
Statistics 330b/600b, Math 330b spring 2015
Homework # 11
Due: Thursday 16 April

*[1] Suppose {(Xi,Fi) : i ∈ N0} is a martingale (on Ω,F,P) with supi PX2
i = K < ∞.

By the following steps show that Xi converges almost surely and in L2 to some
random variable Z in L2(Ω,F∞,P), where F∞ = σ (∪i∈N0

Fi).

(i) For i ≥ 1 define ξi = Xi −Xi−1. Show that
∑
i∈N0

Pξ2i <∞. Deduce that {Xi} is

Cauchy sequence, which converges in L2 to some Z in L2(Ω,F∞,P).

(ii) For m < n define ∆m,n = maxm<i<n |Xi − Xm| and ∆m,∞ = supi>m |Xi − Xm|.
Prove that

P∆2
m,n ≤ δ2m :=

∑
i>m

Pξ2i → 0 as m→∞.

Deduce that ‖∆m,∞‖2 ≤ δ
2
m.

(iii) Define Dm = supi>m |Xi − Z|. Show that

‖Dm‖2 ≤ δm + ‖Xm − Z‖2 → 0 as m→∞.

(iv) Deduce that P lim supi |Xi − Z|2 = 0 and |Xi − Z| → 0 almost surely.

[2] Use Konecker’s lemma (UGMTP Problem 4.22) and Problem [1] to reprove SLLN2:
for independent random variables {ξi : i ∈ N} with

∑
i Pξ2i < ∞ and Pξi = 0 for

each i,

n−1
∑

i≤n
ξi → 0 almost surely.

Hint: Consider Xn =
∑
I≤n ξi/i.

*[3] Let F be a countably generated sigma-field on a set Ω, that is, F = σ(E), where E =
{Ei : i ∈ N}. Define Fk = σ{E1, . . . , Ek}. Note that F = σ (∪k∈NFk).

(i) Show that there is a finite partition πk of Ω into disjoint Fk−measurable sets for
which Fk = σ(πk). Also show that a real-valued function g is Fk-measurable iff g
is constant on each A in πk.

(ii) If f ∈ L1(Ω,F,P) show that

PFk
f = fk(ω) :=

∑
A∈πk

{ω ∈ A}PAf where PAf = {PA > 0}P(fA)/PA.

(iii) Show that {(fk,Fk) : k ∈ N} is a martingale.

(iv) Now suppose f ≥ 0 and Pf < ∞. Explain why {fk} converges almost surely to
some nonnegative f∞ in L1(Ω,F,P).

(v) For each m ∈ N define fk,m = PFk
(m ∧ f). Show that {fk,m : k ∈ N} converges

almost surely and in L1 to some nonnegative f∞,m in L1(ω,F,P).

(vi) Show that Pf = Pfk ≥ Pfk,m = P (m ∧ f) for each m. Deduce that Pfk → Pf and
P|fk − f | → 0.

(vii) Show that Pf∞E = PfE for each E ∈ ∪kFk. Hint: Consider E ∈ F` and PfkE for
k ≥ `. Deduce that f∞ = f almost surely.


