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1 Introduction

Suppose we observe independent and identically distributed p-variate random variables
X1,..., X, with covariance matrix ¥,x,. The goal is to estimate the unknown matrix
Ypxp based on the sample {X;}. This covariance matrix estimation problem is of fun-
damental importance in multivariate analysis. A wide range of statistical methodologies,
including clustering analysis, principal component analysis, linear and quadratic discrim-
inant analysis, regression analysis, require the estimation of the covariance matrices. The
standard and most natural estimator is the sample covariance matrix. With dramatic
advances in technology, large high-dimensional data are now routinely collected in scien-
tific investigations. Examples include climate studies, gene expression arrays, functional
magnetic resonance imaging, risk management and portfolio allocation and web search
problems. In such settings, the sample covariance matrix often performs poorly. See, for
example, Muirhead (1987), Johnstone (2001), Bickel and Levina (2008a, b) and Fan, Fan
and Lv (2007).

Regularization methods, originally developed in nonparametric function estimation,
have recently been applied to estimate large covariance matrices. These include “tapering”
or “banding” method in Wu and Pourahmadi (2003), Furrer and Bengtsson (2007) and
Bickel and Levina (2008a), thresholding method in Bickel and Levina (2008b) and El
Karoui (2008), penalized estimation in Meinshausen and Bithlmann(2006), Huang, Liu,
Pourahmadi and Liu (2006), Lam and Fan (2007) and Rothman, Bickel, Levina and Zhu
(2008), regularizing principal components in Johnstone and Lu (2004) and Zou, Hastie,
and Tibshirani (2006). Asymptotic properties and convergence results have been given
in several papers. In particular, Bickel and Levina (2008a, 2008b), El Karoui (2008) and
Lam and Fan (2007) showed consistency of their estimators in operator norm and even
obtained explicit rates of convergence. However, it is not clear whether any of these rates
of convergence are optimal.

Despite recent progress on covariance matrix estimation there has been remarkably
little fundamental theoretical study on optimal estimation. Existing estimation methods
and theoretical analyses essentially employ the strategy of reducing the matrix estima-
tion problem to that of estimating vectors, with the aim of optimally estimating each
row /column of the covariance matrix ¥ separately. We will show that optimal estimation
of the rows/columns does not in general lead to optimal estimation of the matrix under
the commonly used operator norm.

In this paper, we establish the optimal rate of convergence for estimating the covariance



matrix as well as its inverse over a wide range of classes of covariance matrices. Both the
operator norm and Frobenius norm are considered. It is shown that optimal procedures
for these two norms are different. In particular, our result implies that the banding
estimator given in Bickel and Levina (2008a) is sub-optimal under the operator norm and
the performance can be significantly improved.

We begin by considering optimal estimation of the covariance matrix ¥ over a class
of matrices that has been considered in Bickel and Levina (2008a). Both minimax lower
and upper bounds are derived. We write a,, < b, if there are positive constants ¢ and
C' independent of n such that ¢ < a,/b, < C. For a matrix A its operator norm is
defined as [|A| = supy,,—1 [|Az|,- We assume that p < exp(yn) for some constant
v > 0. Combining the results given in Section 3, we have the following optimal rate of

convergence for estimating the covariance matrix under the operator norm.

Theorem 1 The minimaz risk of estimating the covariance matrix 3 over the class Fy
given in (3) satisfies
: 3 2 : _ 2 logp p
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(1)

The minimax upper bound is obtained by constructing a class of tapering estimators
and by studying their risk properties. It is shown that the estimator with the optimal
choice of the tapering parameter attains the optimal rate of convergence. In comparison
to existing methods in the literature, the proposed procedure does not attempt to estimate
each row/column optimally as a vector. In fact, our procedure does not optimally trade
bias and variance for each row/column. As a vector estimator, it has larger variance than
squared bias for each row/column. In other words, it is undersmoothed as a vector.

A key step in obtaining the optimal rate of convergence is the derivation of the mini-
max lower bound. The lower bound is established by using a testing argument, where at
the core is a novel construction of a collection of least favorable multivariate normal dis-
tributions and the application of Assouad’s Lemma and Le Cam’s method. The technical
analysis requires ideas that are quite different from those used in the more conventional
function/sequence estimation problems.

The paper is organized as follows. In Section 2, after basic notations and definitions
are introduced, we propose a tapering procedure for the covariance matrix estimation.
Section 3 derives the optimal rate of convergence for estimation under the operator norm.
The upper bound is obtained by studying the properties of the tapering estimators and

the minimax lower bound is obtained by a testing argument. Section 4 considers optimal



estimation under the Frobenius norm. The problem of estimating the inverse of a covari-
ance matrix is treated in Section 5. The technical proofs of auxiliary lemmas are given in

Section 6.

