Week 8
Oct. 22 — Oct. 26
Important Discrete Distributions

Lecture 21.
Review
For two independent discrete (continuous) random variables X and Y, is it
true that
Bg (X)h(Y) = Bg (X) - Bh(Y),

because

By (X)h(Y) = / / 9 (@) h(y) f (2,y) dedy
/ / 9 (@) h W) fx (@) fy (y) dady

/ 9 (2) fx () de / h(y) fy (y) dedy
= Eg(X) Er(Y).

Theorem Let X, X5,..., X,, be n independent and identically distributed
random variables, and EX; = p and E(X; — u)2 = o2 Let S, = > X
Then

ES, = np
Var(S,) = BE(S, —nu)’ =no?.
Question: Let

* En — Ny

Sn = Vno

Then

ES; = 7
Var(Sy) = 7

Binomial and Bernoulli
Let X5, Xo,..., X,, be independent and identically distributed (i. i. d.) with

T; ~ Bernoulli (p)

ie.,

P(X;=1)=p, P(X;=0)=1-p.
Then the distribution of X = X; + Xs + ... + X,, is Binomial (n, p) with

P(X =k = (Z)pkq”_k,k:(),l,...,n,
EX = np,
Var(X) = np(l-p).



Negative Binomial and Geometric.
Let Ty, Ts,..., T, be independent and identically distributed (i. i. d.) with

T; ~ Geometric (p)

ie.,

PTy=x2)=q¢" 'p,z=1,2,3,...
Then the distribution of T'= Ty + T + ... + T, is Negative Binomial (n,p)
with

-1
P(T=2) = (jj_l)pnq“,zzn
ET = n/p
Var (T) = nq/p*.
Poisson Distribution.
Poisson (\)
—A) AF
P(X:k):%@:m,z?,,...
Fact:
A7N3 AP
A B T R B B
e —1+)\—|—2!+3!+ +k:!+
= X W

k=0

This implies
k

= A
Z exp (—A) o =7
k=0 '

Typical Poisson variables are the number of raisins in a cake, flies in a room,
fumbles in a football game, car accidents on a street corner, murders in a town,
number of bomb hits in South London during World War II.

Question:
EX = X7
E(X —EX)> = X\?
Solution:
Expectation
B exp(—)\))\k_ 2L exp (—A) AR
EX = Zkik! —Zkik!
k=0 k=1
0 k k—1
| SemEa w0
k=1 ( o ) k=1 ( )
oo
exp (=) M
= )\Z i -9
j=0



Variance

Var(X) = EX?—(EX)?
et k!
_ ikeXP( A)Ak _ )2
o= k-1
> . exp (—A) M1
=0 J
o . exp (—A) N 2
= A - +A-A
= N+A-N=\

Example: As an example of a Poisson random variable consider the statis-
tics of flying bomb hits in the south of London during World War II. The entire
area is divided into a grid of N = 576 small areas of size one quarter square
kilometer each. The table below records the number of squares with 0,1,2,3
etc. hits each. The total number of hits is 537. The average number of hits
per square is then 537/576 = .93 hits per square. It can be shown that if the
targeting is completely random, then the probability that a square is hit with
0,1,2,3 etc. hits is governed by a Poisson distribution.

Number of hits k 0 1 2 3 4 5 or more
Number of areas, k hits 229 211 93 35 7 1
576-P(X =k), X ~Po(93) 227 211 99 31 7 2

Question: Let X1, Xo,..., X,, be independent and identically distributed (i.
i. d.) with
X; ~ Poisson (X),

ie.,

—A) AF
P(X:k):%,xzo,l,z?),...
Let X =X;+Xo+ ...+ X,,. Then
EX = ? Var(X)=?

X —n\ X —n)
E|l—— = 7, Var =7
( VA > ( VA )
and What is the distribution of X = X7 + Xo + ...+ X,,7

Solution: (i)
EX = n\Var(X)=nA

(558) - (S5




(ii) Result for sum of Poisson variables,

X1 ~ Poisson (A1), Xo ~ Poisson (A2) = X1 + X5 ~ Poisson (A1 + o)

Why?
k
P(Xi+Xy=k) = > P(X;=j)P(Xa=k—j)
j=0
_ k exp (—A1) M exp (—Ag) AE
= 7! (k—J)!
koo \kd
_oexp(=A— A 1 Ay
- S et
_ eXp Z()AJA]C J77
=0
k k n\ _irk—i
Fact: (a+b)" = (a+b)-(a+b)---(a+b) =3, (})albtFI
So

X=X1+Xo+...+X,=Po(n\).



Lectures 22

Poisson Distribution.

Connections to Binomial distribution.
Connection 1: Result for sum of Poisson variables,

X1 ~ Poisson (A1), Xo ~ Poisson (\y) = X1 + X3 ~ Poisson (A1 + \2)
Question:

exp(f)\l))\{ exp(f)\g))\gfj j
. T ) k A1 ' A1
P(Xi=jlX1+Xo=k)=—" (k=" =<)< )(1—
(X1 =j[X4 2 ) ex13(7];\117,\2) (M + )\2)k j A1+ Ao AL+ Ao

ie.,

. ) A1
X, ~B 1|k,
1 inomia ( Nt )\2)

Connection 2: Binomial (n,p)

P(X=k) = (Z)pkq”k,kzo,l,...,n.

Assume that

lim np = A,
then
lim P(X =k)
D n—k+1 L
S A Lty k,(n U k(1= pynt
mn=Vp---(n—k+1 log (1 —
_ oy o (n=Dp (n +)pexp 7(n7k)p.0g( )
n—oo k! -p
B exp (—A) AF
B k!
Hypergeometric.

Suppose that we have a set of N balls, of which k£ are red and N — k are
blue. We choose n balls, without replacement, and define X to be the number
of the red balls in our sample.

)

Connection to Binomial distribution: Assume that

P(X=x)=




then
lim P(X =x) = (n)p“’q"z?

N —o0

Example 5.6 in the textbook.
Observed tables

Democrat Republican

Female 24 4 28
Male 8 14 22
32 18 50

Expected table

Democrat (yellow) Republican(red)

Female 18 10 28
Male 14 8 22
32 18 50

If we choose 28 balls out of 50, we should expect to see (under the assumption
the traits of gender and political party are independent), on the average, the
same percentage of yellow balls in our sample as in the urn, if there is no
association between gender and political party. Thus we see expect to see 28% =
17.92 = 18 yellow balls in our sample. But the actual number in our data is 24.
What is the probability to have an observation > 247 It is just .000395.



