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1. Problem: estimate unknown β

I Observe independent (y1, x1), (y2, x2), . . . with yi | xi ∼ Qθi

and (nonrandom or condition) x ′i = (xi1, xi2, . . . ) and
θi = 〈xi , β〉

I
dQθ

dQ0
= exp (yθ −Ψ(θ)) θ ∈ R

I Ψ convex with Ψ(0) = 0
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and (nonrandom or condition) x ′i = (xi1, xi2, . . . ) and
θi = 〈xi , β〉

I
dQθ

dQ0
= exp (yθ −Ψ(θ)) θ ∈ R

I Ψ convex with Ψ(0) = 0

Example: for Qθ = Bernoulli
(

eθ

1 + eθ

)
on {0, 1}

Ψ(θ) = log

(
1 + eθ

2

)
Example: for Qθ = Poisson

(
eθ
)

on {0, 1, 2, . . . }

Ψ(θ) = eθ − 1
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1. Problem: estimate unknown β

I Observe independent (y1, x1), (y2, x2), . . . with yi | xi ∼ Qθi

and (nonrandom or condition) x ′i = (xi1, xi2, . . . ) and
θi = 〈xi , β〉

I
dQθ

dQ0
= exp (yθ −Ψ(θ)) θ ∈ R

I Ψ convex with Ψ(0) = 0

I MLE: maximize a concave function of b?

b̂
?
= argmax

b∈?

∑
i≤n

(
yi 〈xi , b〉 −Ψ(〈xi , b〉)

)
Component of b̂ in span{x1, . . . , xn}⊥ is unconstrained.
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2. Simplify: xi ∈ RN , with N = Nn?

I MLE

b̂n = argmax
b∈RN

∑
i≤n

(
yix
′
i b −Ψ(x ′i b)

)
(concave)

I

Jn =
∑

i≤n xix
′
i

••
Ψ(θi ) (information matrix)

I Reparametrize: wi = J
−1/2
n xi so that

∑
i≤nwiw

′
i

••
Ψ(θi ) = IN

I b̂n = β + J
−1/2
n t̂n where t̂n = argmax

t∈RN

Ln(t) for

Ln(t) =
∑

i≤n

(
yiw

′
i t −Ψ(θi + w ′i t)

)
(concave)
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3. Why reparametrize?

I [from last slide] t̂n = argmax
t∈RN

Ln(t) where

Ln(t) =
∑

i≤n

(
yiw

′
i t −Ψ(θi + w ′i t)

)

I Tn =
∑

i≤nwi

(
yi −

•
Ψ(θi )

)
so that PTn = 0 and var(Tn) = IN

I

•
L(t) =

∂

∂t
Ln(t)

=
∑

i≤n

(
yi −

•
Ψ(θi )

)
w ′i −

∑
i≤n

(
•
Ψ(θi + w ′i t)−

•
Ψ(θi )

)
w ′i

= T ′n − t ′
∑

i≤nwiw
′
i

••
Ψ(θi )− Rn(t)′

= T ′n − t ′ − small?
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yi −
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)
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(
•
Ψ(θi + w ′i t)−

•
Ψ(θi )

)
w ′i

= T ′n − t ′
∑

i≤nwiw
′
i

••
Ψ(θi )− Rn(t)′

= T ′n − t ′ − small?

I Should have t̂n ≈ Tn (even when Nn →∞?)
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4. Remainder term in
•
Ln(t) = T ′n − t ′ − Rn(t)′

I Assume

|
•••
Ψ (θ + h)| ≤

••
Ψ(θ)G (|h|) for all θ and h

where G is increasing with G (0) ≥ 1
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I Assume

|
•••
Ψ (θ + h)| ≤

••
Ψ(θ)G (|h|) for all θ and h

where G is increasing with G (0) ≥ 1

I Then

|
•
Ψ(θ + h)−

•
Ψ(θ)− h

••
Ψ(θ)− 1

2
h2
••
Ψ(θ)| ≤ 1

2
h2
••
Ψ(θ)G (|h|)

