Statistics 251b/551b, spring 2009
Homework # 2 solutions

[1] Consider an irreducible, positive recurrent Markov chain {X,, : n = 0,1,2,...}
with state space 8§ and transition probabilities P(i,j). Suppose the chain has
period 2. Let o be some arbitrarily chosen state, which will stay fixed throughout
the problem. You know that there exists a stationary probability distribution T for
which 7, = 1/E,T,.

To simplify the notation, write ¢ * j to mean P;{X,, = j} > 0. Thus
N; ={n e N:a * j}. Youshould convince yourself that (i) P(i, j) > 0 if and
onlyifi & jand(ii)ifi ™ jandj 2 ktheni 22 .
(1) Explain why the elements of N; are either all odd or all even.

If o = jandj L athena X q. By definition of periodicity, n + ¢

must be even, for every n in N;. If £ is odd, deduce that all n in N; are
odd; if ¢ is even, deduce that all n in N; are even.
The stationary distribution is defined to satisfy the equation

Ziesﬂip(z’j) =Ty

If P(i,7) > 0 and « = i then « RaZX j. If j € 8oqq then n + 1 must be odd,
implying ¢ € Seyen. Similarly, if j € Seyen then i € §,qq. The equations for 7 can
be rewritten as

Z/IZESCVCH

> o mPlij)=m i) € Seen <2>
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Wip(i,j):ﬂ'j ifjegodd <1>

(ii) Show that m(8caa) = T(Seven) = 1/2.
Sum equality <1> over all j in 8,44 then interchange the order of summa-
tion on the left-hand side to get

ZiGSeven i Zjesodd P(i,j) = 7(Soda)-

The first expression reduces to 7(Seyen ) because > P(i,7) = 1 when
1 € Seven-
(iii) Define two probability distributions: \; = 2m; if i € Seyen and \; = 0 otherwise;
and p; = 27; if it € Syqq and p; = 0 otherwise. Show that \P = i and P = \.
Multiply both sides of <1> and <2> by 2.
(iv) Define )?n = Xy, forn =0,1,2,.... Explain why )?n has transition probability
matrix P%. Explain why, for the P? chain, all states in 8., communicate but no
state in S,qq is accessible from a state in Sqyey.

JE€Sodd



See Chang notes §1.3 for the P? interpretation.

For each i € § there exists some integers m and n for which i ™ «
and o = 4. Note that m + n must be even because state « has period 2.
If i € Seven then n is even, forcing m also to be even. That is, for each ¢ €
Seven there is a path leading from ¢ to o in an even number of steps and a
path leading from a to 7 in an even number of steps. Under P?, the set Sqyen
is irreducible. The argument for S,4q is similar.

On the other hand, suppose ¢ € Seven and j € Spqq and 7 = 7. We
know o ™ i for some even m. Deduce that @ =22 J, sothat m 4+ n is
odd, forcing n to be odd. Put another way, we cannot have i — j if n is
even; the P?-chain cannot get from Sqye, t0 Soqq. The argument for j > ¢
is similar.

(v) Explain why the P? chain is aperiodic.
Invoke Chang notes Lemma 1.38 to show that the set {n/2 : n € N,}
contains all integers that are large enough. That is, « 2%, for all large
enough integers n. Under P2, the state o has period 1. For each j in 8,4qq
we know there are odd integers k, ¢ for which « LA j and j £ . Thus
J Fbion, j for all large enough integers n. It follows that the state 7 has
period 1 under P?.

(vi) For each initial distribution v that concentrates on 8.yen, show that

ZA s P{ X2, =i} —N| — 0 asn — oo.
1€ deven

Note that A\P? = pP = ). That is, )\ is the (unique) station-
ary probability distribution for the (irreducible, aperiodic) P? chain
on Seven. The asserted convergence is just the BLT for that chain.
[You could argue directly that the chain is positive recurrent, but
that is not really needed: the proof of the BLT used positive re-
currence just to establish existence of some tationary probability
distribution. ]

(vii) For each initial distribution v that concentrates on Seyen, Show that

Z, P, { Xons1 =1} — | — 0 asn — oo.
1€80dd

You could argue in essentially the same way as for part (vi), invok-
ing the fact that p is the (unique) stationary probability distribution
for the (irreducible, aperiodic) P? chain on 8,4q.



Alternatively, you could argue that

> P Xonr = i} — il
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= > 1Y PAXe = 3}PGLD = Y NP3
iesodd jescvcn ]Gscvcn

< =
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= > [PAXs =4} — N >0,
jeseven

the last equality following from the fact that ;¢ P(j,i) = 1
for all 7 € Seven.

(viii) For an arbitrary initial distribution v on 8, describe the behavior of
P, {X,, =i} as n tends to infinity. In particular, discuss whether there is a
unique stationary probability distribution for the P-chain.

Write v as YVeven + (1 — 7)Vodd> Where 7 = 1/(Scyen) and Veyen 18
a probability concentrating on Seye, and v,4q is a probability con-
centrating on S,qq. Written using the total variation distance (see
Chang Definition 1.35), the results from the previous parts of the
problem can be summarized as

[Veven P = A =0 and  [[voaaP* — pf| — 0.

The first assertion, together with an argument like the one for the
alternative for part (vii), shows that

||VevenP2nP - )\PH S HVevenP2n - )\H - 0

That is, || Veyen P?" T — p|| — 0. Similarly ||voqq P2 — A|| — 0.
Combining these pieces we get

HVPQ" —A—(1- ’Y)MH —0

|vP*" = (1= ~4A) —yu|| — 0
If v = 1/2 it follows that |[¥ P" — 7|| — 0 as n — oc.

If 7 is another stationary distribution for the P-chain then 7 =
7P = 7 P>+ for all n, which forces

T=A+{1=p=0-9\)+yp  fory=7(Seven)-

Thus v = 1/2and 7 = %)\ + %u = 7. The probability measure 7
is the unique stationary distribution for the P-chain.



