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Lambda spaces

Definition. A set D of subsets of X is called a A-class of sets if:
(i) X €D

(i) D is stable under proper differences: if D1 D Dy and both sets belong
to D then D1\Ds € D. Compare with Ip\p, =1p, — 1p,

(i1i) If {Dy, :m € N} C D and D1 C Dy C ... then D = UpenD,, € D.
Compare with 1p, 1 1p (pointwise).

Definition. A set H of bounded, real-valued functions on a set X is called
a A-space of functions if

(i) 1eH
(ii) H is a vector space (under pointwise operations)

(111) if {hn :n € N} C H and hyp(x) 1 h(x) for each x € X and the limit h
is bounded then h € .

Remark. When checking (iii) there is no loss of generality in assuming
hi(z) > 0 for all z. Compare with 0 < h,(x) — hy(x) T h(z) — hi(2)
and the vector space property.

Definition. If § is a set of real-valued functions on X then o(G) denotes
the smallest sigma-field on X for which each member of G is o(G)\B(R)-
measurable. It is generated by the collection of all subsets of X of the
form {x € X : g(x) >t} withg € G and t € R. (Why?)

If A is a sigma-field on X, write My,qq(X, A) for the set of all real-valued,
bounded, A\B(R)-measurable functions on X. Note that My q(X, A) is a A-
space. The space My,34(X, o(3)) plays a role analogous to o (&) for A-classes
of sets.
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Key facts

D a A-class of sets

H a lambda space of functions

If D is stable under pairwise inter-
sections then D is a sigma-field.

If H is stable under pairwise prod-
ucts then H = My, qq(X, o(FH)).

If € is a set of subsets of X that is
stable under pairwise intersections

and D D € then D D o (€).

If G is a set of bounded real func-
tions on X that is stable under pair-
wise products and H O G then H D

Mpaa (X, a(9)).

Steps towards proving facts for a A-space H

(Easy.) Define D = {D C X : 1p € H}. Show that D is a A-class of sets
and D C o(H). Deduce that D is a sigma-field if H is also stable under
pairwise products.

Show that H is stable under uniform limits. That is, if h, € H and
|hn = bl = supgex |hn(x) — h(x)| — 0 then h € H. First show that h
is uniformly bounded. Then argue that there is a subsequence for which
th(k) — hHOO < 0 = 27F 5o that

Ok + (i) (T) = hyyp—1y (%) — Op—1 for all x € X.

Deduce that gg(z) := hypy(z) + 33, 0 belongs to 3 and it increases
pointwise to h(z) + ¢ for some constant ¢. Then what?

Suppose H is stable under pairwise products. Show that if p,, is a polynomial
then p, oh € H if h € H. Use the Weierstrass approximation theorem to
deduce that if h € H takes values in [a,b] and f is a continuous real-valued
function on [a,b] then foh € H. [Remember that (f o h)(z) = f(h(x)).]

Deduce from the previous result that if h, hy, ho € H then ™, h™, max(hq, hs),
and min(hq, ha) all belong to K.

Suppose H is stable under pairwise products. For each ¢ € R show that
min (1,n(h —¢)") 1t 1{h > ¢} as n — 0o.
Deduce that {h > c} € D if h € H.

Lambda spaces D> Draft: 22 February 2018 (©David Pollard




By taking limits of simple functions deduce that H O My qq(X, D) if H is
stable under pairwise products.

If G is a set of bounded real functions on X and H O G, show that there is
a smallest A-space Hy for which H O Hy O §. (Mimic the proof for D(E).)
Write Dy for {D C X : 1p € Hp}.
Suppose § is stable under pairwise products.

(i) Mimic the proof of the 7\ theorem for sets to prove that Hjy is stable
under pairwise products. Deduce that Dy is a sigma-field.

(ii) Deduce that {h > ¢} € Dg for each h in Hy and each ¢ € R.
(iii) Deduce that Dy 2 o(9). Hint: {g > ¢} € Dy for each g in G.

(iv) Deduce that Hy 2 My qq(X,0(9)).
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