Chapter 9
Poisson processes

The Binomial distribution and the geometric distribution describe the behavior of two
random variables derived from the random mechanism that I have called coin tossing. The
name coin tossing describes the whole mechanism; the names Binomial and geometric refer
to particular aspects of that mechanism. If we increase the tossing rate to n tosses per sec-
ond and decrease the probability of heads to a small p, while keeping the expected number
of heads per second fixed at A = np, the number of heads in a ¢ second interval will have
approximately a Bin(nt, p) distribution, which is close to the Poisson(Af). Also, the num-
bers of heads tossed during disjoint time intervals will still be independent random variables.
In the limit, as n — oo, we get an idealization called a Poisson process.

REMARK.  The double use of the name Poisson is unfortunate. Much confusion
would be avoided if we all agreed to refer to the mechanism as “idealized-very-fast-
coin-tossing”, or some such. Then the Poisson distribution would have the same re-
lationship to idealized-very-fast-coin-tossing as the Binomial distribution has to coin-
tossing. Obversely, we could create more confusion by renaming coin tossing as “the
binomial process”. Neither suggestion is likely to be adopted, so you should just get
used to having two closely related objects with the name Poisson.

Definition. A Poisson process with rate A on [0, 00) is a random mechanism that gener-
ates ‘‘points’’ strung out along [0, co) in such a way that

(i) the number of points landing in any subinterval of length t is a random variable with
a Poisson(\t) distribution

(ii) the numbers of points landing in disjoint (= non-overlapping) intervals are indepen-
dent random variables.

Note that, for a very short interval of length &, the number of points X in the interval
has a Poisson(Ad) distribution, with
P{X =0} =e¢ ™ =1— A8 + terms of order 82 or smaller
P{X = 1} = A8¢ * = A8 4+ terms of order &% or smaller
P{X >2} =1—e¢* — 8¢ = quantity of order §°.

When we pass to the idealized mechanism of points generated in continuous time, sev-
eral awkward artifacts of discrete-time coin tossing disappear.

Example <9.1>: (Gamma distribution from Poisson process) The waiting time W
to the kth point in a Poisson process with rate A has a continuous distribution, with
density g;(w) = Afwk= e /(k — 1)! for w > 0, zero otherwise.
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It is easier to remember the distribution if we rescale the process, defining 7Ty = AW;.
From the results derived in Homework Problem 6.4, the new 7, has a continuous distribution

with a gamma (k) density,
k—1,—t

t e
filt) = Gyt > 0)
REMARK. Notice that g = fi when A = 1. That is, T} is the waiting time to
the kth point for a Poisson process with rate 1. Put another way, we can generate a
Poisson process with rate A by taking the points appearing at times 0 < 7} < 75 <
T; < ... from a Poisson process with rate 1, then rescaling to produce a new process
with points at

You could verify this assertion by checking the two defining properties for a Poisson
process with rate A. Doesn’t it makes sense that, as A gets bigger, the points appear
more rapidly?

More generally, for each o > 0,

a—1 —t

t e
fult) = { T fort > 0,
0 otherwise,

is called the gamma(w) density. The scaling constant, I"(«), which ensures that the density
integrates to one, is given by

o0
INa) = / x e dx for each a > 0.
0

The function I'(-) is called the gamma function. Don’t confuse the gamma density (or the
gamma distribution that it defines) with the gamma function.

Example <9.2>: Facts about the gamma function: I'(k) = (k — 1)! for k =
1,2,...,and T'(1/2) = /7.

The change of variable used in Example <9.2> to prove I'(1/2) = /7 is essentially
the same piece of mathematics as the calculation used to find the density for the distribution
of Y = Z2/2 when Z ~ N (0, 1): For y > 0, and small § > 0,

Ply <Y <y+8 =P{2y < Z% <2y 425}

=P(y2y < Z <2y + 28} + P{—/2y + 26 < Z < —/2y}
A %q&(\/@) because /2y + 28 — /2y ~ §/,/2y

y
512y

T

That is, Y has a gamma (1/2) distribution. O

Example <9.3>: Moments of the gamma distribution

The special case of the gamma distribution when the parameter o equals 1 is called the
(standard) exponential distribution, with density f1(t) = ¢~ for r > 0, and zero else-
where. From Example <9.3>, if T has a standard exponential distribution then ET} = 1.
The waiting time W, to the first point in a Poisson process with rate A has the same distribu-
tion as 7/, that is, a continuous distribution with density Ae™ for ¢t > 0, an exponential
distribution with expected value 1/\. Don’t confuse the exponential density (or the expo-
nential distribution that it defines) with the exponential function.

Notice the parallels between the negative binomial distribution (in discrete time) and
the gamma distribution (in continuous time). Each distribution corresponds to the waiting
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time to the kth occurrence of something, for various values of k. The negative binomial (see
Problem Sheet 4) can be written as a sum of independent random variables, each with a ge-
ometric distribution. The gamma(k) can be written as a sum of k independent random vari-
ables,

=TT+ (L -T)+ (T —T)+ ...+ (Tx — Ti1),

each with a standard exponential distribution. (For a Poisson process, the independence
between the counts in disjoint intervals ensures that the mechanism determining the time
W, — W between the first and the second points is just another Poisson process started off
at time W;. And so on.) The times between points in a Poisson process are independent,
exponentially distributed random variables.

