‘Week 10
Nov. 5= Nov. 9

Lecture 26. Sum of independent Normal random variables
The most important density function

fx () = \/12—%67962/2

There is a special notation for the density ¢ (x) and for the cumulative distrib-
ution function @ (z).
It is even not easy to see why

/qs(x)d:c:t?

(/¢<x>dx)2 = [owi [oway
= %//exp (—;(:EQ—i-yQ)) dxdy

Now switch to polar coordinates

Trick:

x=rcosf, y=rsind,

2 1 27 1 1 ) 1 27 1 ) [ee]
—_ —_— = — _— = 1.
</q’>(sc) dm) o7 ), /0 exp( 27‘ )rdrd@ 27r/0 [ exp( 27“ )]0 do

Question:
EX?
Question:
EX? = 7
Var (X) = 7?7

Question: Let Y = pu+ Xo with X ~ N (0,1). Then

EY = 7
Var(Y) = ?
1 N2
v = (-5

More generally, we say Y ~ N (u, 02) if % ~ N (0,1).
Normal distribution — An approximation of Binomial by Abraham
de Moivre



Let X ~ Binomial (n,p). It can be shown that

X —np N b
P<a§W§b>~/a ¢ () dx

Sum of independent Normal random variables
Let X ~ N (0, O’%() and Y ~ N (O, 0’%/) be independent. The joint density

of (X,Y) is
22 y?
fxy (z,y) = mexp <20§ - m) .
What is joint density of (Y, Z) with Z = X +Y?

fxz(x,2) = fziy (2ly) fy (y)

2moxoy ( 20%, 20'?)(

v (z— y)2>

Theorem. More generally, let fx and fy be the densities of two indepen-
dent random variables X and Y respectively. Let Z = X + Y, then

fxz(x,2) = [fz1x(2ly) fy (v)
fx(z—y) fy (v)

and the marginal density of Z is
= [ fxGu) fr ) dy

Definition. The convolution f x g of f and g is the function given by

f*g:/f@—wg@My

Let X ~ N( ) and Y ~ N (0 O‘Y) be independent. The marginal
density of Z is
1 v -y’
= oo = - d
Jz (2) 2ro x oy /exp ( 202, 20% Y

=)

1 1
ooy | (5 (r +op) + o
/ex —a(y — b)2 +c ﬁe“
p 5 NG
2 .

b2
/exp [—;yQ + yab — a2 + c] dy = %e

Note that
dy =

ie.,



Let

1 0% + o2
@ = 5+ 5=
Oy Ox 0x0y
2
_ A0y
ok +oy
22 103(—1—0%/ zo%
€T T2 +§ 0202  \ o2 + o2
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- 22 + 1 220%; B 1 22
20%  20% o% 40l  20% +o0%
then
f () OxXO0Oy ( 1 2’2 )
7 (z) = exp| —=z———5
V2roxoy - 0§(+0% 20%{""7%
oxOy < 1 22 )
= ——— exp|l—>———5 ).
V2m\/o% + 0% 20% + 0%
Thus

X ~N(0,0%),Y ~N(0,0%) independent = X +Y ~ N (0,0% +0%)



Lecture 27. Exponential and Gamma density — Poisson waiting
time
Review: Distribution of X +7Y
Let X and Y be two independent random variables, and fx and fy be the
densities of X and Y respectively. Let Z = X + Y. What is distribution of Z7
For example,
1 2 1 2
e~/ 2 -y /2
x e .
The joint density of (X,Y) is

fxy (z,y) = fx (%) fr (y) .

Then
P(X+Y <t) = P(—o0o<Y <00, X+Y <t)
[e¢) t—y
-/ Fx (@) fy (y) dady
— 00 — 00

Ia [ @ dx} fy () dy

— 00 — 00

Let G(t) = [ " ¢ () de. We write

Fxi,y(t)=P(X+Y <t)= / G () fy (y)dy
This implies .
P 0= [ 60 fr ) dy
ie., -
oy () = [ fx (t— ) fv () dy
When X ~ N (0,1) and ¥ ~ N (0,1), then
) _ 2 2 ) 0o

P ® =50 [ e (—“2” - 3’2) Iy = fror (1) = 5oe™ ™ [ oo (~w—t/2?) dy =2

Definition. The convolution f * g of f and g is the function given by

f*g=/f(z—y)g(y)dy.

Ix+vy = fx * fy (y)-

Exponential distribution

By this definition

f(x)=Xdexp(—Az), x> 0.



Connection to Poisson distribution.

We consider the number of typos during a class. In a time interval of length ¢,
assume that the number of typos Y has a Poisson distribution with expectation
At, i.e.,

Y ~ Poisson (\t).

Let X7 be the waiting time for the first typo. What is the distribution of X;?
Answer
P(X;>t)=1—exp(—At)

and the density is
fx, (t) =Xexp(—=At),t > 0.

