Cam (1973), Birgé (1983, 1986) and other researchers’ work, metric entropy
of a target class is believed by many to determine the minimax rates of convergence.
Indeed, Birgé (1986) gives good minimax upper bounds based only on local Hellinger
metric entropy, but in deriving lower bounds, he takes a rough bound on Shannon’s
mutual information for the use of Fano’s inequality and uses an additional condition
other than entropy on the target class in his work. This extra condition is not always
easy to check and is not necessary for checking once the metric entropy structure is
known. We use some better bounds on Shannon’s mutual information using some
information theoretic tools to derive minimax lower bounds based only on global
metric entropy. Some upper bounds on minimax risk are also provided based on
Kullback-Leibler distance. As a result, it is shown that metric entropy is indeed
essentially the only quantity needed to determine the minimax rate of convergence
for a general density.class. The key fact used in the derivation of the minimax results
is the connection between density estimation and data compression in an information

theory context.

Adaptation over a general collection of density classes.

Under some mild conditions, we construct minimax-rate adaptive estimators using
metric entropies of a general collection of nonparametric density classes. The con-
struction of the adaptive estimators involve mixing densities shown to be minimax rate
optimal for each class. The result is that one estimator is simultaneously minimax-rate

optimal for all the classes.

Model selection for adaptive density estimation.

A practical way to get adaptive estimators is through the use of model selection criteria
to come up with models that produce good estimators for the given sample size. Con-
sider approximating the true density function by some finite-dimensional parametric
models. Given the approximating models, we use a model selection criterion related
to AIC and M DL to compare the models and show that risk of the density estimator
based on the selected model is upper bounded by an index of resolvability which char-
acterizes the best trade-off between the approximation error (bias) and estimation
error among all the models being considered. Thus upper bounds on the worst case

risk of the estimator based on model selection for a density class could be obtained
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by examining the index of resolvability for this class. With the approximating models
suitably chosen for the target classes, this approach can produce adaptive estimators
and the adaptation property can be shown by evaluating the index of resolvability.
As an example, we show that the minimax rates of convergence are simultaneously
achieved by density estimator based on model selection for Sobolev spaces without

knowing the smoothness parameter and norm parameter in advance.

When exponentially many models are considered (as in subset selection problems),
significant selection bias may occur with empirical based model selection criteria. To
handle the selection bias, we incorporate a model complexity penalty term in model
selection criteria and show that the risk of the density estimator based on these criteria
is upper bounded by the best trade-off among approximation errvor, estimation errvor
and model complexity. Applications in subset selection for density estimation and in

some neural network models will be provided.

The dissertation is accordingly divided into 4 chapters.

[}
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Chapter 2
Minimax rates of convergence

2.1 Background

Let X3, Xo, ..., X, be an independent, identically distributed sample from some distribution
on a measurable space X. We assume the probability distribution is dominated by a o-
finite measure p on A" with a density function which is assumed to be in a density class
{po : 0 € ©} with respect to p. The parameter space © could be a finite-dimensional space
or a nonparametric space (e.g., the class of all densities, or squarc root densities). We want
to estimate the true density py or € based on the sample.

Density estimation is important because it may extract useful information about the
distribution that governs the data. For instance, with a good density estimator, we can
have some visual understanding on whether the distribution is skewed, or has multiple
modes or not. Some other statistical procedures also require estimation of certain densities.
For example, density estimation is required in some nonparametric discriminant analysis
methods and clustering analysis methods. For more details about the applications of density
estimation, see Silverman (1986).

Nonparametric density estimation has been studied intensively in the past few decades.
Rosenblatt (1956) proposed a moving window estimator and it was later generalized to ker-
nel estimators (Parzen (1962), Cacoullos (1966)). Minimum distance estimators for density
estimation were studied by Le Cam (1966), Pfanzagl (1968), Beran (1977), Pollard (1980),
Millar (1981, 1983), and Yatracos (1985). Sieve density estimators using suitably chosen
approximating models are studied by Cencov (1982), Portnoy (1988), Stone (1990, 1994),
Barron and Sheu (1991), Birgé and Massart (1993, 1995), Shen and Wong (1994), Wong
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and Shen (1995), and others. Adaptive density estimation has been studied by Efroimovich
(1985), Donoho, Johnstone, et al (1993), Birgé and Massart (1995), Barron, Birgé and Mas-
sart (1995). More discussions and some results about adaptive density estimation will be
given in Chapter 3.

In this chapter, we study some essential questions about density estimation. Several
global loss functions will be considered for the evaluation of density estimators. They
include Kullback-Leibler (K-L) (also called relative entropy) loss, the Hellinger loss and L.
We are interested in minimax risks of density (or other parameters) estimators. For a given
density class, we study how fast the minimax risk goes to zero and what essential property
of the target class determines the minimax rate of convergence.

In statistical decision theory, minimax methods are of interest. Minimax risk charac-
terizes how well we can estimate a parameter or the whole density in a target class in a
uniform sense. Thus the minimax risk provides us with the insight into the limitation we
can not overcome for the worst case. Furthermore, in many situations, the minimax rate not
only captures the worst case but also the typical rate of convergence. Indeed, an intrinsic
homogeneity of some of the loss functions we consider here leads to existence of (minimax
rate optimal) estimators that have nearly equivalent risk throughout the parameter space.

We determine minimax risk bounds for subclasses {py : 8 € S}, S C ©, which may be
parametric or nonparametric (e.g., the class of densities with certain derivative satisfying a
Lipschitz condition).

Let 'S be an action space for the parameter estimates with S € S C ©. An estimator of
6 is then a measurable mapping from the sample space of X|, Xo,..., X, to S. Let A, be
the collection of all such estimators. For nonparametric density estimation, S = © is often
chosen to be the set of all densities or some transform of the densities (e.g., square root of
density). We consider a general loss function d, which is a mapping from § x 5§ to R with
d(8, 0') > 0for 0 # 6'. We call d a distance whether or not it satisfies properties of a metric.

The minimax risk of estimating § € S with action space S is defined as

R, = min max E,d?(8, ).
ﬁeA" eSS

Here “min” and “max” are understood to he “inf” and “sup” respectively if the minimizer
or maximizer does not exist.

Related problems are point estimations such as estimating density or regression value

~1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



at some point 2y € A" or some functional of the density function. We here study a global
measure of loss. For characteristics of minimax rates of point estimation, see Donoho and
Liu (1991), Bickel and Ritov (1988), and Birgé and Massart (1992).

The minimax rates of convergence are often determined by deriving a minimax upper
bound using a specific estimator and obtaining a minimax lower bound in some way. If
the maximum risk of the estimator is within a constant factor of the derived lower bound,
then the minimax rate of convergence is obtained. For global minimax risk as we are
considering here, two methods are often used to derive the minimax lower bounds: Fano's
inequality and Assouad’s lemma. The first one is used in Hasminskii (1978), Ibragimov
and Hasminskii (1980, 1982), Efroimovich and Pinsker (1982), Nemirovskii (1986), and
Hasminskii and Ibragimov (1990). The second one is utilized in Bretagnolle and Huber
(1979), Birgé (1986), and Devroye (1987). Birgé (1986) claims that Fano’s inequality is
more general and could replace Assouad’s Lemma in almost all practical situatious. Yu
(1995) gives a lower bound similar to Assouad’s in terms of Kullback-Leibler distance using
Fano’s inequality.

Both Assouad’s lemma and Fano’s inequality as it has previously been used involve first,
restriction to a local subset of the function space with special properties of packing sets in
such a subset.

The purpose of our work here is to demonstrate situations under which the convergence
rate is determined by the global metric entropy over the whole function class (or over large
subsets of it). The advantage of this approach is that the metric entropies are available
in approximation theory for many function classes. In such cases, it is not necessary to
uncover local packing properties.

We prove the following result characterizing minimax convergence rate in terms of metric
entropy. Let d(f,g) be a distance and let N(e; F) be the size of the largest packing set of
density functions in the class separated by ¢ and let ¢, satisfy €5 = M(,—,—j—:l, where M (e; F) =
log N(e; F) is the metric entropy and n is the sample size. Assume the target class is rich

L. . r .
enough to satisfy I_imc_,o%%%)- > 1 (which is true if M(e; F) = ((l) r{€) with » > 0 and
":T((E)‘) — 1 as € — 0). This condition is satisfied by the usual smooth nonparametric classes.

For convenience, we will use the symbols = and =: «a, = b, means b, = O{a,), and

an = b, means both a, = b, and b, = a,.
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Proposition: In the following cases, the minimax convergence rate is characterized by
metric entropy in terms of the critical radius €, as follows:

. 20p By o 2
min 1}160.}; Epd*(f, f) < e,

1. F is any class of density functions bounded above and below 0 < C < f < C
for f € F. Here d*(f,g) is either integrated squared distance [ (f(x) - g(x))* du,

squared Hellinger distance, or Kullback-Leibler divergence.

2. F is a convex class of densities with f < C for f € F aud there exists at least one

density in F bounded away from zero and d is the Ly distance.

3. F is any class of functions f with f < C for f € F for the regression model Y =
F(X) +¢, X and € are independent X ~ Py and € ~ Normal(0,05%), ¢ > 0 and d is

the La(Pyx) norm.

Now let us outline roughly the method of lower bounding the minimax risk using Fano’s
inequality. The first step is to restrict attention to a subset Sy of the parameter space where
minimax estimation is nearly as difficult as for the whole space and moreover, where the
loss function of interest is related locally to the Kullback-Leibler divergence that arises in
Fano’s inequality. (For example, the subset can in some cases be the set of densities with
a bound on their logarithms.) As we shall reveal, the lower bound on the minimax rate is
determined by the metric entropy of the subset.

The proof technique involving Fano'’s inequality first lower hounds the minimax risk
by restricting to a finite set of parameter values {61, ...,#,,} separated from each other by
an amount €, in the distance of interest. The critical separation €, is the largest separa-
tion such that the hypothesis {6i,...,0»} are nearly indistinguishable on the average by
tests. Fano's inequality reveal this indistinguishability in terms of the Kullbacl-Leibler di-
vergence between densities py; (15 eey Tp) = I\ po; (2;) and the centroid of such densities
(@1, ey tpn) = # 21 P0;(T1y o xpn). Here the key question is to determine the separation
such that the average of this K-L divergence is small compared to the distance logm that
would correspond to maximally distinguishable densities (for which 8 is determined by X™).
It is critical here that K-L divergence does not have a triangle inequality between the joint
densities. We show that the K-L divergence from every py; (w1, ...,x,) to the centroid is

bounded by the right order 2ne2 even though the distance between two such Po; (T
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is as large as nf8 where (3 is the K-L diameter of the whole set {p,, ..., pp,, }. The proper con-
vergence rate is thus identified provided the cardinality of the subset m. is chosen such that
ne2 / log m is bounded by a suitable constant less than 1. The metric entropy (logarithm of
the largest cardinality of an e,-packing set) determines when this can be done.

Previous uses of Fano’s inequality used the coarse bound nf (or a similar rough bound)
on the K-L diameter of the set {p}}'[, s DY, }. In that theory, to obtain a suitable hound, a
statistician needs to find a suitable subset {6y, ...,6,,} with diameter 8 of the order of ¢,
and m of the order of the metric entropy. Typical tools involve perturbations of densities
parametrized by vertices of a hypercube. While interesting, such involved calculations are
not needed to obtain the correct order bounds. It suffices to know or bhouud the metric
entropy of the chosen set Sj.

It is not our purpose to criticize the use of hypercube type arguments in general to
determine the minimax rates of convergence. In fact, besides the success of such methods
in deriving minimax rates as demonstrated in Birgé (1983, 1986), they are also useful
in other applications such as determining the minimax rates of estimating functionals of
densities (see, e.g., Bickel and Ritov (1988), Birgé and Massart (1992), and Pollard (1993)).
Our point here is that for function classes with metric entropy of known order, there is no
need to identify a special subset to get the right order lower hound.

The density estimation problem we consider is closely related to a data compression
problem in information theory (see section 2.3). The relationship allows us to obtain both
upper and lower bounds on the minimax risk from upper bounding a maximum redundancy
which can be easily related to the global metric entropy. Combining the new lower bounds
with upper bounds, the minimax rates of convergence are determined from the metric
entropy properties alone.

In previous analyses, the techniques used for upper bounds seem to be unrelated to those
for lower bounds. One of our findings is that given a certain metric entropy of a density
clazs, an upper bound on the minimax IK-L risk immediately results in a lower hound on
the minimax risk.

This chapter is divided into 5 sections. In Section 2, the main results are presented.
Applications in data compression and regression are given in Section 3 and 4 respectively.
In Section 5, we demonstrate the determination of minimax rates of convergence for several

classes of densities.

10
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2.2 Main results

We first give definitions of “metric” entropies.

Definition 2.1: A finite set N, C S is said to be an e-packing set (¢ > 0) in S if for any
6,6 € N, 6 6, we have d(6,8') > ¢, and for any 6 € S, there exists a 6y € N, such that
d(é, 6o) < e. We call € the packing radius.

Definition 2.2: A set G, C S is said to be an e-net for S if for any 6 € S, there exists a

Oy € G, such that 4(5,90) <e

Definition 2.3: Let My(e) be the logarithm of the maximum cardinality of any e-packing

set in S. We call My(e) the packing e-entropy of S.

Definition 2.4: Let Vy(e) be the logarithm of the minimum cardinality of any e-net for

set S. We call Vy(e) the covering e-entropy of S.

From the definitions, it is clear that My(e) and Vy(e) are nonincreasing in €. Kolmogorov
and Tihomirov (1959) showed that My(e) and Vy(e) are right continuous when d is a metric.
The same proof works to show M;(e) is also right continuous for any distance d.

The above definitions are slight generalizations of the metric entropy notions introduced
by Kolmogorov and Tihomirov (1959). We do not require the distance d to be a metric.
In fact, one choice of d will be the square root of the relative entropy or Kullback-Leibler
(K-L) distance. Let d%(4, ') = D(py | py) = [polog(pa/py) dp. Clearly dy(6,6') is
asymmetric in its two arguments, so it can not he a metric. The major shortcoming of
this distance is that there is no triangle-like inequality in general, that is, there might not
exist a constant ¢ > 0 such that dy(6,6') + (11(((),9") > cdi(6',6") for any 6,6 and " in
S. Such an inequality would usually be used to rule out the possibility that one density
estimator is too close in d to too many densities which arve far away from each other in the
same distance d. This might happen with I-L distance. It seems necessary to have some
additional conditions enabling a triangle-like inecuality to obtain a reasonable lower hound

in terms of d distance. The following example demonstrates this point.

11
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Example 2.1: Consider densities on [0,1] with respect to the Lebesgue measure. Let
S={0:0<6¢< %} and pg(z) = 21{05.1'504-%}- Then for any € > 0, the e-packing set
under dy must be S itself. Let p = Ijp<u<1y- Then D(py || p) = log2 for all 0 < 6 < %
Clearly there can not be any triangle-like inequality aid the packing number alone can not

determine the minimax rate of convergence.

Another distance we consider is Hellinger distance dy(6,6') = /[ (\/m - VPy )2 dy.
Hellinger distance is a metric. We will also consider L, distance d,(6,6') = (f |pg — py [9dp) 7
for ¢ > 1.

We assume the distance d satisfies the following condition, which is used in the derivation

of minimax lower bounds.

Assumption 2.0: There exists a positive constant A < 1 such that for any 6,0 € S,
fe5,
d(6,0) + d(6 ,8) > Ad(6,6).

Remarks:

1. Here we have assumed this triangle-like inequality to hold for all indicated paramecter
values. The assumption can be relaxed to require that it holds only for 9 close to 0
and ', specifically, that there exist positive constants A < 1 and ¢; > 0 such that for
any 0,6’ € S, 8 € 3, if max(d(6,8),d(9',8)) < e, then d(0,6) + d(6',6) > Ad(6,6).
If one uses local entropy conditions, then a local version of this triangle-like inequality

can be used to get similar results.

no

. For general distance d, satisfaction of the above inequality may depend on the choice
of §. However, if d is a metric on ©, then Assumption 2.0 is always satisfied with

A=1forany S CO.

When Assumption 2.0 is satisfied, the packing entropy and covering entropy have the

following relationship.

12
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Lemma 2.0: Suppose Assumption 2.0 is satisfied for distance . Then

M,,(%e) < Vale) < My(e).

The proof of the lemma is similar to that given for d being a metric by Kolmogorov and
Tihomirov (1959).

We will obtain minimax results for such general d and then special results will be given
with several choices of d: the square root IK-L distance, Hellinger distance and L, distance.
We assume My(e) < oo for all € > 0 and My(e) = oo as € = 0 (the latter requirement is
used to avoid the triviality of S being a finite set). The square root, K-L, Hellinger and L,
packing entropies are denoted My (e), My (e) and M, (e) respectively.

In subsection 1, we give minimax bounds under global entropy conditions. In subsections
2 and 3, more results are given for Lo risk and K-L risk respectively. In subsection 4, we

present interesting results connecting minimax upper bounds with minimax lower bounds.

2.2.1 Minimax under global entropy condition

Suppose a good upper bound on the covering e-entropy under the square root k-L distance is
available. That is, assume Vi (¢) < V() with V being a nonincreasing and right continuous
function. Ideally Vi (e) and V(e) are of the same order. Let ¢, = inf{e > 0: V(¢) < ne’}
denote what we call the critical covering radius. Then because V(e) is right continuous, the
radius ¢, satisfies

9 V(Evr,)

€ =

n

The squared radius is the same as the covering entropy divided by the sample size. The
trade-off here between Kf{l and €2 is analogous to that between the squared bias and variance
of an estimator. As will be shown later, 2¢2 is an upper bound on the minimax K-L risk.

Let €, 4 be a radius € such that
My(ena) = dne? +2log2.

The existence of ¢, 4 follows from the right continuity of M (¢) and the assumption My(e) —
oo as € = 0. Roughly, ¢, 4 is the packing radius at which the packing entropy under d

distance divided by the sample size n is approximately four times the square of the covering
13
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radius. We call ¢, 4 the packing radius commensurate with the critical covering radius e,,.

The speed at which €2 ,; converges to 0 determines an lower bound on the minimax risk.

Minimax Lower bound

Theorem 2.1: Suppose Assumption 2.0 is satisfied for the distance d. Then the minimax

risk for estimating 6 € S satisfies

. 2 A Ag—% d.
min max Epd°(6,6) > —=

A, V€S 8’

where the minimum is over all estimators mapping from A" to S.

Proof: Let N, , be an g, 4-packing set with the maximum cardinality in S under the given

distance d and let G, be an ¢,-net for S under dy. For any estimator 6 € A, define

;e . LA . I .

f = argmingep, ld(() ,0) (if there are more than one minimizer, choose any one), where
S ¢

the minimum is over §' in the finite packing set N¢ - Then we have
d(8,6) > d(8,6) > Ad(6,8) — d(9, ).

Thus if 6 # 6, 2d(6,0) > Ad(8,60) > Ae, 4, ie., d2(6,6) > 422 . Then
v 4 <nd

. b . ) A
ming, , MaxXges Eyd?(6,8) > ming maxgey, Eyd=(8,0)

A
: . =l E
2 ming maxge Ne, , — 3" Eyl

{00}

. A2£2 y ~

= mingmaxpen, —= Py (9 #* 6’)
A'.!C'.’ N ~~
> ;”‘" ming Y pe N w(f) Py (() # 9)

2.2

A . ~
i”"’ min; P, (() # ()) ,

where in the last line, # is randomly drawn according to a prior probability w restricted to

N, and P, denotes the Bayes average probability with respect to the prior w. By Fano’s

inequality (see e.g., Cover and Thomas (1991), Chapter 8), with wy being the uniform prior

on © = N,_,, we have

I (©0; X™) + log 2
log |]\r-(3n..<l | ’

Py, (0 #8) 21— (2.1)

where I (©g; X™) is Shannon’s mutual information hetween the random parameter and the

observation X™. This mutual information is upper bounded by the maximum K-L distance

14
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between the product measure p(2"|f) and any density ¢(x") on the sample space. Indeed,

I(©0; X") = Lywo(0) [ p(a"(0) log metIE L/ (dam)

1wy ())Pw ")
=y gwo(8) [ p(x"|0) log ——(]T)u(rlz")
< o wo(8) f p(«"16) log L’"—,!—u(dz")

< maXpen, D (Pl\ Sl Q,\n) ,

where Qx» has density ¢(2"), and py,(2") = ¥ 5w (0)p(2"|f). The first inequality above
follows the fact that the Bayes mixture density p, (:‘L‘“’) minimizes the average relative en-
tropy > wo(0) f p(2"]0) log "(’T":,I,—glu(dm“) over all densities ¢(x") (any other choice yields
a larger value by the amount [ py,(2") log %;l(dm”) > 0). Choose w; be the uniform
prior on G, and let g(a™) = py, (2") = Sy w (0)p(x"]0) and Qxn = Py, y» be the corre-
sponding Bayes mixture density and distribution respectively. Because G, is an €,-net in
S under dy, for each @ € S, there exists § € G, such that D(py || p;) = d%(6,0) < €2.
Also by definition, log|G,, | < Vi (e,). It follows that

3 . _ - p(X"]0)
b <Pl\n|0 | PI\") = Elog |C:Iu| 24 €, P(X"10)

1)(,\"]0!
S Blog ——omem (2.2)

<log|Ge,| + D (Pxnpg | Pyuyj)
< V(ey) + ne.

