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Chapter 8

Conditioning on a random
variable

with a continuous
distribution

Overview

At this point in the course I hope you appreciate the usefulness of the discrete
conditioning formula,

E(Y)=) P(R)E(Y|F),

for a finite or countably infinite collection of disjoint events F}, Fy, ... with
> ;PF; = 1. As a particular case, if X is a random variable that takes only
a discrete set of values {x1,x2,...} then

E(Y)=) PX=u]E(Y|X=u).

This formula can be made to look simpler by the introduction of the function
g(z) =E (Y | X = z), for then

E(Y)=) P{X=uaig(e:)=E(9(X)).

Throughout the course I have been working with examples where you
could figure out things like E(Y | X = x) or P(A | F) by identifying the
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probabilistic mechanism corresponding to the conditional probability dis-
tribution P(- | X = 2} or P(- | F). In a few cases, you could also have
calculated directly from

P(AF)
PF

or E(Y | F) = E(;;F)

P(A|F) =

Of course this formula only makes sense if PF' # 0.

If the random variable X has a continuous distribution, you still have
the possibility of calculating things like E(Y | X = z) and P(A | X = z)
by recognizing the probabilistic mechanism corresponding to P(- | X = z).
But you won’t have much luck in putting F' = {X = 2z} in <8.3> because
P{X =z} =0.

Nevertheless there is a formula similar to <8.2> that works when X has
a continuous distribution with density function f. Section 8.2 (which could
be skipped) explains in more detail why

E(Y) :/OO E(Y | X = 2)f(z) d.

— o0

As a special case, when Y equals the indicator function of an event B the
formula reduces to

IP’B:/_Oo P(B| X =uz)f(x)dx.

Moreover, for most values of z, the conditional expectation can be calculated
as a limit of a ratio,

. . EY1{z <X <z+¢€}
EY| X =2)=1lmE(Y < X< =1 — =
(] ?) = ImE(Y |2 < X < z+€) = lim P{z< X <z+el
The final ratio is amenable to discretization methods like those introduced
in Chapter 7.

*Some justification for the conditioning formulae

You could skip this Section if you are prepared to believe <8.4> and <8.5>.

Here is an argument that many authors, including me, find convincing
as a way to get the formula <8.4>. We start from an assumption about
conditional expectations that has intuitive appeal:
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For each subset A of the real line, if @ and 8 are constants
(depending on A, of course) for which

a<EY|X=z)<pB forallzeA,

then we should have

a <E(Y | X € A) < 8.

Suppose the assumption is valid. As before write g(x) for E(Y | X = x).
For a small § > 0 and each integer n define

A, ={zeR:nd <g(x) < (n+1)d}.

Define a ‘step function’ gs(x) = >, ndl{x € A,}, which approximates g
very well, in the sense that

gs(x) < g(z) < gs(z)+9 for every real number z.
By definition of the set A,
nd <EY | X=2)<(n+1) for all z € A,.
The conditioning assumption (in the box) then implies
nd <EY | X €A, <(n+1)d for each n.
By the discrete conditioning formula <8.1> with F,, = {X € A, },

EY = Zn P{X € A,}E(Y | X € A,).

Writing [, f(z)dz = [121{z € Ay} f(x) dz for P{X € A,} and using the
lower bound from <8.7> we then get

+o0
EY > Z / ndl{zx € Ap}f(x)dx
+o0 _
= / Z ndl{zx € Ap}f(x)dx legit?
o
— [ w@)f(e)da,
A similar argument gives the upper bound

+o0

+oo
BY < [ (o) + 0 f@)de =5+ [ gs(a)f(o)do

—00 —00
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In summary,

“+00 “+00
/ gs(x)f(x)de <EY <46 —i—/ gs(x) f(z) dz.
Compare with the inequality that results when we multiply both sides
of <8.6> by f(z) then integrate:

+oo +oo +00
| w@i@is [ gwi@ds <ot [ gofa)ds
—0o0 —0o0 —00
The upper and lower bounds in the last two inequalities are the same. Both
EY and fj;o g(x) f(x)dz lie in an interval of length §. The two quantities
can differ by at most J, no matter how small we choose § > 0. Equal-
ity <8.4> follows.

