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Another Look at
Differentiability
in Quadratic Mean

David Pollard?

ABSTRACT This note revisits the delightfully subtle interconnections be-
tween three ideas: differentiability, in an L2 sense, of the square-root of a
probability density; local asymptotic normality; and contiguity.

19.1 A mystery

The traditional regularity conditions for maximum likelihood theory involve
existence of two or three derivatives of the density functions, together with domi-
nation assumptions to justify differentiation under integral signs. Le Cam (1970)
noted that such conditions are unnecessarily stringent. He commented:

Even if one is not interested in the maximum economy of assumptions

one cannot escape practical statistical problems in which apparently

“slight” violations of the assumptions occur. For instance the derivatives

fail to exist at one point X which may depend on 6, or the distributions

may not be mutually absolutely continuous or a variety of other

difficulties may occur. The existing literature is rather unclear about

what may happen in these circumstances. Note also that since the

conditions are imposed upon probability densities they may be satisfied

for one choice of such densities but not for certain other choices.

Probably Le Cam had in mind examples such as the double exponential
density, Yo exp(—|x — 61), for which differentiability fails at the poiné = x.
He showed that the traditional conditions can be replaced by a simpler
assumption of differentiability in quadratic mean (DQM): differentiability in
norm of the square root of the density as an element of Aispace. Much
asymptotic theory can be made to work under DQM. In particular, as Le Cam
showed, it implies a quadratic approximation property for the log-likelihoods
known as local asymptotic normality (LAN).

Le Cam’s idea is simple but subtle. When | first encountered the LAN
property | wrongly dismissed it as nothing more than a Taylor expansion to
guadratic terms of the log-likelihood. Le Cam’s DQM result showed otherwise:
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one appears to get the benefit of the quadratic expansion without paying the
twice-differentiability price usually demanded by such a Taylor expansion.
How can that happen?

My initial puzzlement was not completely allayed by a study of several
careful accounts of LAN, such as those of Le Cam (1970; 1986, Section 17.3),
Ibragimov & Has'minskii (1981, page 114), Millar (1983, page 105), Le Cam
& Yang (1990, page 101), or Strasser (1985, Chapter 12). None of the proofs
left me with the feeling that | really understood why second derivatives are not
needed. (No criticism of those authors intended, of course.)

Eventually it dawned on me that | had overlooked a vital ingredient in the
proofs: the square root of a density is not just an element of aspace:it
is an element with norml. By rearranging some of the standard arguments |
hope to convince the gentle reader of this note that the fixed norm is the real
reason for why an assumption of one-times differentiability (in quadratic mean)
can convey the benefits usually associated with two-times differentiability. |
claim that the Lemma in the next Section is the key to understanding the role
of DQM.

19.2 A lemma

The concept of differentiability makes sense for maps into an arbitrary normed
space(L, || - ||). For the purposes of my exposition, it suffices to consider the
case where the norm is generated by an inner product, In fact, L will be
L2()), the space of functions square-integrable with respect to some measure
but that simplification will play no role for the moment.

A map & from R¥ into £ is said to be differentiable at a poifig with
derivative A, if £(0) = &(6p) + A0 — 6p) + r(0) nearby, where|r ()| =
0(|6 — 6p|) as6 tends tody. The derivativeA is linear; it may be identified
with a k-vector of elements fronf.

For a differentiable map, the Cauchy-Schwarz inequality implies that
(£(6p),r(0)) = 0(|0 — 6p]). It would usually be a blunder to assume naively
that the bound must therefore be of ord®(|0 — 6|?); typically, higher-order
differentiability assumptions are needed to derive approximations with smaller
errors. However, if|£(0)] is constant—that is, if the function is constrained to
take values lying on the surface of a sphere—then the naive assumption turns
out to be no blunder. Indeed, in that cas&@y), r(6)) can be written as a
quadratic ind — 6 plus an error of ordeo(|0 — 6p|%). The sequential form of
the assertion is more convenient for my purposes.

(1) Lemma Let {3y} be a sequence of constants tending to zero.&é.e4,
... be elements of norm one for whiéh = &+8,W+r,, with W a Aed element
of L and||rn|| = 0(8y). Then(&, W) = 0 and (&, rn) = —382| W2 + o(82).
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Proof. Because botl§, and&y have unit length,

0 = [I&nlI* — [1£0ll® = 28n (&0, W) order O(8p)
+ 2(é0, I'n) ordero(8p)
+ 82IW? order O(82)
+ 280 (W, 1) + [Irnll? ordero(s?).