I With Mn := maxi≤n |wi |,

|Rn(t)| = |∑i≤n

(
•
Ψ(θi + w ′i t)−

•
Ψ(θi )− w ′i t

••
Ψ(θi )

)
w ′i |

≤ 1

2
MnG (Mn|t|)t ′

∑
i≤nwiw

′
i

••
Ψ(θi )t
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(
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••
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2
MnG (Mn|t|)t ′
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i≤nwiw
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••
Ψ(θi )t =

1

2
MnG (Mn|t|)|t|2
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5. Directional derivatives for
•
Ln(t) = T ′n − t ′ − Rn(t)′

I Define concave Ln(s) = Ln(Tn + su) for fixed unit vector u.

I

•
Ln(s) :=

d

ds
Ln(s) =

•
Ln(Tn + su)u = −s − Rn(Tn + su)′u

I With Mn := maxi≤n |wi | and small ε > 0,

|Rn(Tn ± εu)′u| ≤ 1

2
MnG (Mn|Tn ± εu|)|Tn ± εu|2
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I Define concave Ln(s) = Ln(Tn + su) for fixed unit vector u.
I

•
Ln(s) :=

d

ds
Ln(s) =

•
Ln(Tn + su)u = −s − Rn(Tn + su)′u

0

Tn

Tn+su

Ln(s) concave along this line

I With Mn := maxi≤n |wi | and small ε > 0,

|Rn(Tn ± εu)′u| ≤ 1

2
MnG (Mn|Tn ± εu|)|Tn ± εu|2
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I

•
Ln(s) :=

d

ds
Ln(s) =

•
Ln(Tn + su)u = −s − Rn(Tn + su)′u

I With Mn := maxi≤n |wi | and small ε > 0,

|Rn(Tn ± εu)′u| ≤ 1

2
MnG (Mn|Tn ± εu|)|Tn ± εu|2

≤ ε2

4G (1)N
G (1)

(
N

ε
+ ε2

)
<
ε

2

if

Mn ≤ ε2

2G (1)N
and |Tn|2 ≤ N/ε
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6. Maximization of concave Ln(s) = Ln(Tn + su)

I P{|Tn|2 > N/ε} < ε because P|Tn|2 = N

I If

Mn := max
i≤n
|wi | ≤ ε2

2G (1)N
and |Tn|2 ≤ N/ε

then

•
Ln(−ε) ≥ ε−ε/2 > 0 > −ε+ε/2 ≥

•
Ln(+ε) for all |u| = 1
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6. Maximization of concave Ln(s) = Ln(Tn + su)

I P{|Tn|2 > N/ε} < ε because P|Tn|2 = N

I If

Mn := max
i≤n
|wi | ≤ ε2

2G (1)N
and |Tn|2 ≤ N/ε

then

•
Ln(−ε) ≥ ε−ε/2 > 0 > −ε+ε/2 ≥

•
Ln(+ε) for all |u| = 1

and
|J1/2

n (b̂n − β)− Tn| = |̂tn − Tn| ≤ ε
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7. General case: θi = 〈xi , β〉 with xi ∈ RN

I Truncate z = (z1, z2, . . . ) = πNz + π⊥N z :

πNz = (z1, . . . , zN , 0, 0, . . . ), π⊥N z = (0, . . . , 0, zN+1, zN+2, . . . )

I (Conditional) distributions for y1, . . . , yn:

Pn = ⊗i≤nQθi , Qn,N = ⊗i≤nQθ∗i

Bias term δi for b̂n,N under Pn; no bias under Qn,N

I Theory from Nn case (as before) gives

Qn,N{b̂n,N ≈ πNβ} ≈ 1 if . . .

I Assumptions on Nn and on decay of βj ’s needed to make
‖Pn −Qn,N‖TV → 0 and |π⊥Nβ| suitably small.

I Deduce Pn{b̂n,N ≈ πNβ} ≈ 1 if . . . .
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∑

i≤nH
2(Qθi ,Qθ∗i

)
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2
i

••
Ψ(θi ) (1 + |δi |) G (|δi |)
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