Thus, by our choice of ¢, g4,
I(©g; X")+1log2 1

log [N, | -2

Therefore

min max Eyd* (6, f) > -
feA, 05 8

Remark: Up to the point (2.1), the development here is standard. Previous use of Fano’s
inequality for minimax lower bound takes one of the following weak hounds on mutual
information I(©; X™) < nl(©;X1) or I(9;X") < nmax,y.o D(Px,p || Py, ' ). Owr
use of the improved bound is borrowed from ideas in universal data compression for which
I(©;X™) represents the Bayes average redundancy and maxges D(Pynjg || Px») < V(e,)+
ne2 represents an upper bound on the minimax redundancy ming,, maxpes D(Pxng ||
Qxn). The data compression interpretations of these quantities originate with Davisson
(1973); see Clarke and Barron (1994), Haussler and Opper (1995) for some recent work in

that area. The bound D(Pxng || Px») < V(ea) + ne2 has its roots in Barron (1987, pp.
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89), where it is given in a more general form for arbitrary priors (D(Pxwpp || Pox») <
log m+7zez, where Ny = {6 : D(py || py) < €2}). The redundancy hound V (e, ) + nes
can also be obtained from use of a two stage code of length log |G/, [+1miny ., log(—'ly—),
. ten plat

see Barron and Cover (1991, Section V).

When K-L distance is lower bounded by a multiple of the chosen distance d on 'S, then
a minimax lower bound on the K-L risk is obtained. That is, if there exists a constant Ay

such that Agd?(6,6') < d2.(8, 9') for any 0,6 € S, then under the previous condition,

2.2

. 0) A AOA fu,tl
min max Eyd (6,0) > —————
deA, V€S 8

A natural choice for d is the Hellinger distance (since Hellinger distance does satisfy the
triangle inequality between densities and locally square root K-L distance behaves like
Hellinger for hounded log-density ratios). Let €, ;v and g, ;; be the packing radius commen-
surate with the critical covering radius e, under dy and dy, determined by My (e, ) =
dne? + 2log?2 and My(e, ) = 4nel + 2log2, respectively. We have the following two

corollaries.

Corollary 2.1: Assume there exists a constant A such that for any 6, ' eSandfdeS,
D(pg || p7) + D(py Il p7) 2 AD(po || py). Then

. 9 A % 125;21 N
min max Eypdy (,0) > .
deA, N€S 8

Corollary 2.2: For the square Hellinger risk, we have

2
. 20 Ay~ EnH
min max Epdj(6,0) > ——.
deA, V€S ]

Note in Corollary 2.1, g;zl - may be determined by packing entropy My (€) only (with the
choice V(e) = M (¢)). However, for general distance d (specifically the Hellinger distance
in Corollary 2), g%‘d is determined by two quantities: both My (e) and Vi (¢) without any
assumption on the relationship between the distances.

When the distance dy is locally upper bounded by a multiple of distance d on S, the

minimax lower bound under d? risk can be expressed in terms of packing entropy under d

distance.

16
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Corollary 2.3: Assume Assumption 2.0 is satisfied for distance d and there exists a con-

stant A such that D(po,py) < Ad2(6,6') for any 6,6" € S with d(0,6') < T\/_L, where 7, 4 is
A
determined from My( \}/‘—i) = n72 4. Then,

2.2
A Ktk

(3

N

min max Eyd*(6,6) >
feAn

1

[o2s3

where 7,, 4 is chosen such that My(z,, 4) = 4n7',, 4+ 2log2.

Proof: Under the assumption between distances d and dy¢, a 7——-1»1( king set in § under d

also serves as a T, 4-covering set for S under dy. Thus when ¢ < 7, 4, Viy(e) < My (\};)
A

The result follows from Theorem 2.1.

The advantage of this bound is that it is determined by the radius 7, , using exclusively

the chosen distance d.

For applications, the lower bounds above may be applied to a subclass of densitics
{po : 0 € Sp} (So C S) which is rich enough to characterize the difficulty of the estimation
of the densities in the whole class yet is easy enough to checl the conditions. For instance,
if the densities {py : § € Sp} have support on a compact space and |[log py ||[< T for
all § € Sy, then the square root K-L distance, Hellinger distance and Ls distance ave all
equivalent in the sense that each of them is both upper bounded and lower bounded by

multiples of any other distance.

Upper bound

To provide an upper bound on the minimax rate of convergence, we construct an estimator
as follows. Consider the e,-net G, for S under dy and the uniform prior w, on G,. For

n=12,.., let

pa) = 3 w(O)p"lo) = p(a"10)

0€Ge,, | e Ve,

he the corresponding mixture density. Let
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be the density estimator constructed as a Cesaro average of the Bayes predictive density
estimators p;(z) = p (Xi41|X?) evaluated at X;i| = 2, which equal Mp%—,—')l for i > 0 and
pi(z) = plx) = ]517[ Yoea., P(x|0) for i = 0. Then by convexity and the chain rule (as in
Barron (1987)),

EoD(po || 7)< £ B (S50 D(Py,pyjo Il Ppap))
— l ”—[ Elog [)!/\-,':tl (N

n bai=1 i p(Xigr]er)
= L Elog £X"10)
n Py (X"

71_7D (PX::IO ” PlL)L;\’“)
< % (V(en) +net) = 2¢2,

where the last line is as derived as in equation (2.2). Thus
v ~ 9
minmax EyD(pg || p) < 2¢;,,

p UeS

where minimization is over all density estimators.

From the above lower and upper hounds, we have the following theorem on the minimax

risk.

Theorem 2.2: Assume Assumption 2.0 is satisfied for distance d and AO(,["’((),()') <
d3.(8, 6') for any 6,6' € 5. Assume also that A, (the set of all allowed estimators) contains
the estimator corresponding to J constructed above. Then

2
AOA-G-n,d

—2¢ < Ap min max Epd>(9 ) < min max Eyd3. (),(9 2¢2.
8 - 0()6_,4“ 0eS ( ! ) T deA, ()GLS I\( ) -

The condition that A, contains  in Theorem 2.2 is satisfied if {py : § € S} is convex.
Specifically, if the action space S is the set of all densities on A" and d is a pseudo-metric on
densities and if we allow all estimators for competition, then the only remaining condition
needed for the above inequalities is Agd?(6,6') < d3. (0, 9') for all 6,6". This is satisfied by

Hellinger distance and L) distance (with Ag =1 and Ag = % respectively).

Remark: In obtaining both the upper bound and lower bound on the minimax risk,
D (Pxnl() { P,\—n) plays an important role. For the lower bound, the quantity is used for

bounding I (Qg; X™), and for the upper bound, it bounds the risk of a specific estimator.

18
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It is interesting that D (P,\’"lo | P,'n) is upper and lower bounded in the very same way
but with different radius choices for the two cases. As we shall sce. asymptotically these

two radii typically have the same rate.

g 9 .. g
If ¢, 4 and 262 converge to 0 at the same rate, then the minimax rate of convergence
I . 2 ‘9 o, v e . .
is identified. For ¢;, , and €, to be of the same order, it is sufficient that the following two

conditions hold:

(1). There exist two positive constants a and b such that when ¢ is small enough,

My(be) < Vi(e) < My(ae); (2.3)
(2). MLS)
. 1 (5

hn]c—)O_M(:_)' > 1. (2.4)

The condition (2.3) is the equivalence of the entropy structure under the square root
K-L distance and that under d distance when e is small, which is satisfied, for instance when
all the densities in the target class are uniformly bounded above and away from 0 and d is
taken to be either Hellinger distance or Ls distance. It is also satisfied by the nonparametric
regression example in Section 4. The second condition requires the deusity class to be large
enough, namely, My(e) approaches oo at least polynomially fast in % as € — 0, Le., there
exists a constant § > 0 such that My(e) »= (%)6 The second condition is satisfied if AMy(e)

can be expressed as

where » > 0 and %((-)l —lase—0.

€
Corollary 2.4: Assume Assumption 2.0 is satisfied for distance d and {py : § € S} is
convex. Under conditions (2.3) and (2.4), we have

in max Egd*(0,8) < ~?
(jrgAn OES 0 ( bl ) ’YII.’

where 7, is determined by the equation My(v,) = nvy?.

19
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Corollary 2.4 is applicable for many smooth nonpavametric classes. However, for not
very rich classes of densities (for example, finite dimensional families or analytical densities),
the lower bound and the upper bound derived in the above way co not converge at the same
ate. For instance, for a finite-dimensional class, both My (¢) and My () might be of order
log (%)m for some constant m > 1. Then ¢, and ¢, ;; are not of the same order with
€n X @ and €,y = o(%) Thus both the upper hound and lower hound provided
by the theorem are near but not the optimal rate. For smooth finite-dimensional models,
the minimax risk can be solved using some traditional statistical methods such as Bayes
procedures, Cramer-Rao inequality, Van Tree’s inequality, etc. But these techniques require
more than the entropy condition. If local entropy conditions ave used instead of those on
global entropy, results can be obtained suitable for hoth paramectric and nonparametric

families of densities.

2.2.2 Minimax rates under L, loss

For general classes of densities, the assumption of upper boundeduess of square root K-L
distance by a multiple of d distance for the whole density clags in Corollary 2.3 may not
hold. Theorem 2.1 is applicable but the resulting minimax lower bounds involve metric
entropies under both dy and d. In this subsection, we derive minimax bounds for La risk
without appealing to K-L covering entropy.

Let F be a class of density functions f with respect to a finite measure ¢ on a compact,
set. X' such as [0,1]. More generally, we may assume that 4 is a finite dominating measure.
We normalize p to be a probability measure. Let the packing entropy of F be M, (¢) under
the L, metric.

To derive minimax upper bounds, we need a lemma.

We change the estimation of f to another estimation problem and show that the minimax
risk of the original problem is upper bounded by the minimax risk of the new class. From
any estimator in the new class (e.g., a minimax estimator), a randomized estimator in the
original problem is determined for which the risk is not greater than a multiple of the risk
in the new class.

In addition to the observed i.i.d. sample X, Xy,..., X, from f, let ¥1,Y5,...Y,, be a
generated i.i.d. sample from uniform distribution on A" with respect to p (independent of

X1, X,). Let Z; be X; or Y; with probability ({;, %) using V; ~ B(e‘/"n.(m,lli(.]:,') indepen-

20
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dently for i = 1,...,n. Then Z; has density g(z) = %(f + 1). Clearly the new density g is
bounded below (away from 0), whereas the family of the original densities neecd not be. Let

F={g:g= %, f € F} be the new density class.

Lemma 2.1: The minimax Ly risks of the two classes F and F have the following rela-

tionship.

mmmaxExn | f=F13 < 16minmaxEz || g—3 |3,
foIeF b geF

where the minimization on the left hand side is over all estimnators based on Xi,..., X,
and the minimization on the right hand side is over all estimators based on n independent
observations from g. Generally, for ¢ > 1, we have

minmax Ex» || f - f 7 < 4'"minmaxEyz || g—g |}
P IeF 9 geF

Proof: We only prove the assertion for La. The proof for general L, is similar. Let (/ be
any density estimator of g based on Z;, i = 1,..n. Let § be the density that minimizes
| h =g 113 over h € {k: k(z) > > 5, [k (]y = 1}. Then by triangle mequahty and because
g€ {k: k)2 %,fk(m)du =1L lg-al3<20g—§18

Now we construct a density estimator for f. Note that f(x) = 2g(x) — 1, let

3<dllg-gl3

.fra,ml(-'l") = 2(7(1.) - 1.

Then frana(2) is a nonnegative and normalized probability density estimate and depends on
X1, X0, Y1, .00, Yy and outcomes of coin flips V4, ..., V,. So it is a randomized estimator.
The squared Lo loss of frqnq is bounded as follows:
PRy
f (f( frmul ) dp = 7(} (x) = 2G(2))" dp
4
1

Jlg—2)dp

<6lg-Gl3.

To avoid randomization, we may replace f,-,,,,,,d(:v) with its expected value over Y7,..., Y, and
coin flips V4, ..., Vi, to get f(z) with
E,\’u “ f _.f ”% = LoXn ” f - E)"",V"'f‘ru,n.d “:;
< EX"EY",V" “ .f - .f‘l'a.-n,rl ”%
= EZ" " f - .ﬁ'a.nd ”é

16Ez | g -3 |3

IA
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where the first inequality is by convexity and the second identity is becanse fraua depends
on X", Y™ V" only through Z". Thus

max Ex« | f = fl}3 <16maxEz || g~ 3.
JeF geF

Taking the minimum over estimators ¢, we proved the lemma.

Now, since || [%'i - % Il = % | fi = fa ll2, for the new class F, the e-packing entropy
under Lo is Ma(e) = M>(2¢).

Now we give upper and lower bounds on the minimax Ly risk. Let us first get an upper
hound.

For the new class, the square root K-L distance is upper hounded by a multiples of L.

distance. Indeed, for densities g;, g2 € F \
. 2 .
Do 1) < [ L2l gy < [ (g1 o) i
. g2 .

where the first inequality is the familiar relationship between K-L distance and chi-square
distance, and the second inequality follows because ¢y is lower bounded by 5 Let Vi (e)
denofze the dy covering entropy of F. Then 171((6) < Mg(v(—z-) = Ms(V/2¢). Let €, he chosen
such that

J\/[g(\/§e.,,,) = 17,53.

From Theorem 2.2, there exists a density estimator g such that
max Ez»D(g || §o) < 2€,.
gEF

It follows that

2 A\ <02
max Ezndj; (g, fo) < 26,
geEF

and
max Ezn || g — o [I1< 8¢},
gEF

By Lemma 2.1,

minmax Eyn —f < 8V/8¢,.
f feF X ” f f ”l . n

To get a good estimator in terms of L? risk, we assume supser || f [oo< L < 00. Let § be

the density in F that is closest to jo in Hellinger distance. Then by triangle inequality,

A . ~ p D A A
max Eznd%(g,§) < 2max Ezad%(g,d0) + 2max Ezudi;(§, )
geF geF yeF

n
[ \]
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< 4dmax Eznd% (g, o)
yeF

< 8é2.

-_— n

Now because both || ¢ [|eo and || § ]l are bounded by &£,

'/‘(g—-q dy = / (\/‘—\/_) (v + \/!7)2(l/1rS2(L+l)(ﬁ:(.{/,ﬁ)-

Thus max, FEzn | 9= ¢ I35 16(L + 1)€2. Using Lemma 2.1 again, we have an upper

bound on minimax squared Lo risk.

Proposition 2.1: Let My(e) be the Ly metric entropy of a density clags F with respect to

a probability measure. Let ¢, satisfy Ma(v/2e,) = ne>. Then
minmax Ex» || f — Flli <8V8e,.
[ feF
If in addition, supser || f o< L < 00, then

ninmax E — fl2 256(L + 1
minmax By | £~ F I} < 256(2 + ¢}

The above result upper bounds the minimax L; visk and L? visk (nnder suprer || f loo<
oo for L? risk) using only the Lo metric entropy. For a related result nnder local entropy
assumptions, sce Birge (1986, Theorem 3.1).

Using the relationship between L, norms, namely, || f — f gy <IIf— flofor1<qg<?2

under supser || f [loo< 00, we have
: F 12 2 ;
111}111}163})_( Exn ll f=r “q 26 for1<qg<2

To get a minimax lower bound, we use the following assumption, which is satisfied by

the classical classes such as Sobolev, Lipschitz, the class of monotone densities, and more.

Assumption 2.1: There exists at least one density f* € F with mingey f*(z) = C > 0

and a positive constant o € (0,1) such that Fp = {af*+ (1 —a)g: g€ F} C F.

For a convex class of densities, Assumption 2.1 is satisfied if there is at least one density

bounded away from zero.
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Lemma 2.2: Under Assumption 2.1, the subclass Fy has Ly metric entropy Mé’(e) =

My (%)

Proof: Because \/f ((@f* + (1= a)g1) — (af* + (1 = a)g))  dp = (L—a)\/ [ (g1 ~ g2)* dpu.

an e-packing set in F corresponds to an (1 — a)e-packing set in Fy and vise versa.

Under Assumption 2.1, for two densities f; and f» in Fy,

ol < [P < 2 [on- pran

Thus applying Theorem 2.1 on Fy, we have the following couclusion.

Proposition 2.2: Let Ms(e) be the Ly metric entropy of a density class F with respect
to a probability measure. Let €, satisfy Ma( l_"n—%‘,,,) = ne and ¢, be chosen such that
Ma(1X=€,) = 4ne + 2log2. Then

8

[

Lf=fl3 >

minmax Eyn
f JeF

If Assumption 2.1 is not satisfied, similar lower bound can be obtained under the fol-

lowing condition.

Assumption 2.2: Suppose there exists a subclass Fy C F and fy € Fp such that
maxyer, || log 7% llo< 0o and the Ly metric entropy M3 () of Fy satisfics M3 (e) = Ma(Ce)

for some constant C (independent of €).

For some classes, a choice of Fy in Assumption 2.2 might be F""2 = {f € F: v <
f(z) < vy} for some constants vy > vy > 0.
Combining the lower bounds with upper bounds, the minimax Ly rate is determined

under some conditions.
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Theorem 2.3: Suppose supser || f [lo< o0 and Assumption 2.1 (or Assumption 2.2) is

satisfied. If lime..,o%%((iz)l > 1, then

: cF2 L2
mingas B | £ = F I < €,

where ¢, is determined by Ms(e,) = 'n,e';z,y.

Using the relationship between Ly and L, (1 < ¢ < 2) distances and applying Theorem

2.1, we have the following corollary.

Corollary 2.5: Suppose the conditions in Theorem 2.3 arc sabisfied and Ln_g(_._)()l—)é,"—((iz)—) >1
"

for some ¢ € [1,2). Let ¢, , satisty M(e,,) = ne>. Then

=n,q

2

2
qj en.'

Eng = mfin max Exo |l f=fll

If the packing entropies under Ly and L, are equivalent, then the above upper and lower
hounds converge at the same rate. Generally for a uniformly upper bounded density class
F on a compact set, because [{(f — ¢)%du < (|| f+ 9 lloo) [ Lf = gldpe, we know M, (e) <

2 S X e . dele it e Fr
Ms(e) < ]\/fl(s,uwg1 fw“). Then the corresponding lower hound for L; risk may vary frow

€, to €2 depending on how different the two entropies are.

2.2.3 Minimax rates under K-L loss

For the square root IX-L distance, Assumption 2.0 is not necessarily satisfied for general
classes of densities. We next discuss Assumption 2.0 for i and present some more results

concerning the K-L risk.

Lemma 2.3: Assume D(pg,p,) < Ad2(0,6') for all 8,6 € S and D(po,py) 2 Agd?(6,0")
for all 0,9' € O, where d is a metric on ©. Then Assumption 2.0 is satisfied for d; with

A=/ KXS for any choice of S C ©.

Remark: It suffices to assume D(pg,py) < Ad*(8,6') for 6,8 € S when d*(0,6') is small.
Further niore, if the condition is satisfied only locally, then local entropy can he used to

derive minimax lower bounds.
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The conditions in the lemma are satisfied by the normal location faiily and the regres-

sion family considered in Section 4.

Proof of Lemma 2.3: From the assumptions,

dr(6,6) < VAd0,6)

< VA (a0, 8) + a(0,9))
1 - -
< \/:1—: (d,((e,e) +dic(6,0)) .

Lemma 2.4: For the square root K-L distance, cach of the following two equivalent con-

ditions is sufficient for the satisfaction of Assumption 2.0 with 0 < 4 < 1.
+p Potp . '
1. D (1)0 | po—zp"—) +D (pol I 12—11-) > AD(pg || py) for all 6,6 € S.
2. D (2322 | po) < $(4 ~1)D (po || 252 ) for all 6,0 € 5.