2 Methodology

In this section we will introduce a tapering procedure for estimating the covariance matrix
Ypxp based on a random sample of p-variate observations X1, ...,X,. The properties of
the tapering estimators under the operator norm and Frobenius norm will be studied and
used to establish the minimax upper bounds in Sections 3 and 4.

Given a random sample {X;,...,X,,} from a population with covariance matrix > =

Ypxp, the sample covariance matrix is

n

> (Xi-X) (X -X)",

=1

1
n—1

which is an unbiased estimate of ¥, and the maximum likelihood estimator of X is

Y= (0 h1<ij<p = %Z (X, - X) (X, - X)" (2)
=1

when X;’s are normally distributed. These two estimators are close to each other for large
n. We shall construct estimators of the covariance matrix ¥ by tapering the maximum
likelihood estimator X*.

Following Bickel and Levina (2008a) we consider estimating the covariance matrix

Ypxp = (0ij)1<; j<p OVer the following parameter space

Ymax; ) . {logj| |t —j| >k} < ME™ for all k
J—“a:}“a(s,M)={ s 2 llowl =i = J1 > k) } (3)

and 0 < & < Apin (B) < Apax (X) < 1/e

where Apax(X) and Apin(X) are respectively the maximum and minimum eigenvalues of
the matrix ¥, and o« > 0, M > 0 and 0 < ¢ < 1. The parameter « in (3), which
essentially specifies the rate of decay for the covariances o;; as they move away from
the diagonal, can be viewed as an analog of the smoothness parameter in nonparametric
function estimation problems. The optimal rate of convergence for estimating ¥ over the
parameter space Fy (¢, M) critically depends on the value of o. Our estimators of the
covariance matrix > are constructed by tapering the maximum likelihood estimator (2)

as follows.



Estimation Procedure For a given integer k with 1 < k < p, we define a tapering

estimator as

~

Y= ik = (wijafj) (4)

pPXp

*

where o y

are the entries in the maximum likelihood estimator ¥* and the weights

wij = kH{(2k = i = D)+ — (k= |i = j])+ . ()

Note that the weights w;; can be written as

1 when |i — j| < k
wij =< 21 when k < |i — j| < 2k
0 otherwise.

See Figure 1 for a plot of the weights w;; as a function of |i — j|.

Figure 1: The weights as a function of |i — j|.

The tapering estimators are different from the banding estimators used in Bickel and
Levina (2008a). It is important to note that the tapering estimator given in (4) can
be rewritten as a sum of many small block matrices along the diagonal. This simple
but important observation is very useful for our technical arguments. Define the block
matrices

M = (oI {1 <i<i4mi<j<l+m})

and set ,
Gg*(m) _ Z Ml*(m)
l=2—m

for all integers 2 —m <[ <pand m > 1.



Lemma 1 The taping estimator 3, given in (4) can be written as
S = kL (S*(%) - S*(’“)) . (6)

It is clear that the performance of the estimator f]k depends on the choice of the
tapering parameter k. The optimal choice of k critically depends on the norm under
which the estimation error is measured. We will study in the next two sections the rate
of convergence of the tapering estimator under both the operator norm and Frobenius
norm. Together with the minimax lower bounds derived in Sections 3 and 4, the results
show that a tapering estimator with the optimal choice of k attains the optimal rate of

convergence under these two norms.

3 Rate Optimality under the Operator Norm

In this section we will establish the optimal rate of convergence under the operator norm.
We shall focus on the Gaussian case where Xq,..., X, ud N (1, Epxp) . For 1 < g < o0,
the matrix £;-norm of a matrix A is defined by || Al|; = max;,—1 [|Az|[4. The commonly
used operator norm || - || coincides with the matrix o-norm || - ||2. For a symmetric matrix
A, it is known that the operator norm ||A| is equal to the magnitude of the largest
eigenvalue of A. Hence it is also called the spectral norm. We will establish Theorem 1 by
deriving a minimax upper bound using the tapering estimator and a matching minimax
lower bound by a careful construction of a collection of multivariate normal distributions
and the application of Assouad’s Lemma and Le Cam’s method. We shall focus on the

1 1
case p > 2n2e+1 in Sections 3.1 and 3.2. The case of p < 2n2e+1, which will be discussed

in Section 3.3, is similar and slightly easier.

3.1 Minimax Upper Bound under the Operator Norm

We derive in this section the risk upper bound for the tapering estimators defined in
(6) under the operator norm. Throughout the paper we denote by C' a generic positive
constant which may vary from place to place but always depends only on indices «, € and

M of the matrix family.

