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FUNCTIONAL REGRESSION FOR GENERAL EXPONENTIAL
FAMILIES

BY WEI Dou*, DAVID POLLARD' AND HARRISON H. ZHOU#

Yale University

The paper derives a minimax lower bound for rates of convergence for
an infinite-dimensional parameter in an exponential family model. An esti-
mator that achieves the optimal rate is constructed by maximum likelihood
on finite-dimensional approximations with parameter dimension that grows
with sample size.

1. Introduction. Our main purpose in this paper is to extend the theory devel-
oped by Hall and Horowitz (2007)—for regression with mean a linear functional of
an unknown square integrable function B defined on a compact interval of the real
line—to observations y; from an exponential famly whose canonical parameter is
of the form fol B(t)X;(t) dt for observed Gaussian processes X;.

Our methods introduce several new technical devices. We establish a sharp ap-
proximation for maximum likelihood estimators for exponential families parametr-
ized by linear functions of m-dimensional parameters, for an m that grows with
sample size. We develop a change of measure argument—inspired by ideas from
Le Cam’s theory of asymptotic equivalence of models—to eliminate the effect of
bias terms from the asymptotics of maximization estimators. And we obtain im-
proved bounds for projections onto subspaces defined by eigenfunctions of pertur-
bations of compact operators, bounds that simplify arguments involving estimates
of unknown covariance kernels.

More precisely, we consider problems where the observed data consist of inde-
pendent, identically distributed pairs (y;, X;) where each X; is a Gaussian process
indexed by a compact subinterval of the real line, which with no loss of generality
we take to be [0, 1]. We write m for Lebesgue measure on the Borel sigma-field
of [0, 1]. We denote the corresponding norm and inner product in the space £2(m)
by || - [ and -, ).

We assume the conditional distribution of y; given the process X; comes from

*Supported in part by NSF FRG grant DMS-0854975

TSupported in part by NSF grant MSPA-MCS-0528412

Supported in part by NSF Career Award DMS-0645676 and NSF FRG grant DMS-0854975

AMS 2000 subject classifications: Primary 62J05, 60K35; secondary 62G20

Keywords and phrases: Functional estimation, exponential families, minimax rates of conver-
gence, approximation of compact operators.

1

imsart—-aos ver. 2009/12/15 file: FunctionalRegression.tex date: 22 January 2010


http://www.imstat.org/aos/
http://arxiv.org/abs/1001.3742v1

2

an exponential family {Q) : A € R} with parameter

1
M n= a+/ X (£)B(1) dt
0
for an unknown constant a and an unknown B € £2(m).

We focus on estimation of B using integrated squared error loss:

1
L(®,B.) = [B-Bul? = [ (B(t) - Bu(t)) at.

In a companion paper we will show that our methods can be adapted to treat
the problem of prediction of a linear functional fol x(t)B(t) dt for a known x, ex-
tending theory developed by Cai and Hall (2006). In that paper we also consider
some of the practical realities in applying the results to the economic problem of
predicting occurence of recessions from the U.S. Treasury yield curve.

Our models are indexed by a set F of parameters f = (a,B, K, u), where p
is the mean and K is the covariance kernel of the Gaussian process. Under as-
sumptions on F (see Section 3) analogous to the assumptions made by Hall and
Horowitz (2007) for a problem of functional linear regression, we find a sequence
{pn} that decreases to zero for which

(2) liminfsupP, ¢||B — Bn||?/pn > 0 for every estimating sequence {B,, }

and construct one particular estimating sequence of @n’s for which: for each e > 0
there exists a finite constant C', such that

3) sup P, ¢{[|B — Bo|2 > Cepn} < € for large enough n.
feF

For the collection of models ¥ = F(R, a, 3) defined in Section 3, the rate p,
equals n(1—20)/(a+20)

In Section 9 we establish a minimax lower bound by means of a variation on
Assouad’s Lemma.

We begin our analysis of the rate-optimal estimator in Section 4, with an approx-
imation theorem for maximum likelihood estimators in exponential family mod-
els for parameters whose dimensions change with sample size. The main result is
stated in a form slightly more general than we need for the present paper because
we expect the result to find other sieve-like applications. The approximations from
this section lie at the heart of our construction of an estimator that achieves the
minimax rate from Section 9.

As an aid to the reader, we present our construction of the estimating sequence
for (3) in two stages. First (Section 5) we assume that both the mean 4 and the
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FUNCTIONAL REGRESSION 3

covariance kernel K are known. This allows us to emphasize the key ideas in our
proofs without the many technical details that need to be handled when x and K
are estimated in the natural way. Many of those details involve the spectral theory
of compact operators.

We have found some of the results that we need quite difficult to dig out of the
spectral theory literature. In Section 6 we summarize the theory that we use to con-
trol errors when approximating K: some of it is a rearrangement of ideas from Hall
and Horowitz (2007) and Hall and Hosseini-Nasab (2006); some is adapted from
the notes by Bosq (2000) and the monograph by Birman and Solomjak (1987); and
some, such as the material in subsection 6.3 on approximation of projections, we
believe to be new.

Armed with the spectral theory, we proceed in Section 7 to the case where p
and K are estimated. We emphasize the parallels with the argument for known
and K, postponing the proofs of the extra approximation arguments (mostly col-
lected together as Lemma 28) to the following section.

The final two sections of the paper establish a bound on the Hellinger distance
between members of an exponential family, the key to our change of measure ar-
gument, and a maximal inequality for Gaussian processes.

2. Notation. For each matrix A, the spectral norm is defined as [|A|]2 :=

1/2
sup|,|<1 |Au| and the Frobenius norm by [|A|[r := (Zw A,?’j) / JIf A is sym-
metric, with eigenvalues Aq, ..., Ag, then

[All2 = max; |As| = supj,<; |[u'Au| < [|A]lF.

If A is also positive definite then the absolute values are superfluous for the first
two equalities.

When we want to indicate that a bound involving constants ¢, C, C1, ... holds
uniformly over all models indexed by a set of parameters F, we write ¢(F), C(F),
C1(9),.... By the usual convention for eliminating subscripts, the values of the
constants might change from one paragraph to the next: a constant Cy(F) in one
place needn’t be the same as a constant C' (§) in another place.

For sequences of constants ¢, that might depend on F, we write ¢,, = O5(1)
and o(1) and so on to show that the asymptotic bounds hold uniformly over JF.

We write h( P, Q) for the Hellinger distance between two probability measures P
and Q. If both P and @) are dominated by some measure v, with densities p and ¢,
then h?(P,Q) = v (VP — \/6)2 We use Hellinger distance to bound total varia-
tion distance,

|P — Qv :=supy |[PA — QA| = sv|p — q| < h(P, Q).
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For product measures we use the bound
h*(®i<nPi, @i<n@Qi) < ZKn h?(P;, Qi)

To avoid confusion with transposes, we use the dot notation or superscript nota-
tion to denote derivatives. For example, ¢ or 13 both denote the third derivative
of a function 1,

3. The model. Let {Q) : A € R} be an exponential family of probabil-
ity measures with densities d@»/dQo = fi(y) = exp (Ay — ¥ (\)). Remember
that e¥») = QueM and that the distribution Q has mean (" ()\) and vari-
ance (2 (\).

