
Statistics 330b/600b, Math 330b spring 2017
Homework # 6
Due: Thursday 2 March

*[1] Suppose µ and ν are sigma-finite measures on B(R) and λ = µ ⊗ ν. Define Aµ =
{x ∈ R : µ{x} > 0} and Aν = {y ∈ R : ν{y} > 0}.

(i) Explain why the set D := {(x, y) ∈ R2 : x = y} (the ‘diagonal’) belongs to B(R)⊗
B(R).

(ii) Show that the set Aµ of atoms is at worst countably infinite. Hint: How many
points x with µ{x} ≥ 1/n can there be inside a set B with µB <∞?

(iii) Explain why the function h(x) := νy{x = y} is well defined and B(R)-measurable.
Show that h(x) =

∑
α∈Aµ

ν{α}1{x = α}.
(iv) Show that λ(D) =

∑
α∈Aµ∩Aν

µ{α}ν{α}.

*[2] Suppose f ∈ L1(R,B(R), µ) and g ∈ L1(R,B(R), ν), with µ and ν as in Problem [1].

(i) Show that the function ψ(x, y) = f(x)g(y) belongs to L1(R2,B(R2), λ).

(ii) Define F (y) := µx (f(x){x ≤ y}) and G(x) := νy (g(y){y ≤ x}). Show that

µx (G(x)f(x)) + νy (F (y)g(y)) = (µf)(νg) +
∑

α∈Aµ∩Aν

f(α)g(α)µ{α}ν{α}.

Hint: 1{(x, y) ∈ R2 : x ≤ y}+ 1{(x, y) ∈ R2 : x ≥ y} =?.

Remark. This result generalizes the classical formula for integration
by parts.

*[3] Define Ψ(x) = ex
2 − 1 for x ≥ 0. Let X be a random variable, defined on a

probability space (Ω,F,P). Show that X ∈ LΨ(Ω,F,P) if and only if, for some
positive constants c1, c2, and c3,

P{|X| ≥ x} ≤ c1 exp(−c2x2) for all |x| ≥ c3.

Hint: First show that Ψ(x) =
∫∞

0
et1{t ≤ x2} dt.

*[4] Let (X,A, µ) and (Y,B, ν) be two measure spaces, with both µ and ν sigma-finite.
Write G for the set of all functions expressible as finite linear combinations of
indicators of measurable rectangles. That is, a typical g in G is expressible as a
finite sum

∑k
i=1 αi1{x ∈ Ai, y ∈ Bi} for some sets Ai ∈ A and Bi ∈ B and real

numbers αi, for i = 1, 2, . . . , k.
Show that for each f in L1(X × Y,A ⊗ B, µ ⊗ ν) and each ε > 0 there exist a

g ∈ G such that µ⊗ ν|f − g| < ε. Follow these steps.

(i) First suppose that both µ and ν are finite measures and |f | is bounded. Use a
lambda-space argument to establish the asserted approximation property.

(ii) Extend to the sigma-finite case.

[5] Suppose (X,A, µ) is a sigma-finite measure space. The weak Lq(µ) “norm” of a
measurable function f is defined as ‖f‖q,∞ := supt>0 tµ{|f | > t}1/q.

(i) Show that ‖f‖q,∞ ≤ ‖f‖q := (µ|f |q)1/q
.

(ii) Show ‖λf‖q,∞ = λ ‖f‖q,∞ for each positive constant λ.

(iii) Suppose 1 ≤ r < q < ∞. Show that ‖f‖q,∞ ≥ br,q ‖f‖r where br,q denotes the

constant (1− (r/q))1/r.

(iv) Does ‖·‖q,∞ satisfy the triangle inequality?


