Week 4
Sept. 24 — Sept. 28

Lecture 9

Random walks: Gambler’s ruin.

Example 1:

Two gamblers, with fortunes $3 and $7, bet on tosses of a fair coin. The
first gambler wins $1 if a toss gives heads; the second wins $1 if a toss give tails.
The game stops if either runs out of money. What is the probability that the
first gambler wins the $77?

Solution 1:

Let Pr be the probability that the first gambler wins if he starts with F' and
his opponent starts with 10 — F":

P(first gambler wins the $7|first gambler has $F)

Note that Pr =1, if F =10; and Pr =0, if F = 0.
For 1 < F <10, then

Pr = 1/2PF71 + 1/2PF+1.
Let Qr = Prp41 — Pr, then

Qo=Qs=-=Qv="
and
Pp=Qp-1+-+Qo=FP.
Write
Py =2P), Py =3P, ..., Pig = 10P;.
That implies
P, =1/10 and P; = 3/10.

Solution 2: Let P3 be the probability that the first gambler wins if he starts
with $3. Let X, the be money of the first gambler finally

{10, P
X‘”‘{o, 1-Py

Tt is expected that EX., = 3 which implies P; = 3/10.

Example 2:
We assume that the coin is not fair and the probability of a head is p # 1/2.
Then

Pp=(1—-p)Pr_1+pPrii.

Let
Qr = Pp41 — P



then

and

Thus

We then have

When p = 2/3, then P; = .876.
Example 2 (revisited):

You enter a casino with $1 in your pocket. You stake $1. Your return is $2
with probability p > 1/2; you lose $1 with probability 1 —p < 1/2.

Assume that the total money of the casino is $2000 billion (or trillion). If
the casino lets you play long enough, what is the probability you will eventually

own the casino?

which is 1/2 when p = 2/3.
What is the probability you play forever if the casino has infinite money?

Pi=1———
p

1-p

(This really means the casino goes broke.)

Pp=2—1/p?

=2-1/p



Lecture 10. Independence
Definition.
Let P(E) > 0 and P (F) > 0. Two events F and F are called independent
if
P(FIE) = P(F)
P(E|F) = P(E).

Question: Let P (E) > 0 and P (F) > 0, then
E and F are independent < P (ENF) = P (E)P (F)

Example: It is often, but not always, intuitively clear that when two events
are independent. Let E be the event that"the first toss is a head" and F' the
event "the two outcomes are the same." Then

P(F|E)=P(F).
Two random variables X and Y are independent if
P(X<zY<y=PX<z) P(X<y)

for each pair x and y.
Discrete cases. The discrete random variables X, Xs, -+, X, are mutu-
ally independent if

P(X) <x,Xy <, , Xy, <)
= P(Xlgxl)P(ngxg)P(Xngxn)

Question: Equivalently the discrete random variables X7, Xo,---, X,, are
mutually independent if

P(X1 =21, Xo =g, - 7Xn:mn)

It is enough to consider the case of two random variables. Let X take values
a1,a2, ..., ap, and a < ay < ... < ay,. Let Y take values by b2, ..., by, and
bl SbQ Sgbm Then

P(X=a,Y =b))

— P(X<a,Y<b)—P(X<ai,Y<b)—P(X<a,Y <bj_1)
+P (X <a;—1,Y <bj_q)

— P(X<a)P(Y <b)—P(X<ai)P(Y <b)
P(X<a)P(Y <bj_)+P(X <ai)P(Y <bj_y)

— (P(X<a)- P(X<ar) (P(Y <b)— P(X<Y; )= ...



Continuous cases. The continuos random variables Xy, X5, -+, X, are
mutually independent if

P(X1§x17X2§x27'“ 7X’n§xn)

Question: Equivalently the continuous random variables X7, X5, -+, X,
are mutually independent if and only if

fxr@o, . an) = fx, (1) - fx, (22) oo fx, (0)

It is enough to consider the case n = 2. Let X and Y be independent, then

[ [ sosim [ sira s
Example

A game of darts involves throwing a dart at circle target of unit radius.
Suppose we throw a dart so that it hits the target, and we observe where it lands.
Assume that the position of the dart (X,Y") is uniform on {(z,y) : 22 + 3> < 1}.
You may use the polar coordinate (R, ©) to locate your dart, i.e.,

X =Rsin®,Y = RcosO.

Question: we see
area (R <r,0 <) =

20
5
or
20

P(RST,@SG):;—.
™

Are R and O independent?



Lecture 11. Conditional distribution and Conditional density.
Review: Discrete random variables X1, X5, -+, X, are mutually indepen-
dent if

P(XlleaXQZan"' 7Xn:xn)
= P(X1:$1)P(X2=1‘2)P(Xn:l‘n)

Continuous random variables X1, X5, -+, X, are mutually independent if
and only if

f(xla'r% s ,l'n) = fX1 ('Tl) ' fX2 (':62) et an (l'n)
Question: Let P (X = a;,Y =b;) = ¢;;, and

(X,Y) Y =b Y = by
X:a1 611:1/12 61221/6
X:a2 821:1/4 622:1/2

Are X and Y independent?

Example 1: A game of darts involves throwing a dart at circle target of
unit radius. Suppose we throw a dart so that it hits the target, and we observe
where it lands. Assume that the position of the dart (X,Y’) is uniform on
{(z,y) : 2% + y* < 1}. You may use the polar coordinate (R, ©) to locate your

dart, i.e.,
X =Rsin®, Y = RcosO.

Are R and O are independent? Hint:

P(Rgr,G)SG):@
27
Another way to solve the problem
20
P(RST\@SO}:QT“ZTQ.

2

Conditional distribution: Discrete cases.
Let X take values aj aq, ..., a,. Let Y take values by ba, ..., by,. Let

P(X:ai,Y:bj) = Cij

Question:
- Cij o P(Xzai,Yij)
Yecri 2 P (X =ap,Y =0b)

Conditional distribution: Continuous cases.
Example 2:Let X have density

fx () = Xexp (—Az) .

2

P(X = a,-\Y = b])



Question:
P(X >z)=-exp(—Azx)?

Let
Y=X—-ua

then
PY>z|X>2)=7

Conditional density: Continuous cases.
Example 1 (continue):

re (.00 <0 < n/2) =2

Example 1 (continue):
Question:
P(r/2<0<m/2+00lR=17)="

Let fo|r (0]r) denote density of given R = r. Then
1
f@|R (9|7“) = 71[0,2w] 0).
™
Example: Two random variables X and Y with density

_Joye ™™ x>0,0<y<1
f@y) = { 0 otherwise

Question:
PO<X<1/2lY =1/2)="7

or
Prz<X<z+4lY =y)=7
‘We should have
f(r,y)de  Pl@<X<x+6,y<Y <y+e)

e ~ PlysY<y+e
~ P<X<z+olY=y) =[xy (z]y)d

Definition:The conditional density of X given Y =y is defined as

f(z,y f 2,y
[@yds
Question: If X and Y are independent, the definition of conditional density

implies

fX|Y (zly) = fx (x)7