Potp, Potp,t ; . o \
Remark: Because D (p(; | —-———L) + D( Py |l ———1—) < 2log2, the above condition 1

necessarily enforce the family to be totally bounded in K-L distance. If {py: 6 € S} is a

Potp,y .
convex family (so that —% = = py for some g e S), then the conditions are necessary as

. .o Po+p
well as sufficient. It is enough to assume condition 1 is satisficd when D (1)(; I ——L) +

(]Jor I il ' ) is small or satisfied only locally (for 8" close to a fixed point 6 in terms of

K-L distance) if local entropy condition is used.

+
Proof of Lemma 2.4: The sufficiency of condition 1 comes from the fact that L '”
minimizes §D(po I p) + %D(por || p) over all densities p. For the sccond condition, because

)79+I) / m+1’ !
(Po “ ) +D ( Py ” ) = D(po “ P(;’)
=/ 1701081:—,,&‘;# + [ Py log s +,, r = [ polog %

= [170103 P9+P21 + fp()' IOg PO +P[!'

pg+p i
P0+I’ 1 ; ])9+]) '
= e —‘Lpﬂ, = —2D (M52 || py )

we have

Po + Py P+ P : Po + Py
D(po Il py) = D (,) | 2etbe ) + D( oy | ———”—) +2D (m)—" I w) .

<
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(This equality is a special case of a parallelogram identity, see Csiszdr and Korner (1981,
pp. 59)). Thus,

D(po || P()’)

Po + by Po+p 1 Do+ 1o
D (o0 252) 4 D (g 1 B2 ) 4 (= 1) (o 22522

B
1 Po + Dy Po+ py
Z(D (Po I — £ > +D< Py |l —_‘L»

IA

~

IA

When {pg : 6 € 3} is convex, then from the above lemma, a sufficient condition for
the satisfaction of Assumption 2.0 is that there exists a constant 0 < A < 1 such that

D(po || Py’ 1) < ‘(% - 1)D(P()' | po) for any 979’ €s.

Corollary 2.6: Suppose the conditions in Lemma 2.3 or Lemma 2.4 are satisfied. Then

A";’, )

< min maxEod,\ 9,0) <: 2,
0€A 0eS

where €, and ¢, are determined by My (e,) = ne2 and My(e,) = dne> + 2log2.

. ep e My
As discussed before, if ml_lc_)()-M—(“)-

> 0, then ¢, and ¢, are of the same order, which
determines the minimax rate of convergence.

As mention before, the conditions in both lemimas are satisfied if the log-density in the
class are uniformly bounded. When these conditions are not satisfied (for instance, if the
densities in the class have different supports, then the conditions in Lemima 2.3 can not he
satisfied), the following result provides minimax lower bound involving only the Hellinger
metric entropy.

We now consider estimating a density defined on X with respect to a measure o with

n(X) =

Lemma 2.5: Assume for a density f , that || f||cc < T. Then if for a density g, dy(f,g9) <€
for some 0 < € < V/2, there exists a density § on X depending only on g, T’ and ¢ (but not

on f) such that
D(f |l g) <2 (2 + log (%)) (9+8(sT - 1)3) €2,

27
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Bounds analogous to Lemma 2.5 are in Barron, Birgé and Massart (1995), Wong and

Shen (1995).

Proof of Lemma 2.5: The proof is by a truncation of g from above and below. Let G =
{z:g(x) <4T}. Let § = glg +4TIge. Then because dy(f,g) < e, we have [q. (VF - \/(7)2
)
dp < €. Since f(z) < T < %g(m) for € G¢, it follows that [ (\/F - \/g) <
Joe (VT - \/g‘)gdu < €% Thus fg gdp < 4e2, which implies 1 — 46® < [Fdp < 1 and
J (Vg - ﬁ)z dp < Jge gdp < 4€%. Let § = ﬁ%—e— Clearly 7 is a probability density
function with respect to p. For 0 < z < 4T, by simple calculation using 1 —4e* < [gdpu < 1,
we have |\/z — ]Jdp+el| < 2(8T — 1)e. Thus [ (V7 — V)" dpt < 4(8T — 1)2¢*. Therefore,
by triangle inequality,

/ (\/7— \/3)2(1;1,

IA

' 2 : ) ' 2
2/ <\/7—\/E) (1;1,+4/ (\/_(_—\/_?7)"11//.4-4/ (\/77— \/a) dp
< 26% 4+ 16€% + 16(8T — 1)%¢*

That is d%(f,5) < 2(9+8(8T - 1)?) 2. Because {7 < L < 2L by Lenuna 4.5 in

- Acs - d¢=
., gdptac?
Section 6 of Chapter 4,

D(f |9 <2 (2 + log (Z-ﬁ)) (9 +8(3T — 1)‘-’) 2,

which completes the proof.

For classes whose metric entropy structure is known under the Hellinger distance but
hard to know under K-L distance, the lemma is useful to give a bound on the covering
entropy under K-L distance.

For a density class F for which ||f|lec < T for each f € F, let My (e) be the packing
entropy under dy. By the lemma, an e-net under dy can always result in an n-net under

dx, where 1 = \/2 2+1og( )) (9+8(8T — 1)2)e < Tyelog (2) for 0 < ¢ < V2 with T

heing a constant depending only on T'. Thus for € > 4/ l—°§3, Vi (—_,Le log ( "g >> < My (e)

or equivalently,
2

€
Vi(e) < My (m) :

[
[o]
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. ‘ Tog 2 .
Let ¢, satisty My (ﬁ——(‘m—) = ne,z, (then ¢, > 3% under the assumption My(e) — o
log 2 )
as € — 0, hence (2.5) is satisfied with € = ¢,) and let ¢, be chosen such that Mpy(e,) =

dne? 4 2log2. From Theorem 2.2, we have the following result.

Theorem 2.4: Assume the packing entropy My (¢} < oo and My (e) = oo as € — 0 for
the density class F with || f||cc < T for each f € F. Then with ¢, and ¢, as defined above,
g—'z’—‘ < minmax e Ed% (f, f) < minmax e ED(f || f) < 263
g = f ferLey\i,J) = fmaXrer JANT) S sEy.

Remark: Due to the presence of logn term in the determination of e, g}", and c,", are
typically of order Eté? and 72logn respectively for nonparametric smooth families, where
Tn is chosen such that My (r,) = n'r,?;. See Barron, Birgé and Massart (1995) for related
conclusions. We suspect the extra logn might be necessary for the upper bound without

any regularity condition relating K-L distance to Hellinger distance.

2.2.4 Lower bounding minimax risk through upper bounds

From the proof of Theorem 2.1, we see that an upper bound on maxpes D(pxjo | gxn)
with any choice of qy» together with the packing entropy determines an minimax lower

bound as stated in the following corollary.

Corollary 2.7: Assume Assumption 2.0 is satisfied for distance d and there exists a density
function q,, such that

< Pxn ) < 62.
151Ea§{D(1),\ 10 “ ax ) <n "

Let n, be chosen such that

Ma(n, ;) = 2(nd, +log2).

Then the minimax risk satisfies
2 92
. 2 A M-’,l:r.,fl
min max Eyd*(6,0) > ———
deA, 0€S 3
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If a good upper bound on maxges D(pxnp || gx») is available with a suitable choice of
¢ (not necessarily constructed as in the proof of Theorem 2.1), then a lower hound on the
minimax risk is given by the corollary.

The term maxgpes D(pxnjo | ¢xn) is the maximum redundancy of Shannon codes based
on densities ¢ for an i.i.d. sequence of data from density py,f € S. This redundancy is
closely related to the K-L risk. In fact, based on a good sequence of estimators, a good
data compression strategy could be constructed and vise versa. More precisely, we have the

following lemma.

Lemma 2.6: Suppose there exists a sequence of estimators 6y, based on X|,... X} for k > 1
such that

, . .. 2 g, _ A
151€(L§cED(pg I 1)0k) Sbg, k=1,..n—1.

Let by = maxges D(py || p°) for any given p. Then there exists a density ¢, such that

n—1

max D(pynp || gx») < Z bi.
0es P

Conversely, for any density g, on the sample space of X,..., X,,, there exists an estimator
P such that

1
EyD(py || p) < ;D([')}," Il ¢.) for all § € S.

Proof: Given the estimator sequence 6, define q(xpe|2*) = I)b'k(.'l.-'k_{,.[) for & > 1 and
q(z1]z%) = p Let qn(zyyeyn) = H';‘:‘;éq(n;A,+1|3;"‘). Then ¢, is a probability density
function. Following an argument similar to the one for proving the upper bound part of
Theorem 2.2, we have D(pyng || gx») < Z}"___—ol b3.

For the second assertion, for any ¢, € Qn, we can rewrite it as q, (@, ...an) = hy(ay)ha (wolvy )
o+ hp (2|2 1), where h;(z) = hi(z|2*~!) is the conditional density of X; given X~ = xi~!
according to the joint density ¢,. Then

po(y) -+ - po(n)
) halaa|xy) - - - by (ap]an—1)

D(p;)' “ (In) = /]70(.'151) v Po(fb'n.) log ]7'1( dp

n
_ N o po(i)
= ;/1)0(.7,1) po(z,) log Tz dpe

I

Y EsD(po || 1s).

=1
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Let p = ;1; iy hi(2). Then p is a density estimator of py. From the proof of the upper

bound in Theorem 2.2,

n 1 (3
EyD(py || p) < ;D(po f qn)-

This completes the proof of the lemma.
From Lemma 2.6 and Corollary 2.7, we have the following corollary.

Corollary 2.8: For a sequence of estimators € based on X|,..Xp, 1 < k < n, let
maxgpes ED(py || p(;k) = b}, then for the minimax risk, we have

. D) A A'.!g‘,l’ d
min max Eyd°(4,6) > ———,
feA, V€S 8

2

where g7, ; is chosen such that

n—1
]V[d(g-n.,d) =2 <Z ()‘;2 + 10g2> .

i=0

. 10— D . Y 3 . ‘
Remark: For smooth nonparametric classes, Y"1=' 0? is often of the same order of nb}_,

for a sequence of estimators converging at the optimal rate. Then g,, 4 gives the right rate.

It may seem mysterious that an upper bound also forecasts a lower bound. Owr expla-
nation is as follows. The smaller the upper bound is, the closer the densities in the class
to a fixed ¢(z1,...,2,) in terms of the Kullback divergence, which suggests the densities are

harder to distinguish as revealed by Fano’s inequality.

2.3 Application in data compression

The obtained theorems can be used to get hounds on the minimax redundancy for data
compression. Let X1, ..., X, be an i.i.d. sample of discrete random variable from py, 6 € S.
Let ¢n(x1,...xn) be a density (probability mass) function. The redundancy of the Shannon
code using density g, is the difference of its expected codelength and the expected codelength
of the Shannon code using the true density pg, that is, D(pj || ¢,). Formally, we examine the

minimax properties of the game with loss D(pj || ¢.) for continnous random variables also.
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In that case, D(py || ¢.) corresponds to the redundancy in the limit of fine quantization of
the random variable (see, e.g., Clarke and Barron (1990, pp. 459-460)).

The minimax redundancy lower bounds have been previously considered by Rissanen
(1986), Clarke and Barron (1990), Rissanen, Speed and Yu (1992), Yu (1996) and others.
These results were derived for smooth parametric families or a specific smooth nonpara-
metric class. We here give general redundancy lower bounds for nonparametric classes.

Let Q, be the collection of all density functions on the sample space X" of (X1, ..., X,,).
From Lemma 2.6, we have the following result connecting the minimax redundancy with

the minimax risk.

Corollary 2.9:

n~1
nminsep, maxoes EgD(pg || p) < ming, eq, maxoesD(pf | gn) < D mingep,maxoes EgD(po || i)-
i=0

where for i = 0, j; is any fixed density.

Remark: For smooth nonparametric density classes, n-minsep, maxpesEoD(po || p) of-
ten gives the right order of the minimax redundancy. However, for parametric classes or
other less “rich” families, this lower bound may be suboptimal. For instance, for smooth
parametric families, it is known (see, e.g., Clarke and Barron (1994)) that the minimax
redundancy is of order 2 logn, where m is the number of parameters in the family. But

n-mingep, maxpesEgD(pg || §) is bounded by a constant.

Now we take © = P to be the set of all probability densitics on X and S C P to be a
subclass. The action space is assumed to be the set of all densities S = P (so as to include
estimates such as p constructed in the proof of Theorem 2.2). Let d(p, p') be a metric on
P. Let My(e) be the packing entropy of S under d and let V(e) be an upper bound on the

— Vi

covering entropy Vi (e) of S under djc. Choose €, such that €5 = == and choose ¢, 4 be

a radius € such that My(e, 4) = 4ne + 2log 2.
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Theorem 2.5: Assume that D(p || p') > Agd?(p,p’) for all p,p’ € P. Then we have

nAer
—_—r < mmmaxD( N gn) < 2n€2,
In ]JG

where the minimization is over all densities on X',
Two special choices that satisfy the requirements are Hellinger distance and L, distance.

Proof of Theorem 2.5: The lower bound follows from Theorem 2.1 and Lemma 2.6. For
the upper bound, consider the code based on ¢{z") = ﬁ[ 2opec,, P("), the mixture with
respect to the uniform prior on an €,-net G, of S. Then the redundancy is D(p" || ¢.) <

V(en) +ne < 2ne? as in equation (2.2).

The redundancy for data compression is connected with the cumulative risk of density
estimation under K-L loss (see, e.g., Clark and Barron (1990)). This risk is natural for
consideration when we estimate the density sequentially based on observations obtained so
far, predict the next observation, and then adjust the estimator once a new observation is
obtained.

Let § be an estimation procedure. That is, for each sample size n, it produces an
est'lmator _f,,, based on Xi, ..., X;;. Let fg = fo be an initial guess density without any
observations. Then the cumulative risk under the K-L distance up to n — 1 observations

Reum(f,d,n) is defined as

n—1

Rcum f,én ZEID f “ /)

i=0

This is the cumulative redundancy of predictive codes (using Shannon code based on f
to encode the next observation X;;i) in a information theory context. This cumulative
redundancy is exactly the redundancy of data compression for X, ..., X,. As seen in
Lemma 2.6, any estimation procedure § can result in a density on sample space of X,

, Xn, which can be used to construct a data compression scheme. Let qg"’)(n;l,...,n;.,,,) =

folzy) - fl(mglml) . -fn_1(:1:n|:1;1, vy Tn—1). Then As shown before,

D™ || ¢§) = Reum(f,6,1).
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Thus
minsmax e FReum (f,0,n) = min, mmaxserD(f" [| ",
where q('”') is over all densities on sample space of X1, ..., X,,.
Suppose the minimizer of max;e#D(f" || ¢™)) exists, say ¢'"). In some sense, ¢{") is a
center of the product density class {f", f € F} and max;erD(f" || qg")) is the “radius” of

the class {f", f € F}. Theorem 2.5 provides useful bounds on this radius.
2.4 Application in nonparametric regression
Consider the regression model

yi = u(xy) e, i =1,..n.

Suppose the errors ¢;, 1 < i < n are i.i.d. with N(0,1) distribution. The explanatory
variables x;, 1 < i < n are i.i.d. with density function h(x). The regression function wu is
assumed to be in a function class &/. For this case, the square root IX-L distance between

the joint densities of (X,Y') in the family is a metric. Let || u—wv

Lagy= /[ (= 0)2hdp be
the Lo distance with respect to the measure induced by X. Let My(e) be the maximum of
the logarithm of the cardinality of any e-packing set under Lo(h) norm. Assume Ms(e) < oo

for every € > 0 and Ms(e) — o0 as e — 0. Choose ¢, such that
My(V2€,) = ne.

Let ¢, satisfy
Ms(V2¢,) = 4ne® + 2log2.

Theorem 2.6: The minimax Ls(h) risk for the regression function estimation is lower
bounded by a rate determined by the Lo packing entropy of U as follows:

2
n

0 €
: w—a 2, >
minmax lw—=allz,m = 1
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Proof: Denote the joint density \/12—71'6_% y=u(x))?),

(x) of (X,Y) with regression function «

by p.. Then

D(pu ” p'u) = E‘u% ((Y - U'(’Y)B - (Y - “('\')2)

Let S={u:ueclU}and § = {u || u ||L) < oo}, Let A, be the collection of the
regression estimators which maps from the sample space to S. Let d?(u,v) = D(py || po).

From Theorem 2.1, we have

(7"|~t;

Inin max ED(py | pa) >

The conclusion follows.

To get good upper bounds, a little more work is needed. The upper bound in Theorem
2.2 is not directly applicable, because it is less clear whether the minimax K-L risk of
estimating the joint density of (X,Y) is lower bounded by a multiple of the minimax risk
of estimating the regression function. Under some conditions, we show that it is indeed
the case. To that end, Hellinger risk of estimating the density of (X,Y) is used as an
intermediate quantity.

We assume suppey || ¢ |oo< L < 00, which will be needed in our analysis. From Theo-
rem 2.2, there exists a density estimator g, of the joint density such that max,e ED(p, ||
Pn) < 262, 1t follows that maxyey Ed% (pu,Pn) < 26¢2. More precisely, let w (), us(x), ..
upn(x) be a covering set in U under Lo(h) norm with covering radins ¢,,, then the estimator

constructed in the proof of Theorem 2.2 has the form p, = ,1—, Z;';Ul Pi, where

W) T, ( 12 )’“ o= 5 (X1 =1 ()P (=1 (2))?)
)’e LS (= (a))?

Pi (m’?/ | (Xl'Yl);;l) B

N
Zj=] (
= h(z)d (t/l @, (X1, V)i
for i > 1 and 7 (x,y) = (=) - ¥ Z —e 3=wi@)®  Thys the marginal density
of X in the joint density p, is h(a) and the conditional density of Y given X = u is

Gn 1;|’1 (X0, V) = L5905 6 (v L (X0 Y. For given a and (X), V)., let @, ])(, _
f X 'in the joint density p, is h(z) and the conditional density of YV ogiven X = o is

Iy la, (X)) =250 ai (v .'E",U(Xg,lll);=1). For given 2 and (X, Y))jL.,, let i, be
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e . . Ly .
the minimizer of dj; (g,,,,(y), \/,—‘)_;e 2(y==) ) over z with

z| € L. Then i, (x) is an estimator

of u(x) based on (X;,Y;)jL,. By triangle inequality, given 2 and (X, ¥3)]L,,

1 1 2))2 1 1 ~ 2
& =3 —u@)? L (=i (a))?
o ( Var

< dl—/( = em3=uE) 5 (y) +dn<
1

N

ﬁ
3
—

9

o= 5 (=1 () e (y))

9

2

B

< 2y

¢~ b2, _(7,,,(.1/)) :

7~
5
=)

Because for two joint densities h(x)gi(y | @) and h(x)ga(y | ©) with the same marginal

density h(x) of X, the Hellinger distance between the joint densitics equals

[ w@)dks (orly 1202l 1)) s,

so from the above inequality, given (X;, Y))j.,

i (puyp,) < 4di (Puy ).

It follows that

-— n*

2,42 (, - , 2 05 Q2
max Edy (pu, py,) < 4max Edj; (pu, pu) < e

Now

Ed%l (pu’ Py )

Un

2F (1 - / P Pudy X clu)

2E / h(z) (1 - e_ﬁ("’("’)_;"("’))z) dpu.

1

Because :(u(z) — @i,(2))? < LL2, (1 - e‘é(""(m)";;"('”))z) > %6_%;; (u) = T, ()2 It

Nij—

follows that
max E [ (u(x) = @n(2))dp < 16¢3-" max Ed} (pu,pn) < 128034 €.
ueud uel

Thus we have the following result.

Theorem 2.7: Assume supyey || ¢ |lo< L. Then

N ~ 112 P 9
minmax || u — 4 < 128ez™¢;.
4 well “ “ La(h)y= n
. Ma(%
If further h_mc_,O—A-;T((z)l > 1, then

: S22
min max | w=all,m= e
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Remark: Using a similar argument, it can be shown that the above conclusion is still true

if the error distribution is assumed to be double exponential in stead of normal.

Previously, minimax rates of convergence for nonparametric regression are identified for
specific smooth classes such as Lipschitz classes, Sobolev classes and Besov classes by Stone
(1982), Nemirovskii (1986), Nemirovskii, Polyak, and Tsybakov (1985), Donoho, Johnstone,
et al (1993), Pinsker (1980), Ibragimov and Hasminskii (1982) and others. Here we have
shown that under normal (or double exponential) assumption on the error distribution, the

minimax Lo rates are determined by metric entropy.