Equality <8.4> has a small extension based on the idea that functions
of X should behave like constants when we condition on X = z:

+oo
]E(YH(X)):/_ EYH(X)| X =2)f(x)dz
+oo
=/ H(z)E(Y | X =) f(x)dx
Yoo
= [ H@9@) (@) i

In particular, if H(z) is the indicator function of an interval [z, z + €], for a
fixed z and a small € > 0 then

zte z+e
E(V1{z <X <z+e}) = / o) f(x) di = g(2) / f(@) dz +ofe)

if g is continuous at z. The inequality rearranges to give <8.5>.

Remark. In advanced probability theory, the abstract treatment of
conditional expectations starts by taking <8.8> as a desirable property.
One then shows, using measure theoretic arguments, that there exists
a function g(x) (which is uniquely determined up to trivial changes on
very small sets) for which the desired property holds. One declares
that function to be the definition of E(Y | X = z). From that starting
point, one then goes on to verify the assumptions that I have taken as
axiomatic for Stat 241/541.

The benefit is mathematical rigor; the cost is the need to work
with an abstraction that has little intuitive appeal.
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Convolutions

The conditioning formula <8.4> can be used to find the distribution for a
sum of two independent random variables, each having a continuous distri-
bution.

Example <8.10> Suppose X has a continuous distribution with den-
sity f and Y has a continuous distribution with density ¢g. If X and Y
are independent then the random variable Z = X + Y has a continuous
distribution with density

h(z) = /OC g(z —x) f(x)dx for all real z.

—00

Equality <8.9> is called the convolution formula. The next Example
shows the formula in action. It also serves as an advertisement for indicator
functions.

Example <8.11> If X and Y are independent, each with the Uniform(0, 1)
distribution, find the distribution of X + Y.

The convolution formula also establishes an important fact about the
normal distribution, which lurks behind the central limit theorem. If you
are interested, look at the Appendix to this chapter for a sketch of a beautiful
proof of the CLT due to Lindeberg (1922).

Example <8.12> If X; and X5 are independent random variables with
X1 ~ N(p1,0%) and Xo ~ N(uz,03), then X; + Xo ~ N(p1 + po, 02 + a3).

Examples for Chapter 8

Example. Suppose X has a continuous distribution with density f and Y
has a continuous distribution with density g. If X and Y are independent
show that the random wvariable Z = X +Y has a continuous distribution
with density

h(z) = /OO 9(z —x) f(z)dx for all real z.

—00
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As usual, consider a fixed z and a small, positive §. Then

P{z < Z <246}

+oo
:/ P{z<X+Y <z+d|X=z}f(z)dx by <8.4>

—00

:/+OOIP>{z§x+Y§z+5|X:;U}f(:rr)daj
:/+OOP{z—x<Y<z—x+5|X=£L‘}f(x)d$

—00

+o0o
= / P{z —2 <Y <z—a+0}f(z)dx by independence

+o0o
~ / dg(z —z)f(x)dxr  density for Y.

That is,
P{z <Z <246} =~ oh(z)
as asserted. O

Example. If X and Y are independent, each with the Uniform(0,1) distri-
bution, find the distribution of X +Y.
The Uniform(0, 1) has density function f(z) = 1{0 < = < 1}, that is,

f(x):{l if z € (0,1)

0 otherwise
The density function h for the distribution of X + Y is given by

h(z):/_oo 1{0<z—z<1}1{0<z < 1}dr

:/ H{z<z,z>2-1,0<z<1}dx

= / 1{max(0,z — 1) < < min(1, )} dx.

If 2 < 0 or z > 2 there are no values of x that satisfy the pair of inequalities
in the final indicator function; for those cases the indicator function is zero.
If 0 < z <1 the indicator becomes 1{0 < x < z}, so that the corresponding
integral equals

/ 1{0<x<z}d:v:/1da::z.
0

—00
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Similarly, if 1 < z < 2 the integral becomes
00 1
/ 1{2—1<w<1}dm:/ lder=2-—z.
—00 z—1
In summary,

h(z) =< 2 ifl<z<1

{0 ifz<0orz>2
2—z ifl<z<x?2

z

<8.12>

More succinctly, h(z) = (1 — |z — 1|)+.
0

Example. If X; and Xs are independent random wvariables with Xi ~
N(p1,0%) and Xo ~ N(ug,03), then X1 + Xo ~ N(p1 + p2, 03 + 03).