We assume:

(13) There exists an increasing real function G on R™ such that
1N+ h)| <P N)G(h|)  forall Aand h

Without loss of generality we assume G(0) > 1.
()2) Foreach e > 0 there exists a finite constant C, for which 1)(2) (\) < C exp(eA?)
for all A € R. Equivalently, 12 (\) < exp (0(A?)) as |A| — oo.

As shown in Section 10, these assumptions on the ¢ function imply that
@ PAQx Qaps) <PVP N 1+ ) G(l8])  forall A\, 6 € R.

Remark. We may assume that 1)(2)(\) > 0 for every real \. Otherwise we
would have 0 = ¢ (2 (\g) = vary, (y) = vfr, (1) (y — 1) (A\g))? for some Ao,
which would make y = (1) () for v almost all y and Q5 = Q,, for every \.

We assume the observed data are iid pairs (y;, X;) fori = 1,...,n, where:

(a) Each {X;(¢) : 0 <t < 1} is distributed like {X(¢) : 0 < ¢t < 1}, a Gaussian
process with mean p(t) and covariance kernel K (s, t).

() yi | Xi ~ Q), with \; = a + (X, B) for an unknown {B(¢) : 0 <t < 1}in
L%(m)and a € R.

DEFINITION 5. For real constants « > 1 and > (o + 3)/2 and R > 0,
define ¥ = F(R, «, 3) as the set of all f = (a,B, u, K) that satisfy the following
conditions.

(K) The covariance kernel is square integrable with respect to m @ m and has an
eigenfunction expansion (as a compact operator on £2(m))

K(s,t) = 3 0uu(8)n(t)

where the eigenvalues 0y, are decreasing with Rk=% > 0 > 0, 1+(a/R)k~* 1,
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FUNCTIONAL REGRESSION 5

(a) la| <R

(w) llpl < R

(B) B has an expansion B(t) = ey bedr(t) with |bx| < REk™5, for the eigen-
functions defined by the kernel K.

Remarks. The awkward lower bound for 6;, in Assumption (K) implies, for
allk < 7,

J
(©) 0x—0; > R™ / az="ldz = R (k= — j=°).
k

If K and p were known, we would only need the lower bound 6, > R~k
and not the lower bound for 6, — ;1. As explained by Hall and Horowitz
(2007, page 76), the stronger assumption is needed when one estimates the in-
dividual eigenfunctions of K. Note that the subset By of £2(m) in which B
lies depends on K. We regard the need for the stronger assumption on the
eigenvalues and the irksome Assumption (B) as artifacts of the method of
proof, but we have not yet succeeded in removing either assumption.

More formally, we write P, f for the distribution (a probability measure on £ (m))
of each Gaussian process X;. The joint distribution of Xy, ..., X, isthen P, ;, i =
P! ¢ We identify the y;’s with the coordinate maps on R" equipped with the prod-
uct measure Q, o Bx,,. X, = ®i<n@;, Which can also be thought of as the
conditional joint distribution of (y1,...,yn) given (Xy,...,X,). Thus the P, s

in equations (2) and (3) can be rewritten as an iterated expectation,

Pn,f = Pn,u,KQn,a,B,Xl,...,Xny

the second expectation on the right-hand side averaging out over v, ..., ¥y, for
given X1, ..., X, the first averaging out over Xy, ..., X,,.
To simplify notation, we will often abbreviate Qy, o B x,,... X,, 10 Qp, o B-

4. Maximum likelihood estimation. The theory in this section combine ideas
from Portnoy (1988) and from Hjort and Pollard (1993). We write our results in a
notation that makes the applications in Section 5 and 7 more straightforward. The
notational cost is that the parameters are indexed by {0,1,..., N}. To avoid an
excess of parentheses we write N for NV + 1. In the applications N changes with
the sample size n and Q is replaced by Q,, o B, N OF @n,ai& N.

Suppose &1, ..., &, are (nonrandom) vectors in RN+, Suppose Q = ®i<nQ),
with \; = &y for a fixed v = (70,71, - -.,vn) in RV+. Under Q, the coordinate
maps y1, . . . , Y, are independent random variables with y; ~ Q»,.

The log-likelihood for fitting the model is
Ln(g) =), o)y —¥(&lg)  forg e RYY,

which is maximized (over RV+) at the MLE § (= Gn)-
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Remark. As a small amount of extra bookkeeping in the following argument
would show, we do not need g to exactly maximize L,,. It would suffice to have
L, (g) suitably close to sup, Ly (g). In particular, we need not be concerned
with questions regarding existence or uniqueness of the argmax.

Define
() Jn = Ticn &P (X)), an Ny x Ny matrix

(i) w; := JEI/QQ, an element of RV+
(i) Wy =37« w; (yz — @D(l)()\i)), an element of RV+

Notice that QW,, = 0 and varg(W,) = 3, wwip@ (N\;) = Iy, and
Q|W,|? = trace (varg(W,,)) = N;.

LEMMA 7. Suppose 0 < €1 < 1/2and 0 < e3 < 1 and

maxi<y, |w;| < ﬁ with G as in Assumption (3).

Then g = v + J{l/Q(Wn + 1) with |r,| < €1 on the set {|{W,| < \/Ni/ea},
which has Q-probability greater than 1 — €.

PROOF. The equality Q|W,,|> = N and Tchebychev give Q{|W,,| > /N /ea} <

€9.
Reparametrize by defining ¢ = gL/ (g9 — 7). The concave function

Lo(t) i= Ln(y + I 20) = La(y) = D, yawit + 9 (As) — (N + wit)
is maximized at £, = J5/ 2(§ — 7). It has derivative
Lat) =3 wi (g = DO+ wip))

For a fixed unit vector u € R+ and a fixed t € R+, consider the real-valued
function of the real variable s,

H(s) = 'Lo(st) = 3, u'wy (i = 00 i+ swlt) )
which has derivatives
H(s) ==Y _ (u'w)(wit)p@ (N + swjt)
f(s) = = 32 (ulwg) () + sult).
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FUNCTIONAL REGRESSION 7

Notice that H(0) = u/W,, and H(0) = —u/ Sicn wiwly@ ()t = —u't.
Write M,, for max;<y, |w;|. By virtue of Assumption (33),

s)| < Z |u'wg] (wit) 22 (\) G (|swit])
< MnG (M, |st|) t Zign wwjp®@ (At
= M, G (M,|st]) |t|>.
By Taylor expansion, for some 0 < s* < 1,
[H(1) — H(0) — H(0)| < 3 (s)] < LMG (Mylt]) 1112
That is,
(®)

W (Lalt) = W + t)] < 1M, G (M,|t]) |t[>.