Theorem 2 The tapering estimator f)k, defined in (6), of the covariance matriz X,x,

1
with p > 2n2e+1 gatisfies

- 2 k+1
supEHZk—ZH gC%%—C’k_QO‘ (7)

6



A~ A 1
for some constant C > 0. In particular, the estimator ¥ = Xy with k = n2e+1 satisfies

ep (8)

supEHZ EH <Cn~ 20+1+
n

1
From (7) it is clear that the optimal choice of k is of order n2a+1. The upper bound
given in (8) is thus rate optimal among the class of the tapering estimators defined in (6).
The minimax lower bound derived in Section 3.2 shows that the rate of convergence given

in (8) is in fact optimal among all estimators.

Proof of Theorem 2: Note that ¥* is translation invariant and so is 3. We shall thus

assume p = 0 for the rest of the paper. Write
2= LS (% - R) (X - %) = LY xxT - %KT
n n !
=1 =1

where XX is a higher order term, since the distribution of XX" is identical to %XleT
In what follows we shall ignore this negligible term and focus on the dominating term
% > XZX;’F-

Set £ =157 X, X7 and write ¥ = (Gij)1<i jop- Lt

Y= (V ])1<z]<p (wUO—z])1<z J<p (9)

with w;; given in (5). To prove Theorem 2, it suffices to show

1
supIEHE EH < Cn~ agT +C ogp (10)
n
Let X; = (X{,Xé, e ,lej)T. We then write 7;; = %Zl”:l XfX;. It is easy to see
E&ij = Uij (11)
. 1
Var(6;j) = - (ciiojj + U%) (12)
i.e., 0;; is an unbiased estimator of o;; with a variance (01-2-0]-]- + U%) /n.
We will first show that the variance part,
o P k+1
EHE—EZH <chtoep (13)
n
and then the bias part,
. 2
HIEZ - EH < Ok, (14)

It then follows immediately that

o 2 g 2|12 . 2 k+1
B3| <o -ms| v oot -2 <20 (FEER 4 k).
n

7



This proves equation (10) and equation (7) then follows. Since p > Qnﬁ, we may choose
k = n¥ati (15)
and the estimator 3 with k given in (15) satisfies

A 2 o 1
g5 -5 <20 (s 4 252)

n

Theorem 2 is then proved.
We first prove the risk upper bound (14) for the bias part. It is well known that the

operator norm of a symmetric matrix A = (a;;) ., is bounded by its ¢; norm, i.e.,

pXp
p

1Al < Al = max > ay;].
l_1a~~'7p4 1
J]=

This fact can be argued easily as follows. Let A be an eigenvalue of A, and v = (v;), <i<p

D
J=1

< Z§:1 la;j| < max;—1,..p Z§:1 la;j|. We bound the operator

be a corresponding eigenvector, i.e., Av = Av. Let |v;| = ||v]|o- Then A =3
hence |\ < 377, |ai]

norm of the bias part EX — X by its /1 norm. Since Ed;; = 0, we have

s
L2
@ij and

Yi
v

ES — % = ((wij — 1) %)),

where w;; € [0,1] and is exactly 1 when |i — j| < k, then
2

. 2
HEE — ZH < | max Z loi| | < M2E—2e,
i=1,....,p
J:li—j|>k
Now we establish (13) which is relatively complicated. The key idea in the proof is
to write the whole matrix as an average of matrices which are sum of a large number of
small disjoint block matrices, and for each small block matrix the classical random matrix
theory can be applied. The following lemma shows that the operator norm of the random
matrix 3 — EX is controlled by the maximum of operator norms of p number of 2k x 2k

random matrices. Let Ml(m) =(0l{l<i<l+ml<j<l+m}),,.

Lemma 2 Let 3 be defined as in (6). Then

|5~ ES|| <3 max |44~ BV
1<i<p

For each small m x m random matrix with m = 2k, we control its operator norm by
using classical results on random matrices. See, for example, Theorem I1.13 of Davidson
and Szarek (2001).



Lemma 3 Let Z ~ N(0,1/n). If m <mn, then
IP{HM,(”“ - EMl(m)H / HEM,(’”)H >ap <P{+Vmn+ |z 1>} (16)
forallz >0 and1 <[ <p.

The proof of Lemmas 2 and 3 is given in Section 6. Lemma 3 implies that for each [

there is a normal random variable Z; ~ N(0,1/n) such that
|2 = 2™/ [ < (4 Vi + 12102 -1

by using quantile coupling.
With Lemmas 2 and 3 we are now ready to show the variance bound (13). The
assumption 0 < € < Apin () < Apax (X) < 1/¢ implies that HEMl(m)H < 1/e. By Lemma

2 and the coupling result we have

o o (12 2
E[$-ES|" < 9E max ||a - EA|

1<I<p
2

< 9CE max {(1 + 2k + | Z)])? - 1}

SUSp

2

< 9CE max {2«/2k/n+2|Zl| +2|Z)|/2kn + 2k /n + zf}

SUSp
<

2
CiE max {V/k/n + |2} < 201E max {k/n + |2}

Equation (13) now follows from the well known fact that Emax;<;<,|Z|? < 21"% for p

sufficiently large.