2.5 Examples

In this section, we demonstrate the applications of the theorems developed in the previous
sections. As will be seen from the following examples, once we know the order of (or bounds
on) metric entropy of a target class, the minimax rates (or bounds) can be determined right
away for many smooth nonparametric classes without additional work.

We will consider several function classes on [0,1]* for some ¢ > 1 in the examples.

1. Take d = 1. Let w/(h) = maxy<po<a<t [Auf ()], where Apf(x) = f(x +2t) —
2f(x + t) + f{x) is the second difference of f at 2 with increment # (maximum is
taken over those ¢ for which is defined). Let ¢(h) be a concave increasing function
and let Ay(C) = {f : f is continuous, |f| £ C, and w/(h) < ¢(h)}. Then from a
result of Clements (1963), the sup-norm metric entropy of this class Moo (€) satisfies

Moo(€) = F’ITCT An example of such a ¢ is ¢(h) = " for 0 < v < L.

2. Let A‘r"ﬂ(Cg, Cy,...,Cy, C) be the class of functions f which have all partial derivatives
ID®)(f)| < Cy for k = 0,1,..,r, and DO (f)(a) = DO (f)(w+h)| < Ch* (0 < a < 1),
From results of Kolmogorov and Tihomirov (1959) and Clements (1963), for 1 < ¢ <

i

00, the L, packing entropy of A'rl_a is of order M,(e) = (l> =+

€

3. Let A;{’;,E(CO,CL, .oey Gy, C) be the class analogous to Aﬁ‘,_,(Co, c,...,C,, C) defined in
terms of Lo norm. That is, Affy(Cg, ci,...,Cr, C) consists of functions f which have all

partial derivatives || D®)(f) |lo< Cp for k = 0,1,..,7, and || DU (f) () = DOY(f) (2 +

37

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



h) [l2< Ch* (0 < @ < 1). Then from Lorentz (1966), the Ly metric entropy of this

o

class is also of order (%) ke
4. Let P,(C) be the class of real functions f(z) on [0,27], periodic with period 2,
with mean value zero and having a derivative of order « in L* (in the sense of Weyl)
uniformly bounded in mean by C. It was shown by Kolmogorov and Tihomirov (1959)

1
that the Ly metric entropy of this class is of order (}) o

Density estimation.

Assume liﬂe_,o%é)—) > 1 for Ay(C). Consider the density class of f with logf € A4(C).
For this class, the log-densities are uniformly bounded and the sup-norm metric entropy is
of the same order as M (¢). Note also that IK-L distance is equivalent to Ls cistance and
hence upper bounded by a multiple of the squared sup-norm distance. Applying Theorem
2.1, we have min; MaX|oe e ,(C) E|| f - flloot €2, where ¢, satisfies ne2 = Moo (e,). But

My (€) = F}m’ we obtain

min max E| f—f[leo €,

[ logrea,(c)

where ¢, satisfies ne2 =

b (e")
Assume logf € AT‘O(CO, C1s -y Cy, C). Then for this density class, the L, (g > 1) metric
.
entropy is of order (%) " From Corollary 2.4, we have

D(r4or)
min max E| f-fl3=n —’(r+——1\r)+:l
f logread,

Because the log-densities are uniformly bounded, the minimax IS-L risk or squared Hellinger
risk converges at the same rate. Also because the metric entropies under L, ¢ > 1 are of

2r+tw)

p t n 2(r+n)+rl

the same order, using Theorem 2.1, we have min jMaX|o0rend E|f-f I
Together with the upper bound rate on L? risk, we have for 1 < ¢ < 2,
min max E | f- f |“>< n m};
i logrea
Now we consider classes of densities which may not be hounded above or below from
zero. Let K;{a(Co,Cl,...,Cr,C) and A;’;ﬁ(co,cl,...,c,.,C) be the density functions in A
’l «(Co,Cl1, ..., Cr, C) and A‘f‘Q(Co,C],... C,, C) respectively. When the constants C, Cy, ..., C\

are large enough (which is assumed here), the orders of L, metric entropies of A, «(Co, Cy,\ ..., CLLC)
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o

are still (%) "+ For these classes, Assumption 2.1 is satisfied. Therefore, by Theorem 2.3
and Corollary 2.5, for the class A;f’a, we have
. o _2rda)
min max E || f— f ||,2,x n 2rde)dd for 1 < g <2
I feady
The densities in Afﬁ are not necessarily bounded. But from Proposition 2.1, for the squared
L risk,
. PP __2rda)
min max E || f— f || n™ TF+d,
foreass
Because A;f’a(Co,C'[,...,C,.,C) C Af"f,(C’o,Cl,...,C.',,,C'), the lower hound obtained ahove
on the squared L) risk is also a lower bound for the larger class. Combining the upper and
lower bounds, we have
. . 52 _ _2(r4o)
min max E || f — f [[{x n” 0¥+,
forents
Birgé (1986) and Devroye (1987) obtained similar results for A‘,{” with additional con-

structions of special subsets.

Regression function estimation.

Consider the regression problem in Section 4. Let h be the density of the explanatory
variable X. If |logh| is bounded, then for A;f‘a(Co,Cl,...,C,.,C) and P,(C), the metric
entropies under Lo(h) norm are of the same orders as given before. By Theorems 2.6 and

2.7, we have the following conclusion.

Corollary 2.10: Assume |logh| is bounded. Then the minimax L* rate or hound of

estimating a function in A‘Tl,a(Co, Ci,...,C;, C) and P, (C) are given helow.

. .o _ 2(ra)
min max E ||u—4 |3 =xn IFa)+d,
i ueAd,

. 20
min max E|u—4a|3 =n" %=+,
i u€Pq(C) <

Data compression.
Because K-L distance is lower bounded by half the squared L; distance, according to the

relationship between density estimation and data compression, we know that the minimax
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redundancy for compressing an i.i.d. data string governed by a density in A%, is lower

"0

bounded in rate as follows (as a consequence of Theorem 2.5):

. 1 . __2rkn)
min max —D(f" || q.) = n” Hrad+d,
n€Qn feA‘r!‘a n

This rate is also obtained by Yu (1996) through a hypercube argument to lower bound the
mutual information between the parameter and the observations.
If we assume logf € A;{n, then the minimax redundancy rate is identified from Theovem

2.5:

. 1 . __2(rdn)
min - max —D(f" | q,) = n XrEH
'l".EQn lOg feAr'ln T
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Chapter 3

Adaptation of Density Estimation

In this chapter, we estimate a density function assumed to be in a countable collection
of nonparametric classes. We study the possibility of adaptation and provide adaptive
estimators over the classes.

The minimax results in Chapter 2 deal with one general class of densities. In some
statistical applications, target classes are chosen to bhe smooth nonparametric classes such
as Sobolev spaces, Lipschitz spaces, etc. The smoothness condition of a function indicates
how much the function value may change according to change of the independent variables.
Smoothness is often measured by some kind of norm defined in termis of the derivatives
of the function. As seen in the examples in Chapter 2, smoothness conditions of a target
class affect how fast the minimax risk converges to zero and roughly speaking, a smoother
class has a smaller order metric entropy, thus has a better minimax rate of convergence. For
various smooth nonparametric classes, a lot of estimation procedures such as kernel methods
with predetermined band widths (e.g., see Devroye (1987)) and some sieve methods (e.g.,
Stone (1990, 1994), Barron and Sheu (1991), Birgé and Massart (1993), Wong and Shen
(1995)) have been proposed utilizing the smoothness information. But in practice, we only
observe a sample and the smoothness condition of the density is not known to us. A
statistical procedure specifically designed for one smoothness condition generally does not
work optimally for other classes with different smoothness conditions. This consideration
suggests the necessity of adaptation capability of estimators. Of course, one may first
obtain an estimator under a smoothness condition somehow chosen based on some rough

idea, and then readjust the assumption based on the estimator. Or some times it might
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be possible to compare estimators under different smoothness assumptions and choose the
best one according to some visual or ad hoc justifications. But these kinds of procedures
might depend too much on the user’s personal opinion. We here instead are interested in
good data-driven strategies.

Though smooth nonparametric classes are the ones most often used in practice, concep-
tually we do not restrict ourselves to those classes. More generally, we assume that the true
density can be from any of a countable collection of density classes. An interesting ques-
tion is: Can we have one estimator that suits simultancously for all classes in somne sense?
We wish to have one estimation procedure which can automatically adjust to the curvature
(smoothness) of the true density based only on data. Such an estimation procedure is called
an adaptive procedure.

Adaptation is desirable for an estimator, because such an estimator is more flexible
and can work well without strong assumptions on the true deusity. The idea of adapta-
tion dates back over ten years ago. For instance, a variable handwidth was considered to
make an adaptive kernel estimator (e.g., Hirdle, Hall and Marron (1985)), and smoothness
parameters were adaptively adjusted based on data in smoothing spline estimation (e.g.,
Craven and Wahba (1979)). Efroimovich (1985) made a great contribution in this direction
for density estimation. He considered estimating a density having a Fourier representation
satisfying a certain smoothness assumption with smoothness parameter not known. He con-
sidered projection estimators of the Fourier coefficients and proposed an adaptive strategy
to achieve the minimax rates of convergence without knowing the smoothness parameter in
advance. In later years, Donoho, Johnstone and some other researchers (see, e.g., [32] and
[33]) advocated the use of wavelet shrinkage estimators in both nonparametric regression
and density estimation. They showed that the wavelet shrinkage estimators converge near
optimally simultaneously over the Besov spaces without knowing the hyper-parameters in
advance. Birgé and Massart (1995), Barron, Birgé and Massart (1995) have had great
success in providing model selection theory using general contrast functions.

In this chapter, we are interested in adaptation in terms of the minimax rates of con-
vergence. From now on, we will concentrate on the estimation of density itself in stead of
other parametrization (such as root, density or log-density). We will only consider IX-L loss
in this chapter.

Let F;, j > 1 be a collection of target classes. Assume f € U;>F;. If the conditions in
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Corollary 2.4 are satisfied for each class, then for a given class, the estimator constructed
in the proof of Theorem 2.2 converges at the optimal rate for that class. Now, without
knowing which class contains f, can we have one estimator (not depending on j) such that
it converges at optimal rate of the class containing f? If such an estimator exists, we call

it an adaptive estimator over the classes F;, j > 1.

3.1 Adaptation under entropy conditions

Let Mj(e), j = 1 be packing entropies under dy for the density classes F;, j > 1. For
simplicity, we assume that for each class, there exist constants C; and «y; such that D(f ||
9) < C;d}(f,9) for f,g € F; with d%(f,9) < v;. This condition necessarily requires K-L
distance and squared Hellinger distance hehave similarly when the densities are close to
each other in Hellinger distance. Suppose also that the classes are rich enough such that

1iminfc_,gM—",g-%—) > 1 for j > 1. Applying Corollary 2.3 and Theorem 2.2, for a fixed j,
Mj(e) '

2

the minimax rate of convergence under K-L distance is e, ;,

where €, ; is determined by

4

M| L
" Cj

€nj = - . Using the relationship between density estimation and data compression

as discussed in Chapter 2, we obtain the following result.

Theorem 3.1: Under the above conditions, there is a minimax-rate adaptive estimator,
that is, an estimator that is simultaneously minimax-rate optimal for {F;, j > 1}. Specifi-

cally, the estimator f,,, given in (3.1) based on X, ..., X, has risk bound

2
N, f

max E¢D £.) < const; -
feF; f (f “ .fn) - J

for all j > 1.

Proof: We construct an adaptive estimator using some Bayesian mixing idea. As before,

for each class j, consider an €, j-net G, . in F; under dy and the uniform prior on G

€n,j €n,j

and let ¢;(a™) = ]G_el,,TI > f€Ge,, f{z") be the mixture density over the covering set. Let
7(j) be positive prior probabilities on the classes satisfying 32, 7(j) = 1. Then let us mix

these mixtures over the classes according to the prior #(j) on the classes. Let

a™ (™) = 3" 7(i)q;(=").

izl
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Then this density is close to all densities in the classes in K-L distance sense. In fact, for

any f € Fjs,

n (n) _ ‘ ne.n | .f”(:"'”)
D(14™) = [ )1°gzj>1w(,qq,.(;,,-n)f""

n TL f”‘(:‘l}“)
= / famh 7*)gze (2" )d“

1 " ll f (’l.n‘)
< log3 G +/f log ) dp

log ==+ D (/" | ).

From previous analysis, we know that D (f " q§~?')) < 2ne? = Thus
1
D(f" [l ¢™) < log—— + nel
( ) 7(5*) J”
As before, let
n—1
flz) =~ Zp (mn = x| X" ) (3.1)

be the estimator constructed as a Cesaro average of the Bayes predictive density estimators,
where
 Z570) (@ e, F@) £ XD)
P ('L|X') = = -
£570) (6 Srea, , £106)
is Bayes predictive density based on X* using two layers of priors. Then we obtain

D(po || f,,) < ilp (f”’ ¢ n.))
< log 7+ 2¢>

7r(] my*

Thus for every j* > 1,
1
m(j*) + )G'w"

Note that 1log =G5 does not affect the rate of convergence in —logj

paax BgD(f | fo) <

1
Zlog
.

22 v
ot ) + 2¢;, j» and the

estimator does not require the knowledge of which class contains the true density. We

conclude that f is an adaptive estimator in terms of the minimax rates of convergence.

From the above analysis, due to not knowing which class contains the true density, we

pay a price of an extra %log in the risk bound. Because log—7= y —* 00 as m{(j*) = 0,

1
w(5*) 7"(/

the obtained upper bound becomes useful for a class with small prior probability, only when
the sample size is large compared to log;(—;..—).
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3.2 Adaptation based on existing good estimators

In the above subsection, an adaptive estimator is constructed by considering suitable cov-
ering sets in the classes and mixing the corresponding densities on the product space. The
construction is theoretically easy to handle, but hard to implement for practical applica-
tions. For specific classes, many nonparametric procedures have been proposed and have
been shown to be minimax optimal (in terms of rate of convergence). Can we obtain adap-
tive estimators based on these specially constructed estimators for specific function classes?

We are going to answer this question in the positive direction. Again, we take advantage
of the connection between estimating a density and data compression to construct a good
density on the product space of (X7, ..., X, )} which is close to all densities in the considered
classes in IX-L sense and then use the relationship between the two problems in the reverse
direction to get back one density estimator that is optimal for all the density classes under
some conditions.

Suppose for each class f € F;, we have an estimation strategy d; producing density
estimators f_.,-‘l(lel), fj,g(a:le,Xg), ey fj',,,_l(rc|X1,...,X,,,_l),... based on observation(s)
{X1}, {X1, X2}, ooy {X1, X9, ..., X1}, and so on. Here we allow estimation strategies to
be different for different classes. For instance, we may use kernel estimators for some classes
and wavelet estimators for some others. A single estimator will be constructed by mixing
these estimators somehow and shown to be good for all the classes in the asymptotic sense.

The following is the recipe to get a good estimator.

1. Construct a good density on the product space (xy, ..., 2, ) for cach class.

Let fjo(x) be a fixed density function on the sample space. We may take f;o(x) to
be the “centroid” density f* (or a more easily obtained good one) of the density class
F; that minimizes maxsex, D(f || f*) over all densitics (that is, fjo(») is close to
the minimax density estimator based on no data). However, the choice of f;o(x) will

have no effect on the asymptotic results. Let

q§-") = fiolx1) - fin(malzy) -+ - - Fina1(@n] 21 ey )

Then q("‘)

5 is a density function on the product space of Xy,...,, X,.

2. Average over j to get a mixture density.
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Let mj, j 2 1 be prior probabilities of the density classes satisfying =; > 0 for all
j =1, Let

q(”) — ijq‘g”).
It is a mixture density of constructed densities on the product space.

3. Get conditional densitics based on ¢,

Let us rewrite the density (™ as product of conditional densities:
([(n) =00(-7J1)'QL($2|$1) -1 : n[’l oilp—1).

4. Final estimator.

Let fi(z) = gi(z| Xy, ... X3), 1 = 0,...,n— 1 be final predictive density estimators based

on current observations X, ..., X;. Call this estimation strategy 6*. Let

We use f,, as our final estimator of the unknown density based on X,..., X, ;.

Let R(f,d;,n) = D(f || fAj,n) and W R(d,n) = maxser; D(f || _fj,.,,) be the risk at f and
worst case risk respectively of estimator fj_,,,, (produced using strategy d;) based on sample
Xi,..y Xy, We next bound the risk D(f || _;‘A',,v) in terms of R(f,d;.1), L <i<n—1.

As before, for any f,

n—1

EDG | J) <Y B
" i=0

1 1
< =D(f" i ¢™)
< l / f"‘(a;")log———.f ((j')) du
s 7r(.7*)(1j* (x)
_ 1 n n l('")
= ﬁl g—— + /f og- ( )(l/:
. 1 ]. n (n

The term D (f 1 qgf)) can be bounded in terms of risks of original estimators. Indeed,

N3

(fn ” q(") /fn n IOg ( )(( ))(I/J
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n—1

= / f” n Z 105 . I—H) (I/,l,

gl /+1|11,...,.‘.)

_ i/f 10& ; /("i+1) du

l+l!'lw .yt )

n—1

= Y E/D(f|| .f,--.,:)
i=0
n—1

= > R(f,0j,i).
i=0

Thus we have obtained the following inequality:

u—l

+ ZR frdje i)

Let Reym(f,d,n) = S0 R(f,6,i). It is the cumulative K-L risk of the estimation

ED(f | f.) < 108

strategy 0 up to n — 1 observations. With the given prior 7 on the strategies §;, let

Rn (ﬂ', {(5],‘] > 1}) = infj21 (lOg + R(;mn(,f., (sj,'fl,)> .

1
m(7)
Then R, (7, {d;,j > 1}) is the best trade-off between the cumulative risk and the logarithm

of the inverse prior probability over the estimation strategies.

Theorem 3.2: For any given countable collection of estimation strategies {d;,j > 1},
we can construct one estimation strategy ¢* such that for any underlying density f, the
cumulative risk of 6* up to n — 1 observations and the usual risk of ;,, based on n -1
observations are upper bounded by R, (, {§;,j > 1}) and ﬁR,,, (m,{d8;,3 > 1}) respectively.
That is,

EyD(f || F.) < — R ({33, > 1},
and

Rcum(f, 6*, I’L) <R, (7Ta {6]71 > 1}) .

From the above theorem, by mixing the existing strategies designed for different classes
using a prior, we have one single estimation strategy that shares the advantages of all the
proposed strategies automatically in the asymptotic sense. More precisely, the cuunulative

risk of the mixed strategy is bounded by the best trade-off between minus logarithm of the
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prior probability (weight) of a strategy and the cumulative risk of that strategy. It follows
that the cumulative risk of the mixed strategy is bounded by minus logarithm of the weight
put on the best strategy for the underlying density f (the strategy minimizes Ry, (f, dj,m)
over ;) and the cumulative risk of the best strategy for f. Thus without knowing which
strategy works best for the unknown density, the price we pay in terms of the cumulative
risk is at most a constant (minus logarithm of the weight). In another word, one strategy
can do the job of a countable collection of strategies designed for different target densities
in terms of the rates of convergence of the cumulative risks.

From the theorem, if §; is minimax-rate optimal for class F; in terms of the cumulative
risk, then the mixed strategy §* is minimax-rate adaptive over the classes Fj, j > 1.

It is more complicated to obtain minimax-rate adaptive estimators over a general collec-
tion of density classes for the usual risk instead of cumulative risk. Our approach of analysis
on risk of .Afh,,,, is through the results on the cumulative risk. As will be seen next, this ap-
proach does not always guarantee the minimax-rate adaptivity for the usual risk as opposed
to that for the cumulative risk, yet the result is satisfactory for many nonparametric classes
of densities.

Suppose §;, j > 1 are minimax-rate procedures for the corresponding classes under the

usual risks, that is, there exist constants 3; (j > 1) such that

max R(f,d;,n) < f; . min  maxD(f H
fEJ ( ! ) FX o X)) JEF; ( “

for all n. Denote the minimax risk min F(X1 X ) AKX R, DU N F) by R, n) for the

classes. Then, from Theorem 3.2, for each j > 1,

1 1 1 n-—1
D w) S —— 4 — max R(f i
maxD(f | fa) < ~log ) T ]i}; i)
177-[
< _IOE;__'*'ﬂ] ZRmm /7)

(4)

Thus, the estimator f,, is adaptive if

23020 Rum s 1)
Rmm (.} ’ n)

is upper bounded by a constant c; for every class j.