Approximation (8) will control the behavior of £(s) := L,,(W,,+su), a concave
function of the real argument s, for each unit vector u. By concavity, the derivative

E(s) = ' L (Wy + su) = —s + R(s)
is a decreasing function of s with
|R(s)| < MG (Mp|Wy, + sul) |W, + sul?
On the set {|W,,| < /Ny /ea} we have

‘Wn :I:elu\ S \/N+/62 + €1.

Thus
My |W,, + e1u] < 2(;(16)2 (\/]T/GQ—FQ) <1,
implying
R(£e1)] < LM, G ()W + yuf?
< % <N+/€2 + 6%)
<e (1 + 6162/N+) Zer.
Deduce that

E(q) = —e€1 + R(El) < —%61
L(—e1) =e1 + R(—e1) > 361

The concave function s — L,,(W,, + su) must achieve its maximum for some s in
the interval [—ey, €;], for each unit vector w. It follows that [¢,, — W,,| < €7. O
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COROLLARY 9. Suppose & = Dn; for some nonsingular matrix D, so that

1
Jo=nDA,D  whereAy = — Zign niniap ().
If B,, is another nonsingular matrix for which
(10) 1An = Ball2 < (2118 [l2) ™
and if
N.

(11) maxi<, |7i| < vn/N+ for some 0 < € < 1

G(1)y/32[|Bi |12
then for each set of vectors Ky, ..., KN in RN+ there is a set Y, with QH%E < 2e¢
on which

6[|B,, " ll2 _
[N 2 n 1,12
20§j§N|Kj(g_7)| < e ZO§j§N|D “J‘ .

Remark. For our applications of the Corollary in Sections 5 and 7, we need
D = diag(Dy, D1,...,Dn) and k; = e, the unit vector with a 1 in its jth
position, for j < m and x; = 0 for 7 > m. In our companion paper we will
need the more general &;’s.

PROOF. First we establish a bound on the spectral distance between A ! and B, 1.
Define H = B, ' A,—1I.Then||H||2 < || B;;!||l2/|An—Bnll2 < 1/2, which justifies
the expansion

14 =B o = | (T4 B = 1) B b < X IHINB; s < 11357 o

As a consequence, | A, Y2 < 2(| Bt la.
Choose €; = 1/2 and €3 = € in Lemma 7. The bound on max;<,, |7;| gives the
bound on max;<, |w;| needed by the Lemma:

nwil* = niD(Jo/n) ™ Dn; = ni A7 i < AL 2]l

Define K; := Jy, /*k;, so that |[i(§ — 7)|> < 2(K/W,)? + 2(Klr,)% By
Cauchy-Schwarz,

Zj(Kg/'Tn)z < Zj |Kj’2|7'n‘2 = U,{|rn\2
where
Uy := Zj H;J;llij = Zj n Y (D 'k) A Dk
<20 B b Y, 1D s
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FUNCTIONAL REGRESSION 9

For the contribution V; := >~ |K ]’ W,|? the Cauchy-Schwarz bound is too crude.
Instead, notice that QV,, = U,;, which ensures that the complement of the set

Yo i= {IWal < /Ny fe} 0 {Vi < Uy/fe}

has Q probability less that 2e. On the set Y, ,
ZogjgN K55 — |2 < 2V 42U, |rn|?* < 3U /.
The asserted bound follows. g

5. Known Gaussian distribution. Initially we suppose that ;4 and K are known.
We can then calculate all the eigenvalues 0y, the eigenfunctions ¢y, for K, and the
coefficients z; , 1= (Z;, ¢y, for the expansion

Xi—p=2%Z; = ZkeN 2i Dk

The random variables z; ;, are independent with z; , ~ N (0, 6). The random vari-
ables 7; , := 2; 1,//0 are independent standard normals.
Under Q,, = Q,, 4B, the y;’s are independent, with y; ~ @, and

Ai=a+ (X;,B) =by + ZkeN 2 1:bk where by = a + (u, B).

Our task is to estimate the b;’s with sufficient accuracy to be able to estimate
B(t) = Ypenbe¢r(t) within an error of order p, = n(1=20)/(+26) I fact
it will suffice to estimate the component H,,,B of B in the subspace spanned by
{b1,...,dm} withm ~ n/(@+25) because

(12) IH:BI? =), b= Og(m'™*) = Og(pn).

We might try to estimate the coefficients (by, . . ., by, ) by choosing g = (Go, - - - , Gm)
to maximize a conditional log likelihood over all g in R"+1,

zign yi)‘ivm - w()‘i,m) with >‘i,m = go + Z

To this end we might try to appeal to Corollary 9 in Section 4, with ~; equal to
the unit vector with a 1 in its jth position for j < m and x; = 0 otherwise. That
would give a bound for } -, (G5 —j )2. Unfortunately, we cannot directly invoke
the Corollary with N = m to estimate v = (b, b1, ..., by ) when

L <k Zisk k-

Q=Quep and D =diag(1,6y,...,0n5)"2
(13) fz/ = (1,22‘,1,...,21"]\[) and 7’],2 = (1,7’]1"1,...,7’]1"]\[)

because \; # /7.
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Remark. We could modify Corollary 9 to allow ¢; = &l + bias;, for a
suitably small bias term, but at the cost of extra regularity conditions and a
more delicate argument. The same difficulty arises whenever one investigates
the asymptotics of maximum likelihood with the true distribution outside the
model family.

Instead, we use a two-stage estimation procedure that eliminates the bias term
by a change of measure. Condition on the X;’s. Consider an N much larger than m
for which

N~n®  with(24+2a) ' >(¢> (a+268-1)"1,

Such a ( exists because the assumptions « > 1 and § > (a+3)/2 imply o+ 25 —
1 > 2 4 2a. Define &;, D, and 7; as in equation (13). For Q use the probability
measure

QnapN = Ri<nQy, y  With\j vy :=Eyand o' = (bo, b1, ..., bN).

Choose B, := P, ;, k Apn. Define X, = Xz, N Xy N X 4, where

(14) Xz, = {max;<, || Zi||* < Cologn}
(15) DCWL = {maxign |77¢|2 < C()N log n}
(16) Xam = {l[An — Bull2 < 2B, 27"}

If we choose a large enough constant Cp = Cy(F), Lemma 41 and its Corollary in
Section 11 ensure that P, ;, kX7, < 2/n and P, , k X}, ,, < 2/n; and in subsec-
tion 5.1 we show that

”BJIHQ = 0#(1) and Pn,u,KHAn - BnH% = og(1).

Thus Py, ,, kX5, = o5(1). Moreover, on the set X,,, inequality (10) holds by con-
struction and inequality (11) holds for large enough n because

max;<p [17;|> < Ox(N logn) = og(v/n/N).