Poisson Processes can also be defined for sets other than the half-line.

Example <9.4>: A Poisson Process in two dimensions.

Things to remember

e Analogies between coin tossing, as a discrete time mechanism, and the Poisson process,
as a continuous time mechanism:

DISCRETE TIME CONTINUOUS TIME
coin tossing, prob p of heads Poisson process with rate A
X = #heads in n tosses ~ Bin(n, p) X = # points in [a, a + t] ~ Poisson(At)

P{X =i} = (])p'q" " fori=0,1,...,n P(X =i} =eM0t) /il fori=0,1,2...

(geometric) (exponential)
N; = # tosses to first head; T\/) = time to first point;
P{N;=1+i}=¢qg'pfori=0,1,2,... T, has density fi(t) = e " fort >0
(negative binomial) (gamma)
N, = # tosses to kth head; T /X = time to kth point;
PNy = k+i} = (7)) p* = (7) (=) p* T; has density
fori =0,1,2,... fet) =t e Jk! for t > 0
negative binomial as sum of gamma(k) as sum of
independent geometrics independent exponentials

EXAMPLES FOR CHAPTER 9

Example. Let W, denote the waiting time to the kth point in a Poisson process on [0, 00)
with rate A. It has a continuous distribution, whose density g; we can find by an argument
similar to the one used in Chapter 6 to find the distribution of an order statistic for a sample
from the Uniform(0, 1).

For a given w > 0 and small § > 0, write M for the number of points landing in the
interval [0, w), and N for the number of points landing in the interval [w, w + §]. From the
definition of a Poisson process, M and N are independent random variables with

M ~ Poisson(lw) and N ~ Poisson(A§).
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To have W, lie in the interval [w, w + §] we must have N > 1. When N = 1, we need
exactly kK — 1 points to land in [0, w). Thus
Plw<W,<w+6§}=PM=k—1, N=1}+Plw<W, <w+38, N>2}
The second term on the right-hand side is of order §2. Independence of M and N lets us
factorize the contribution from N =1 into
e_}‘w()»w)k_' e—k&(ka)l

P(M =k — 1}P{N = 1} =

(k=1 1!
—hw y k=1, k=1
& P W (A8 + smaller order terms),
(k—1)!
Thus
e w Ky k=1
Plw < W, <w+6} = W& + smaller order terms,
which makes
e_“”)»kwk_]
gk(w) = W for w > 0.
the density function for Wj. ]

<92> Example. The gamma function is defined for « > 0 by
IN'a) = / x4 e dx.
0
By direct integration, I'(1) = fooo e*dx = 1. Also, a change of variable y = +/2x gives

o0
r(1/2) = f x V2 dx

0

& 2
= / V2 Pdy
0

_ V2vam ey
2 V2 J -

= cf. integral of N(0, 1) density.

For each « > 0, an integration by parts gives

o0
MNa+1) = / x%e“dx
0

00
= [—x“efx]go + a/ x e dx
=al'(a). ’
Repeated appeals to the same formula, for « > 0 and each positive integer m, give
() MFNa+m)=(@+m—Da+m-—=2)...(0)I ().
In particular,
F'k)y=k(-1)k-2)(k=3)...2(HI'A) =k - 1! fork=1,2,...
]

<93> Example. For parameter value o > 0, the gamma(x) distribution is defined by its density

£(0) = {t“‘le_’/l"(a) for t > 0
* 0 otherwise
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If a random variable 7" has a gamma(w«) distribution then, for each positive integer m,

ET™ = /oot’"fa(t)dt
0

m>tmta71 —t
- f e g
0 [(a)
I'a +m)
I'()
=(a+m—1(a+m—2)...(x) by equality () in Example <9.2>.
In particular, ET = « and
var(T) = E (Tz) —ET)? =+ Da—a?>=a.

<94> Example. A Poisson process with rate A on R? is a random mechanism that generates
“points” in the plane in such a way that

(i) the number of points landing in any region of area A is a random variable with a
Poisson(AA) distribution

(ii) the numbers of points landing in disjoint regions are independent random variables.

Suppose mold spores are distributed across the plane as a Poisson process with in-
tensity A. Around each spore, a circular moldy patch of radius r forms. Let S be some
bounded region. Find the expected proportion of the area of S that is covered by mold.

Write x = (x, y) for the typical point of R?. If B is a subset of R?,

areaofSﬂB:// I{x € B}dx
xeS

If B is a random set then

]E(areaofSﬂB):/f IE]I{XEB}dX:// P{x € B}dx
XxeS xeS
If B denotes the moldy region of the plane,

1 — P{x € B} = IP{ no spores land within a distance r of x }
= P{ no spores in circle of radius » around x }
= exp ( - Anrz)

Notice that the probability does not depend on x. Connsequently,

E(areaofSﬂB):// 1 —exp(—anr?) dx = (1 —exp(— Anr?)) x areaof §
xes

The expected proportion of the area of § that is covered by mold is 1 — exp ( - Anrz). ]
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