On the right-hand side | have indicated the order at which the various
contributions tend to zero. (The Cauchy-Schwarz inequality delivere@e
and o(82) terms.) The exact zero on the left-hand side leaves the leading
28n(&0, W) unhappily exposed as the on(8,) term. It must be of smaller
order, which can happen only {§y, W) = 0, leaving

0= 2(&o, rn) + 82IWI1> + 0(82),
as asserted

Without the fixed length property, the inner prodyég, rn), which inherits
0(8n) behaviour froml|r, ||, might not decrease at the(&3) rate.

19.3 A theorem

Let {P, : & € ®} be a family of probability measures on a spagg A),
indexed by a subsed of R¥. SupposeP, has densityf (x, 6) with respect to
a sigma-finite measure.

Under the classical regularity conditions—twice continuous differentiability
of log f (x, #) with respect tod, with a dominated second derivative—the

likelihood ratio
1—[ f(xi, 0)
f(Xi, 6p)

i<n

enjoys the LAN property. Writd_,(t) for the likelihood ratio evaluated at
0 equal tofy + t/\/n. The property asserts that, if tHe;} are sampled
independently fromPy,, then

La(t) = exp(t'S, — 3t'Tt + 0,(1)) for eacht,
whereT is a fixed matrix (depending ofy) and §, has a centered asymptotic
normal distribution with variance matrik.
Formally, the LAN approximation results from the usual pointwise Taylor
expansion of the log densitg(x, 8) = log f (x, 8), following a style of
argument familiar to most graduate students. For example, in one dimension,

log Ln(Bo +t/v/M) =Y (90X, o +t/+/N) — g(X;, 60))

i<n

t t2
=— > 9.0 +=—=) 9. 600)+...,
\/ﬁg Zn;
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which suggests tha®, be the standardized score function,

1
NG > g% o) ~ N(0. var,g'(x. o).
i<n

andT" should be the information function,
—Py,9" (X, 60) = var,g'(X, 6p).

The dual representation far allows one to eliminate all mention of second
derivatives from the statement of the LAN approximation, which hints that two
derivatives might not really be needed, as Le Cam (1970) showed.

In general, the family of densities is said to be differentiable in quadratic
mean at if the square rook(x, #) = /T (X, 0) is differentiable in thel.?())
sense: for some k-vectax(x) of functions inL2()),

3 E(X,0) = &(X, 00) + (6 — o) AX) + (X, 0),

where
Alr(x, 012 =0(160 —6]?>)  asb — 6.

Let us abbreviaté& (x, 6y) 1o &(X) and A(X)/&y(X) to D(x). From (3) one
almost gets the LAN property.

(4) Theorem Assume the DQM property (3). For eackeéh the likelihood
ratio has the approximation, undgh, g,},

Ln(t) = exp(t'S, — 3t'Tt + 0p(D)),
where

2
S = \/_ﬁ E D(xi) ~ N(O, Io) and I' = %HO + %H,
i<n

with Tog = 4A(AA'{& > 0}) andl = 4L (AA).
Notice the slight difference betwedn and the limiting variance matrix
for S,. At least formally, D(x) equals the derivative of lo§(x, 6): ignoring

problems related to division by zero and distinctions between pointwise
and L2(») differentiability, we have

2 P 9
Wa_@\/mz 55109 T (x. o).

Also, " again corresponds to the information matrix, expressed in its variance
form, except for the intrusion of the indicator functi¢fy > 0}. The extra
indicator is necessary if we wish to be careful about 0/0. Its presence is related
to the property called contiguity—another of Le Cam’s great ideas—as is
explained in Section 5.

2D(x) =
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At first sight the derivation of Theorem 4 from assumption (3) again appears
to be a simple matter of a Taylor expansion to quadratic terms of the log
likelihood ratio. Writing Ry(X) = r (X, 8o + t/4/n)/&0(X), we have

0gLa(t) = 3 210g £ fo = UV

e §(%i, 60)
t/
= ZZIog<1+ ﬁD(Xi) + Rn(xi)> .

i<n
From the Taylor expansion of Igg about 1, the sum of logarithms can be
written as a formal series,

t t 2
2y <ﬁD<xi>+ Rn(xo) - <ﬁD<xi>+ Rn(xo) +...

i<n i<n

_ 2 Z D(X) + 22 Ra(X) — EZ (t/D(xi))z +...
“/ﬁ i<n i<n n i<n

The first sum on the right-hand side gives &, in Theorem 4. The law

of large numbers gives convergence of the third ternt’R,DD’t. Mere

one-times differentiability might not seem enough to dispose of the second sum.

Each summand has standard deviation of ordéy.gh), by DQM. A sum ofn

such terms could crudely be bounded via a triangle inequality, leaving a quantity

of order a,/n), which clearly would not suffice. In fact the sum of tRg(x;)

does not go away in the limit; as a consequence of Lemma 1, it contributes a

fixed quadratic int. That contribution is the surprise behind DQM.