Estimate 7 by the g = (go, . .., gn) defined in Section 4. Then discard most of

X

the estimates by defining B,, := >y <, Gk P For each realization of the X;’s
in X,,, the Lemma gives a set Y,,, . with Qn,a7B7NH%L,6 < 2¢ on which

Zlékém 9 = wl* = O (Zlgkgm 9’;1) = Og(m'**/n) = O3(pn),
which implies

1B —BI? =", (86—l + D2, bk = Ox(pn).
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FUNCTIONAL REGRESSION 11

In replacing Q,, g by Q4,8 We eliminate the bias problem but now we have
to relate the probability bounds for Q,, , g x to bounds involving Q,, , . As we
show in subsection 5.2, there exists a sequence of nonnegative constants c, of
order o5(log n), such that

2 2¢n 2
(17) HQn,a,B - Qn,a,B,NHTV <e ¢ Zign ‘)\z - )\i’N| on f)Cn
From this inequality it follows, for a large enough constant C., that

Pn,u,K@n,a,E{H@n - IB||2 > Cepn}
<PrurXy, +Pp Xy (HQn,a,B — Qnap TV + Qn,a,B,Nléfn,e>

1/2
< og(1) +2e+e™ (ZKn P x| Ai = A@N’z) :

By construction,
Ai — AN = Zk>N Zi bk
with the z; ;,’s independent and z; ;, ~ N (0, 6,). Thus

Zign Pn#’[{‘)\i — )‘Z}N’z <n Zk>N ekb2 = Og(an_a_zﬂ) = Og,r(e_%")

because ¢ > (o + 28 — 1)~L. That is, we have an estimator that achieves the
O4(py,) minimax rate.

5.1. Approximation of A,,. Throughout this subsection abbreviate P,, , i to IP.
Remember that

Ap=n"t 30 (Vi) with Ay =/ Dy,
where

’)// = (a7b17"'7bN>
D = diag(1,v/61,...,v/0n)

ni =11 mn)

With B,, = PA,,, we need to show || B, !||2 = Og(1) and P||A,, — B,||3 = o5(1).

The matrix A,, is an average of n independent random matrices each of which is
distributed like NN"2)() (' DN), where N = (No, N1, ..., Ny) with Ny = 1 and
the other N;’s are independent N (0, 1)’s. Moreover, by rotational invariance of the
spherical normal, we may assume with no loss of generality that v/ DN = a+xNq,
where

N
K= Ok = Og(1).
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Thus
B,, = PNN'9® (a + kN1 = diag(F, roln_1)
where

A - o T
rj = PN (@ + kN7) and F= [r? rj .

The block diagonal form of B,, simplifies calculation of spectral norms.
1B 2 = [[diag(F ", rg ' Iv-1)2

_ _ ro+ T _
< max (1P o, g -1 ) < max (02 1) .

r
TQTQ—T%’ 0

Assumption (¢/2) ensures that both r and ry are O(1).
Continuity and strict positivity of ¥, together with max(|a|,x) = Os(1),
ensure that ¢ := infg , inf|;|<q ¢v®(a + kz) > 0. Thus

1,
\/%7“0260/ e 2z >0
-1
Similarly
Var(ror — r7) = V2rrePy® (@ + sN1)(Ny —r1/ro)?

+1 o _22/g +1
> coro/ (x —r1/ro)e”® 2dx > coro/
-1

2
22e " 2dg.

It follows that || B, ||z = O(1).
The random matrix A,, — B,, is an average of n independent random matrices
each distributed like NN't)(?) (@ + xN1) minus its expected value. Thus

P||A, — Bol3 <Pl|A, — Byl =0ty var (N; Ny (7' DN) ) .

0<j k<N

Assumption ()2) ensures that each summand is Og(1), which leaves us with a
O5(N?/n) = o5(1) upper bound.

5.2. Total variation argument. To establish inequality (17) we use the bound
HQn,a,B - @n,a,BH%‘V < hQ(@n,a,Ba @n,a,B) < Zi<n h2 (Q)\ia Q)\,-,N)
By Lemma 4

(@ Qxin) < 07D () (14 16:]) 9(/6i))
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FUNCTIONAL REGRESSION 13

where
10:] = [Xi — Nin| = [{Zi, B) — (HNZ;i, B)
= |(Z;, HyB)|
< |1Z|||| Hy B

< O (\/Nl—% log n)
= o5(1)

Thus all the (1 + |d;|) g(|d;|) factors can be bounded by a single O(1) term.
For (a,B, 1, K) € F(R, o, #) and with the || Z;||’s controlled by X,

(il < lal + ([l + 1Z:[DIB] < C2v/logn

for some constant Cy = Co(F). Assumption (¢2) then ensures that all the (2 ();)
are bounded by a single exp (o5(logn)) term.

6. Approximation of compact operators. Suppose 7 is a positive, (self-adjoint)
compact operator on a Hilbert space H with eigenvectors {ej, } and eigenvalues {6y }.
That is, T'e; = 0;¢e; with 61 > 05 > --- > 0. For each x in H,

T= ZkeN Orer @ ek,

a series that converges in operator norm.
Let 7" be another positive, (self-adjoint) compact operator on H with corre-
sponding representation

j;::jzzkepqékék ® €.
Define A ;=T — T and § = ||Al|. The operator T also has a representation

(18) T = Zj’keN Tjre; @ ey.
Note that Tj,k = fjk because T is self-adjoint. This representation gives

A= Zj,keN (ijk’ —0;{i = k}) €j @ ek
and ,
IA]1* = supy,= (z, Az)? < ZMGN (T]k —0;{j = k}) .

The last inequality will lend itself to the calculation of the expected value of || A[|?
when T is random, leading to probabilistic bounds for .
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In this section we collect some general consequences of ¢ being small. In the
next section we draw probabilistic conclusions when T is random, for the special
case where T = K and T = K , the usual estimate of the covariance kernel, both
acting on H = L2(m). The eigenvectors will become eigenfunctions ¢1, ¢2, . . .
and ggl, 52, .... We feel this approach makes it easier to follow the overall argu-
ment.

Both {e¢; : j € N} and {€; : k£ € N} are orthonormal bases for . Define
Ok ‘= <€j, gk> Then

ej = Z/{IEN O-j7kek and ek = Z]EN Uj’kej

and
{1=7"Y=Aesep) =D, L T3k07 k-

6.1. Approximation of eigenvalues. The eigenvalues have a variational charac-
terization (Bosq, 2000, Section 4.2):

(19) 0; = dimi(an)<j sup{(z,Tz) : x L L and ||z| = 1}.

The first infimum runs over all subspaces L with dimension at most 5 — 1. (When j
equals 1 the only such subspace is ().) Both the infimum and the supremum are
achieved: by L;_; = span{e; : 1 < i < j} and x = e;. Similar assertions hold
for T and its eigenvalues.

By the analog of (19) for T,

0; > sup{(z,Tx) :x L L;_; and ||z|| = 1}
> sup{(z,Tz) —6:x L Lj_yand ||| =1} =0; — 0.