3.2 Lower Bound under the Operator Norm

Theorem 2 in Section 3.1 shows that the optimal tapering estimator attains the rate of
convergence n_#il + 10%. In this section we shall show that this rate of convergence is
indeed optimal among all estimators by showing that the upper bound in equation (8)
can not be improved. More specifically we shall show that the following minimax lower
bound holds.

Theorem 3 The minimaz Tisk satisfies

~ 2 a 1
infsupEHE—EH ch_22+l —&—cﬂ.
Y Fa n



The basic strategy underlying the proof of Theorem 3 is to carefully construct a finite
collection of multivariate normal distributions and calculate the total variation affinity
between pairs of probability measures in the collection.

We shall now define a parameter space that is appropriate for the minimax lower
bound argument. For given positive integers k& and m with 2k < p and 1 < m < k, define
the p x p matrix B(m, k) = (b;j)pxp with

bij=I{i=mand m+1<j<2k orj=mand m+1<i<2k}.

1
Set k = n2a1 and a = k~ (@), We then define the collection of 2% covariance matrices

as
k

T = {z (0):2(0) =L, +7a ) 0uB(m,k), 6= (0n) € {0, 1}'“} (17)

m=1
where I, is the p x p identity matrix and 0 < 7 < min {27*7*M, (1 —¢) /2}. It is easy
to check that Fi; C Fu(e, M). In addition to Fi; we also define a collection of diagonal

Fla = Zm:Zm:Ip—i-<\/Tlogpll{i:j:m}> ,0<m<p
n pXp

where p; = min{p,e"} and 0 < 7 < min {(1/5 — 1)2 , 1}. Let F1 = F11 U Fiao. It is clear
that Fy C Fale, M) for .

We shall show below separately that for some constant ¢ > 0

matrices

. 2 N
iI}fsupEHZ—EH zcn_zzﬁ (18)
X Fn
and
. 2 1
ir}fsupJEHZ—ZH Zcogp. (19)
Y Fio n
Equations (18) and (19) together imply
2a 1
infsupE HE ZH g n_ 2o+l 4 ng) (20)
> n

X A

We shall establish the lower bound (18) by using Assouad’s Lemma and the lower bound

(19) by using Le Cam’s method and a two-point argument.

3.2.1 A Lower Bound by Assouad’s Lemma

The key technical tool to establish equation (18) is the Assouad’s lemma in Assouad

(1983). It gives a lower bound for the maximum risk over the parameter set © = {0, 1}k

10



to the problem of estimating an arbitrary quantity ¢ (), belonging to a metric space with
metric d. Let H (6,0') = Zle |0; — 6] be the Hamming distance on {0, 1}*, which counts
the number of positions at which 6 and ¢’ differ. For two probability measures P and
(@ with density p and ¢ with respect to any common dominating measure u, write the
total variation affinity |P A Q|| = [ pAgdu. Assouad’s Lemma provides a minimax lower
bound.

Lemma 4 (Assouad) Let© = {0, 1}k and let T" be an estimator based on an observation

from a distribution in the collection {Py,0 € ©}. Then for all s >0

PO, Y@k
2 Eod® (T, (6)) > = Py APy .
max 2°Eod” (T, 4 ( ))—H(re{lel})lzl 0.0 2H(I;7191/r)1:1” o APyl

The Assouad’s lemma is connected to multiple comparisons. In total there are k
comparisons. The lower bound has three factors. The first factor is basically the minimum
cost of making a mistake per comparison, and the last factor is the lower bound for the
total probability of making type I and type II errors for each comparison, and k/2 is the
expected number of mistakes one makes when Py and Py are not distinguishable from
each other when H (0,60") = 1.

We now prove the lower bound (18). Let Xy,...,X, N (0,2 (0)) with X (0) € F13.
Denote the joint distribution by Py. Applying Assouad’s Lemma to the parameter space

F11, we have

2 (60) — (0] k
N IZO) =Nk pApy. (1)

nf 2 Hi—x 0 i
inf max 9 @) = H({g}(j})lZl H (6,0 2 H(9,0')=1

S 6e{0,1}*

We shall state the bounds for the the first and third factors on the right hand of (21) in

i

two lemmas. The proof of these lemmas is given in Section 6.