19.4 A proof

Let me write P, to denote calculations under the assumption that the
observationsxy, ..., X, are sampled independently frof,,. The ratio
f(xi, 00 + t//N)/f (X, 6) is not well defined whenf (x;, 69) = 0, but
underP, the problem can be neglected because

Pn{f (X, 6p) = 0 for at least oné} = 0.

For other probability measures that are not absolutely continuous with respect
to P, one should be more careful. It pays to be quite explicit about behaviour
when f (X, 6p) = 0 for somei, by including an explicit indicator function
{& > 0} as a factor in any expressions wittEg@in the denominator.

Define D; to be the random vectoh (x){& (X)) > 0}/&(X;), and, for a
fixedt, define

Ron =1, 6o +t/v/M{&o(x) > 0}/£0(x).

Then
E(Xi, 60+ t//N)

i 0} = 14t'D; i n-
Eo(X) {60(i) > O} + + R,
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The random vectoD; has expected value(,A), which, by Lemma 1, is
zero, even without the traditional regularity assumptions that justify differenti-
ation under an integral sign. It has variar&il%. It follows by a central limit
theorem that

2
S = \/_ﬁ;Di ~ N(O, Ip).

Also, by a (weak) law of large numbers,

%Z DiD] — Pn(D1D}) = 1o in probability.
1<n

To establish rigorously the near-LAN assertion of Theorem 4, it is merely a
matter of bounding the error terms in (5) and then justifying the treatment of
the sum of theR,(X;). Three facts are needed.

(7) Lemma Under{P,}, assuming DQM,
(@) max <y |Di| = 0p(y/N),

(b) max <, |Rnl = 0p(D),

(€) Yi-n2Rn — —3t'It in probability.

Let me first explain how Theorem 4 follows from Lemma 7. Together the
two facts (a) and (b) ensure that with high probability logt) does not involve
infinite values. For(t’'D;/4/n) + R, > —1 we may then an appeal to the
Taylor expansion

log(L+y) =y — 3¥* + 38(¥),
where8(y) = o(y?) asy tends to zero, to deduce that lbg(t) equals

%Zt/Di +2) Ra-=) (% + Ri,n>2+2,3 (t\% + Ra,n),

i<n i<n i<n i<n

which expands to

VS +2Y Rn— % > (t'D)?

<n i<n "
- DR - Rt o . (4 Ry ).

Each of the last three sums is of ordgi(D because); _, |D; 12/n = Op(D)
and -

Pny ., Rin = nA(Er (. o +t/vM) (50 > 0}/€))
< NAIF(, 60+ t//MI?
= 0(1).
By virtue of (6) and (c), the expansion simplifies to
'S, — 3t'It — 3t'Iot + op(D),
as asserted by Theorem 4.
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Proof of Lemma 7 Assertion (a) follows from the identical distributions:
Pa{max|Di| > ey} <} Pa(IDi| > ev/n)
- i<n

= NPy{|A1| > ev/N}
< e 2A%{IA1] > &oeV/N)
-0 by Dominated Convergence.

Assertion (b) follows from (8):

Po{max|R ol > €} < Py Z R?, — 0.
Only Assertion (c) involves any subtlety. The variance of the sum is bounded

by 43, PR, (X)?, which tends to zero. The sum of the remainders must lie
within o, (1) of its expected value, which equals

2n Py, Ren = 202 (£or (-, 60+ t/V/)),

an inner product between two functions &rf(1). Notice that the, factor
makes the indicatofgy > 0} redundant.

It is here that the unit length property becomes important. Specializing
Lemma 1 to the cas&, = 1/./n, with £,(X) = £(X, 6p +t//N) andW =t'A,
we get the approximation to the sum of expected values oRke from which
Assertion (c) follows.O

A slight generalization of the LAN assertion is possible. It is not necessary
that we consider only parameters of the fofg t/./n for a fixedt. By
arguing almost as above along convergent subsequendgg ofe could prove
an analog of Theorem 4 if were replaced by a bounded sequeftag¢ such
thatdp +tn/+/n € ©. The extension is significant because (Le Cam 1986, page
584) the slightly stronger result forces a form of differentiability in quadratic
mean.

19.5 Contiguity and disappearance of mass

For notational simplicity, consider only the one-dimensional case with the
typical valuet = 1. Let £2 be the marginal density, an@, be the joint
distribution, forxg, ..., X, sampled with parameter valug + 1/./n. As
before,&2 and P, correspond t@. The measuré), is absolutely continuous
with respect tdP, if and only if it puts zero mass in the set

An = {&(X) = 0 for at least oné < n}.
Writing oy, for A£2{&, = 0}, we have
QnAn=1-]] (1 - Qnifo(x) =0}) =1 — (L —an)".

i<n
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By direct calculation,

an = A(fn + A/v/)*(g0 = 0} = AA2{g = 0}/n + o(1/n).