Argue similarly with the roles of 7" and T reversed to conclude that
(20) 0; — 0,/ <5  forallj €N.

6.2. Approximation of eigenvectors. We cannot hope to find a useful bound
on ||é; — ek||, because there is no way to decide which of +-é;, should be approxi-
mating e;. However, we can bound || f¢||, where

+1 ifop, >0

fk = o€ — e with oy, := sign (Uk,k) = .
—1 otherwise

which will be enough for our purposes.
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FUNCTIONAL REGRESSION 15

We also need to assume that the eigenvalue 0}, is well separated from the other 6;’s,
to avoid the problem that the eigenspace of I" for the eigenvalue 6, might have di-
mension greater than one. More precisely, we consider a k for which

e :=min{|0; — 0| : j # k} > 56,
which implies
O = 0] > |0k = 0j] — & > 310k — 0] > Eex
The starting point for our approximations is the equality
1) (A&y,e) = (Tex, e5) — (€, Tes) = (O — 0;)0, .
For j # k we then have

16
25

which implies

— (0 — 0; ) J S (UkAek,€]> < 2<Afk,ej>2 + 2<A€k,€j>2,

25 ~
a?,k < g(Afk, ej)?/ex —|—2Tj27k/(9k —0;)? because (T'ey, e;) = 0 for j # k.

To simplify notation, write 7 for >-.cn{Jj # k}.
The introduction of the o}, also ensures that

1fell? = llexll® + llexll* — 20k (er, €) = 2 — 2|oy il

<2-— 20,% k because |0 ;| < 1

2*25 (Afk, ej) /€k+7z k/ek’_ 7).

The first sum on the right-hand side is less than

25
TN ALRIP ek < NAIPIFl?/(46%) < I £ll*/4.
The second sum can be written as 25|| Ay ||? /4 for

Tin/(0p — 0;) ifj#k

Ak = Z Ak,jej with Ak,j = {0 ifj . .

JjeN

Our bound for || f¢||? (with an untidy 25/3 increased to 9) then takes the convenient
form

(22) Ifell® <9l Ael®  if e > 5IA].
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For our applications, P||A||? will be of order O(k?/n).
When ¢ is much smaller than €; we can get an even better approximation for f,
itself. Start once more from equality (21), still assuming that ¢ > 5. For j # k,

OO0k = O’k<A€k,€j>/(§k — 9])
= (Aler + fr),e5)/(Ok + v — 05) where vy, = O — O
-1
Vi (A fr,ej)
=Api1- + = because (Tex,e;) =0
k,j < Hj — 0k> 9k _ 9]' < k J>

01, — O (Afr,ej)
k-’j + —_— .
ej_ak Gk—ej

= Apj + 7k where 7, ; 1=

The 74, ;’s are small:

5 [ 0|Ag ; A ;
gl < = [ Akl + [(ASk: 05)] for j # k,if ex > 50
4 [
50||A
(23) < 5ol Axl by inequality (22).
6% — 651
Define 7, = |opk| — 1 = —%||fk||2 and rp = 3 ey Tk,j€;- We then have a

representation (cf. Hall and Hosseini-Nasab, 2006, equation 2.8 and Cai and Hall,
20006, §5.6)

(24) Jr = oxep — e = (o (€ ex) — 1) e + Zj or0j ke = N + 1.

6.3. Approximation of projections. The operator H; =}, - ; e}, ® e}, projects
elements of H orthogonally onto span{ey, : k € J}; the operator H; = 3 ke €k ®
er. projects elements of H orthogonally onto span{ej : k& € J}. We will be inter-
ested in the case J = {1,2,...,p} with p equal to either the m or the N from
Section 5. In that case, we also write H,, and I;Tp for the projection operators.

In this subsection we establish a bound for || H ;B — H;B| fora B = >, biej
in 3.

The difference H 7 — Hjequals

> e, (nER) ® (oner) —er @ ey
- Zke] Tker DT + Zke,(@k + fi) ® Mg
+D ey (e + Ax+70) @ e — e @ ex)
=Ry+Y e @M+ A @ ey

where R ; ::Z 6J0k5k®7“k+fk®/\k+7“k®ek~

k
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FUNCTIONAL REGRESSION 17

Self-adjointness of T implies TM = de and hence A, = —A; ;. The anti-
symmetry eliminates some terms from the main contribution to H; — H ;:

Do Ot A @ =) Z]EJC Apjler®ej+e@ep).
With this simplification we get the following bound for ||(H; — H.;)B|?:
2 2 2
BID s D ey Mgbill? 3137 e D0, Akgbill? + 3[R sB
The first two sums contribute

2
32 hes <ZjeJc kb ) +3>, jere (ZkeJ k’jbk)

In the next section the expected value of both sums will simplify because PAy, ;A j/
will be zero if j # 7.

For the three contributions to the bound for ||R ;B||?> we make repeated use of
the inequality, based on equations (22) and (23),

T
)] < G 1Al + 581000 X 0

which is valid whenever ¢, > 56. To avoid an unnecessary calculation of precise
constants, we adopt the convention of the variable constant: we write C' for a uni-
versal constant whose value might change from one line to the next. The first two
contributions are:

~ 2 2
2
b.
<O BIM +ORY,IAP (Z e ,)

and

I3, e B < (3, Il 1(AkB))
<C (Zke} ”AkH2) > e (Zj Ak,jbj)2

For the third contribution, let z = }_; z:;e; be an arbitrary unit vector in . Then

> 2 2
( keJ(rk@%]B,x)) = (E k;ejbk<,rk7m>)
2
2 . .
<O (X, lbreanllAx?)” +co? <§ ey 188102 leljx—]‘%>

2
2 * 1
<0 (ZkeJ ‘b’“H'A’“”Q) + 06 (ZkeJ ”A’“Hz) 2 ey <ZJ |01 — 0j\>
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take the supremum over x, which doesn’t even appear in the last line, to get the
same bound for || 3¢ ; b7k ).

In summary: if minge y €, > 59 then || (ﬁj — H;)B||? is bounded by a universal
constant times

2 2
ZkEJ (Z]EJC Ak’jbj) + ZjeJC (ZkEJ Akvjbk) + ZkeJ b%”AkHLL
2 . 2
" (ZkeJ |ka|AkH2> * (ZkeJ ”Ak”2> ZkeJ <Zj A’f’jbﬂ‘)
2
2 2 « byl
R <ZJ |61 — 9j|>
2
* 1
@)+ (5, ) Ty 1t ()

7. Unknown Gaussian distribution. When p and K are unknown, we esti-
mate them in the usual way: fin(t) = X, (t) = n~ 3., X;(t) and

K(s)=(n=1)7"Y_ (Xils) = Kuls)) (X)) = Ku(®))
= (=17 (Zis) ~ Z(9)) (Zu(1) - Z(1))

which has spectral representation

Kis.) =, Bedu(9)ul).