Lemma 5 Let X (0) be defined as in (17). Then for some constant ¢ > 0

N DIOEIC 2
m > cka”.
H(e,elfl)lg H (0,0 = cra

Lemma 6 Let Xq,...,X, N (0,%(0)) with ¥ (6) € Fi11. Denote the joint distribution

by Py. Then for some constant ¢ > 0

min ||Py A Py|| > c.
H(60,0")=1

It then follows from Lemmas 5 and 6 together with the fact k = nFaFT

R 2 2 o
max  22E, Hz . (9)H > %k%ﬁ > e~

3(0)EFi1

for some c; > 0. 1

11



3.2.2 A Lower Bound Using Le Cam’s Method

Now we prove the lower bound (19). For 1 < m < pq, let 3, be a diagonal covariance
matrix with o, = 1+ Tlog%, oy = 1 for i # m, and let ¥ be the identity matrix.
Let fi,, 1 < m < pj, be the joint density of Xy, ..., X, with X; ~ N (0,%,,).

We will apply Le Cam’s method to derive a lower bound for minimax risk. Let X be an
observation from a distribution in the collection {Fy,60 € O} where © = {6y, 61,...,60,,}.
Le Cam’s method, which is based on a two-point testing argument, gives a lower bound
for the maximum estimation risk over the parameter set ©. More specifically, let L be the
loss function. Define r (6o, 0,,) = inf; [L (¢,60) + L (¢, 0,,)] and rmin = infi<m<p, 7 (00, Om),

and denote P = Pil h Py,

m=1

Lemma 7 Let T be an estimator of 0 based on an observation from a distribution in the
collection {Py,0 € © = {0y,01,...,6,,}}, then

1
sup EL(T,0) > o Tmin HIP’gO A PH

We refer to Yu (1997) for more detailed discussions on Le Cam’s method. Let 0, = ¥,,
for 0 < m < p; and the loss function L be the squared operator norm. It is easy to see
r(6o,0m) = %Tlog% for all 1 < m < p;. Then the lower bound (19) follows immediately

if there is a constant ¢ > 0 such that
|Pgo AP|| > c. (22)

Since [ goAqidp =1—35 f |go — q1| dp for any two densities gy and g1, and the Jensen’s
inequality implies

[/|QO—Q1|dM]2= (/ qdu>2§/(qo;ql)2du:/<fj—l>du.

1/2
Hence [qo Aqdp>1—1 [f (q1 - ) du} . To establish equation (22), it thus suffices

to show that [ (p% e fm> /fo—1—0,ie.,

EE YA EE) e

qo0 — q1
q1

Lmzj
We now calculate | %. For m # j it is easy to see
Indi 2,
Jfo



When m = j, we have

B U (o))

= [1 - (1- amm)ﬂ T <1 — 7'1ng1>_”/2.

n

Thus

2
1 P1 1 p1 < f2 ) 1 ( 10g D ) —n/2 1
=5 fu 1= Im 1) < = (17280 — = =0
/(m mzlf ) /fo pt =\ fo p1 n p1

for 0 < 7 < 1, which immediately implies equation (19).

Remark 1 In Bickel and Levina (2008a) it was assumed that 10% — 0. Here we show
that this assumption is necessary to estimate the covariance matrix consistently under the

operator norm.

3.3 Discussion

Theorems 2 and 3 together shows that the minimax risk for estimating the covariance

1
matrices over the parameter space F, satisfies, for p > 2n2a+1,

ir}fsupEHXA]—E’rxn*ﬁil —1—1()&. (24)
s F n

The results also show that the tapering estimator S with tapering parameter k = n#ﬂ
attains the optimal rate of convergence nfﬁ% + k’%.

A few interesting points can be made on the optimal rate of convergence n_% + 10%.
When the dimension p is relatively small, i.e., logp = o(n#ﬂ), p has no effect on the
convergence rate and the rate is purely driven by the “smoothness” parameter o. However,
when p is large, i.e., logp > nﬁ, p plays a significantly role in determining the minimax
rate.

We should emphasize that the optimal choice of the tapering parameter k =< nTlﬂ is
different from the optimal choice for estimating the rows/columns as vectors under mean
squared error loss. Straightforward calculation shows that in the latter case the best cutoff
is k= nﬁﬂ) so that the tradeoff between the squared bias and the variance is optimal.
With k£ =< nﬁ, the tapering estimator has smaller squared bias than the variance as a
vector estimator of each row/column.

It is also interesting to compare our results with those given in Bickel and Levina

1
a). anding estimator wit andwidt = | —== was proposed and the
2008a). A bandi i ith bandwidth k = (182) %"V d and th

13



rate of convergence (%) att was proved. Take for example a = 1/2 and p = eV, Their
rate is n_%, while the optimal rate in Theorem 1 is n~3. Hence the banding estimator
given in Bickel and Levina (2008a) is not rate optimal.