The quantityr = AA?{& = 0} has the following significance. Undé,,
the number of observations landing &, has approximately a Poissan(
distribution; andQ, A, — 1 —e™".

In some asymptotic sense, the measQrebecomes more nearly absolutely
continuous with respect 8, if and only if t = 0. The precise sense is called
contiguity: the sequence of measurg3,} is said to be contiguous with respect
to {P,} if Q,B, — O for each sequence of sefB,} such thatP,B, — O.
BecausdP, A, = 0 for everyn, the conditiont = O is clearly necessary for
contiguity. It is also sufficient.

Contiguity follows from the assertion that, the limit in distribution
under {P,} of the likelihood ratios{L,(1)}, have expected value one. (“Le
Cam'’s first lemma’—see the theorem on page 20 of Le Cam and Yang, 1990.)
The argument is simple: [PL = 1 then, to eaclke > 0 there exists a finite
constanC such thafPL{L < C} > 1—¢. From the convergence in distribution,
PnrLn{Lh < C} > 1 — € eventually. IfP,B, — 0 then

QnBn < PnBnLn{Ln < C} + Qn{Ln = C}
<CP,By,+1—P,Ln{Lnh < C}
< 2e eventually.

For the special case of the limiting ed(u, 02)) distribution, where
n = —3Io — 31 ando? = Io, the requirement becomes

1="Pexp(N(n. 0?) =exp(u + 207).

That is, contiguity obtains whek = I (or equivalently,A(A?{£&, = 0}) = 0),
in which case, the limiting variance &, equalsI’. This conclusion plays the
same role as the traditional dual representation for the information function. As
Le Cam & Yang (1990, page 23) commented, “The equalityis the classical
one. One finds it for instance in the standard treatment of maximum likelihood
estimation under Craen’s conditions. There it is derived from conditions of
differentiability under the integral sign.” The fortuitous equality is nothing more
than contiguity in disguise.

From the literature one sometimes gets the impressionithats, = 0} is
always zero. It is not.

(9) Example Let A be Lebesgue measure on the real line. Define
fox) =x{0<x<1}+2-x{l<x=<2}.
For 0< 6 < 1 define densities
f(x,0) = (1L—62) fo(X) + 6% fo(x — 2).
Notice that

A ‘\/f(x,e) — VT, 0 — /T (x, 1)'2 = (V/1- 62— 1)2 = 06%.
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The family of densities is differentiable in quadratic meandat 0 with
derivative A(X) = /T (x, I). For this family,AA%{&; = 0} = 1.

The near-LAN assertion of Theorem 4 degenerafgs= 0 andl = 4,
giving Ln(t) — exp(—t?) in probability, under{P,4,}. Indeed, as Aad van
der Vaart has pointed out to me, the limiting experiment (in Le Cam’s sense)
for the models{P,;, 7 : 0 < t < /n} is not the Gaussian translation
model corresponding to the LAN condition. Instead, the limit experiment is
{Q : t > 0}, with Q; equal to the Poissa@tf) distribution. That is, for each
finite setT and eachh, under{P,, s} the random vectors

<d]P)n't/“/ﬁ te T)
dPp /A

dQ: |
(dTthET),

as a random vector under ttg, distribution. [

The counterexample would not work éf were allowed to take on negative
values; one would need(x) = —/T(X, 1) to get the analog of (10) for
negatived. The failure of contiguity is directly related to the fact tifat= 0
lies on boundary of the parameter interval.

In general AAA’{& = 0} must be zero at all interior points of the parameter
space where DQM holds. On the $&f = 0} we have 0< \/n&(X, Go+t//N) =
t'A +./nry, where|,/nry|| — 0. Along a subsequence/nr, — 0, leaving the
conclusion that’A > 0 almost everywhere on the sgt = 0}. At an interior
point, t can range over all directions, which forcas= 0 almost everywhere
on {¢& = 0}; at an interior pointAA’{& = 0} = 0 almost everywhere. More
generally, one needs only to be able to approéclfirom enough different
directions to forceA = 0 on {§; = O}—as in the concept of a contingent in
Le Cam & Yang (1990, Section 6.2).

The assumption thaty lies in the interior of the parameter space is not
always easy to spot in the literature.

Some authors, such as Le Cam & Yang (1990, page 101), prefer to dispense
with the dominating measurg by recasting differentiability in quadratic mean
as a property of the densitie®, /dPy,, whose square roots correspond to the
ratios &£ (X, 0){& > 0}/&(x). With that approach, the behaviour of on the
set{& = 0} must be specified explicitly. The contiguity requirement—tRat
puts, at worst, mass of ordet|@ — 6g|?) in the set{&; = 0}—is then made part
of the definition of differentiability in quadratic mean.

converge in distribution to
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