
Statistics 330b/600b, Math 330b spring 2014
Homework # 10
Due: Thursday 10 April

*[1] Suppose X ∈ L1(Ω,F,P) and {Fn : n ∈ N0} is a filtration: F0 ⊆ F1 ⊆ · · · ⊆ F.
Define E = ∪n∈N0

Fn and F∞ = σ(E).
For each n in N0 = N0 ∪ {∞} define Xn = PFnX. In class I (almost) showed

that {(Xn,Fn) : n ∈ N0} is a martingale. I then deduced (via the positive super-
martingale convergence theorem) that {Xn : n ∈ N0} converges almost surely to
the F∞-measurable random variable Z = lim infN0

Xn. [Be careful here: X∞ is not
involved in the liminf, which is limn∈N0

infn≤i<∞Xi.]
Without loss of generality assume X ≥ 0. Show that {P|Xn − Z| : n ∈ N0}

converges to zero and Z = X∞ almost surely by the following steps.

(i) Show PX ≥ PZ.

(ii) For each c ∈ R+ and n ∈ N0 define Xn(c) = PFn
(X ∧ c). Show that there exists

a nonnegative, F∞-measurable random variable Z(c) for which {Xn : n ∈ N0}
converges to Z(c) almost surely and in L1 norm. Deduce that

PZ ≥ supc P (X ∧ c) = PX.

(iii) Show that P|Xn − Z| = 2P (Z −Xn)
+ → 0.

(iv) Show that PXE = PZE for all E in E. Then complete the proof that Z = X∞
almost surely.

*[2] Suppose Xn → X almost surely, with |Xn| ≤ H for an H in L1(Ω,F,P). Let A

be a sub-sigma-field of F. Using only the properties for conditional expectations
dereived in class, show that PAXn → PAX almost surely.

*[3] Suppose {Xn} is a sequence in L2(Ω,F,P) that converges in L2 to some random
variable X. Let A be a sub-sigma-field of F. Show that PAXn converges in L2

to PAX.

[4] Suppose (Ω,F,P) is a probability space and T : (Ω,F)→ (T,B) where T is a sepa-
rable metric space equipped with its Borel sigma-field. Define Q = TP. Abbreviate
M+(Ω,F) to M+(F), and so on.

Suppose Λ = {λt : t ∈ T} is a set of probability measures on F for which
t 7→ λtf is B-measurable for each f in M+(F). Suppose also that

Pg(Tω)f(ω) = Qtg(t)λωt f(ω) for all g ∈M+(B) and f ∈M+(F).

(i) Use a generating class argument to show that Ph(ω, Tω) = Qtλωt h(ω, t) for all
h ∈M+(F ⊗B).

(ii) Show that the function h(ω, t) = {t 6= Tω} is F ⊗B-measurable.

(iii) Deduce that λt{ω : t 6= Tω} = 0 for Q almost all t.

[5] Suppose X0 ∈ L2(Ω,F,P). Suppose also that A1 and A2 are sub-σ-fields of F.
Define A = A1∩A2. (Do not assume that A is equal to an Ai. That is, the Ai’s are
not nested.) Define sequences of A1-measurable random variables {Yn : n ∈ N0}
and A2-measurable random variables {Xn : n ∈ N} recursively, by Yn = PA1Xn and
Xn+1 = PA2Yn. Suppose there exists a Z in L2(Ω,F,P) for which P|Xn−Z|2 → 0.
Show that Z = PAX0 almost surely. [I would also like to know when the Xn’s
converge in L2, but that seems a bit hard without using some sort of compactness
property. Compare with Breiman and Friedman 1985.]
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