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Please attempt at least the starred problems.

*(3.1) Let {hn}, { fn}, and{gn} be sequences ofµ-integrable functions that converge
µ almost everywhere to limitsh, f and g. Supposehn(x) ≤ fn(x) ≤ gn(x)

for all x. Suppose also thatµhn → µh andµgn → µg. Adapt the proof of
Dominated Convergence to prove thatµ fn → µ f .

*(3.2) Let µ be a finite measure on the Borel sigma-fieldB(X) of a metric spaceX.
Call a setB inner regular if µB = sup{µF : B ⊇ F closed} andouter
regular if µB = inf{µF : B ⊆ G open}

(i) Prove that the classB0 of all Borel setsB for which both B and Bc

are inner regular is a sigma-field. Deduce that every Borel set is inner
regular.

(ii) Supposeµ is tight: for eachε > 0 there exists a compactKε such that
µK c

ε < ε. Show that theF in the definition of inner regularity can then
be assumed compact.

(3.3) Suppose a class of setsE cannot separate a particular pair of pointsx, y: for
every E in E, either{x, y} ⊆ E or {x, y} ⊆ Ec. Show thatσ(E) also cannot
separate the pair.

(3.4) Let A1, A2, . . . be events in a probability space(Ä, F, P). Define Xn =
A1 + . . . + An andσn = PXn. Supposeσn → ∞ andPX2

n/σ
2
n → 1. (Compare

with the inequlityPX2
n ≥ σ 2

n , which follows from Jensen’s inequality.)

(i) Show that

{Xn = 0} ≤ (k − Xn)(k + 1 − Xn)

k(k + 1)

for each positive integerk.

(ii) By an appropriate choice ofk (depending onn) in (i), and a passage to
the limit, deduce that

∑∞
1 Ai ≥ 1 almost surely. Hint: What is the limit

of {Xn = 0} asn tends to infinity?

(iii) Prove that
∑∞

m Ai ≥ 1 almost surely, for each fixedm. Hint: Show that the
two convergence assumptions also hold for the sequenceAm, Am+1, . . . .

(iv) Deduce thatP{ω ∈ Ai for infinitely many i } = 1.

(v) If {Bi } is a sequence of events for which
∑

i PBi = ∞ and PBi Bj =
PBi PBj for i 6= j , show thatP{ω ∈ Bi for infinitely many i } = 1.


