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*(10.1) Suppose p and P are probability measures on a countably generated sigma-field ¥, on a set Q.
That is, F, = o{F; : i € N}. Let 7, denote the partition of 2 generated by the sets Fi, ..., F,.
(That is, each nonempty member of 7, is of the form NM;<, A; with A; = F; or A; = Ff.) Define

uB
X, (w) = E Béﬂn{w € B,PB > O}ﬁ
B

Zu@) =Y., (w€BAB > 0}’;\L—B where A = (i + ).

(i) Define 2, = U{B € m,, : PB > 0}. Show that P2, = 1 for each n.
(ii) Define ¥, = o(mw,) = ofF; : i = 1,...,n}. Show that {(X,,JF,) : n € N} is a
P-supermartingale, which converges P almost surely to some random variable X.

(iii) Show that {(Z,, F,) : n € N} is a A-martingale, which converges A almost surely to a random
variable Z.,. Show also that Z., is a version of the density du/dA.

(iv) Show that there is an F,,-measurable subset 2y of N,cn$2, with PRy = 1 such that
2X, ()

Xn(a)) — Xoo(a)) < o0 and m =

Z,(w) for each w € Q.

(v) Deduce that

2X 0o
QO = ZooQO a.c. [)\.]
14+ X
(vi) Deduce that
XooWF QF

P for each F € F.

14+ Xo _M1+Xoo

(vii) Deduce that
PXooQ0f = u0f for each f € M (Fuo).

(viii) Conclude that X, is a version of the density duo/dP, where g is the part of w that is
absolutely continuous with respect to P.

*(10.2) For a probability space (2, F, P), suppose G is a sub-sigma-field of F for which either PG = 0
or PG =1 for every G € G.

(i) For each Z € M™(G), show that there exists a constant ¢ € [0, oo] for which P{Z = ¢} = 1.
Hint: Consider sup{t e R: P{Z >t} = 1.

(ii) For each X € M*(F), show that P(X | §) = PX a.e. [P].

(10.3) (generalized STL for positive supermartingales) UGMTP Problem 6.6. Hint: Start from what you
know about o A n and t A n then justify a passage to the limit.

(10.4) UGMTP Problem 6.4. You might prefer to prove the assertion only for X € M.



