1. THE RESTRICTEDMODEL

It is not immediately clear how to analyze all list counts in the algorithm,
and managing all of these variables may become unwieldy. Therefore, as a
first-pass, consider a simplified Markov chain similar to that in FiqAite
consisting of onlySs(t), X,(t) fora € {A, B, C'}, andY; for

B e {{A, B}, {A,C},{B,C}}. This means that a given vertex may go

from the 3-color stack to a 2-color stack, the 3-color stack to the fixed color
stack, or a 2-color stack to the fixed color stack. This will be referred to as
the restricted model. To begin with, the added simplification of no
fixed-color stack will be imposed. In this case a “colored” vertex will

retain its color list and the algorithm will proceed. It will not be added to
the fixed-color stack. After the simplified model is well understood, the
fixed-color stack will be introduced and analyzed.

In the first step of the algorithm,= 1 in the restricted, no fixed-color
stack, model, one of the vertices is chosen uniformly at random and
assigned a color which is chosen uniformly at random from 1 of its 3
colors. This color is removed from the color-lists of each of its adjacent
vertices. Fort > 1, a vertex with color list A, B}, {A,C}, or{B,C} is
picked to be colored proportional to its respective list count. In other
words, for vertices with color lisfA, B} at timet, denoted/s5(t),

(1.1)

p . , _ XyuB(1)
{a vertex inV(t) is colored at+1|X 4p5(t), Xac(t), Xpc(t)} = 50
Let b, ; be the number of vertices that go from 3-color lists to 2-color lists
at timet + 1. The probability thatX 4 (¢ + 1) is selected to receivg,
vertices fromSs(t) is the probability that a vertex with color li$t4, B} or

{B, C} is picked to be colored times the probability that the color picked is
B. Write P, for the conditional probability conditioned on information
through timet, then we can write

PilXac(t+ 1) = Xac(t) + b} = 3 (T2 20el)
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Let X; be (Xap(t), Xac(t), Xpc(t)) and lete,, indicate which stack get
b;yq items att + 1. Then

(1= X1/ 52(t))

N | —

Ty = Pt€t+1 =
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For the restricted, no fixed-color stack, model the transition to a state at
timet + 1 is controlled by two conditionally independent quantities
ande, . ; Where

T = (1ap(t), mac(t), mpc(t))

{ (1/3,1/3,1/3)if t =0
(1= X,/S5(¢t) ift > 1.

If at a given timet, X 45(t) is much larger than botl 4¢(t) and X g (1),
then a vertex with color lisf A, B} is more likely to be selected for
coloring. Therefore, for some> 0, X 45(t + ¢) is unlikely to receive more
items until its size is closer t& oc(t + i) or Xpc(t + i). After the
distributions ofSs(t), S2(t), andb, are established in the next subsection a
more formal justification of this balancing mechanism is provided in
Section (1.2).

1.1. The Distribution of S5(t), S2(t), and b;. To find the distribution of
Ss(t), the 3-stack size, start by looking at the probability a vertex remains
in the 3-stack through time For this to happen it must survive

independent attempts at removing it. For each of these attempts a 3-stack
vertex has probabilityl — ¢/n) of of remaining in the 3-stack. Therefore
the size of the 3-stack is

S3(t + 1) ~ Bin(n, (1 — ¢/n)").

In the simplified, no fixed-color state, model
Sy(t+1) =n — Ss(t+ 1)
and therefore, distribution dfy(¢ + 1) is
So(t +1) ~Bin(n,1 — (1 —¢/n)")

To find the distribution ob,, realize that at each step of the algorithm, there
is ac/n chance that a vertex in a 3-stack will move to a 2-stack. Since at
time ¢ there areS;(t) possible 3-stack vertices

biy1 ~ Bin(S3(t), c/n).

1.2. X;(t), X2(t), and X3(¢) Remain Balanced when Colors are Not
Fixed. Define

A X = Xop1 — Xy = beagiga
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In order to show thak 45(t) ~ Xac(t) = Xpc(t) with high probability,
consider the differences between 2-color stack sizes. The behavior of
Zy = Xap(t) — Xpo(t)

is typical.

Let
Yey1 = €ap(t +1) —epe(t +1)
and
ApiZ =Ziy — 7.
The conditional probability o, by A, .17 is then
IEDtZtAthZ = ZtPtAtHZ
= ZiPiby 1Py
cl
= Ztsg(t)ﬁﬁ(l — Xq(t)/S2(t) — 1+ X3(t)/52(t))
N 2n SZ (t) ¢
<0
This implies that if, at some time, the differencé,z(t) — Xpzc(t)| gets
large, the stack selection process ensures that it will not remain large for
long since subsequent iterations of the algorithm will tend to reduce this
difference. Also, since the choice of stacks used to de&fineas arbitrary,
this negative feedback mechanism exists between all two-color each pair of
elements inX;. Now, if it can be shown that the expected conditional

differencesP; Z7, , cannot grow too quickly, it can be concluded that the
tends to be around zero.

1.3. P,Z%,, is Bounded for by a Constant When Colors are Not Fixed.
We would like to show the expected conditional differen]EgaZ,?+1 cannot
grow too quickly int

P2}y =P Z + A1 Z)?
=7} + ZiIP DN Z + P 2P
< Z} + Pl Pyl
< Z7 + P}, sinceyt, <1
< Z2 + (c+ ) sincePb;q < ¢+ 2.
From this we can conclude
PZ} <PZ5 +t(c+ ).
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1.4. Balance in the Fixed Color Case.The previous 2 sections show that

a balance mechanism exists in the 2-stacks which keeps their sizes
comparable when colored vertices are not removed from the system. We
would like to extend this to the case where colored vertices are moved to a
fixed color state and removed from the 2 and 3-stack counts.

From Equation 1.1 we know that a vertex in a 2-stack is colored is
proportional to its size. A newk, ; X can then be defined as

A1 X = X1 — Xy = bgigen + X3/
Defining~;,, as before
P ZiAvi1 Z = Zy(Pibigrveyr — 21/ Sa(1))
. EE 53(t> 2 1
a 2 n SQ(t) ¢ Sg(t>
The first term is the same as when the the fixed-color stack was not
included and along with this negative term there is another negative term.
This implies that the feedback is stronger in the model including the
fixed-color stack.
Unfortunately, we cannot recursively bound the second momefit,of
when the fixed-color stack is introduced. The problem is that the
conditional second moment &, is a function ofZ;/S5(t) and since the

2-stack size is zero with positive probability we cannot give an upper
bound for thel /S,(t) term.
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