In fact we must have §k = 0 for k£ > n because all the eigenfunctions qz~$k cor-
responding to nonzero gk’s must lie in the n — 1-dimensional space spanned by
{(Z; —Z:i=1,2,...,n}.

The construction and analysis of the new estimator B will parallel the method
developed in Section 5 for the case of known K and p. The quantities m and N
are the same as before. We write ﬁp (for p = N or p = m) for the operator
that projects orthogonally onto span{cgl, ce ép}. Essentially we have only to es-
timate all the quantities that appeared in the previous proof then show that none of
the errors of estimation is large enough to upset analogs of the calculations from
Section 5. There is a slight complication caused by the fact that we do not know
which of igﬁgj should be used to approximate ¢;. At strategic moments we will
be forced to multiply by the matrix S := diag(op,...,on) with 0y = 1 and
o = sign((¢x, ¢1)) for k > 1. The results from Section 6 will control the differ-

ence fi := or¢r — ¢r. The other key quantities are:
(i) A=K—-K
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FUNCTIONAL REGRESSION 19

(i) D = diag(1,6y,...,05)"2

(i) Z = (%1, .., % n) where % = (Zi, )

(iv) Z = (Z1,...,2n) where 2, = (Z,¢p) =n~ ' 3, Z‘k

(v) & = (1,2 — %) and 7; =D 1§Z [We could define 7j; = D~1&; but then we
would need to show that D™ 151 1& Our definition merely rearranges

the approximation steps.]

(vi) 7 := (30, b1, - -,by) where B = ;o brdy and 7 := a + (B, X). [Note
that \; = 39 + <B, Z; — Z)]

(vi)) X\ = o + (HNB, Z; — Z) = €A.
(viil) § = argmaxgcpni1 ) i<y, vi(€lg) — ¥(&g) and

B = Z1gkgm 9Pk

[Note that these two quantities differ from the g and B in Section 5.]
(ix) A, =n"1 di<n ﬁiﬁ£¢(2)()\i,N)
The use of estimated quantities has one simplifying consequence:
Zi(t) = Z(t) =), ik — Z)dk(t)
so that
0y =1} = [[ Kls.0005()60(0) ds dt
=(mn-1)7"> (G —Z)Gk — Zx),

which implies (n — 1)1 Yi<n Ziz, = D? and
26) (n—1)"" Z T = D'D?>D " .= diag(1,6,/64,...,0n/0N).

We will analyze K by rewriting it using the eigenfunctions for . Remember
that z; ; = (Z;, ¢;) and the standardized variables 1; ; = z; ;/+/0; are indepen-
dent N (0,1)’s. Define z.; = (Z, ¢;) and n.; = n= ' >, 75,5 and
a sample covariance between two independent N (0, /) random vectors. Then

Zit) = Z(t) = 3 (2 — 2)85(0) = D \/97'(?71',]‘ —1.4)95(t)
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and
@ K=Y Kixsj()oe(t)  with Kjp = /0,0
Moreover, as shown in Section 6, the main contribution to fj, = akaﬁk — ¢ 1S

,_ : _ JVO0kC /(0 — 05) ifj # K
Ay = ZjeN Akd'gbj with Ak,j = {0 it =k .

In fact, most of the inequalities that we need to study the new B come from sim-
ple moment bounds (Lemma 31) for the sample covariances C; ; and the derived
bounds (Lemma 32) for the A’s.

As before, most of the analysis will be conditional on the X;’s lying in a set with
high probability on which the various estimators and other random quantities are
well behaved.

LEMMA 28. For each € > 0 there exists a set f)vCe,n, depending on u and K,
with N
supg Pp , k X¢ ,, < € for all large enough n

and on which, for some constant C, that does not depend on i or K,
(i) |A]l < Cen™'/?
(ii) max;<y, ||Z;| < Cer/logn and ||Z|| < C.n~1/2
(iii) ||(Hm — Hm)IBHZ = 05(pn)
(iv) [[(Hy — Hy)BJ||? = Og(n=17%) for some v > 0 that depends only on «
and 3
(v) maxi<n |7:]* = oz(v/n/N)
(vi) ||[SA,S — Apl2 = o5(1)

This Lemma (whose proof appears in Section 8) contains everything we need to
show that ||B—B||2 has the uniform O«(p,,) rate of convergence in [P,,, ¢ probability,
as asserted by equation (3). In what follows, all assertions refer to the numbered
parts of Lemma 28.

As before, the component of B orthogonal to span{ggl, cees im} causes no trou-
ble because R _

1B — B2 = g — 713+ | HAB|>2

and, by (iii),

1Bl < 2(|HpyB| + 2/ (Hm — Hu)B|? = Ox(ps)  on Xen.

)
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FUNCTIONAL REGRESSION 21

To handle [|g — 7|2, invoke Corollary 9 for X;’s in I)NCEJL, with 7; replaced by 7;
and A, replaced by A,, and B, replaced by B,, = SB,,.S, the same B,, and D as
before, and Q equal to

QnapN = Ri<nQ5, -

to get a set 9m76 with @n,a,B,NggM < 2¢ on which ||g — 7|13 = Og(py). The
conditions of the Corollary are satisfied on X ,, because of (v) and

| An — Byll2 < || An — SA,S|2 + |SALS — SB,S||2 = o5(1).

To complete the proof it suffices to show that ||Q,, o 5 N — @n,a,B, ~N||Tv tends to
zero. First note that

NN — AN =a+ (B, X) + (HyB,Z; — Z) — a — (B, ) — (HNB, Z;)
= (HyB,Z) — (H%B,Z) + (HxB, Z) + (HyB — HyB, Z;)

which implies that, on X,
R = A [? < 2/(HYB.Z)P + 2| nB — HxBIP (12 + |Z])
< Og(N'29C%n 7t 4+ Og(n177)C? (n1/2 +/ log n>2
(29) = O5(n~ ") for some 0 < v/ < v.
Now argue as in subsection 5.2: on I)NCGJL,
1Qn.a8N = Quap iy < Zign h? (QXW’ QM,N)
< exp (oz(logn)) 3 - [Niv — Miwl? = o5 (1).

Finish the argument as before, by splitting into contributions from f)~C$Z and inﬂgfn’ﬁ
and X;, N Yy e

8. Proofs of unproven assertions from Section 7. Many of the inequalities
in this section involve sums of functions of the ;’s. The following result will save
us a lot of repetition. To simplify the notation, we drop the subscripts from P, ,, k.

LEMMA 30.

