
Statistics 330/600b Due: Thursday 17 February
2000: Sheet 5

Please attempt at least the starred problems.

*(5.1) (postponed to next week) Letµ and ν be finite measures onB(R). Define
distribution functionsF(t) = µ(−∞, t ] and G(t) = ν(−∞, t ].

(i) Show thatµ{x} > 0 for at most countably manyatoms x∈ R.

(ii) Show thatµt G(t)+ν t F(t) = µ(R)ν(R)+∑i µ{xi }ν{xi }, where{xi : i ∈ N}
contains all the atoms for both measures.

(iii) Explain how (ii) is related to the integration-by-parts formula:∫
F(t)

dG(t)

dt
dt = F(∞)G(∞)−

∫
G(t)

d F(t)

dt
dt

*(5.2) In the Notes we needed the functiong(x, y) = pyp−1{ f (x) > y} to be product
measurable iff is A-measurable. Prove this fact by following these steps.

(i) The mapφ : R2 → R defined byφ(s, t) = {s > t} is B(R2)\B(R)-
measurable. (What do you know about inverse images forφ ?)

(ii) Prove that the map(x, y) 7→ (
f (x), y) is A ⊗ B(R)\B(R) ⊗ B(R)-

measurable.

(iii) Show that the composition of measurable functions is measurable, if the
various sigma-fields fit together in the right way.

(iv) Complete the argument.

(5.3) (Kolmogorov’s zero-one law) Let{Gi : i ∈ N} be a sequence of independent
sigma-fields. For eachn defineHn = σ(Gi : i > n). The tail sigma-field
is defined asH∞ = ∩nHn. Show that, for eachH in H∞, eitherPH = 0 or
PH = 1, by following these steps.

(i) Show thatH∞ is a sigma-field.

(ii) Show that Hn is generated by the class of all finite intersections
Gn+1Gn+2 . . .Gn+k, with Gi ∈ Gi , for k = 1, 2, . . .. Deduce via (5.1) that
Hn is independent of the sigma-fieldFn generated by∪i≤nGi .

(iii) Deduce thatH∞ is independent of eachFn, and hence is independent of
the sigma-fieldF∞ generated by all theFn.

(iv) Show thatH∞ ⊆ F∞. Deduce that ifH ∈ H∞ then H is independent of
itself: P(H H) = (PH)(PH).

(5.4) Let Z̄n = (Z1 + . . . + Zn)/n, for a sequence{Zi } of independent random
variables.

(i) Use the Kolmogorov zero-one law from the previous Problem to show that
the set{lim supZ̄n > r } is a tail event for each constantr , and hence it has
probability either zero or one. Deduce that lim supZ̄n = c0 almost surely,
for some constantc0 (possibly±∞).

(ii) If Z̄n converges to a finite limit (possibly random) at eachω in a setA
with PA > 0, show that in fact there must exists a finite constantc0 for
which Z̄n→ c0 almost surely.

(5.5) Let P and Q be finite measures defined on the same sigma-fieldF, with
densitiesp and q with respect to a measureµ. SupposeX0 is a measurable
set with the property that there exists a nonnegative constantK such that
q ≥ K p on X0 and q ≤ K p on Xc

0. For eachF-measurable function with
0 ≤ f ≤ 1 and P f ≤ PX0, prove thatQ f ≤ QX0. Hint: Prove that
(q − K p)(2X0 − 1) ≥ (q − K p)(2 f − 1), then integrate.To statisticians this
result is known as the Neyman-Pearson Lemma.


