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Statistics 330b/600b, Math 330b spring 2015
Homework # 10
Due: Thursday 9 April

Let {(Z,, %) : n € No} be a submartingale and 7 be a stopping time. Define X,, =
Zrnn- Show that {(X,,F,) : n € Ny} is also a submartingale. Hint: For F
in ¥F,_1, consider separately the contributions to PX,F and PX,_1F from the
regions {r <n —1} and {r > n}.

Let 7 be a stopping time for a filtration {F; : 0 < ¢ < N}, with 0 <7 < N. For an
integrable random variable X, define X; :=P(X | F;). Show that

N
P(X|F;) = 2_70{7 =i} X; = X, almost surely.

(Birnbaum and Marshall, 1961) Let 0 = Xy, X1,..., X be nonnegative integrable
random variables that are adapted to a filtration {F; : 0 < i < N}. Suppose there
exist constants 6;, with 0 < 0; < 1, for which

(*) P(Xi | 32‘,1) Z tgiXi,1 for 0 S ) S N.

(Interpret this inequality to mean that there exist nonnegative, F;_j-measurable
random variables Y;_; for which P(X; | F;—1) = Y;_1 + 6;X;_1 almost surely.) Let
C1 > Cy > --- > Cny1 =0 be constants. Prove the inequality

(**) P{maxiSN CiXi Z 1} S Zfil(CZ — 9i+10i+1>PXi;

by following these steps.

(i) Define n; = W; — W;_1, where W; = C; X;. (Thus W; =n; + -+ +n;.) Show that

P(n; | Fiz1) < C;Y;—1 almost surely, for 1 <i < N.

(ii) Deduce that W; < M; + A;, where {(M;,F;)} is a martingale with My = 0 and

A; =375, CjYj_1 is an increasing sequence.

(iii) Use the Stopping Time Lemma to show that the left-hand side of inequality (xx) is

less than PA, then rearrange the sum for PAy to get the asserted upper bound.

(Hard) Suppose 7 is a stopping time for the natural filtration {F; : ¢ € Ny} generated
by real-valued random variables {X; : i € Ny} on aset . (That is, F; is the smallest
sigma-field on € for which X; is F;\B(R)-measurable for 0 < j < i.) Define new
random variables Z; = X, 4, for i € Ny. Define G to be the smallest sigma-field
on Q for which each Z;, for i € Ny, is §\B(R)-measurable. Show that § = F,.
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