(i) Foreachr > 1 there is a constant C, = C,.(F) for which

C, (1 4 k’”<1+a>*7) ifr>1

g
= o =
/@k('l", ’}/) Z]EN{] 7& k} ’9 _ ek"r — {Cl (1 4 kl-’-&—’V IOg k) ifr=1

J
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(ii) For each p,
k—a—Z,Bj—a

_ 11—«
Zkﬁp Zj>p ’9k — 9]"2 N Og(p )

PROOF. For (i), argue in the same way as Hall and Horowitz (2007, page 85),
using the lower bounds

Caf @ if j < k/2
10, — 0k > {calj — kK271 ifk/2<j <2k
cak™® if j > 2k

where ¢, is a positive constant.
For (ii), split the range of summation into two subsets: {(k, 7) : j > max(p, 2k)}
and {(k, ) : p/2 < k < p < j < 2k}. The first subset contributes at most

—a—208 —a —a—2 I—a
Zkgp k Zj>max(p,2k) J (Cak ) - Og(p )

because o — 23 < —3. The second subset contributes at most
—a—28_—21.2a+2 —of s 1\ 2 24+a—283, —«
which is of order og(p~%). O

The distribution of C; ;. does not depend on the parameters of our model. Indeed,
by the usual rotation of axes we can rewrite (n—1)C; ;, as UJ’- Uy, where U1, Us, . ..
are independent N (0, ,,—1) random vectors. This representation gives some useful
equalities and bounds.

LEMMA 31. Uniformly over distinct j, k, ¢,

(i) PCj; =1and P (€;; —1)* = 2(n — 1)~
(ii) PCjr =PC;1Cj, =0
(iii) PC%, = O(n™")
(iv) PC3,CF, = tO

(n~?)
(v) IPG;{,C = 0(n7?)

PROOF. Assertion (i) is classical because |U;|? ~ x2_;. For assertion (ii) use
P(U]/_UQ | Uz) = 0 and

P(U{UQUéUg | UQ) = trace (UQUéP(UgU{)) =0.
For (iii) use P(U1U7) = I,—1 and

P(U{UUSU; | Uy) = trace (UUSP(ULUY)) = trace(UsUs) = |Us|?.
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FUNCTIONAL REGRESSION 23
For (iv) use P|Us|* = n? — 1 and
P((U1U2)*(U302)? | Us) = |Un|*
For (v), check that the coefficient of t* in the Taylor expansion of
Pexp(tUUs) = Pexp (%t2]U1|2) = (1) (b2
is of order n2. O

LEMMA 32. Uniformly over distinct j, k, ¢,

(i) [PAkJ‘ = PAk7]‘Ak7£ =0

(ii) IPA%’]- =075 (nilkfajfa(gk — 0]‘)72)
(iii) PA} ; = Og (n 2k 72 (0 — 0;)~")
(iv) Pl|Ag]]> = Og(n~'k?)

(v) P Ag|* = Ox(n~2k*)

PROOF. Assertions (i), (ii), and (iii) follow from Assertions (ii) and (iii) of
Lemma 31. For (iv), note that

PlARI” = 37 PA, = Og(n k™ )ri(2,a)

For (v) note that

Pl Ag|* =P (Zj 06157 1 Ok — 9]’)2)2
= Z; >, 0,000 (0 — 0,) (0 — 00)"*PS3,.57),
= Og(n"?) <Zj 00k (0r — 91)_2)2
= O5(n"2k*).
O

To prove Lemma 28 we define f)NCw as an intersection of sets chosen to make the
six assertions of the Lemma hold,

xe,n = xA,n N :X:Z,n N xA,n N xn,n N xA,na

where the complement of each of the five sets appearing on the right-hand side
has probability less than /5. More specifically, for a large enough constant C., we
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define

Xan={IAll < Cen™?)

iZ,n = {maxign ||ZZH2 < CE IOgTZ and HZH < 0677/71/2}
D~Cn,n = {max;<, In:|? < C.Nlogn}

as in Section 5
Xam =A{IID_,., Wiflill2 < Cen}

The definition of X A,n» in subsection 8.3, is slightly more complicated. It is defined

by requiring various functions of the A’s to be smaller than C, times their expected
values.

The set X A,n 1s almost redundant. From Definition 5 we know that

min__[0; — 01| > (a/R) N2 and min_6; > R™'N~*.
1<j<j' <N 1<j<N

The choice N ~ n¢ with ¢ < (2+2a)~" ensures that n'/2N~1=% — 00, On Xa
the spacing assumption used in Section 6 holds for all n large enough; all the
bounds from that Section are avaiable to us on X ,,. In particular,

max;<n [0;/0; — 1] < Ox(N|A]) = ox(1).
Equality (26) shows that X An C X A,n eventually if we make sure C¢c > 1.

8.1. Proof of Lemma 28 part (i). Observe that

— ) 2
BAI =30 P (K — 647 = k)
= Zj’k 0,0KP (Sjx — {5 = k})?

<3005 + 3, 0:0k03(n”7)
= Og(n"")

8.2. Proof of Lemma 28 part (ii). ~As before, Corollary 42 controls max;<y, || Z;||

To control the Z contribution, note that n||Z||? has the same distribution as ||Z;

2
which has expected value > 0; < c0.

)
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FUNCTIONAL REGRESSION 25

8.3. Proof of Lemma 28 parts (iii) and (iv). Calculate expected values for all
the terms that appear in the bound (25) from Section 6.

2 2
IPm/MK Zkgp (Zj>p Ak,jbj) + Pn,u,l{ Zj>p (Zkgp Ak,jbk)
- Zk<p Zj>p Py kAR (62- + bz) by Lemma 32(i)

_ oa— 2,6 _ -2
= O4(n ZM Zm k™ ()
(33) = O5(n"pl™®) by Lemma 30

and

Poiie e BRIARNT = Oa(n™) Y2, K7 = O5(n™?) (149" + logp)
and

Pn,;L,K Zkfp ‘bk|||AkH2 = Of,-'“(n_l) ZkEJ k‘2_/6 = ij(n_l) (1 + pg_ﬁ + logp)

and

Py Yy IAk]* = Os(n™"p7)
and

P ¢ Zk< (Z Aigbs ) = Og(n”") Zmz ST 0~ 05) 7
(34) = Og(n™1) by Lemma 30
and
2

(35) = 0§(n‘152) (p + p5+20“25 log? p)
and
(36)

2
* 1
2 _ 34+2a—28 1.2
E kSpbk (E ; Qk—9j|> =0g5(1+p log® p) by Lemma 30.

For some constant C. = C¢(F), on a set X 5, with P, kX3, < € each of the
random quantities in the previous set of inequalities (for both p = m and p = N)
is bounded by C. times its IP,, ,, ¢ expected value. By virtue of Lemma 32(iv), we
may also assume that || Ax||? < Cck?/non Xy .
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From inequality (25), it follows that on the set XA ,, N XA 5, for both p = m and
p=N,

I(FT, — H,)B|?
< O5(n~'p'7®) + O5(n™?) (1 +p°72% £ logp + pPP + log? p)
+ 0g(n~'p*)03(n™") + Og(n™?) (p* + P22~ log? p)
+ Og(n72p3)0§(1 + p3+2a72ﬁ log2 p)
= O5(n"'p!™®) ifp<N.

