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[4] Define M
+

= M
+

(X,A, µ) to consist of all those functions f mapping X

into [0,∞] for which there exists g, h ∈ M+ = M+(X,A, µ) with g(x) ≤
f(x) ≤ g(x) + h(x) for all x and µh = 0. You should NOT assume that f ∈
M+. Call the pair g, g + h an M+-sandwich for f .

(i) Show that there is no ambiguity in defining µ : M
+ → [0,∞] by µf = µg for

an arbitrarily chosen M+-sandwich for f . That is, show that if g1, g1 + h1
and g2, g2 + h2 are both sandwiches for f then µg1 = µg2.

For gi and hi as given, argue that g1 ≤ f ≤ g2 + h2 so that µg1 ≤
µg2 + µh2 = µg2. Argue similarly for µg2 ≤ µg1.

(ii) Define A := {D ⊆ X : 1D ∈M
+}. Show that A is a sigma-field with A ⊇ A.

Show also that if E is a subset of X for which E ⊆ N , for some N ∈ Nµ,
then E ∈ A.

For each A ∈ A the sandwich A ≤ A ≤ A + 0 gives A ∈ A. That is,
A ⊂ A. To prove that A is a sigma-field it is enough to show it is stable
under complements and countable unions.

For complements, if g ≤ A ≤ g + h is a sandwich for A ∈ A then by
assumption 0 ≤ g ≤ 1. We may also replace h by h ∧ 1 and still have
A ≤ g + h. Why? Thus there are no ∞−∞ problems in showing that

1− g − h ≤ Ac ≤ 1− g − h+ h

Thus G := (1− g − h)+ and G+ h provide a sandwich for Ac.
For countable unions, suppose gi ≤ Ai ≤ gi + hi is a sandwich for each i

in N. Then G := supi gi ≤ ∪iAi ≤ G+H, with H =
∑

i hi is a sandwich for
the union.

For E ⊆ N use the sandwich 0 ≤ E ≤ N .

(iii) Show that M
+

= M+(X,A). (Sorry for the typo.)

The set E := {[t,∞] : 0 ≤ t < ∞} generates B[0,∞]. To show that

each f in M
+

is A-measurable it suffices to show that {f ≥ t} ∈ A for each
0 ≤ t <∞. If g ≤ f ≤ g + h is a sandwich for f then

{g ≥ t} ≤ {f ≥ t} ≤ {g ≥ t}+∞{h > 0} is a sandwich for {f ≥ t}.

Conversely, to show that M+(X,A) ⊆ M
+

, start with simple functions.
Suppose f =

∑
i αiAi ∈ M+

simple(X,A). By definition of A, each Ai has a

sandwich gi ≤ Ai ≤ gi + hi, so that

G :=
∑

i
αig≤

∑
i
αiAi ≤ G+

∑
i
αihi



is a sandwich for f .
Write the general f in M+(X,A) as a pointwise increasing limit of func-

tions fn in M+
simple(X,A) with sandwiches gn ≤ fn ≤ gn + hn. Then

G := supi gi ≤ f ≤ G+
∑

i
hi

is a sandwich for f .

(iv) Show that µ defines an increasing, linear functional on M
+

with the Mono-
tone Convergence property.

If f1 ≤ f2 are functions in M+ with sandwiches gi ≤ fi ≤ gi + hi then

g1 ≤ G := g1 ∨ g2 ≤ f2 ≤ G+ h2

so that µf1 = µg1 ≤ µG = µf2. If αi ∈ R+ and fi ∈ M
+

with sandwiches
gi ≤ fi ≤ gi + hi, for i = 1, 2, then

G := α1g1 + α2g2 ≤ α1f1 + α2f2 ≤ G+ α1h1 + α2h2

is also a sandwich and

µ(α1f1 + α2f2) = µG = α1µg1 + α2µg2 = α1µf1 + α2µf2.

Finally, if a sequence fn in M
+

, with sandwiches gn ≤ fn ≤ gn+hn, increases
pointwise to f then Gn := maxi≤n gi increases pointwise to G := supi∈N gi
then Gn ≤ fn ≤ Gn +H, where H =

∑
i∈N hi, so that

µfn = µGn ↑ µG = µf,

the last equality coming from the fact that G ≤ f ≤ G + H is a sandwich
for f .

(v) Show that the restriction of µ to (the indicator functions of sets in) A is a
measure and that µ is the integral with respect to that measure.

As several students pointed out, this part is just Theorem 2.13 of
UGMTP.


