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2000: Sheet 10

A student wishing to improve his or her grade for the course should
attempt the problems on this sheet. Of course, no change is promised,
but it is guaranteed that the final grade will be no lower than the
tentative grade. Please email DP if you intend to submit solutions to
some or all of the problems on this sheet.

(10.1) Let P0 and Q0 be probability measures on the real line, for which the functions
M(θ) := Px

0 exp(θx) and N(θ) := Qy
0 exp(θy) are finite for all θ in the

interval (−δ, δ). Define Pθ , for |θ | < δ, to be the probability measure with
density exp(θx)/M(θ) with respect toP0. Define Qθ similarly, via the density
exp(θx)/N(θ) with respect toQ0. Show that the convolutionPθ ? Qθ is
absolutely continuous with respect to the convolutionP0 ? Q0, and find its
density. Hint: Reread Section 4.4.

(10.2) Let C0(Rk) denote the set of all continuous functions onRk with compact
support (that is, a continuous functionf belongs toC0(Rk) if { f 6= 0} is a
bounded set). SupposeP and Q are probability measures for whichP f = Q f
for all f in C0(Rk). Show thatP = Q, as measures onB(Rk).

(10.3) Say that a real valued random variableX is degenerate if there exists some
finite constantC for which X = C almost surely.

(i) Let X be a (real valued) random variable for which, for each bounded
subintervalJ of the real line,P{X ∈ J} is either 0 or 1. Show thatX is
degenerate.

(ii) SupposeX andY are independent (real valued) random variables for which
X(ω)+ Y(ω) = 1 for everyω in the underlying probability space. Show
that bothX andY are degenerate.

(iii) Repeat part (ii) under the weaker assumption that the independent random
variables satisfy the equalityX+Y = 1 only on a set with probability one.

(10.4) Let P and Pn, for n = 1, 2, . . ., be probability measures onB(Rk) for
which Pn Ã P and Px

n |x|2 → Px|x|2 < ∞. Show that Pn f → P f
for every continuous real functionf on Rk for which f (x) = O(|x|2) as
|x| → ∞. Hint: ConsiderP

(|x|2− M
)+

for large values ofM . Also note
that T ∧ M + (T − M)+ = T for each realM andT .

(10.5) Let 0= X0, X1, . . . be nonnegative integrable random variables that are adapted
to a filtration {Fi }. Suppose there exist constantsθi , with 0 ≤ θi ≤ 1, for
which P(Xi | Fi−1) ≥ θi Xi−1 for i ≥ 1, that is, there exist nonnegative,
Fi−1-measurable random variablesYi−1 for whichP(Xi | Fi−1) = Yi−1+ θi Xi−1

almost surely. LetC1 ≥ C2 ≥ . . . ≥ CN+1 = 0 be constants. Prove the
inequality

(∗∗) P{max
i≤N

Ci Xi ≥ 1} ≤
N∑

i=1

(Ci − θi+1Ci+1)PXi ,

by following these steps.

(i) Put Zi = Xi −Yi−1−θi Xi−1. Show thatCi Xi ≤ Ci−1Xi−1+Ci Zi +Ci Yi−1

almost surely.

(ii) Deduce thatCi Xi ≤ Mi +1, whereMi is a martingale withM0 = 0 and
1 =∑N

i=1 Ci Yi−1.

(iii) Show that the left-hand side of inequality (∗∗) is less thanPCτ Xτ for an
appropriate stopping timeτ , then rearrange the sum forP1 to get the
asserted upper bound.