This inequality leads to the asserted conclusions when p = morp = N.

8.4. Proof of Lemma 28 part (v). By construction, 7;; = 1 for every ¢ and, for
J=2,

\/9777@;‘ = (%15 — %) = (Zi — Z, ¢y)
Thus, for 7 > 2,

~ —1/2 I N
ojnij =0, (L — T i+ f3) =i + 0y

with

_ =1\ 2 j*t%logn
st <o (12 +120) 1517 < 05 (Z2080) - onh,

)

In vector form,
- - - N3+ -
37 Sﬁz =n; + 0; with |5z|2 = O« (Ogn> < Og(n/Nz) on :X:E,n.
n

It follows that
maxj<p |7 = maxi<y [S7;| < maxi<p i +ox(vn/N) = Ox(v/n/N)  onXcp.
8.5. Proof of Lemma 28 part (vi). From inequality (29) we know that

en = maxi<y [N v — Ain| = Og(n” %) on X,

and from subsection 5.2 we have max;<y, |\; v| = O(+/logn). Assumption ()3)
in Section 3 and the Mean-Value theorem then give

maxi<p, [P (N n) — PP Nin)| < entv@ N n)Glen) = og(1).
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If we replace ¢ () ) in the definition of A,, by L; := 1) (\; ) we make a
change I" with

ITll2 < oz (1)l (n — 1)~ Zign il |2,

which, by equality (26), is of order o5(1) on 5667”.
From Assumption (3)2) we have ¢,, := log max;<,, L; = og(log n). Uniformly
over all unit vectors u in RV we therefore have

W'SA,Su=o5(1) + (n— 1)1 Y7 L (n; + 6) (i +6:)'u
= og(1) + (14 O(n_l))_u/Anu
+0g (n71) 30, Li (W) + 2u'm) (u5))
Rearrange then take a supremum over u to conclude that

”§/~1n§ — AnHQ § O;;(l) + Og(eC”) maxign (’&’2 + 2‘&‘ ‘Th’)

Representation (37) and the defining property of %n,n then ensure that the upper
bound is of order o4(1) on X p,.

9. The minimax lower bound. We will apply a slight variation on Assouad’s
Lemma—combining ideas from Yu (1997) and from van der Vaart (1998, Sec-
tion 24.3)—to establish inequality (2).

We consider behavior only for 4 = 0 and @ = 0, for a fixed K with spectral
decomposition } ey 0j¢; ® ¢;. For simplicity we abbreviate P, o,k to P. Let
J={m+1,m+2,...,2m} and T = {0,1}’. Let 3; = Rj~®. Foreachyin T
define By = €} ,c ;73 ¢;, for a small € > 0 to be specified, and write Q, for the
product measure ®;<,Q,(y) With

Xi(Y) = By, Zi) = €. 7Bz

Foreach jletI'; = {v € I' : 7; = 1} and let ¢; be the bijection on I that flips
the jth coordinate but leaves all other coordinates unchanged. Let 7 be the uniform
distribution on I, that is, 7, = 27™ for each 7.

. - N N2
For each estimator B = >, bj¢; we have ||B, — B2 > djed (%ﬂj — bj>
and so

~ ~\ 2
supP s [B-BI* =3 ™) POy (e — by)
b

=2 ZJEJ ZVEF (QW €8j — b;)* + Qy, (1) (0 —Zj)z)
(38) > 9~ mZJGJZ er, L(eB;) 2P||Q7AQ% ol
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the last lower bound coming from the fact that
(e8; —b;)* + (0 —1b;)> > L(eB;)?  forall by
We assert that, if € is chosen appropriately,
(39) min; , P[Qy A Qy, ()| stays bounded away from zero as n — oo,

which will ensure that the lower bound in (38) is eventually larger than a constant
multiple of >, ; 5]2» > cpy for some constant ¢ > 0. Inequality (2) will then
follow.

To prove (39), consider a -y in I" and the corresponding 7' = (7). By virtue of
the inequality

1/2
10y A Q| =118y = Qv 2 1= (24, 5@, Q)
it is enough to show that
(40) lim sup,, ., max; - (2 AY e P (Qri) Qniy )) <1.

Define X,, = {max;<, ||Z;||* < Cologn}, with the constant C large enough that
PX¢ = 0(1). On X,, we have

2 20712 _ _
< Z]EJ BilZil|* = O(pn) logn = o(1)
and, by inequality (4),
h(Qx, 1), Qxi(r)) < OF(D)[Xi(y) = Mi(7)|? < €05(1)83 27 ;.
We deduce that
P(2AY, B Qe Que)) S 2PX5 + 7. E05(1)FPX0z
o(1) + 620(1)11@2»9]-.
The choice of .J makes (376; < R*m—2=28 ~ R2/n. Assertion (40) follows.

10. Hellinger distances in an exponential family. We need to show that

h2(Qx, Qrys) < 02 (N) (1 + |8]) G(|6]) for all real A and .
Temporarily write ' for A 4+ § and X for (A + \')/2 = A + §/2.

R (Qx, Q) /\/f,\ ) (y

@]
"
o]
N
>
|
[N
=
=
|
D=
>
N
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That is,
R (Qx, Qx) < PA) + (A +6) — 2¢(A 4 6/2).
By Taylor expansion in § around 0, the right-hand side is less than

1026@ () + 16% ($O A+ 6%) — TP (A - 67/2))

where 0 < |§*| < |6]. Invoke inequality (3) twice to bound the coefficient of §°/6
in absolute value by

¥ () (G(9) + §6(161/2)) < P NG(3)).
The stated bound simplifies some unimportant constants.

11. Bounds for Gaussian processes. As a consequence of defining property (K),
the centered process Z := X — p has an expansion Z(t) = > oy VOenedr(t)
where the 7;’s are independent N (0, 1)’s, implying

1212 = [ S, e VOTimeane b () deds = 37,

LEMMA 41.  Suppose W; = > ;. cn T@k?ﬁk fori =1,...,n, where the n; ;.’s
are independent standard normals and the T;}’s are nonnegative constants with
0o > T := maxX<p ) pen Ti,k- 1hen

P{max;<, W; > 4T (logn + x)} < 2¢”* for each z > 0.

PROOF. Without loss of generality suppose 7' = 1. For s = 1/4, note that

Pexp(sW;) = erN(l — 2STi7k)_1/2 < exp (ZkeN STZ'JC) < el/4

by virtue of the inequality — log(1 —¢) < 2¢ for |¢| < 1/2. With the same s, it then
follows that
P{max;<,W; > 4(logn + x)}
< exp (—4s(logn + x)) Pexp (max;<y, sW;)
1

< e—mﬁ Zign Pexp(sW;).

The 2 is just a clean upper bound for e/%. O

COROLLARY 42.
P, {max;<, || Z;||* > C'(logn + )} < 2e™*
where C' = 4C' Y cn k™% < 0.
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