Statistics 330b/600b, Math 330b spring 2015
Homework # 6
Due: Thursday 26 February

*1] Let p and « be finite measures defined on (X,.A), with densities m and g with
respect to some measure A. Write T for the set of all A-measurable functions 1
that take values in [0, 1].

(i) Define H(t) = p{z : g(x) > tm(x)}, for t > 0. Show that H is decreasing and
left-continuous, with H(0) = pX and H(t) — 0 as t — oo.

(ii) For each constant a with X > o > 0 explain why 7 = sup{t : H(t) > a} is the
largest 7 for which H(7) > «. Explain why there exists an h € T (not necessarily
unique) for which the function

Yo(z) = {z: g(x) > ™m(x)} + h(zx){z: g(x) = Tm(x)}

belongs to T and has pyg = a.
(iii) For all ¢ € T show that [¢o(z) — ¥ (x)] [g(x) — 7m(z)] > 0 for all z € X. Deduce
that v > 9 if pp < .

2] Suppose X is a random variable taking values in [0, c0) for which PX = p < co. Let
X1, Xo,... beindependent random variables, each with the same distribution as X.
Define Y; := X;{X; <i} and p; :=PY;. Let S, :=>",., X; and T, :== >, Vi.

For a fixed p > 1, let {k,} be an increasing sequence of positive integers such
that &, /p"™ — 1.
(i) Show that there exists a finite constant C' for which -, y{i < ki}/k; < C/i® for
each positive integer i and }_,, i~2 < C/t for each positive integer .
(ii) Show that » .. {X > i} <n A X. Deduce that

OSLL—IP’Tn/n:]P’Z< X{X >i}/n—0 as n — 00.

(iii) Show that >,y P{X; # Yi} <>, cyP{X > i} < oo. Deduce that (S, —T5,)/n — 0
almost surely. Hint: n~! > i<t 1Xi(w) = Yi(w)| — 0 as n — oo, for each fixed I.

(iv) Show that var(T,) <>, PX*{X <i}.
(v) Use parts (i) and (iv) to show for each € > 0 that

{i <k;}PX?*{X <i}
o — . <
ZjeN P{‘Tkj PTk1| o ekj} - ZjeN ZieN ezka

< Ce? Z,EN PX%{X <i}/i? < .
7

Deduce that (T}, — PTy,)/k; — 0 almost surely as j — oo.
(vi) Deduce that S, /k; — p almost surely as j — oo.
(vii) For each p’ > p, show that

S for ky < m < by

when m is large enough.



(viii) Deduce that limsup S,,/m and liminf S, /m both lie between p/p’ and pp’, with
probability one.

(ix) Cast out a sequence of negligible sets as p decreases to 1 to deduce that S,,/m — u
almost surely.

(x) Why does the SLLN for i.i.d. integrable random variables follow from the preceding
argument?

[3] A set H of bounded, real-valued functions on a set X is called a A-space if:

(a) It is a vector space under the operations of pointwise addition and pointwise
multiplication by constants.

(b) The constant function 1 belongs to H.

(¢) If {h, : n € N} C H and h,(z) 1 h(z) for each z and sup, h(z) < oo then
h e 3.

Define A ;== {A C X : 14 € H}. Initially suppose also that 3 is stable under
pairwise products of functions. Follow the first six steps to show that A is a sigma-
field and H consists of precisely those bounded real functions that are A-measurable.

(i) If {h, : n € N} C ¥ and sup, |h,(z) — h(z)] — 0, show that h € H. Hint: Take a
subsequence {n(k) : k € N} along which sup, |h,x)(x) — h(z)| < 8 := 27%. Then
show that

hn(k+1)<33) + 01+ 0k = h(z) + 6 > hn(k)(l’).

Deduce that h,, ) + Ry, for R, = 3%, d;, increases for to h(x) + 3, for each x.

(ii) Suppose h € H and sup, |h(x)| = M < . By a small variation on HW2.3, there
exists polynomials p, for which supy, </ [P (t) —t*| — 0. Deduce that h, := p,(h)
converges uniformly to h, so that h™ € X.

(iii) If hy, ho € H show that hyVhg and hyAhg both belong to H. Hint: aVb = (a—b)T+b
for all a,b € R.

(iv) Show that A is a sigma-field.

(v) Define hy := min(1,h") for some h € H. Show that hy € H and that {h > 1} =

lim,, o0 AT belongs to . Deduce that h is A-measurable. Note: It is not enough
just to have {h > 1} € A.

(vi) Show that each bounded, A-measurable function belongs to H. Hint: Increasing
limits of simple functions.

Now suppose G is a set of bounded real functions on X and H is the smallest \-space
for which H 2 G. Suppose also that G is stable under pairwise products.
(vii) Show that Hy := {h1 € H : hig € H for all ¢ € G} is a A-space. Deduce that
Hy = H.
(viii) Show that Ho := {he € H : hoh € H for all h € H} is a A-space. Deduce that
Ho = H, that is, H is stable under pairwise products.
(ix) Write o(9) for the smallest sigma-field on X for which each g € G is o(9)\B(R)-

measurable. Show that o(G) C o(H) = A. Deduce that every bounded, o(5)-
measurable real function belongs to JH.