Let me simplify the algebra by writing X; = u; + 0;4;, where Z; and Zs
are independent standard normals. Then we have X1+ X5 = p1+pus+o121+
027Z5. Tt will suffice we show that W = 0171 + 022 has a N(0,0? + 03)
distribution.

The convolution formula gives the density for the distribution of W,

1 [ee] _ 2 2
h(z) = 5 / exp ( - @ - a;2> dz.
010227 J_ 207 205

The exponent expands to

—%aﬂ (UfQ + 052) + 2z /0% — %22/0%

Make the change of variable y = x /¢, with

c=1/\/oy2+0y% =0100/7  where 7 = \/0} + 03.

The exponent becomes
— % (y2 — Qch/O'% + 0222/0%) + %0222/041L — %22/0%
2
= —% (y — ZC/O’%) — %zQ/TQ.

The expression for h(z) simplifies to

1 Z2 o)
exp < — 272> / exp (— %(y — Zc/o'%)Q) dy.

T27 oo
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The change of variable w = y — z¢/o? then leaves an integral that equals
V2.

What a mess!

All the sneaky changes of variable might leave you feeling that the ar-
gument is difficult. In fact I didn’t have to be so careful. In the original
convolution integral I had an exponent of the form —Cjz? + Cozxz — C32>
for some constants C7,Co,C5. 1 completed the square to rewrite the ex-
ponent as —Cy(y — C52)? — Cg2z?, where y is a linear function of x and
C4,C5,Cs were new constants. A change of variable allowed me to inte-
grate out the y, leaving an expression of the form C;exp(—Cg2?), which is
clearly a N(0,72) density for some 7. I could have calculated 7 directly by
72 = var(W) = o}var(Z;) + o3var(Zs). O

Appendix: Lindeberg’s method for the CLT

This Section should be skipped unless you have a burning desire to know
how a general proof of the CLT works.

Suppose X = X7 + Xo + -+ + X,,, a sum of a independent random
variables with EX; = 0 and var(X;) = o?. We may assume the random
variable X has been scaled so that Y, 02 = 1.

If all the X;’s are normally distributed, repeated appeals to Exam-
ple <8.12> show that X is also normally distributed.

If the X;’s are not normal, we replace them one at a time by new in-
dependent random variables Yi,...,Y, with ¥; ~ N (0,022). It is easy to
use Taylor’s theorem to track the effect of the replacement if we consider
smoooth functions of the sum.

For example, suppose h has a lot of bounded, continuous derivatives.
Write S for X7 +---+ X,,_1. Then

Eh(X)

Eh(S + X,,)

E[h(S) + X, (S) + X2R"(S) + LX3R"(S) + .. }

Eh(S) + EX,EN'(S) + AE(X2)ER"(S) + sE(X)E(R"(S)) + ...
=Eh(S) + 0+ 107 + terms of higher order

In the last two lines I used the independence to factorize a bunch of products.
Exactly the same idea works for h(S +Y;,). That is,

Eh(S +Y,) = Eh(S) + 0+ 207 + terms of higher order
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Subtract the two expansions, noting the cancellations.
Eh(S 4+ X,,) —Eh(S +Y,,) = terms of higher order .

A similar argument works if we replace the X,,_1 in Eh(S +Y,,) by its
companion Y,,_1. And so on. After we swap out all the X;’s we are left with

Eh(X)—Eh(Y14Y2+...Y,) = a sum of quantities of third, or higher order.

A formal theorem would give a precise meaning to how small the X;’s
have to be in order to make the “sum of quantities of third, or higher order”
small enough to ignore.

If you were interested in expectations Eh(X) for functions that are not
smooth, as happens with P{X < z}, you would need to approximate the
non-smooth A by a smooth function for which Lindeberg’s method can be
applied.
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