Typically for smooth nonparametric classes, the minimax risks converge around some
polynomial rates in the sample size. For example, if Ry, (j,n) ~n~" for some 0 < r; < 1,

n—1
n—1 . —ri1 o Ry (Iy . . N
then Y720 Rym(jyi) ~n~ "t ,md S - ) is indeed honnded.
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We next give some sufficient conditions for the average ,'—, Z;';Ol R (j,4) to converge at
the same order of Ry,,,(j,n).

Let a, be a decreasing sequence. Suppose a, = n~(1=k(n), where 0 < o < 1 and (n)
satisfies one of the following conditions.

Case 1. x(n) is increasing to co. An example is x(n) = (logn)"” for some i > 0. Then

1 1 ( )

— = =Y iUk

2t = 5 2 iTTkG)
i=1 i=1

n s\ —(1—a)
= Z (i) h(l:) . l , ,”‘—(1—-0)
i=1 N

L i\ —=(1=n)
—(l-a i 1
< o ’m(n)( (”) ‘)
=1\ )

1=

So % iepai 2 a,. Together with the

A\ ~(l—a
But ¥ (l) =) 1 - fol ==y =

=1 \n 10

=

monotonicity of a,, we know for this case,

1 n
e Z a; X Uy,
=

Case 2. r(n) stay bounded above and away from 0. For this case, using a similar

argument, it is not hard to see that 711 PG X .

Case 3. £(n) | 0 and assume that there exists 7 > 0 such that liminf s 5 0. An

R(nT+7)
7
example for this case is k(n) = (T(')lg_n) for some n > 0. Then
1 n 1 n
— a; = ;Z’I:—(l—a)/‘ﬁ(l)
i=1 =1
1 nT"I‘—T n
= — i) + = Z i~0=9) k()
" i=1 'l'.:vn,ﬁ;
1 1L-lJ+_T (l ) 1 1 n (1 )
< k()= TV f k(nT )= ) TV
< K( )n Z i + &(n )n.}:'

i=1 i=]
—_(] - P o -
In the last expression, the first term is of order n -1 = (n { ”)) and the second

term is of order n~(1=%k(n) under the assumption. Thus % iy i Xy
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From the above simple calculations, if for cach class F;, the minimax risk behaves as
one of the above situations, then our mixed strategy ¢* does provide an adaptive estimator

over the considered classes.
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Chapter 4

Model Selection for Density

Estimation

4.1 Introduction

In Chapter 3, we constructed adaptive estimators based either on metric entropies of the
density classes or on existing good estimators for each of the target classes. The adaptive
estimator based on metric entropies require construction of suitable packing sets in the
density classes, which is very hard to do in practice. The adaptive estimator based on good
estimators for each of the classes is also hard to compute, because integration is involved
in one step. Practically feasible adaptive density estimators are desived.

Two types of nonparametric density estimation procedures are often used in practice.
One type is fully nonparametric, where no parametric models are assumed to do statistical
inference. Another type is a compromise between full nonparametric and parametric pro-
cedures, where parametric models are still used to perform statistical estimation, but the
parametric models are allowed to hecome more and more complicated as the sample size
increases. In this chapter, we consider the use of the second approach to obtain adaptive
estimators based on model selection.

To estimate the unknown density function f(2), a sequence of finite-dimensional density
families fi(z,0%)), 8*) € O are suggested to approximate the true density f(z). For
example, one might approximate the logarithm of the density function by a basis function

expansion using polynomials, trigonometric, or spline series (for a detailed review on this
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topic, see Barron and Sheu (1991)). For a given model k, we consider the maximum

likelihood estimator §*) of #%), Barron and Sheu (1991) (later referred as B & S) show
"~ E . o Al . . .

that n~ %+ is the optimal rate of convergence of fi(x, %)) to f(x) in the sense of relative

Ji(,0%7)
have s square-integrable derivatives and that this rate is achieved by suitably choosing the

entropy (Kullback-Leibler distance) [ f(z)log (—I—Q-L—) for densities whose logarithms

model size according to the smoothness parameter s. Stone (1990) obtains similar results
for one dimensional log-spline models and later (1994) develops convergence rates for multi-
dimensional function estimation (including density estimation) using tensor products of
splines with a given order of interaction. The convergence rates are also obtained with the
knowledge of the smoothness property of the target function. These results are theoretically
very useful but are not applicable when the smoothness condition of the logarithm of the true
density is not known in advance. In practice, with the smoothness parameters unknown,
the size of the model to be used should be chosen automatically from data. The comnpletely
data-driven estimation requires a model selection criterion to compare the different models
and select a suitable size one.

AIC (Akaike (1973)) is a widely used model selection criterion in many statistical ap-
plications. This criterion is suggested by Akaike from considering the asymptotic hehavior
of the relative entropy between the true density and the estimated one from a model. From
his analysis, a bias correction term should be added to -loglikelihood as a penalty term
to provide an asymptotically unbiased estimate of a certain essential part of the relative

entropy loss. The familiar AIC takes the form
AIC(k) = —loglikelihood + my,,

where my, is the number of parameters in model &, and the likelihood is maximized over
each family.

In addition to AIC, some other criteria have received a lot of attention. Schwartz (1978)
proposed BIC bhased on some Bayesian analysis; Rissanen (1984) suggested the minimum
description length (M DL) criterion from an information-theoretic point of view. Usually

the M DL criterion takes the form
MDL(k) = ~ log likelihood + 2 log .

The term 5t log n is the description length of the parameters with precision of order L\/- for

i

each parameter, and the likelihood is maximized over the parameters represented with this
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precision (addition terms that appear in refinements of AIC and M DL are in Bernardo
(1979), Clark and Barron (1990, 1994)).

The asymptotic properties of these criteria have been studied. It is shown that if the
true density f(x) is in one of the finite-dimensional models, then BIC chooses the correct
model with probability tending to 1 (see, e.g., Haughton (1989) and Speed and Yu (1993)).
For AIC, however, under the same setting, the probability of selecting a wrong model does
not vanish as the sample size approaches oo.

In a related nonparametric regression setting, an asymptotic optimality property is
shown for AIC with fixed cesign (Shibata (1981) and Li (1987)). Li shows that if the
true regression function is not in any of the finite-dimensional models, then the average
squared error of the selected model is asymptotically the same as that could be achieved
with the knowledge of the size of the best model to be used in advance. For the above M DL
criterion, however, the average squared error of the selected model converges at a slower
rate due to the presence of the logn factor in the penalty term. In a density estimation
setting, Barron and Cover (1991) show that the Hellinger distance between the true density
and the estimated one from M DL converges at a rate within a logarithmic factor of the
optimal rate.

The M DL principle requires that the criterion retains the Kraft’s inequality requirement
of a uniquely decodable code. This requirement puts a restriction on the choices of candidate
parameter values. For some cases, with suitable restrictions on the parameters, the M DL
principle can yield a minimax optimal criterion of the form — log likelihood + constant - my,,
whose penalty term is of the same order as that in AIC (see Barron, Yang and Yu (1994)).

In this work, we consider comparing models using criteria related to AIC and M DL in
the density estimation setting. We demonstrate that the criteria have an asymptotic opti-
mality property for certain nonparametric classes of densities, i.e., the optimal rate of con-
vergence for density functions in various nonparametric classes is simultaneously achievec
with the automatically selected model without knowing the smooth parameters in advance.

As opposed to AIC, we allow the bias correction penalty term to he a multiple of the
number of parameters in the model, and the coefficient will depend on a dimensionality
constant of the finite-dimensional model related to the metric entropy. This dependency is
needed when the dimensionality constants for all the models are not uniformly bounded.

In this paper, the coefficients are specified so that the asymptotic results hold. With this

53

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



consideration, the criteria take the form:
n
- Zlog fe( X, é(k)) + Ay, (4.1)
i=1

where %) is the maximum likelihood estimator in model k and Ar 18 a positive constant.
Let k be the selected model which minimizes the above criterion value.

In contrast to the minimum description length criterion, we do not discretize the pa-
rameter spaces and the criteria used here do not necessarily have a total description length
interpretation. In addition, the results here can be applied to more classes of densities than
that considered by Barron, Yang and Yu (1994). We should also note that our criteria are
not necessarily Bayesian.

We evaluate the criteria by comparing the Hellinger distance d¥,(f, f,:‘y(j(,;.,) = [(V/f -
\/m )2dp with an index of resolvability. The concept of resolvability was introduced by
Barron and Cover (1991). It naturally captures the capability of estimating a function by

a sequence of models. The index of resolvability can be defined as

}.

The first term infou) e, D(f { frot)) reflects the approximation capability of the model &

ALy,

T

R.(f) = i%f{o(g)llefek D(fI fs,00) +

to the true density function in the sense of relative entropy distance, and the second term
5*‘-7—,"—‘& reflects the variation of the estimator in the model due to the estimation of th;z best
parameters in the model. The index of resolvability quantifies the best trade-off between
the approximation error and the estimation error. It is shown in this work that with the use
of the criterion, when the \y’s are chosen large enough, the statistical risk Ed3, (f, f;:.‘(j(,;.)) is
bounded by a multiple of R,(f). Clearly, the resolvability gets the best rate with smallest
allowable A;'s, say A, k € I. The cases studied in this paper follow one of the two forms:
1. Ay’s are constants independent of k£ (then it is like AIC but with a constant possibly
different from 1); 2. A} <constant-logmy, (then it is like BIC but with a constant possibly
different from 15)

To apply the above results, we can evaluate R,(f) for f in various nonparametric
classes of functions, then an upper bound of the convergence rate can he easily obtained.
Examples will be given to show these bounds correspond to optimal or near optimal rates
of convergence for density functions in various nonparametric classes.

In statistical applications, models are needed to perform sensible analysis and draw

useful conclusions. Usually, the models are suggested based on previous experience or
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intuition on what class of functions the unknown function might be in. Due to the lack of
such knowledge on the true function, it is often more flexible to counsider more than one
class of functions to do statistical analysis. For example, if we use serics expansion method
to estimate the logarithm of density, we might consider polynomial models, trigonometric
models, and spline models at the same time and wish to choose whatever is the best in term
of the statistical risk. For spline models, we might consider different orders and different
numbers of knots. Even if we consider only one type of series expansion, it might be
advantageous to consider sparse subset models if the true function is sparse in the sense
that only a small fraction of the basis functions are useful for good approximation. Such an
advantage will be demonstrated in Section 4. In high dimensional function estimation, the
complete models which use all the basis functions up to certain orders often fail due to the
“curse of dimensionality”. On the other hand, the sparse subset models such as additive
models and low order interaction models might yield reasonable estimates. Counsidering
many different classes of functions or sparse models may result in exponentially many or
even more models, When exponentially many models are considered, significant selection
bias might occur with the bias-correction bhased criteria like AIC and the criteria we just
proposed. The reason is that the criterion value can not estimate the targeted quantity
(e.g., the relative entropy loss of the density estimator in cach model) uniformly well for
exponentially many models. For such cases, the previously obtained results for the selection
among polynomially many models can not be applied any more. For example, for the
nonparametric regression function estimation with fixed design, a condition for Li’s results
is no longer satisfied. To handle the selection bias in that regression setting, a model
complexity based on an information-theoretical consideration is incorporated to AIC and
a new criterion named ABC is suggested (Yang (1993)). There it is shown that ABC
provides the best trade-off among the approximation error, the estimation error and the
model complexity. '

For the density estimation problem, we also take the model complexity into consideration
to handle the possible selection bias when exponentially many or more models are presented
for more flexibility. For each model, a complexity Cj, is assigned with Ly = (log,e)Cy

satisfying the Kraft’s inequality: 33,275 < 1; that is

Z e~ Ck <1
k

[J1]
93
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The complexity Lj = Cy logy e can be interpreted as the a codelength of a uniquely decod-
able code to describe the models. Another interpretation is that ¢~C* is a prior probability
of model k. Then the criteria we propose are
n .
= 3" log fi(Xi, 6®) + Ny, + vC, (4.2)
i=1
where v is a nonnegative constant.
For the above more general criteria, we redefine the index of resolvability by adding the

complexity term as follows:

inf{ inf mw; Apmg Gy
Rn,(f)=ngf{ inf D(j||jky”(,_‘))+_£;’_’~ s

. 4.3
0o, } (43)

1

It provides the best trade-off among the approximation error, estimation ervor, and the

model complexity relative to sample size. We show

Ed%l(fa .f;},(}(fc)) = O(Rn(f))

As an example, we will consider estimating a density function on [0,1]. We assume that
the logarithm of the density is in the union of the classes of Sobolev space W3 (U),s € N,
U > 0. We approximate the logarithm of the density by spline functions. If we knew U and
s, then by using suitably pre-determined order splines, the optimal rate of convergence is
achieved. However, this rate of convergence of n”THT is saturated for smoother densities.
Without knowing U and s, we might consider all the spline models with different simoothness
orders and let the criterion choose a suitable one automatically from data. Indeed, from our
theorem, the optimal rate of convergence is obtained simultanecously for density functions
with logarithms in the classes Ws(U), s € N, U > 0. In another word, the density estimator
hased on the model selection adapts to every class W5 (U), s € N, U > 0.

The above examples suggest that good model selection criteria can provide us with
minimax optimal function estimation strategies simultaneously for many different classes.
As some other applications of our results, neural network models and sparse density function
estimation will be considered.

This chapter is organized as follows: in Section 2, we present a key lemma for the main
result; in Section 3, we state and prove the main theorem; in Section 4, we provide some
applications of the main results; in Section 5, we give the proofs of the key lemma and some

other lemmas; and finally in Section 6, we prove several useful inequalities.
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4.2 A key lemma

Let f be the true density function, and f(z,6),6 € © be a parametric family of densities.
For r > 0, let Bg(f,r) be a Hellinger “ball” in © around f (f may not be in the parametric
family) with radius r defined by Be(f,r) = {#:6 € ©,d3(f, fo) <%}

Let P* denote the outer measure of probability measure P on some measurable space
(Q, G) where X, ..., X,, are defined. Outer measure is used later for possibly non-measurable
sets of interests.

Our asymptotic results rely on an exponential inequality to control the probability
of selecting a bad model. The inequality requires a dimensionality assumption on the
parametric family. This type of assumptions were previously used by Le Cam (1973), Birgé
(1983) and others.

In our analysis, we will consider sup-norm distance between the logarithms of densitics.
In this chapter, unless stated otherwise, by a d-net, we mean a d-net in the sense of sup-
norm requirement for the logarithms of the densities. That is, for a class of densities B, we
say a finite collection of densities Fy is a d-net if for any density f € B, there exists f € Fy
such that || log f — log f ||eo< 6. For convenience, the index set of Fs might also be called

a d-net.

Assumption 4.0: For a fixed density f, there exist constants A >0 ,m > 1and p >0
with p < A (A, m, p are allowed to depend on f ) such that for any » > 0 and § < pr,

there exists a d-net Fjs for Bo(f,r) satisfying the following requirement:

Ar

card(Fy) < <—) '.
J

Remark: This dimensionality assumption necessarily requires that the densities in the
parametric family share the same support. If the support of the true density is not known
to us, we might consider families of densities with different supports and let the model
selection criterion decide which one has a suitable support for the best estimation of the

unknown density.

Lemma 4.0: Assume Assumption 4.0 is satisfied with p > \2%7—7 for some 0 < 7y < } If

(W
~1
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£ log (10 4Am)

m — 11— 4'y then

P*{for some § € ©,1 T log —h¥l > —ydf; (f, fo) + 5}
< 15.lexp(—g—g—7-)£).

Remark: From the proof of Lemma 4.0, it is seen that the requirement in Assumption 4.0

needs only to be checked for r > %—'_"—%72%

The proof of Lemma 4.0 is given in section 5.

4.3 Main results

We consider a list of parametric families of densities fi(x, %)), #%) ¢ O,k € T', where T
is the collection of the indices of the models. The model list is assumed to be fixed and
independent of sample size unless otherwise stated (e.g., in Subsection 4.4.2). Lemma 4.0
will be used to derive the main theorem with the choice of v = 0.039 to have small penalty
constants Ay’s (see Theorem 4.1). The corresponding value of p is 0.0056. We use this value

in the following assumption.

Assumption 4.1: For a fixed density f, for each k& € T, Assumption 4.0 is satisfied with

some constants Ay, my and p > 0.0056.

Assumption 4.1 may lock hard to be checked because of the presence of the unknown
function f as the center of the balls Bg, (f,r), but actually this condition can be replaced
by a condition involving only the operating families in I'.

For GSk) € Oy , consider Hellinger balls centered at density fk’ o (instead of the true

density) in family & defined by

Bu(6,1) = {6 : 009 € O, (£, oo fw)) < 72}

Assumption 4.1": For each k € T, and OSA’) € Oy, Assumption 4.0 is satisfied for density
fk o with BL(B( ) r) in place of Be, (f,r) and with p > 0.0056 and constants Ap,my not

depending on 98‘ ),

58
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Lemma 4.1: If Assumption 4.1 is satisfied with A,y and p, then Assumption 4.1 is

satisfied for any density f with Az = 34z, my and p.

Proof : Fix any ¢ > 0. Let 99’) € Oy, satisty dy(f, fy o) < infpwyee, du(f, from) + er.
Then hecause
di(f, frow) 2 5(u(fy fy pw) +dulf, from)) = §
> gdi(frpw, fy yw) = 5

we have ' .
B@k (f,?‘) = {e(k) : 9(/\) € @Im dl'l (fa .fk‘()(k‘)) S 7'}
C {#®) 08 € O, dir(f, s frow) S (2+ )}
= BA-,(HS!C), (2+¢)r).
Thus if Assumption 4.1 is satisfied with /ik,,m;‘, and p, then Assumption 4.1 is satisfied
with A, = (2+ e)/i,g,, my, and p for any € > 0. For the statement of the Lemna, € is taken
to be 1. We note that if infyu)eq, d% (f, from) is achievable for all & € T, then we may set

¢ = 0 and Assumption 4.1 is satisfied with A, = 24,

Let
! 1 & ! Ay, Gy

Sk 0F)y — = (. gy L 2ATE PRk

V(k,o0\") - iéllog Fo(X5, 6% + " + ,

n o
where A, v are nonnegative numbers. Then the model selection criterion we consider is to
choose & to minimize
crit(k) = V (k, %)), (4.4)

a

where ) is the maximum likelihood estimator in model k. The final density estimator f

is f = f; 4y, 1.€., the maximum likelihood density estimator in the selected model.

Let,
(k) Apmg . vCy,
R”(k.,() ) = D(-f“fk,ﬂ(k)) + n -+ " .
Then the index of resolvability is
Ru(f)= inf  Ru(k,6%).

kel 0kl eo,

As mentioned before, in a rough sense, R,(f)} characterizes the best trade-off among three

sources of discrepancy: approximation error, estimation error, and model complexity.
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The asymptotic results we present recuires suitable choice of the penalty constants Ay,

(according to the cardinality constants A;) and v. Let

A(A) =4.75]og A + 27.93,

v* = 9.49.

Theorem 4.1: Assume Assumption 4.1 is satisfied. Take A\ > A} = A(4y) and v > »* in

the model selection criterion given in (4.2). Then for the density estimator fi ok » we have

Ed%! (fa .f;;,()(é)) S 2657Rn (f)i

where the resolvability R, (f) is defined as follows

i _ - Apmy vCh _
R.(f) = ;,gﬁ{o(g)nefekD(.fll.M,o(k))+ —+ (4.6)

In general, if Assumption 4.1 holds with p > 0-11_3417 for some 0 < 7 < 11 a5 in Lemma 4.0,
then for Ay > 1_447 log (15.4Ak7\/r_4—7) Y

, 8
and v > =17

Edy(f, from) <

85.6
22) Ru(f).
(=5 +22) )

The choice v = 0.039 minimizes 1_447 log (15'4’1"7" 1"47) at A = 1.

=2~

Corollary 4.1: Under the ahove conditions,

Ellf = fi gnlle, < 1044/ Ru(f).

Corollary 4.1 follows from Theorem 4.1 using the familiar relationship between the

Hellinger distance and L; distance, namely, ||f — gllz, < 2dy(f,g) for densities f and g.

Corollary 4.2: Under the same conditions above, we have convergence in probability of

a3 (f, fr.o0) at rate Ra(f), that is,

d%l (f1 'fﬁ,é(é)) = Op(Rn(.f))'

60
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Remarks:

1. The resolvability bound in the theorem is valid for any sample size. So the model list

I' is allowed to change according to sample size.