It is instructive to take a closer look at the motivation behind the construction of the
banding estimator in Bickel and Levina (2008a). Denote ¥ — EY by V and let V = (v;;).
An important step in the proof of Theorem 1 in Bickel and Levina (2008a) is to control

the operator norm by the /1 norm as follows,

E

-----

< ol * /o 2—ckzlogp

Note that E [|vi;| I {|i — j| < k}] < 1/y/n, then EY, |v;;] < k/y/n. It is then expected
2
that E (maxj—1_. > ; |U¢j|)2 <C (%\/logp) (see Bickel and Levina (2008a) for details)

and so

k% logp

n
1

An optimal tradeoff of k is then (k’%> *@*) which implies a rate of (1(’%)76!Tl in

Theorem 1 in Bickel and Levina (2008a). This rate is slower than the optimal rate

o 2
IEHZ—ZngC Ok 2

2a
n~ 2e+1 4 10% in Theorem 1.

We have considered the parameter space F, defined in (3). Other similar parameter
spaces can also be considered. For example in time series analysis it is often assumed the

a+1)

covariance |o;;| decays at the rate |i — j \7( for some ae > 0. Consider the collection of

positive definite symmetric matrices satisfying the following conditions:
Goo = Gale, M) = {S:loyl < My fi = j|7 fori £
and 0 <& < Ain (£) < Amax (8) <!} (25)
where A\pax(X) and A\pin(2) are respectively the maximum and minimum eigenvalues of
the matrix ¥. Note that G, (e, M7) is a subset of F, (¢, M) as long as M; < aM. Using

virtually identical arguments one can show that

. 2 o1
iI}fsupEHE—EH = p Tt 4 8P
n

2 Ga

3.3.1 The Case of p < 2nﬁ1+1

1 1
We have focused on the case p > 2n2e+1 in Sections 3.1 and 3.2. The case of p < 2n2a+1

can be handled in a similar way. The main difference is that in this case we no longer have

14



A~ 1
a tapering estimator 3 with k = n2+1 because 2k > p. Instead the maximum likelihood

estimator X* can be used directly. It is easy to show in this case,
* 2 p
supE | - 3||” < C=. (26)
Fa n

The lower bound can also be obtained by a parameter space that is similar to F1; and
the application of Assouad’s Lemma. To be more specific, For an integer 1 < m < p/2,

define the p x p matrix By, = (bi;)pxp With

Define the collection of 2 covariance matrices as

k

]—'*:{2(9):2(9)—1 +r\/Lmzle B(m, k), e:(em)e{o,u’f}. (27)

\/%Tp < 20+1/2p=(e+1)  Again it is easy to check F* C Fo(e, M)
when 0 < 7 < min {27%7'M, (1 —¢) /2}. The following lower bound then follows from

1
Since p < 2n2a+1, then

the same argument as in Section 3.2.1

P - C1 > CQB. (28)

() oz

Equations (26) and (28) together yield the minimax rate of convergence for the case

mfsupE HZ EH >cp
by

p < 2%,
. 2
ir}fsupEHZ—EH =2, (29)
Y Fa n

This together with equation (24) give the optimal rate of convergence

. 2 ]
if}fsupEHZ—EH = min {n 2ai7 4 —oF p}

30
Y Fa non (30)

4 Rate Optimality under the Frobenius Norm

In addition to the operator norm, the Frobenius norm is another commonly used matrix
norm for measuring the accuracy of an covariance matrix estimator. See, e.g., Lam and
Fan (2007). In this section we consider the optimal rate of convergence for covariance
matrix estimation under the Frobenius norm. The Frobenius norm of a matrix A = (a;;)

is defined as the > vector norm of all entries in the matrix,

4l = \ﬁ
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This is equivalent to treating the matrix A as a vector of length p?. It is easy to see that
the operator norm is bounded by the Frobenius norm, i.e., [|A| < [|A]z.

Again suppose we observe X1, ..., X, N (1, Xpxp). The following theorem gives the
minimax rate of convergence for estimating the covariance matrix ¥ under the Frobenius

norm based on the sample {X1,...,X,}.

Theorem 4 The minimaz risk under the Frobenius norm satisfies

11~ 2 _ 2a+1 P
infsupE— HE — EH = min {n 2(a+1) —} . (31)
S Fa P F n

This rate is identical to the optimal rate of convergence for estimating one row/column

as a vector with the same constraint under squared error loss.

Remark 2 It is easy to see that the optimal rate of convergence over the parameter space

Go given in (25) also satisfies

. 1=~ 2 . _ 241 p
inf supE— HE—ZH = min {n 2(atD) —}.
¥ Go P F n

We shall establish below separately the minimax upper bound and minimax lower
bound.

