‘Week 6
Oct. 8 — Oct. 12

Lecture 15

Random walks — Always coming back.
Review: Binomial distribution.
1 dimensional case.

Let X1, Xs,...,X, be a sequence of independent random variables with
P(X,=1)=P(X;=-1)=1/2. Let

then

o= () () ok

Let Py be the probability that the walk never returns to 0. Let E be the event
that the walk return to 0 finitely often,

E =walk never returns after n =0
walk returns at n = 2, then never returns
Walk returns at n = 4, then never returns

P(E)=Py+P(S2=0)Py+P(Sy=0)Py+ ...

Then
P(E)=|Y P(Sam=0)| .
n=0
Question:
> P(San=0) = +o0?
n=0
P =7
P(E) = 7
Answer
> P(San=0) = +oo
n=0
P =0
P(E) = 0
For 1 dimensional random walk
Py = P (the walk never returns to 0) =0
P(E) = P (the walk return to 0 finitely often) = 0



ie.,

P (the walk returns to 0 eventually) = 1
P (the walk returns to O infinitely often) = 1.

2 dimensional case.
You have two independent sequences of independent random variables

P(Xi=1) = P(X;=-1)=1/2
P(Yi=1) = P(Yi=-1)=1/2

Let " .
1=1 i=1

Let E be the event that the walk returns to 0 finitely often and Py be the
probability that the walk never returns to 0, then

P(E)=) P (S, =0Ty, =0)- Py
n=0

where

P(SZ7L:07T27L:O)'PO

= P (walk returns at 2n-th step, then never returns)

Stirling formula gives

2
(S0 -0~ (1)

Question:

oo
Z P (S2n = OaT2n = 0) = 4007

n=0

Similar to 1-dimensional case. This implies
Py = P (the walk never returns to (0,0)) =0

or
P (the walk returns to (0,0) eventually) =1

3 dimensional case.
There are three independent sequences of independent random variables

P(X;=1) = P(X;=-1)=1/2
PY;=1 = PY,=-1)=1/2
P(Z;i=1) = P(Z=-1)=1/2



Let

m m m

Sm=) XisTm=) YiUn=) 7
i=1 i=1 i=1

then
1 \3
P (SQ” =0,15, =0,Uzp, = O) ~ (\/ﬁ) '
Question:
ZP(SQ" =0,12, =0, Usy, = 0) = +o0?
n=0
Note that

D {S2n = 0,To, = 0,Us, = 0}
is the number of returns to 0. If Py =0, then P (E) =0, i.e.,

P (the walk returns to (0,0,0) infinitely often) = 1.

That means the number of returns to 0 is always infinite which contradicts with

PZ{S% = 0,Ts, = 0,Us, =0} < oco.



Lecture 16
Inclusion and Exclusion Principle.

P(A1UA2) =P (A1) +P(Az) — P(A1NAy)
This implies

P (AU Ay U Ag) P (A UAg) + P(A3) — P((Ay U As) N As)
= P(A UAy) + P (A3) — P((A N A3)U (A3 N Ay))
= P(A))+P(Ay) — P(A;NAy)+ P(Ay)

—[P(A1NA3)+ P(A2NA3) — P(A; N A3N A3)]
= P (Al) + P (AQ) + P (Ag)

—P(A1NAy)—P(A1NAs) — P (AN A3)

+P (A1 NAs3N A;s)

More generally we have

P(AjUA,U---UA,) = > P(A)— > P(AiNA))
i=1 1<i<j<n

n

1<i<j<k<n
+(=D)"'P(AINAyN N A)

Question: how many terms in each sum of the equation above?

Hat Check problem:

a hat-check girl in a restaurant, having checked n hats, gets them hopelessly
scrambled and returns them at random to the n owners as they leave. What is
the probability that nobody gets his own hat back?

Hint: Define
A; = {ith owner gets his own hat}
Then
1
P(4) = —
() = -+
1
P(A;NA; = , 1<
( 2 n(n—1) v
1



and

Question:

lim (1 - —

Question:

{AJUA, U U AL}

P(AyUAU---UA,)

11 no1 1
1—§+§—---+(—1) ]
11 ne1 1

- — — ?
21 3 +(=1) n!)

= 1-{A1nA4A;n---N4,}

= 1= {Ap{4e} - {4}
= 1-(0—{A) (A {4} (1= {4.})
= Z{Ai}* Z {Ain Az}

n

+ ) {AnAnA} -

1<i<j<k<n

+(-1)""MH{A N4 N N4}



Lecture 17. Bernoulli and Binomial, Expectation

Review

Probability. Conditional probability. Combinatorics.

Sample space. Event. Probability. Random variable. Expectation. Condi-
tional distribution (density). (}).

Clarification: Let A be an event. Define

1 wed
{4} _{ 0 otherwise

This is a function of outcome, so it is a random variable. An alternative notation
for {A} is 14 (w). Note that

P({A}t=1)
P({A}=0) = Pw¢ A)=1-P(A)

|
’va
8
m
=
|
“c
=

then the expectation of {A} is
E{A}=1-P(A)+0-(1-P(A)=P(A).

What to do this week: we describe the discrete probability distributions
and continuous probability distributions that occur most often in the analysis
of experiments.

Discrete uniform distribution.

We have seen some examples that all outcomes of an experiment are equally
likely. Let X be a random variable representing the outcome of an experiment
of this kind. Let x1,xs,...,z, denote all possible outcomes. Then

Q={z1,29,...,Zm}

and ]

P(X=ux)=—.

(X=z) =
A simple but important example
Q=10,1}
and
PX=0=P(X=1)=1/2
Binomial.

It is the distribution of random variable which counts the number of heads
when a coin is tossed n times. Let X; = 1 if a head occurs at the ith toss,
otherwise X; = 0. Assume that

P(Xlzl):p, P(X1:0):1—p,

then the distribution of X = X; + Xo + ...+ X, is



T
Question:
EX =7
Solution 1:
Px = Yo (M)
=0 z
R
_ - (n_l) r—1 n—x
- ;”p z—Dn—a? 1
n
(’I’L—l) rz—1 n—=x
= mw) 1 P =t
(-1 n—-u1)
Solution 2:

EX=E(Xi+Xo+...4+X,) 2 EX1+EXo+...+ EX,, =

For solution 2 we need to answer a question: for two discrete (continuous)
random variables X and Y, is it true that

E(X+Y)=EX+EY?
Proof: Let the sample space of X and Y be denoted by Q2x and Qy, and

QX = {551,1'2,...,.%“.”}
QY - {ylay2>"'ayj7"'}'

The sample space of (X,Y) is

Q(X,Y) = {(xi,yj),i: 1,2,..., j: 1,2,...}.
Then
E(X+Y)

ZZ(xi+yj)P( =1;,Y; =)
szp = 2;,Y; = y;) +ZZyJ X =z,Y; =y,
szzp =Y, _yj+ZyJZP =z, Y = y;)
inP +ZyJ Y; =y;)

EX + EY.



Question:
EXi+Xo+...+X,)=EX;+EXy+ ...+ EX,

Question:
EcX =cEX?

Question:
E(X - EX)’=EX?— (EX)*?

Question: for two continuous random variables X and Y, is it true that
E(X+Y)=EX+EY?
The answer is exactly the same:
B )= [ [ @) fry (.0 dedy

where fx y (z,y) is the joint density of (X,Y’). Then

[ [atsr @uydsdy+ [ [fxy @) dedy
/33 [/fX,Y (z,y) dy} dx+/y [/fx,y (m,y)dy] dx

- / wfy (z)de + / yfy () da
= FEX+FEY.

E(X+Y)