2. In R, (f), the estimation error term ﬂ,’,—”h is allowed to depend on the dimensionality

constant Ay, which may not be uniformly bounded for all & € I'. For an unknown
density function in a class, if the sequence of models &, minimizing infymee, D(f Il

fk,()<'=)) + 2k have Ay, bounded, then R,(f) is asymptotically comparable to

inf {D(F | ) + "% + ).

k,0(k) n

- If furthermore, Cy, = O(my,, ), then

e

Edjy(f, fiiw) = OCing {D(f Il fro) + —=1),

n
which often gives the minimax optimal rate of convergence for density functions in
many smooth nonparametric density classes. These conditions that Ay, is bounded

and Cy, = O(my,,) will be verified in a spline estimation setting in Section 4.

3. For the case when my’s are integers for & € T, one way to assign the complexities
for the models is by considering only the number of models for each dimension. Let
N(m) = card{k € T' : my = m} be the number of models with dimension m. If
N (m) < oo, then we may assign complexity Cj, = log N(m) + 2log(m + 1) for the
models with dimension m, which corresponds to the strategy of describing m first and
then specifying the model among all the models with the samne dimension m. Then

we have
Ed%{(.f, f,:,,(;(ﬁ)) < 2657 infkel‘{inf()(k)eeh D(f”f;.:,()(k))
+(/\km,\. + v (log N{my )42 l()}{(:ll.A.+[)))}
n '

n

log N (g )+2log(mg +1)

If N, grows slowerly than exponential in m, then "

goes to 0, i.e.,
the complexity is essentially negligible compared to the model dimension. Then the
complexity part of the penalty term can be ignored in the model sclection criteria.
However, if there are exponentially many or more models in ', then the complexity
term %’L is not negligible compared to =& (for related discussions, see Yang (1993)

and Birgé and Massart (1995)).

61

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Proof of Theorem 4.1: Clearly the working criterion is theoretically equivalent to select

k and %) to minimize

Aemy, vCi ¢
vk, H(A) Zlo X 6’(")) * k‘n, o u.k * "
by adding L 2% log f(X;) + & (which does not depend on k) to cach criterion value. In our
analysis, we will concentrate on the above theoretically equivalent criterion. We relate it to
the resolvability. Indeed, for each fixed family &, we show that V (£, 8(*))) > vd3, (f, frow)
for all 8 except in a set of small probability. Then the probability bound is summed over k
to obtain a corresponding bound uniformly over all the models.

For a fixed k&, let
(k) 1 _fXG)
La(h,6 Z %8 Fo(X5, 08)) X,,o m)
Then -
P*{ for some 6*) € O, V(k,6®)) < vd3(f, frp00)}
= P*{for some 6®) € O, L1L,(k,0%)) < —2u
—U_7CL& - ,[T +ydy (f, fi o)}
= P*{for some §*) € O, —1L,(k,60)) > dutt
+8k 4 Ly (1, Frow)}

If Ay > 1_441 log (15'““7" 1_47) , then by Lemma 4.0 with € = Aymy, + vCy + 1,

P*{for some 6 € ©y, V(k,0")) < ~vd}(f, frow)}
< 15.1exp (——3'23—41(/\,,,771;i +vCy, + t)) .

Now sum over k €T,

an(t)

P*{for some k € T, () € O, V(k,60®) < yd3, (f, frgm)}
15.1 T perexp (252 (Aumy + vCy + t))

10.7 3" er exp _MB - CA,)

10.7 exp ( M’—)

INIAIA

For the second inequality above, we use Q:ﬂ,%ﬁ‘—"'—‘ > log2 and v > lTSW For the last
inequality, we use 3 jcr e~Ck < 1. For expectation bounds, it will be helpful to bound the

integral of the tail probability ¢,(¢). From above,

S5 an(t)dt < 2y -

The above bound suggests it is unlikely that the criterion values are much smaller than

d3(f, fi o) for any &, #%) and the integral of tail probability is bounded. To obtain the
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conclusion of the theorem, we next show that the criterion values for a sequence of nearly
best choices of k,#*) are not much greater than R.(f).

Assume R, (f) < oo (otherwise the conclusion of the theorem is trivially true). Let
(l.'.,,,,().,(,,’"'")) be a choice such that R, (k,, gl )) < (14 ¢€)R,(f) for some positive constant, €.
(If there is a minimizer of R, (k, 6%)), then we may sct A, ) to achieve the minimunt.)

For simplicity, denote Ly (k,,8%")) by L,,. Then for t > t; = Wm,‘_y)—bl—:——l-?’ we have

P{V(k"’e k")) 2> fRn(kna() k"))} )

P{L” 2 n‘[fD(f ” fl.,,,O(k,.)) + (t'_l)'\"" ey 4 (’—l)':/(,'k" _ %]}
P{L" > vCy.

P{L” _>. !

pu(t)

A IA

2(D(f | fk,,.om») g Mty 2y
B R (ki 60)) .

1log

For the last inequality above, we use the fact Agmy > Aoy > l 4, “all k € I'. Note
, 3 A 2log T
also 5 Ry (kn, gkn)y > —‘”ﬂm > )—l°5—2. Let L, = L"I{L,,z'—%’_,il?,

"(,‘.”’”(k,,))} ﬂ.ll(l S[ = {L,,‘ 2
?'R,,(A,,,()(" "I\}. Then for ¢t > ty, S, = {L, > ”"R,,,(A:,‘,,,(}(’“n))}, Now,

S pa(t)dt < [ Els,dt
= E(/w IS:‘H)

E"n"(k,.,o(kn)) fo
1
Ty (o 0FT) JiLn S ton R (i 002y L - T2 f (i) dpe = to.

il

Here
4log 2 4log2 > (4log2)*
2log2 —1+4y 1—47y = (log2)®

To bound the last integral involving the tail of an expected log-likelihood ratio, we apply

fOan(]‘n ) g(l\n))

Lemma 4.4 in Section 6 with o* = a(e!®) = 1.07 and obtain

" D(f|f?

)
o DU, pen)
Jo p(®)dt < —pieny— —to

2a* D(f”f& (;(kn))

,\ n vC
DU, atkn) )4 =hu ke g Tk

20 — t().

—to

IA

Now, from the analysis above,
VB (f, i ay) < V(s 08 < T (ka, 680)) < £R (K, 6%0)) < (1 + €)tRu ()

with exception probability no bigger than ¢,(t)+ pn(t). That is,

d%.] (fa f]:,,é(’:‘) )

P o)

2t} < qa(t) + palt).
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‘b(ff 0([))

Let Z = s=rareymoy then
EZ = f0°°P{Z>r}df
< Jo? a(t)dt + o pu(t)dt + [ pa(t)dt
< B 4to+ 200 —to.
— 856
= Toap T 2a%

Because € > 0 is arbitrary, by letting ¢ — 0, we conclude that

85.6
1—4~

Ed}(f, fram) < 5 ( +‘2.2) R.(f).

This completes the proof of Theorem 4.1.

Remark: In the proof of the theorem, for the (nearly) hest models k,, we just use the

fact that D(f || fi, o) is finite. For many cases, || log 7 ’(k ) loo is bounded. Then we
’ [N
can use Hoeffding’s inequality to obtain exponential bound on the tail probability for these

models. Then we can show that cl%,,(f, fl}, (;(,;,) is bounded by R, (f) in all moments, i.e.,

Edf{(f, fy i) = O(RS(f))

for all j > 0.

The criteria in (4.2) can yield a criterion very similar to the familiar M DL criterion
when applied to a sequence of candidate densities. Suppose we have a countable collection
of densities ¢ € [';,. The description lengths of the indices are L(q) satisfying the Kraft’s
inequality: 3 er, e~ < 1. Treat each density in I, as a model, then Assumption 4.0 is
satisfied with Ay, = 1, my, = 1, and p = 1. Thus A\{my, = ——— logD 2 is a constant independent

of k. Therefore when taking v = v/*, the criterion in (4.2) is equivalent to minimizing

—Zlog Fr(Xi, 08 4 0 L(q)

over ¢ € I';,. This criterion is different from the M DL criterion ouly in that v* # 1.
The corresponding resolvability given in our expression (4.6) is essentially the same as the

resolvability inf,er, {D(f || q) + ﬂnﬂ} considered by Barron and Cover (1991).
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s

4.4 Applications

4.4.1 Sequences of exponential families

As an application of the theorem we develop in Section 3, we consider estimating an un-
known density by sequences of exponential models. The log-density is modeled by sequences

of finite dimensional linear spaces of functions.

Localized basis

Let Sj,j € J (J is an index set) be a linear function space ou [0, 1]%. Assume for cach j € J,
there is a basis @j1(2), @j2(x), ..., jm; (x) for S; satistying the following two conditions

with constants T} and T5 not depending on j :

'Inrj
D" 0:p5i(2) lloo< T max |63, (4.7)
i=1 )
'"I»j T
2 Q
1D Bipjil) [l — (KRR (4.8)
i=1 J

Here || ||coand || fl2 denote the sup-norm and Ls-norm respectively. The first condi-
tion is satisfied with localized basis. The second one is part of the requirement that
@ 1(%), 0j,2(2), oy @jm; () forms a frame (see, e.g., Chui (1991), Chapter 3) (the other
half of the frame property can be used to bound the approximation error). It is assumed
that 1 € Sj;.

For each S, consider the following family of densities with respect to Lebesgue measure
JT%

nej

filz,8) = exp(}_ fiwpji(x) — ;(8)),

i=1

where ¢;(8) = log [ exp(i2) Gij.i())dp is the normalizing constant. If there is no restric-
tion on the parameters (1, ..., 0m; ), the above parametrization is not identifiable. Since the
interest is on the risk of density estimation instead of parameter estimation, identifiability
is not an issue here. The model selection criterion will be used to choose an appropriate
model.

To apply the results in Section 3, the models need to satisfy the cardinality assumption.
For that purpose, we can not directly use the nature parameter space R™i. Instead, we

consider a sequence of compact parameter spaces

@, = {0 € R™ :|| log f;(-,0) lloo< L},
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where L takes positive integer values. We treat each choice of ©, , as a model. The following

lemma gives upper bounds on the cardinality constants A; 1.

Lemma 4.2: There exists a constant A(L, T\ T») = 19.‘28:%([, + l)e{?' + 0.06 such that

Assumption 4.1 is satisfied with Ay = AL, Ty T) and my; ) = mj.

Note in Lemma 4.2, A(L,T1 T3) does not depend on the number of parameters n; in
the models. So A(;,) remain bounded for any fixed L. The proof of Lemma 4.2 is provided
in Section 5.

In practice, we might consider many different “types” of localized basis which satisfy
(4.7) and (4.8) for each type of basis. For example, different order splines are useful when
the smoothness condition of the true function is unknown. For such cases, the constants Ty,
and T, 2 may not be bounded for all considered type ¢'s, which leads to the unboundedness
of /\:‘;‘( L) It is hoped that through the use of the model sclection criterion, good values of
q, 7, and L will be chosen with corresponding penalty constauts A\*'s bheing bounded so that
the optimal rate of convergence could be achieved.

Assume for each ¢ in an index set @, we have a collection of models J; satisfying the
conditions (4.7) and (4.8) with T,; and Ty2. Let & = (j,q, L) be the index of the models
fi(x,0),0€0;.,j€J, q€Qandlet T be the collection of the indices k. Let Cy, k €T
be a complexity assigned for the models in I' satistying } . e~Ck < 1.

Let \*(q,L) = A(2A(L, T,1,Ty2)). Let k be the model minimizing

n
- Z log fr(X:, 6®)Y + X*(q, LYym; + 9.49Cy.. (4.9)
i=1

Then from Theorem 4.1, we have the following conclusion.

Corollary 4.3: For localized basis models for the log-density satisfying conditions (4.7)

and (4.8), for any underline density f,
Bdy(f, fy juy) S 2657Ru(f),

where

+ /\*(q,vL)'rn,J- N 9.49C},

n n

Rnf) = i b Jof Lo, DU o)

}.
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Corollary 4.3 can yield minimax optimal rates of convergence simultancously for many
nonparametric classes of densities when the sup-norms of the log-densities in each class are
uniformly bounded (with the bound possibly unknown) and the log-densities in each class
can be “well” approximated by the models f(; )0, j € J; for some fixed ¢. For such a class
of densities, when L is sufficiently large, a sequence of densitics in © jnu 1 for some j, and
a fixed ¢" achieves the resolvability. With these L and ¢*, the penalty constants A} are
bounded for the particular sequence of densities. Suitable assignment of the complexities
might give us Cy, = O(my,), then R, (f) = O (infje,;q. {infoco, ., D(f Il fi0) + i,',i}) which

usually gives the minimax optimal rate of convergence for the density in the class.

Example 4.1: Univariate Log-spline models.
Let Sp.q (m 2 ¢) be the linear function space of splines of order ¢ (piecewise polynomial
of order less than ¢) with m—¢+2 equally spaced knots. Let @y,.4,1 (), @mq.2(:)s o s@m qom ()

be the B-spline basis. Let

m

.fm,q(-'va 9) = QXP(Z g'iW'r»':,,:/,i(-'U) - "/)m,q(())),

=1
where 1, 4(8) = log [ exp(3_i% | fi@m,q.i(2))dp. To make the family identifiable, we assume
" 6; = 0. The model selection criterion will be used to choose appropriate number of
i=1 pproj
knots and spline order q.

Consider
(—)m,q,L = {6 €R™ ” 10g .f‘m..q('v ()) “ooS L},

where L > 1,4 > 1,m > q are integers. Each parameter space ©,, ., corresponds to a
model.

The B-spline basis is known to satisfy the two conditions (4.7) and (4.8). In fact, the
sup-norm of spline expressed by B-splines is bounded by the sup-norm of the coefficients

(see, de Boor (1978, pp. 155)), that is,

m™m

I Zei‘Pnlyq,i(m) lloo< max |6;].
i=1

1<i<m.
The second requirement follows from the frame property of the B-splines. From (12) of

Stone (1986),

m m.

[ (26 = B emaita)?de > 255 = 7

i=1 i=1
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for some constant v, depending only on ¢. Thus, the two requirements are satisfied with
Ty =1 and Ty o = 4. Therefore, Corollary 4.3 is applicable to the log-spline models. Let
us index our models by k = (m,q,L). We specify the model complexity in a natural way
to describe the index as follows:

1. describe L using logs L bits

2. describe ¢ using log3 ¢ bits

3. describe m using log) m bits,
where the function log* is defined by log* i = log(i + 1) + 2 log log(i + 1) for i > 0. Then the
total number of bits needed to describe & is logh L + log3 ¢ -+ log3 mn. Thus a natural choice
of Cy, is Cy, = log* L + log* ¢ + log* m.

Assume the logarithm of the target density belongs to Wi (U*) for some $* > 1 and
U* > 0, where W3 (U) is the Sobolev space of functions g on [0,1] for which ¢¢*=1) is absolute

continuous and f(g(*)(2))2da < U. The parameters s* and U* are not known.

Corollary 4.4: Let f = fi jiy be the density estimator with k sclected by tlie criterion in

(4.9) with \*(q, L) = 42.0 + 4.75 log (%(L + 1)e%‘). Then for any f with log f € W3 (U*),
Edy (f, fy goy) < M ™55

where the constant M depend only on s*, || log f [leo and || (log £)&7) [l2.

This corollary guarantees the optimal rate of convergence for densities with logarithms
in Sobolev balls without knowing U and s in advance. It shows that with a good model
selection criterion, we could perform asymptotically as well as we knew the smoothness
parameters. This theorem demonstrates an example of success of a completely data-driven

strategy for nonparametric density estimation.

Proof of Corollary 4.4: We examine the resolvability bounds for the classes of density
functions considered. To do so, we need to upper-bound the approximation error for a good
sequence of models. By Theorem 5.2 and Theorem 2 .1 of de Boor and Fix (1973), for

log f € Wf*(U *) and for each m > s*, there exists g(x, 8) = 3 i) Bi@m,s+ i(x) such that

i=|

K "
| log f — g [|l2< o (| 10g®") £l

1 — 8%+ 2)%°
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1

K
m — s* +2)%" =05

| log f = g [leo< ( [ 1og") £l

. o " . . »
where K and K are absolute constants. By Lemma 4.6 in Section 6,

1og [ e%au| = |10 [ fa—log [ etdul <I|Tog.f = g oo .

Let § = g —log [ eYdp be the normalized log-density from g. Then
1108 7 = § oo 108 £ =9 llo + Il 108 [ €t oo 2 110 f = g o -

Therefore ) '
15 lloo <Il1og f lloo +2 |l log f = g llo
< og f Jloo +——=2K || log®") £l

(m—s*42)8" =05

For the relative entropy approximation error, from Lemma 1 in B & S,

D(f [l ¢f) < gellos=sllos || f lloo x || log f — ¢ II3

K2 CXP{mH tog®™) Jlla-+llog fleo

- 2(m—s* 42)2"

b
I tog®*") £1I3.

Take Ly, = [|| log f |loo +(T]T—.5L-{{\.Z)T)"” log(®") fll2] (bounded for log f € W5 (U*)), then
A*(s*, L,,) are bounded. Note also that C'y, ¢ 1, is asymptotically negligible compared to

m. Thus

i A*(s*, Lyy)m 9.49C,, ¢ 1.,
Ruf) < D(f | )4 X0 Lml0 | 980 nas

const;  consta-m

<

b

m2s’ n
where the two constants depend only on s*, || log f |leo and [ log®*") f|l2. Optimizing over

1
m., we obtain the conclusion with the choice of m of order n2 =T,

General linear spaces

Unlike the localized basis that satisfy (4.7) and (4.8), general basis are not as well handled
by the present theory. Here we show a logarithmic factor arises in both the penalty term
and in the bound on the convergence rate for polynomial and trigonometric hasis.

Let Sj, j € J be a general linear function spaces on [0, 1]¢ spanned by a bounded and
linearly independent (under Ly norm) basis 1, @;1(2), ..., ©jm; (). The finite dimensional

families we consider are:

i@, 8) = exp(d Bipji(a) —h(0)), j € J,

i=1
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where 1;(6) = log [ exp(Ti, ip5,i(x))dp is the normalizing constant.
In B & S, the supreme of the ratio of sup-norm and Ly-norm for functions in S; plays
an important role in the analysis. For general linear spaces, we also consider this ratio.
The linear spaces S;,7 € J we consider have the property that for each j, there exists a
positive constant I; such that

I oo K5 I 2 [l (4.10)

for all h € S;. This property follows from the boundness and lincar independence (under
La-norm) assumption on the basis.
For the same reason as in subsection A, break the natural parameter space into a in-

creasing sequence of compact spaces
0L ={0€ R™ :| log f;(-,0) ll< L}, L21,

and treat each of them as a model. Then for each j, we have a sequence of models f;(z, 8),

6 € ©;,L > 1. We index the new models by k = (j, L) and let T be the collection of k.

Lemma 4.3: For each model & = (j,L), Assumption 4.1 is satisfied with AgLy =

19.28K;(1 + L)e'Li +0.06 and m; ) =m; + 1.

The proof of this lemma is in Section 5.

If an upper bound on || log f ||e is known in advance, then for each 7, we can consider
only L = [|| log f |lo]- Then from the remark to Theorem 4.1, the model complexity can
be ignored. However, when || log f |leo is unknown, we would like to consider all integer
values for L. Then for each model size, we have countably many models. To control the
selection bias, we consider the model complexity.

Let Cy, k € T be any model complexity satisfying e~k < 1. Let /\E‘j‘ L= AQRA L)) =
42.0 + 4.75log (I\’ 51+ L)e’?) Let k be the model minimizing

n
= > log fi(X:, 6%) + A Ly + 9.49C.

i=1
Since the conditions for Theorem 4.1 are satisfied, we have the following result about model

selection for a sequence of exponential families with a general linear basis.
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Corollary 4.5: For the log-density models with basis satisfying (4.10), for any nnderline
density f,

Edj(f, f; jy) < 2657Ra(f),
where

AT My 9.49C
: (7.L)""E 9.49C),
Ry(f) = i‘%fl,“éf;{oe‘gf D(fll fup) + —Hr— + ——}

To apply the corollary for a density class, the approximation error

infgeo, , D(fl|fr,0) should be examined. Then the resolvability will be determined.

Example 4.2: Polynomial case.

Let S; =span{1, z, 2?, wnd}, § > 1. Then mj = j. From Lemma 6 in B & S, K; =
j+ 1. It follows from Lemma 4.3 that ,\(J ) = 42.0 +4.75log ((j + 1)(L + 1)(:45). Talke
Ci = log* L + log* j. For densities with logarithms in each of the Sobolev spaces W3 (U),
s> 1and U > 0, when L is large enough, say L > L* (depending on U and s), the relative
entropy approximation error of model (j, L) is bounded by consty s ,—';; (the examination of
relative entropy approximation error is very similar to that in Example 1 in the previous
subsection. For details on Ly and L, error hounds for polynomial approximation, see
Section 7 of B & S). Thus infgeo, ,. D(fIlfio) Rirrd 909Gk o gy (—,— + L'—u)

Optimizing over j, we obtain that
R,(f) £ constys % (log n,)n."f;%l'.