4.1 Upper Bound under the Frobenius Norm

The minimax upper bound is derived by again considering the tapering estimator (4).
Under the Frobenius norm the risk function is separable. The risk of the tapering estimator
can be bounded separately under the squared /o loss for each row/column. This method
has been commonly used in nonparametric function estimation using orthogonal basis

expansions. Since
E(Tij = 0y
. 2 1 2
Var(3i;) = E (&) = — (0u0j; +03)
for the tapering estimator (4), we have

s 2
2 0—7,7,0—]] +0—z‘]
 —

E (wij6i; — 03)° = (1 — wi;)” o+ w

n

It can be seen easily that

1 ¢ 2 1 1 050 + o2
s <! ¥ gl oy pmwthog g
{@.9)k<|i—5} {(@@,9):li—j|<2k}

16



The assumption 0 < £ < Apin (X) < Apax (X) < 1/e implies that € < 0y < 1/ for all i.
Since |o;| is uniformly bounded for all 7 and j, we immediately have Ry < C %
Now we show that
! Y o <CE!
P {yw<li-iy
which is clearly true if |oy;| < C1|i — j|7(a+1) for all ¢ # j. However we do not have this
condition. We shall show that Assumption (3) implies that there is a subsequence in each

row satisfying that. Since

> o3| < M <§>_a

{(.9):[k/2) <|i—j|<k}

which implies there is a j. € {j: [k/2] < |i — j| <k} such that |o;;,| < M (g)—(aﬂ)’
then

IN
(]
SQ

|

) ) k —(a+1)
Z 0ij <M <2> Z |Uij|

{5:k<li—3l} {5:li=g«1<li=j[} {G:li—gs |<|i—3|}
L\ —(et+l) L —(2a41)
{5:1k/2]<]i—31}
Thus
1 e 2 C9a—1 k _ 2a+1
E- HE — EH < Ck =+ C—= < Cyn™ 2+D) (32)
P F n
by choosing
k = nﬁ (33)

1
if n2e+1) < p, which is different from the choice of k for the operator norm in equation
1
(15). If n2(e+1) > p, we will choose k = p, then the bias part is 0 and consequently

1
E=

o 2
z—ﬂ‘§3.|
D F~n

Remark 3 Under the Frobenius norm the optimal tapering parameter k is of the order
1 1
n2+D) . The rate of convergence of the tapering estimator with k < n2@+D) ynder the

operator norm is
logp
n

o
_|-n O<+1’

_ 2«
which 1s slower than n~ 2o+1 4

lo% in equation (1). Similarly the optimal procedure under

the operator norm is not rate optimal under the Frobenius norm.
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4.2 Lower Bound under the Frobenius Norm

We now turn to the minimax lower bound. As in the case of estimation under the operator
norm, we need to construct a finite parameter space F» C F such that
1e 2 k
inf sup E— HZ — EH >c—.
S F D F n
1
for some ¢ > 0 when k = min {n2(a+1), p/2}.
We construct F; as follows. Let 0 < 7 < min {M, 1 — ¢} be a constant. Define
fg = {2(9) : 2(9) =1+ (91‘]'7'”_%[{1 < ’Z —j’ S k}) s for Qij = 9]'2' =0or 1}
PXp
It is easy to verify that Fy C F. Note that O = {0, 1}P—kE+1D/2,
Applying Assouad’s Lemma with d the Frobenius norm and s = 2 to the parameter

space Fa, we have

R LIS ) =S @) gy —
s[5 20l 2 i, e el
Note that

mo s _ el

H6,0) H(0,0) - [Tk }
then
in ARAGEIC] _ ﬁn,l_
H(9,0))>1 H (0,0 P

It is easy to see that
kp—k(k+1)/2
2

= kp.

Lemma 8 Let Py be the joint distribution of Xq,...,X, YN (0,2 (0)) with £(0) € Fo.

Then for some constant c; > 0 we have

min ||P9/\P9/H > Ci.
H(6,0))=1

We omit the proof of this lemma. It is very similar to and simpler than the proof of
Lemma 6.
From Lemma 8 we have for some ¢ > 0
H(g}ei})lzl [Py A Py|| > ¢ (34)
thus
2a+1 p }

1~ 2 _
max22E97 HE -X (Q)H > ¢min {n 2at1), =
0cFo P F n

which implies the rate obtained in (32) is optimal. &
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5 Estimation of the Inverse Covariance Matrix

The inverse of the covariance matrix ¥~! is of significant interest in many statistical
applications. The results and analysis given in Section 3 can be used to derive the optimal
rate of convergence for estimating ¥~! under the operator norm.