Let X be the waiting time for the n — th typo, then

P(X >t)=1—exp(—At) (1 + % tooot ((itznl)!> :

and the density is

n—1 n—2
Aexp (— <1++ Ev);t) 1)!> — exp (—At) ()\—&-...—F%)
n—1 n—2
= Xexp(— <1++ E:tz 1)!>—)\exp(—)\t) <l—|—...+((:;tiz)!>
= Aexp(—At) ((it ] F)Ejl) t" Lexp (—\t)

where I' (n) = (n — 1)\
Definition. X; ~Exponential(}\),

fx, (t) = Xexp (=), t > 0.

X ~Gamma(a, \)

e}

I'(«)

fx (@)= t*Lexp (=At), t > 0.

Theorem.
X ~ Gamma (a1, A), Y ~ Gamma (az, ) = X +Y ~ Gamma (a1 + oz, A)

Proof. Applying fx+y = fx * fy (v).
Question:
o0 I
/ t"Lexp (—=At) = (7?)7
o A




Question:

EX, = / t/\exp(—/\t)dt:)\/ texp (—At)dt =?
0 0

EX? / t2Xexp (=At) dt = )\/ t? exp (—\t) dt =?
0 0

Let X be exponentially distributed with expectation y and variance o2. Then

wo= 1/X7
o2 = 1/\*?

Question:

EX =7
Var (X) = ?



Lecture 28. Transformation of random variables.
A quick summary table

X; X Remark

Bernoulli(p) Binomial(n, p) Y1 ~Binomial(ny, p), Yo ~Binomial(ng, p), Y1 + Y5 ~?

Geometric(p) Negative Binomial(n,p) Y7 ~NB(ni,p), Yo ~NB(nz,p), Y1 + Y2 ~?

Poisson(\) Poisson(n\) Y7 ~Poisson(\;), Y3 ~Poisson(Aq), Y7 + Y3 ~?

Exponential(A) Gamma(n, \) X ~Gamma(ag, \), Y ~Gamma(as, A), Y1 + Y3 ~?

Normal(u,az) Normal(nu, naQ) Y1 NNormal(ul,U%), Yo NNormal(MQ,U%), Yi+Yy~?
Transformation.

Let X be a continuous random variable with density fx (). Let h(z) be a
strictly increasing function on the range of X. Define Y = h (X). Then cdf is

Fy (y) = Fx (b (v))
and pdf is

/

fr () = fx (W™ () - (R ()
Similarly, if Let h(z) be a strictly decreasing function on the range of X.
Define Y = h (X). Then cdf is

Fy (y)=1-Fx (h™"(y))
and pdf is
fr ) =—fx (7 @) - (071 )
Question:Let X be a continuous random variable with cdf Fx (). Define
Y = Fx (X). what are cdf and pdf of Y'?

All connected to uniform.
Let U denote a uniform random variable on [0, 1], i.e.

fulz)=10<z<1.

Let X be a continuous random variable with cdf Fx (). We can built the
connection of X and Z by defining

Y = Fx' (U).

Then X and Y are identically distributed!
Example (not monotone): X ~ N (0,1). Define Y = X2. Find cdf and
pdf of Y.
Y ~ Gamma (1/2,1/2)?

Note that
Fy:(t) = P(X2<t)=P(-Vi<X < Vi)
— 20 (\/i) 1
then

710 = =t exp (12,



Lecture 29. Chi-square, t and Cauchy
Distribution of X/Y
Let Z1,7Z5,...,7Z, be iid. N (0,1).
Chi-square.
Y =224 +22~%2
What is pdf of Y = Z? + ... + Z2? Recall Z? ~Gamma(1/2,1/2). Then

Y ~ Gamma (n/2,1/2)

and )
= t"?exp (—t/2).
Fr )= gyt e (—t/2)
Cauchy.
What is the distribution of Z;/|Z5|?
1 1
e ——
fapza W)= 75

Let X and Y (Y > 0) be two independent random variables, and fx and fy
be the densities of X and Y respectively. Let Z = X/Y. What is distribution
of Z?7 For example,

fx (@) = V%ﬁ/z, Iy () = V%e*y”?

The joint density of (X,Y) is
fxy (@,9) = fx () fr (y) .
Then

P(X]Y <t)

PO<Y <00,X/Y <%)

= / /“I fx () fy (y) dzdy
/O[Oofx()dx}fY()

Let G (t fty fx (x) dz. We write

Py (0= P(X/Y <0 = [ GO )y
This implies .
Foy 0= [ 60 fr ) dy

i.e.,

Frrv 0= [ utx () fr )y



We see

1
fz, (@) = ——e 2
2
2 )
_ eV /2
lez\(y) \/%
Then
1 [~ ty)® o
fziiz.) (1) = ;/0 yeXp(_ SR

!
L W)’ v \| 41 1
T+ P 2 2 L

Zy
T= ~tp_1
Z3+.+22
n—1
Similarly we have
I'(n/2 2\ "2
fr(t) = (/)n—l <1+ ) '
V=1l (%5) n-l