L

(since the infimum will produce a value at least as small at 7 = nZ+ and L = L*).
Therefore, the statistical risks of the density estimators based on the polynomial basis
(without knowing the parameters s and U in advance) are within a logarithmic factor logn.

of the minimax risks.

Example 4.3: Trigonometric case.

Let S; =span{1, V2 cos(2rz), V2sin(27rz), ..., V2sin(27j2))}, 5 > 1. Then mj = 2j.
From (7.6) in B & S, K; = /2] + 1. Again by examining the resolvability (for Ly and L
error hounds for trigonometric approximation, see Section 7 of B & S), the same convergence
rates as those using polynomial bases can be shown for densitics with logarithms in the

Sobolev spaces and satisfying certain boundary conditions.
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The risk bounds derived here using the nonlocalized polynomial or trigonometric basis
have an extra log n factor compared to the minimax risk. The extra factor comes in because
the penalty coeflicient A} in the criteria is of order log j for both cases. Recently, Birgé and
Massart: (1995) uses a theorem of Talagrand (1994) to show that if K; < consty/j, then
their penalized projection estimator (PPE) with the bias-correction penalty term co'n,sf,f;
converges at the optimal rate. This result is applicable for the trigonometric basis, but
not the polynomial basis. Their argument can also be used for log-density estimation using
maximum likelihood method with trigonometric basis to derive a criterion giving the optimal

convergence rate.

4.4.2 Neural network models

Let f(x) be an unknown density function on [—4, )% with respect to Lebesgue measure.

The traditional methods to estimate densities often fail when d is moderately large due to
the “curse of dimensionality”. Neural network models have been shown to be promising
in some statistical applications. Here we consider the estimation of the logarithin of the
density log f by neural nets.

We approximate g(x) = log f(x) using feedforward neural network models with one
layer of sigmoidal nonlinearities, which have the following form:

k
gr(z,0) = Z 77jq5(a31-1x + b;) + 0.
i=1

The function is parametrized by 6, consisting of a; € R”,bj,nj € R, for j = 1,2,..A.
The normalizing constant ngis 179 = —log ][_ L exp{}:g-’ﬂ nj(p(a,:f'::; + bj)dx. The integer
k > 1 is the number of nodes (or hidden units). Here ¢ is a given sigmoidal function
with || ¢ ||eo< 1, lim;neo f(2) = 1 and lim,_o ¢p(2) = 0. Assuine also that ¢ satisfies
Lipschitz condition |¢(z1) — ¢(22)| < v1]21 — 22,21, 22 € R for some constant v; > 0. Let

v = max(v,1). Let
k .
fi(2,8) = exp{gi(w,0)} = exp{S nyd(al + b;) + no}
J=l1
be the approximating families. The parameter # will be estimated and the mimber of nodes

will be automatically selected based on the sample.

=1
(0]
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The target class we are interested in here was previously studied by Barron (1993, 1994),
Modha and Masry (1994). The log-density g(x) is assumed to have a Fourier representation

g ", 'I‘:|~ o ~
of the form g(x) = [pe™ "jlw)dw. Let o, = [|w]i|j(w)|dw, where |w], = Z;fg,_ |w;]

is the {; norm of w in R%. For the target density, we assume o, < a. Recent work of

Barron (1994) gives nice approximation bounds using the network models for the class of

functions with o, bounded and the bounds are applied to obtain good convergence rates for
nonparametric regression. Modha and Masry prove similar convergence results for density
estimation. In these works, the parameter spaces are discretized. We here intend to obtain
similar conclusion without discretization.

Consider the parameter space
Otmo =1{0: pax, |aJ|1 < Ty max |b | € 7, Z|:1,| <20}.

The constant 73, is chosen such that

dis(¢r, ,sgn) =: mf 2e + sup |p(mez) — sgn(z) ) < —1—
0<esh o[z vk

The compact'parameter spaces are usecl so that the cardinality assumption is satisfied. From
Theorem 3 in Barron (1993), for a log-density g with g, < o, there exists a 6 € ©y. 5, & such
that
g = g0 g 40S —\;—— (4.11)
where || Il[_ 14 denote the Ly-norm for functions defined on [—% ' 5
For simplicity, for the target density class, the upper bound o on g, is assumed to be
known (otherwise an increasing sequence of o values can be considered and let the model
selection criterion choose a suitable one).
Now we want to show that Assumption 4.1 is satisfied for these models. For any
g€ > 0,0 > 1, from the proof of Lemma 6 in Barron (1994), there exists a set O ¢ -, o sSuch
that for any 8 € O r, 4, there is e Ok e,m,0 satisfying || gn(x,0) — grlx, é) loo< 8voe with

o+ )47 (2019

& &

card (@k,e,T,o) < (

Take € = . Because By(6*,1) = {# € Opr0 * A% (frov) fro) < 12} C Orygs SO for

d < pr, we have a d-net in By(6*,r) with cardinality bounded by

(2e(8vm + pr))’"‘("“) (2(81}0 + m-))“
6 B
- (QG(SUUTL- + P7'))k<d+l) (2(81)0 + /)‘I'))k ('_) ha+2k

T T )

73
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Notice that Assumption 4.0 only needs to be checked for » > %ﬁf%’f-, where my, =

kd + 2k + 1 is the number of parameters, for such », the above quantity is hounded by

k(d+1) ki ‘
16evaTy, 16vo o\ Fd+-2k
Tt 2¢p ——+2p (—) .
4log2 my Alog2 my 3

1—.47 n -4y n

Thus Assumption 4.1 is satisfied with

k!d+l I
ked 42k . k425
16evoTy . 16vo ) .
Ap=App = | ——=——=—=—=+2ep —— 4 2p < coust X g,/ —.
dlog2 my Alog2 my My
1—-4y n 1—4y = )

As shown in Barron (1993), if ¢(2) approaches its limits at least polynomially fast, then theve
exist constants 3, and f» such that 7, < B1kP2. Asa consecquence, Ay, < const x I N
By Theorem 4.1, when we choose the penalty constants A\, = A}, = A(24;,,) and v = 9.49

in the model selection criterion given in (4.2), for the density estimator fi s we have

Ed}(f, f) < 2657R,(f),

where Ra(f) = infip1{infoeo, , , D(f | firo) + 222 +9.49 log* k).

For the targeted densities, under the assumption o, < o, the log-density is uniformly
bounded (see Lemma 5.3 in Modha and Masry (1994)). Indeed, hecause || () = g(0) [loo=||
fio (69 = 1) 30)dw | < o WTllg)dw < b pa ol < 3oy 50 19(0) = | -
1 10 7700V dze| < () =9(0) lloo < 30 It follows that || () leo<Il 9(2)=9(0) llos
| £ o4. Thus by Lemma 1 of B & S, for the target densities, D(f || frx.0) < constg ||
9= Oko ”?_%%]1 for 8 € O, 7, ¢. So from (4.11), inf()eek'rk'a D(f || fep) < (.:onstc,%. Note A}
is of order log Ay, = O(log(nk*2~1) = O(log n). Therefore

|

1

Note that for the class of functions considered, the rate of convergence & is independent of

2

the function dimension as in Barron (1993), Modha and Masry (1994).

4.4.3 Estimating a not strictly positive density

An unpleasant property of the exponential families, log neural network models, or some
other log-density estimation methods is that each density is bounded away from 0 on the
whole space [0, 1]¢. If the support of the true density is only a subset of [0,1]¢, the resolv-

ability bounds derived in the above sections are still valid. However, for such densities, the
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approximation capability of the exponential families may be very poor. Here we present a
way to get around this difficulty. We get the optimal rates in L; with localized basis while
still using the resolvability for upper bounds.

We here use the same idea in Section 2.3 in Chapter 2 to change the original estimation
problem to another one which can be handled more easily. In addition to the observed i.i.d.
sample X1, Xo,..., X, from f with respect to g on a compact space X' with p(X) = 1, let
Y1,Ys,..Y;, be a generated i.i.d. sample (independent of X|s) from the uniform distribution
on X (with respect to u). Let Z; be X; or Y¥; with probability (%, %) using V; ~ Bcr'n,ou.lli(%)
independently for i = 1,...,n. Then Z; has density g(z) = %(f + 1). Then g is bounded
below from 0. We will first use the exponential models fi(x,8),6 € ©y to estimate g and
then construct a suitable estimator for f.

Let § be the density estimator of g based on Zi,...Z,, using the criterion in (4.2) from
the models in T', which satisfy Assumption 4.1'. Then when My and v are chosen large

enough, by Corollary 4.1,
E “ g=4 ”Lxs 104 Rn.(g)'

Let g(a) = g(m)l{g(mp%} + %I{f](m)(:l;}' Then because pointwise in x, |g— | < |g — 4l,
E [lg-alde < B [lg- gl < 104/T(y)

In particular, F [ gdu — 1 < 104v/R,,(g) . Let

2(2) ~ 1
o di—1"

Then frand(x) is a nonnegative and normalized probability density estimate and depend

f1 (md('L)

on the Xi,...,X,, and the auxiliary variables Yi,...,Y,, Vi,...,V,. So it is a randomized

estimator. Now

Ef If(-'l)) - ./?1'0-71(1( )|d/’l <E [ lf 7(’) + ]-I(]/J +E / I.fruml(-?:) - 2(7(1) + ]-ldi"
=2E[|g— J|dﬂ+2E(I g(x)dp — 1)

< 416/ R,.(g).

Thus, we have the following result.

Theorem 4.2: Let f,,,md be constructed in the above way with a choice of the penalty

constants satisfying Ay > A}, v > 9.49, k € T, then

E/‘f fnm(l )l(l,“ S.416 Rn((l)
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Because of convexity, a nonrandomized estimator can be obtained with no bigger L;
risk.

Because g is bounded below from 0, g can be better approximated by the exponential
families. Then /R, (g) can yield a much faster rate of convergence compared to /R, (f).
We next give an example to show that for some classes of densities, with the modifications,

the modified estimator achieves the optimal rate of convergence.

Example 4.1: (continued): We now assume that [(f")(z))2dz < oo for some unknown
integer s*. Note that the densities considered here are not necessarily strictly positive on
[0,1].

Let f be the estimator constructed according to the above procedure. Then we have
E / If(2) = f(z)lde < 416\/Ru(g) .

2
From [(f¢")(z))2dz < oo, it can be shown that [ ((log g)("")) dx < oo. Then from previous
result, R,(g) = O(n~ e ). Thus

E [ 172) = felde < o5

where the constant ¢ depends only on s* and [(f©")(2))2dx. Therefore, the density esti-
mator converges in Li-norm to the true density at the optimal rate simultaneously for the
classes of densities G(s,U),s 2 1, U > 0, where G(r,U) is defined to be the collection of

densities with square-integral of the s-th derivative bounded by U.

4.4.4 Complete models versus sparse subset models

As in section 4.1, we consider the estimation of the log-density log f(x) on [0,1]* using a
secquence of linear spaces. Traditionally, the linear spaces are chosen by spanning the basis
functions in a series expansion using polynomial, or trigonometric, or splines, etc., up to
certain orders. Then use a model selection criterion to select the order for good statistical
estimation. When the true function is sparse in the sense that only a small fraction of the
basis functions in the linear spaces are needed to provide a nearly as good approximation as

that using all the basis functions, then a subset model might dramatically outperform the
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complete models, because excluding many (nearly) unnecessary terms significantly reduces
the variability of the function estimate.

For simplicity, assume the linear spaces are nested, i.e., S; C S;j for i < j. Let S; be
spanned by a bounded and linearly independent (under La norm) basis 1, ¢;1 (), @j2(x),
0jL; (). Let

Lj
fi(x,0) = exp(}_ Oipja(x) = 5(0)), 0= (61,..0;) € O,

i=1
where 1;(f) = log [ exp(Z{;j 1 0ipj,i(x))dp is the normalizing constant. Including all of the
L; terms, we have dimension m; = Lj. We call such a model a complete one (with respect
to the given linear spaces) because it uses all the L; basis functions in Sj. On the other
hand, we can also consider the subset models
fi;(2,0) = exp(D_ Oipji(x) — 9y, (6)),0 € Oy,
icl;

where 1y, (6) = log fexp(zie,j ipji(x))dp and I; C {1,2,...,L;} is a subset. We next
show the possible advantage of considering these subset models through the comparison of
the resolvability for the complete models with that for the subset models for some classes
of densities.

Suppose that Assumption 4.1 is satisfied with dimensionality constant A; and dimension
L; for the complete models and with A 1; and my; for the subset models, where my; = |Z;]
is the number of parameters in model I;. We also assume that there exist two positive
constants f; and [; such that Aj; < ﬁleﬁ'-’ for all the subset models. To satisty this
requirement, we may need to restrict the parameters to compact spaces © LL = {0 €
R™i :|| log fr;(-,0) llo< L} for a fixed value L. Then from Lemma 4.3, this condition is
satisfied if K; in (4.10) is bounded by a polynomial of L;, which is satisfied by polynomial,
spline, and trigonometric basis. (When || log f ||eo< 00 but no upper bound on | log f |leo
is known, increasing sequences of compact parameter spaces could be considered and the
condition could be replaced by Aj; L < /1, LLf’?, where £ 4, is allowed to grow in L. Then
similar asymptotic results hold.)

For a sequence of positive integers Ny, 1 oo, let I';, = {j : L; < N, } and I, = {(, ;) -
L; £ N and I; C {1,2,...L;}}. For each sample size n, the list of the models we consicer
is either I, (complete models) or I', (subset models). In our analysis, we need the condi-

tion that NV, grows no faster than polynomially in n to have a good control of the model

7
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complexities for the subset modes. This restriction is quite reasonable hecause usually a
model with the number of parameters bigger than the nwuber of observations can not he
estimated well.
For the complete models, the model complexity C; can be taken as C; = log* j. Let

A} = A(4;). Let 7 be the model minimizing the following criterion value

n

= log £5(Xi,89) + AJL; + 9.49C,

i=1

over j € I';,. Then from Theorem 4.1, the statistical risk of the density cstimator f, 6

from the selected model 7 under the squared Hellinger loss is bounded by a multiple of the

following index of resolvability

AiL 9.49 log* j
J .
Ru(f) = ggl{o(]l)nefe D(flIf;00) + ”

}

n
Let j, be the optimal model which minimizes R, (f).

Now consider the subset models. We have exponentially many (2% to be exact) subset
models from the complete model j. To apply the model selection results, we consider
choosing an appropriate model complexity. A natural way to describe a subset model is
that first describe j, then describe the number of terms m;; in the model, and finally
describe which one the model is among ({;{',j) possibilities. This strategy suggests the

following choice of complexity:
. L
Cr; =log" j +log L;j + log (,,,(,j) .
Take ,\7]_ = A(Ar;). Let jand T = T; be the minimizer of the following criterion value
n R
=3 log f1;(Xi, 8U3)) + Aj,my; +9.49C,

i=1

over (j,I;) € I',. Again from Theorem 4.1, the risk of the density estimator f- 7 5D resulting

from model selection among the subset models is bounded by a multiple of the following

index of resolvability for the subset models

A, my; 9. 49C'/J
n }}

R (f) = £ ,
Ru(f) Jlenl,f"{lfif{o Jl)f; D(fIIfy, gup) +

For the subset models, another quantity similar to the above resolvability is of interest. Let

rn(f) = inf infmax( inf  D(fIIf, yup), iy, )

jelan I ()(’j)ee
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Then r,(f) is roughly the ideal best trade-off between the approximation error and the
estimation error among all the subset models. Let _}',,,, I = [;‘ and 0, = 9&") be the
minimizer of »,(f). Ideally, we wish the density estimator f- 7§D converges at the same rate
as r,(f). But this may not be possible because so many models are present that it is too
much to hope that the likelihood processes hehave well uniformly for all the models. In the

next proposition, we compare R, (f), R.(f) and r,(f).

Proposition 4.1:

1. The resolvability for the subset models is at least as good as that for the complete

models asymptotically. That is,

iMoo <1. (4.12)

2. Let N, < n"® for some positive constant x. Then the resolvability for the subset

models is within a logn factor of the ideal convergence rate +,(f). That is,
R,(f) = O(ry(f) log n). (4.13)

3. With the above choice of N,,, the improvement of the subset models over the complete
models in terms of resolvability is characterized by how small the optimal subset model
size is compared to the optimal complete model size as suggested by the following

inequality: ; "
W) (e |
—Rn.(_ )= 0] _LJ,, logn (4.14)

The results in the proposition can be easily proved. The inequality (4.12) is suggested

by that the complete model is included as one of the subset models. Indeed, R,(f) <

Y L;) . . . .
infjer, {infyiee; DFIf;00)+ ’ L 4 2:49(08" 177+]°“ i) }}, and since the logarithmic terms in

this case are of smaller order than the —L term, it follows that Tim,—eo R”gf y < < 1. When the

true density is sparse, we have a good chance of obtaining a much nore accurate estimate.

For (4.13), Because log (717,’) < mlog Lj and L; < n®, we have that C;; = O(my, logn).

Since Aj; < BLL;P, X5 = O(logn). It follows that Ru(f) = O@rn(f)logn). Finally, from

(4.13) , %—% =0 <maX(D(”z£‘”*)’+) log n> For the best trade-off, D(f]| f;+ g.) and =&

"
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R L : . . “ e
are of the same order, so ﬁ% =0 (’—EJ— log n) This bound is useful when 7 is of smaller
In In
1

logn*

order than

The ratio o, = % describes how small the (ideally) optimal (in the sense that it gives
the resolvability) subset model size is compared to the optimal size of the complete models.
We call it a sparsity index for sample size n. The obtained inequality % < O(aylogn)
shows that ignoring the logarithmic factor logn, the sparsity index characterizes the im-
provement of the index of resolvability bound using the subset models over the complete

models.

Example 4.4: Sparse trigonometric series.
Consider the trigonometric expansion on [0,1]. Let
0
Fs ={f:logfeWs3,logf=0+) 0sin(2j*mz) for some 0}.
j=1
Note that some functions in F have no more than 1 derivatives. But the functions in F;
are sparse. It can be shown that the resolvability resulting from the complete quels is
of order (]—91733)% , while the subset models give a resolvability of ovder logn. - (%)— The

"

sparsity index is of order (135—'1) 5

The above example is somewhat artificial. If we knew that only the frequencies of
the square numbers are useful before hand, then the good models {sin(2mx), sin(8wz), ...,
sin(2™*lrz)}, m > 1 could be described much more simply than most subsets of size m
out of m? terms. However, in realistic situations, the knowledge of the best subset models
is not available, so we have to search over the subset models.

Even for one dimensional function estimation, the sparse subset models also turn out
to he advantageous in several related settings such as estimating a function with bounded
variation using histogram, and estimating a function in the Besov spaces using wavelets.
For high dimensional function estimation, there are even more advantages in considering
the sparse subset models. When the input dimension is large, the sparse models such as
additive models, low order interaction models might give good estimates if the true function
can be well approximated by these sparse models. The complete models, on the other hand,

often fail with moderate sample size due to the curse of dimensionality. The following ex-
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ample demonstrates the advantage of the sparse subset models for high dimensional density

estimation.

