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ProblemData X1, . . . , Xn be i.i.d. in R
p distributed as

pf (x) =
ef(x)p0(x)

Cfwhere referen
e p0(x) known and we are interested in estimating f(x).Consider estimator f̂(x) = f
β̂
(x) =

∑

h∈H
β̂hh(x) that minimizes

1

n

n∑

i=1

log(1/pfβ
(Xi)) + λ

∑

h

|βh|.Spe
ial 
ase H = {x1, . . . , xp}
⋃
{x1x2, x1x3, . . . , xp−1xp} and may also usepolynomials, trigonometri
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ℓ1 penalty is risk valid for λn of order 1/
√

nLog-density estimator: pfβ
(x) = efβ(x)p0(x)/CfβTheoremThe ℓ1 penalized likelihood estimator f̂(x) = f

β̂
(x) =

∑

h∈H
β̂hh(x) a
hieving

min
β

{ 1

n
log

1

pfβ
(x)

+ λn||β||1}has the following risk bound
Ed(pf∗ , pf

β̂
) ≤ inf

β







D(pf∗ ||pfβ
)

︸ ︷︷ ︸approximation+ λn||β||1
︸ ︷︷ ︸
omplexity+

4 log(2M)
nfor every sample size provided that λn ≥

√
2 log(2M)

n
, where M = Card(H) (= p).Xi (Rossi) Luo (Yale University) ℓ1 Pen-Likelihood: Algorithms and Risk May 16, 2009 3 / 7
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Adaptive ℓ1 Penalized Regression and Risk BoundsRegression model: Y = f∗(X) + σN(0, 1)Theorem
ℓ1 penalized least squares estimator f̂(x) = f

β̂
(x) =

∑

h∈H
β̂hh(x) a
hieving

min
β

{

1

n

n∑

i=1

(Yi − fβ(xi))
2 + 2σλn||β||1

}has the following risk bounds
E||f∗ − f

β̂
||2n ≤ 2 inf

β

{
||f∗ − fβ ||2n + 2σλn||β||1

}
+

8σ2 log(2M)
nfor every sample size provided that λn ≥

√
2 log(2M)

n
.Estimate unknown σ = 1

2λn||β||1 +

√
[

1
2λn||β||1

]2
+ 1

n

∑n

i=1(Yi − fβ(xi))2and similar result holds (Pro
. WITMSE '08, Luo with Barron).Xi (Rossi) Luo (Yale University) ℓ1 Pen-Likelihood: Algorithms and Risk May 16, 2009 4 / 7
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Thank You!
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Relaxed Greedy PursuitInitialize with f̂ (0)(x) = 0. Given f̂ (k−1)(x), iteratively set
f̂ (k)(x) = αf̂ (k−1)(x) + γh(x)with α = α(k), γ = γ(k) and h = h(k) 
hosen by

arg min
α, γ,h

{

L(αf̂ (k−1) + γh) + λ[αv(k−1) + |γ|]
}where L(f) = 1

n

∑n

i=1 log(1/pf(Xi)), v(k−1) =
∑M

j=1|β
(k−1)
j | for

f̂ (k−1) =
∑M

j=1 β
(k−1)
j hj, and M = Card(H).Iterate until desired a

ura
y.

Xi (Rossi) Luo (Yale University) ℓ1 Pen-Likelihood: Algorithms and Risk May 16, 2009 6 / 7



university-logo

Computational A

ura
ySuppose ‖h(x)‖∞ ≤ C for all h(x) ∈ H.TheoremThe k step RGP estimator f̂ (k)(x) =
∑M

j=1 β
(k)
j hj(x) has the following
omputational a

ura
y bound valid for all X , λ ≥ 0

1

n

n∑

i=1

log(1/p
f̂(k)(Xi)) + λ||β(k)||1

≤ inf
fβ

{

1

n

n∑

i=1

log(1/pfβ
(Xi)) + λ||β||1 +

2C2||β||21
k + 1

}where ||β||1 =
∑M

j=1 |βj | and fβ =
∑M

j=1 βjhj .Similar 
on
lusion for unbounded multivariate Gaussians as arise in Gaussianinverse 
ovarian
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