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THE SPLIT CHAIN

The theory for chains on general state spaces mirrors the theory for chains
on countable state spaces when there is an accessible atom. Even if there is no
such atom, it is possible to create one for a closely related chain when there
exists a P-accessible set A € B for which there exists a probability measure v
concentrated on A and a § > 0 for which

P.(:) = 8v(-) for all x € A.
Equivalently, with § = 1 — §,
Pi() =68v() +8R()  forallx € A.

where {R, : x € X} is Markov kernel with R, = P, for x € A°.

Define s(x) = §{x € A}. Let y denote the Bern(§) distribution and y,
denote the Bern(s(x)) = {x € A}y distribution. For each (x,y) € X x {0, 1}
define a probability G, , on B,

Gry()={xeA y=1pp()+{x e A, y=0}R.() + {x ¢ A}P: ().

Define a new Markov kernel Q;:’yy = Gﬁ yy)gv,’. That is, to generate (x’, y')
from Q, ,

generate x" | x,y ~ Gy y

generate ¥ | x, y, x' ~ yu

More formally, Oy, f(x', ') = ijyyxy,’f(x’, y).

W) —> W —> W2 —> W3 —> ..

SV AVAYA

Yo Y1 y2 Y2

The Q-chain has state space Z := X x {0, 1}. The set « := A x {1} is an
atom: Q,, =v ® Bern(d) for (x,y) € a. Also

ViGry =5(x)Gy 1 +5(x)Gyp where 5(x) := 1 — s(x)
={x € A} (v +5R\) + {x ¢ A} P,
= P
This last fact implies that the Q-chain has a P-chain as its w-marginal:

@x,yf(w()» W1y ..., Op)

= G® yNG* Y1 (I®n Vi
= Gx,)'ya)l Gw1~y1 e ya)ni] Gwnil,ynfl)/w" f(-x, Wiy ooy wn)
_ o pw o

= Gx,wal ... Pw”"flf(x, W1y vvn, Wy)

=P, fx,01,...,w,) where © 1= G,
Consequently,
Qx,yf(wOa W1y evny (Un) - ]P)xf(a)Oa W1y evny (Un)

If the set A is P-accessible from each x € X then « is accessible from
each (x,y) in Z, := (X x {0}) Ua.
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Theorem. Suppose w is an invariant measure for the Q-chain. Then [,
the X-marginal of i, is an invariannt probability measure for the P -chain.
Proof. Note that Q, ,A° x {1} =0 for all (x, y) and, for each B C A,
Ox.y (B X {l}) =08G, B
O, (B x{0}) =6G, B
It follows that
w(Bx (1)) =@ Qs (B x (1)) = 6u"G. B
(B x {0}) = 1™ Qs (B x {0}) = 6™ G, B
Add to get poB = u*YGy, B and hence
w(Bx{1}) =6ugB  and  u(B x{0}) =6ugB  for B C A.
Thus
o f = w QLY f(x)
= u G, ()
= ((x e A y=1uf +{x € A,y =O0}R.f + [x ¢ A} P f)
= uy ({x € AYovf + {x € AR f + {x ¢ A}P, f)
= o Pe f
Notes

The construction of the split chain is due to Nummelin (1978). The books
of Nummelin (1984, Section 4.4) and Meyn & Tweedie (1993, Section 5.1)
describe the construction in slightly different ways.
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