Example 4.5: Sparse tensor product series.
Let {@o(x),p1(x),@2(x),...} be a bounded orthonormal basis for Lu[0,1]. Then the

tensor products

{oi(z) = L 105, (1) 1 £ = (i1, ria) € {0,1,2,..}7}

provides an orthonormal basis for Lo[0, 1]%. Let |i| = max;<qi;. The complete models are
fi(@,0) = exp( > Oipi(w) = ;(6)),
il <d
where 1;(f) = log [ exp(¥};<;fivi(v))dr and the model dimension is L; = 4. These
models often encounter a great difﬁcu&y when the function dimension d is large hecause
exponentially many coefficients need to be estimated even if j is small. However, when the
true function is sparse, then good estimates are possible by considering the sparse subset
models. The subset models are
Fr;(:8) = exp(D Bipi(w) = i, (6)),
i€l;
where )y, (6) = log [ exp(Fier, Oipi(x))dp and I; € {i : |i] < j}. Assume Assumption
4.1 is satisfied with A; < 6y (_j“)ﬂ2 and dimension m; = 44 for the complete moclels and
with Aj; < B (jd)ﬂ2 and dimension m;, = |I;| for the subset models for some positive
constants B and B2 (as stated before, satisfaction of this coundition may require suitable
compactification of nature parameter spaces).
Assume || log f [|loo< M, log f(x) = 30; 67 i(z) and the coefficients satisty the following

two conditions for some positive constants My, M3, and s:

Y1671 < Mo, (4.15)

STE A+ 2010 < M. (4.16)
Let F(My, My, M3,s) be the collection of the densities satisfying the above conditions.
The hyper-parameters M, Ma, M3, and s are not necessarily known. In the following eval-

uations of the resolvabilities, these parameters are fixed.
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Let gj(z) = ZI ij<j 07 pi(x) be the best approximator of log f in the model j in Ly sense.
Then the complete model j has an approximation error
2 1 9 AN 2 My
llogf—gills= Y (6f) <+——=5 > (F+..+i3) (07) < —2—.
i=|iI>J( ) e :|z|>j( J ) s 5o
Then using the same technique used in Subsection 4.4.1 (Lemma 1 in B & S is still applicable
because || g; || is bounded, which follows from boundedness of the basis functions and

PR < M3), it can be shown that the resolvability for the complete models is of order
(LO_E_) 23+¢l

n

Now consider the approximation error for the subset models from the complete model
j. Let gm,j(x) be the sum using the m largest |f;| among the 4% terms. Let [0y)] > 0| >

.2 |9(j.1)| be the ordered coefficients of the first j¢ terms. Then the approxunatlon error

* 1’
But ” 9i — Gm,j “2"“ Zk>m+l !Q(L !2 < Zk>m+1 19(,1,4-[)“0“ | < |9(,;,+])| Zl.:z'm-l-[ |()(l.z I S )

M2 .
Thus || log f — gm,; H% 3_4-13)_3 + =% For s >4 3, to achieve the approximation error of rate

of gm.,j is “ log /L — 9m,j “%=” 10g f = Gj ”% + ” gm,j — 4j ” Jl|\.,] =+ ” 45 — Gm,j ”%

E’ j can be taken as m. The corresponding complexity is log* j + log (_'j‘l) + log ({,,’ ) =
O(mdlogm). Again, with the technique used in Subsection 4.4.1, the resolvability for the
sparse subset models is seen to be within a multiple (depending only on My, My, M3, s,
/1 and f) of “"'". The resulting rate of convergence is independent of the function
dimension d and is better than that from the complete models for F(M,, My, M3, s) with
2s < d. For s < %, in order to achieve the approximation error of rate #, 4 needs to be
at least of order m3. Then the model complexity is of order "—"—'—l:-’bﬂ and the resolvahility
for the sparse subset models is again within a multiple (depending only on M), My, M3, s,
B and Ba) of 1“—:7‘;—’1 For these cases, the subset models give a much better resolvability
than the complete models.

To achieve the rate O< il%ﬂ) suggested by the resolvability of the sparse subset
models, we use the following criterion to select a suitable subset. Choose the model (j', I 3-)

minimizing

Nymy | 949 (tog" j +log () + 10 (i, ))

—ilogf:j (Xi,é(lj)) +— ,

i=1 n n

where (/3 is the maximum likelihood estimator and X;j = A(Ay;) . Denote fj'. by [ ana 8U5)
by 6 for short. The density estimator is then f - By Theorem 4.1, we have the following

conclusion.
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Theorem 4.3: For the density estimator f = -fi,()v for any M, My, M3, s, the density
estimator f converges in scquared Hellinger distance at a rate bounded above by ﬂ—‘;’%ﬂ

uniformly for f € F(My, Ma, M3,s). That is

dlogn.

sup Ed%(f, f) < ¢(My, My, My, s) -
JEF (M ,My,M3,s) n

where the constant ¢(My, M, M3, s) depend only on My, Ma, My, s, 3 and Bs.

Note the model selection criterion does not depend on M), My, My, s. Therefore, the

procedure is adaptive for the families F(M), Ma, M3, 8), My > 0, My >0, My >0, s > 0.

Remarks:

1. If we use the usual trigonometric basis, the condition (4.16) corresponds to the fa-

miliar smoothness condition on log f when s is an integer, namely, 37 1o, h ts,=s |

% log [ 2 Mj ) . - . 1 s the elace of
PP a< et where o is the Lebesgue measure on [0,1]. For the class of

densities satistying this condition, it is known that the optimal rate of convergence

under the squared Hellinger distance is (%) =+ The condition (4.15) also controls
the high frequency components of the Fourier representation of log f, but it is not

directly connected with the derivative condition on log f.

2. The above analysis does not depend on any special properties of the tensor product
hasis. Therefore, tlie result applies to any multi-indexed orthonormal hasis satisfying

the two conditions (4.15) and (4.16).

The subset models considered here naturally correspond to the choices of the basis func-
tions in the linear spaces to include in the models. The problem of estimating nonlinear
parameters can also be changed into the problem of subset selection. In Subsection 4.4.2,
we estimate linear and nonlinear parameters in the neural network models by the maximum
likelihood principle. A different treatment is as follows. First suitably discretize the pa-
rameter spaces for the nonlinear parameters a and b. Treat ¢(a” 2 + b) as a basis function
for all the discretized values of a and b. Then selecting the number of hidden layers and
estimating the discretized values of the nonlinear parameters is equivalent to selecting the

basis functions among exponentially many possibilities.

33
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4.5 Proofs of the main Lemmas

Proof of Lemma 4.0: We use a “chaining” argument similar to that used in Birgé and

Massart (1993, 1995).

We consider dividing the parameter space into rings as following:
Go={0€0:d(f, /o) < ),

: -1
£<(]”(]‘ f())s—;é} i=1,2,....

©;={0cO:

Then ©; is a Hellinger ring with inner radius #»;—;, outer radius »;, where r; = .,-r(, for
120,r.1=0,and ryp = \/:%' . We first concentrate on ©;.

Let a sequence §; | 0 be given with dg < pro, then by the assumption, there is a sequence

Fy, F1, F,...oof Q‘l, d1,... nets in ©; satisfying the cardinality hounds. For each # € ©;, let

| log = f" lloo be the nearest representor of # in net Fj. Denote

7;(0) = arg miny er

1 (X Te()
lo(8) = nglog )

= 13 oy LX)
- nzl (\’,,TJ_.I(H))

Then because lim; o0 f(2, Tj( ) = f(x,0), s

= Zl X” = lo(6) + > ¢;(0)
j=1

u

Let ¢; = P*{ for some 6 € ©;,+ 1, logw > —~d3, (f, fo) + £}, then because

(XN =
521 El;(0) = —Elog !_(f}‘(lT(.";O(}QH , we have

¢ = P*{for some 6 € ©;,(n(8) + 32, (¢;(6 ) E;(6))

> Elog —(j\ﬁ‘%%)—) —ydy (f, fo) +

For 6y € Fp, consider By, =: {6 : § € ©;,79(6) = 6y}. For an arbitrary ¢ > 0, choose
bo € By, satisfying

Og f(‘/\l'l ?0) S inf Elog f.(/\,hg())
f(X1,00) ~ 0€By, f(X1,0)

Then let Fy = {éo : 0 € Fy}. By triangle inequality, Fy is a dp net in ©;. Now replace Fy

+e€.

by Fp and accordingly replace 79 by 7 . For convenience, we will not distinguish 7y from

7y Now notice for 8 € By,,

f(Xm(@) F(Xymo(0 F(X1,0
Flos “resi Floe Jﬁ)ﬁ § Eg\ 10(%)7((%’7?)2 FNL0
z - mf()’GB”o Elog .f(:\'ll:()()) — e+ Elog I \]1’ (;))
2 —€,
84
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so we have

G < P*{for some 0 € ©;, (o(f) + 3272, ((;(0) — E(;(8))
> —ydy(f, fo) + & -}
< P*{fox some 6 € ©;,(0) > ~2y17 + & — ¢}

+ZJ 1 P{for some § € ©;, (;(8) — E(;(0) > n;}
2
= (I1 +Z] 1(]1(])5
where 75, j > 1 are positive numbers satistying

oo

> Sk (4.17)

j=1
To bhound qz(l), we use a familiar exponential inequality as follows (sce, e.g., Barron and
Cover (1991), Chernoff (1952).
Fuct: Let g) and gs be two probability density functions with respect to some o-finite

measure, then if X7 Xo,..., X, is an i.i.d. sample from g2, we have that for every ¢ € R,

g1 X) -—i(t[.') (g1,92)+!)
P 1 >t} < em VgLl
{ ,Z; % 0a(X7) = b=

From the above fact, we have that for each 8y € Fy,
P{i "  log -g———-lf’t'\‘o“ > -2y + & —¢}
exp(-—(d (f. foo) = 27' +£ - F}

<
< exp(=5(r 3_1 —a 4 )

Note that for every 8y € Fy, €p(0) is the same for all § € By, . Thus by the union bound,

" < P(Uooeﬁo{(fo Bo) 2 =2y + & f})
< card(Fp) exp (—Lj( :") | =297 + §' - 6)) ’

Because ¢ > 0 is arbitrary, we know

¢; < card(Fp) exp (———(r, L= ) + Zq,, .

Note for i > 1,

and for ¢ = 0,
£
712_1 — 2y 4+ 2= (1—27)

Sle]

q; < card(Fp) exp (-Ki)_(_;;éll)_f> + Z (1(2,-) .
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Now because

(0 i (0)) 1)

| log f—T]T‘-(l-();})—Hoo < log f(j(To lloo + 1l log TG (1(0) loo
< G-+
< 25,

we have
f('aTj(e)) f(vT(()) N
log ———1—""— — Elog ———L"_||, <4d;_, .
O ) R ST ) L
Observe that ¢;(6) is the same for all 6 such that (7;_(8),7;(#)) = (6;-1,6;), for auy pair
(0j-1,0;) € Fj_1 x F; , together with Hoeffding’s inequality (sce, c.g., Pollard (1984, pp.
191-192)), we get

SRy < TR card(Fy) - card(Fj-1) exp(~ )

< ()" ()" ot + 572 ()" (42)" o)

=1
Given ,v, A,m,n, we choose the sequence §;7; as follows. First, dy is chosen such that

(An\™ _ (1= 41
108(50/2) = 7 .

Similarly each d;,7 > 1 is chosen such that

log (z‘;?o) DA -4y

; 4

and 7;,j 2 1 is defined such that

. 2 — A~ —
n;}, — (log 2)mi + (25 + 1){1 —4y)¢ + (i+1)j (} 47)6
882_, 4 8

With these choices, the bound on ¢; becomes

g < exp ('m. log Af%" - (""H)(l_h)‘f) + exp (m log ———QA‘,%% + m.log 4 :; %j)

+ Y72 exp mlogm + m.log % "2 : - %}'ﬁ)

< exp (_gggmz - Kl—ﬂ)%—ﬂ)“) + exp(—ﬁﬂ%‘ﬁ)
+ 7= exp (—M)

- (1 + m> exp ( it1) ;‘4’7)5)

< (1 + 7241') exp (—L_.l(’“ _é—‘ivlé) .

For the third inequality, we need (l—°§2) mi < gi‘{“—l)—%"ﬁﬁ , which is satisfied if 7‘% >

= 'l'r Iog with p < A. The last inequality follows from MMQ > l—”—g-“z
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From our choices of dy, d; n;, it follows that

1—-4
dg = 2Arg exp(—g——llmﬁ)» (4.18)
G+DA—4)E . .
d; = Argexp(— 4m ) for j =1,
B (1—4dv)€
m = 241 —4yV3i +9 e\q)( —-—),

4m
and for j > 2

- 1\/8 (log2)Z )i 2y °(2J+1)(1 e | (i) '1 17)E
_ \/2(w+1)(1 47)6 + (2,+1)(1 e, (0=

n
A\/1—47\/21+5J+17+4§exp( It )

dm

A1 =dvVi+ 57 + r’§e>cp( —(iﬁ)

dm

AVI—=4vVi+5 %exp 7+1) —Lﬁ)—“)

A

(1=
AV1=4v/i+ ,—f;exp 81',1,7)5) .

It remains to check whether dy < pro and whether 3772, 7; < ~1r# as required in (4.17).

IANIA IA IN A

Indeed,

Z}?’;mj < 2A/T=4yV3i+9 %ewp (1- 11»/)5)
+A /1__“""' /——,+ £ exp(—

T —exp(~ .Q_.;!"ll_)
< AYT=a7Vi+ 55 exp(- U7k ’\/— [y
i+ 52 exp(— 7= | <‘<|( (EXEI
S (9\/—"'\/— 1)A\/l_ VI+0§-(“(D lm )
< 6.88A4yT—yy/iF 5L exp(—U510E)

Thus, for 3572, 7; < 4r? to hold, it suffices to have

6.884/1 — i+ 5—e*cp (2 ;47)6) < fy'r',r' = ')12"‘% .

Using —\/= ﬁ for i > 0, it is enough to require
¢ 4 (15.4A ) 4 24 .
-2 1 Vi-4dy}) = log —, 4.19
m — 1—4y o8 v 4 1 —4dy o8 P ( )

e p = —20
where p BA/I=T
Finally we sum over the rings indexed by i,

P*{for some § € O, Si log &} —(1\——02 > —yd} (f, fo) + £}
< 32y P*{for some 0 €010 log —;(\\—" > —yd3(f, fo) + £}
< T2(1+ ) exp (— et “f)
exp(— L=d2)€)
<+ ) o
< 15.1exp(— Q%)ﬁ) .

o2
-~1
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- -

C (1—-47)¢
From (4.18) and (4.19), ,ég = 2Ae™ T < 24 x fx = p as required. This completes the

proof of the lemma.

Proof of Lemma 4.2: We first show the Hellinger ball is contained in some square-norm
ball. Then for the square-norm ball, we provide a suitable d-net satisfying the cardinality
bound.

Because 1 € Sj, 50 1 = 3., nipji(x) for some 7 € R™i. Then the log-density may be
written as

TII]
lOg f] X, 6 Z ,H (1'9,], ’

where §; = 6; — (). Because for § € ©;p, || log fi(x,0) |lo< L, it follows that for any

8,0 € ©; p, Tf;l((q—T% < €L, Let My, = %—;e L from Lemma 4.5 in Section 6,

d4 (foes fo) 2 3_;((?17 [ fo-(log fo = log fo+)2dn
2 MLJ(IOE, fo —log fo+ )2
MIT z:mJ ( )2'

For the last inequality, we use the frame assumption in (4.8). Therefore, for any 6* € ©;,1,,

Bj(6".r) (w,ﬁ7ﬁ>—U3ﬁeF%uﬂ/rw_§;ﬂ

The inclusion above refers to the functions represented by the parameters # and 5. Now

j(;' '1’ ). We consider a rectangular grid spaced

we want to find a suitable §-net on ]3‘(,6’*,
at width € > 0 for each coordinate. If § belongs to a cube with at least one element /3
corresponding to § € B;(6*,r), then

2my 2
My, T2

| 8-p*12<2)| -8 > +211 B-BIP<

+ _m,b

Thus, all the cubes with at least one element in B;(6*,r) are included in Bj(ﬂ*,'r") where

2"’1’
My, T~ +

2m;e?. Therefore, the number of these cubes is bounded by

VOl(B(ﬁ* —)) 3 (ﬁ)nlj TN < 1 e mj
emj - I‘(%.L + l)E'm'j - \/m \/7,7';-5 .

From (4.7), for any 8 and 8 corresponding to ¢ and 6 respectively in the same cube, we

have

|| log fo — log fj lleo < Jnax 1B = Bil < Te.

38
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Take € = 7‘21—, then || log fy —log fj [|co< 0. For d < pr, 7 <

Now, for each cube that intersects with B’j(ﬁ*, 7), choose a par <unet.er [ that corresponds
to a probability density function and let Fj be the collection of the corresponding densities.

Then

2 I”‘j
1 \/2W62(—M¥,1L,; + 2p%)r
|F5| < -2 .
< ; 3

mym

Clearly, Fs is a é-net for densities in B;(¢*,7). Thus Assumption 4.1 is satisfied with
AL = \/27r62 ——1—; +2p?) . From Lemma 4.5, M, >3
V2me? - 2p? < 19'287‘2 1+L)ez + 0.06.

1+1) oT» 80 Ap <

Proof of Lemma 4.3: We consider an orthonormal basis 1, @ 1(x), ©;2(2), ... 05,m; (%)
in S;. Let 38 = (61,62, ...,0,,,77.,1/),-( )). From the proof of Lemma 4.2, we know that for any
a,0" € @j‘ Ly

(oo fo) 2 My, [(log fo = log for) e = My || 5 |

Therefore

Bi(6",1) € By(0" 1 5p-r) = {8+ € R, 5 = IP< %),

The inclusion above is meant for the functions that the parameters represent. Similarly

to the counting argument in the proof of Lemma 4.2, a rectangular grid spaced at width

5 ) . et . I 1e cardinali S R
Tl for each coordinate provides the desired d-net. The cardinality constant A(; 1)

2
\/2%62(271([{' +2p?) < 19.28K;(1 + L)e{?‘ + 0.06 for p = 0.0056. This completes the proof

4.6 Some simple inequalities used for main results

Lemma 4.4: Assume [ and g are two probability density functions with respect to some

o-finite measure p. Let s > 1 be any constant, then
[, fosLau<atons iy
{£2s) g

where a(s) = —(—)Elﬁf—ij Also a(s) is decreasing in s for s > 1.
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Remark: The best available bound with s = 1 is

/{L>1} flog gdﬂ <D(f Il 9) +/2D(f | 9)-

Here we avoid the square root with s > 1. Note a(s) = 1 as s = oo . Improved bounds of
the form O(FD(f || g)) are possible under the condition var(log ﬁ) <eD(f |l g) . Here we
have chosen to avoid higher order moment conditions on the logarithm of the density ratio.

Hence no uniform tail rate of convergence to zero exists.

Proof of Lemma 4.4: We consider a familiar expression of the relative entropy:
D(fllg) = [flogLdu
= [fllogi+4~1)dy
= f{£25} f(log -g + 3= L)dp+ f{i_“} f(log‘y’: + = Ldu .

Because (log £ + % — 1) > 0, to proof the lemma, it suffices to show

Iog‘;]f- < a(s)(log -gf- + % —1) for ! > 8.

g
This follows from the monotonicity of «(s), which can be shown from simple calculation.

This completes the proof of the lemma.

Lemma 4.5: Let p and ¢ be two probability density functions with respect to some o-finite

measure u. If Zq’%;)l <V for all z, then

(V) ./p (log Ié)-dﬂf <D | q) < d2(V)d3(p.q) -

log V4 -1 3 - p
where ¢1(V) = =5 2 gy and ¢o(V) = % < (24 log V).

The above upper bound on the relative entropy is given in Birgé & Massart (1994,

Lemma 4).

Proof of Lemma 4.5: We note D(p || ¢) = [p (log {f + % - 1) dyi. It can be shown from
logm-{—}-—-l

calculus that ¢;(z) = R e is decreasing on (0, 00) , which implies
logV + —‘17 -1

. 2
P
£) au< D .
o V ‘/p<logq> d < D(pll q)

90
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To prove the other inequality, we consider the following parts of D(p || ¢) and d3;(p,q) .

D(p“q):/ p<log1—)+2—1>du+/ q(l logD +l———)(l/:
{4>p} P Ha<p} \NC 4 q

2 , 2
a3 (p,q) = / P <\/§ - 1) du +/ q (\/E - 1) T
{e>p} p {a<p} q

. 2
Forp<q,log};+;§—1§2(\/§—l) , 50

9
/ p(log, +——1>(1;L<2/ (,/g-—l> du .
HHa>p} {a>p} P

Blog Ly -2
J_._Q.__L

(vVi-)°

" ] ' ' logV + ¢ —1 ' 2
/ q(£10g2+1——1—)>du_u—/ q<\/E——1> du .
{g<p} q q q 10g V {g<p} q

Combining the integrals together, we conclude

For p > ¢, d)g(’é) is increasing in 1— It follows that

ViegV+1-V .
D{plla) < ——(\g/——Tﬁ‘Q‘—d%f(Pﬂl) :

which completes the proof of Lemma 4.5.

Lemma 4.6: Suppose h, and hy are two functions on [0,1] satisfying [edp < oo,

[e"du < oo, where u is the Lebesgue measure. Then

log e’“clp, — log e""ld,u, <| i =h |leo -
1) g

Proof: By Jensen’s inequality.

I / Il]—’l) +ho
1 by — ] / gy = 1 / A
og/e dp —log | e"*du og “Tehedn 1

),.

hy=hy (4
X —dyt
/ log(e )[ e”-B(K;l.(/l

- ” hy = ha ”oo .

v

v

Similarly,
log /e’”dn — log /e"'zdy, < i =N oo,

which completes the proof.
9
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