The following theorem gives the minimax rate of convergence for estimating 1.
Theorem 5 The minimax risk of estimating the inverse covariance matriz X1 over the
parameter space Fo defined in (3) satisfies

. 2 a 1
inf supE HEfl - E*1H = min {n_22+1 + ﬂ, p} . (35)

Y Fa non

Proof of Theorem 5 : We shall focus on the case p > 9n%+T. The proof for the case of

p < Qnﬁ is similar. To establish the upper bound, note that
IR (2 - z) n-1

then

7 -w[ = fo (- g) e[ s el 2f e

It follows from Assumption (3) that HE_1H2 < e72. Tt then suffices to show that there
is a constant ¢ such that P (Hf]‘lH > c) decays faster than any polynomial of n, which
follows easily from Lemmas 2 and 3.
The proof of the lower bound is almost identical to that of Theorem 1 except that
here we need to show
I Al

> cka?
H(0,0))>1 H (0,0 = ca

instead of Lemma 5. For a positive definite matrix A, let Apin (4) denote the minimum

cigenvalue of A. Since
() -3 (1) =2 (#) (5(0) - 2 () 57 ()
we have
[£76) = =7 (0)]] 2 A (57 6)) dein (57 (8)) [[2(0) — = (9)].

Note that
Amin (2_1 (0)) >e€, Amin (Z_l (9/)) > €,
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then Lemma 5 implies

=10 - @) _ 1= (0) — = ()] )
1 > 1 >
H(glé/r)lzl H (0,0 =€ H(gl;/r)lg H (0,0 = cha

for some constant ¢ > 0. 1

6 Proofs of Auxiliary Lemmas

In this section we give proofs of auxiliary lemmas stated and used in Sections 3 - 5.

Proof of Lemma 1: It is easy to see

kwij = (2k—|i—j))+ — (k—]i—j]+
= #{:GH)c{l,. . d+2k -1 —#{: G c{l,... . l+k—1}}1

Proof of Lemma 2: Without loss of generality we assume that p is divisible by m. Set
5™ =M™ —EM™ and S0 =3P M™. Tt follows from (6) that

l=2—m

HS}’”)—ES}’”)Hgi Sl (36)

=1 ||-1<5 < p/m

Since 5(m)

iml Are disjoint diagonal blocks over —1 < j < p/m, we have

s ems | 3 <m0 o

Since 5l(k) are all sub-blocks of certain matrix 5§2k) with 1 <1 <p—2k+1, Lemma 2 now

follows immediately from Equations (37) and (6). 1

Proof of Lemma 3: Fix 1 <[ < pand m > 1. Let Q be the projection mapping

(a1,... ,ap)T to (ay,...,a14m—1)". Define
m m m)\ —1/2 m )\ —1/2
o™ = QEM{™QT, W =n (5{™) T QumMQT (M)

Since (zij,1 < j <1+ m)T are i.i.d. N(0, El(m)) vectors, W is an m X m matrix with the

Wishart distribution W,,,(I,n). Moreover,
|2 =A™ | < wyn = 1) < ||
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Since HEl(m)H = HEMl(m)H’ (16) follows from

B{IW/n— Ll > 1L+ Vm/n+)* =1} <P{|Z] > 1},

which is an immediate consequence of Theorem II1.13 of Davidson and Szarek (2001). 1

Proof of Lemma 5: Set v = (1{k <i < 2k}) and let
(wi) = [2(8) == (¢)] v.

There are exactly H (6,60") number of w; such that |w;| = ka (just consider upper half of

the matrix). This implies
1120 —= (@) ell; > H(0.6) - (ka)?

and so || (0) — (8| > H(0,0') - (ka)? /k > cka®. 1

Proof of Lemma 6: When H (6,60') = 1, we will show

1Py — Byl < K(Py|Py)=n %tr (Z(0)="1(9) - %log det (X (0") =71 (0)) — %’

< n-cka®

for some small ¢ > 0. This immediately implies the L; distance between two measures is

bounded away from 1, and then the lemma follows. Write
S(0)=D1+%(0).
Then
1
Str(S(6) 271 (0) — 5 = tr (D=1 (6).

Let \; be the eigenvalues of D1~ 7! (6), which are in [—c3ka, c3ka] for some c3 > 0. Then

we have
logdet (X (0') 271 (0)) =logdet (I + D1S7(0)) = tr (D1=71(0)) + Rs

where

P
R3 < C’Z)\f for some C > 0.
i=1
Since HE_l (H)H is finite, it follows from the fact that the Frobenius norm of a matrix

remains the same after an orthogonal transformation that

p
STN = |Dis L O)||5 < C1IDLIE < Coka®.
1=1
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